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We study the phase diagram of a bilayer quantum spin liquid model with Kitaev-type interactions on a

square lattice. We show that the low energy limit is described by a π -flux Hubbard model with an enhanced

SO(4) symmetry. The antiferromagnetic Mott transition of the Hubbard model signals a magnetic fragmentation

transition for the spin and orbital degrees of freedom of the bilayer. The fragmented “Néel order” features

a nonlocal string order parameter for an in-plane Néel component, in addition to an anisotropic local order

parameter. The associated quantum order is characterized by an emergent Z2 × Z2 gauge field when the Néel

vector is along the ẑ direction, and a Z2 gauge field otherwise. We underpin these results with a perturbative

calculation, which is consistent with the field theory analysis. We conclude with a discussion on the low energy

collective excitations of these phases and show that the Goldstone boson of the Z2 × Z2 phase is fractionalized

and nonlocal.
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Introduction. Quantum spin liquids (QSLs) are frustrated
magnets that do not exhibit long range magnetic order down
to zero temperature [1–4]. Quantum fluctuations in these sys-
tems give rise to exotic phenomena such as fractionalization
and long-range entanglement, which now become the defining
properties for QSLs [5–7]. The Kitaev model on the honey-
comb lattice [8] is one of the few examples of an exactly
solvable model with a QSL ground state (GS). In recent
years, remarkable progress in identifying candidate materi-
als with strong Kitaev-type interactions has been achieved
in such instances as the iridates [9,10] and α-RuCl3 [11].
Kitaev interactions may also be strong in other van der Waals
(vdW) materials [12]. Bilayers and moiré superlattices of vdW
materials are new tunable quantum platforms for realizing a
multitude of novel phases with a variety of basic building
blocks including graphene [13], semiconductors [14], and su-
perconductors [15].

Motivated by these developments, we study the phase dia-
gram of a bilayer QSL model with Kitaev-type interactions on
a square lattice [see Fig. 1(a)]. First introduced in Ref. [16],
the exact ground state of the monolayer model is an algebraic
QSL featuring two flavors of Majorana fermions that are delo-
calized on the π -flux square lattice and gapped π -flux (vison)
excitations [17]. In the bilayer model Eq. (1), we add an
Ising-type interlayer spin interaction, which commutes with
the intralayer flux operators and hence allows for controlled
calculations. Our main results are summarized as follows: (i)

Published by the American Physical Society under the terms of the

Creative Commons Attribution 4.0 International license. Further

distribution of this work must maintain attribution to the author(s)

and the published article’s title, journal citation, and DOI.

Below the vis n gap, we map the low-energy subspace of the
bilayer model to a π -flux Hubbard model at half-filling with
an emergent SO(4) symmetry. Monte Carlo studies of this
model show an antiferromagnetic (AFM) Mott transition at
critical Uc ∼ 6t [18,19]. (ii) The in-plane components of the
AFM order parameter, i.e., nx,y of the Néel vector n, corre-
spond to nonlocal order parameters whereas the out-of-plane
component (nz) is a local order parameter in terms of the spin
and orbital degrees of freedom (DOF) of the bilayer system.
The coexistence of topological order and local order, akin
to spin ice models, is observed in our study and is referred
to as magnetic fragmentation [20]. (iii) The system features
a Z2 × Z2 gauge field when the Néel vector points along
ẑ, and a Z2 gauge field otherwise. (iv) To complement the
results of the Hubbard model, we perturbatively derive an
effective Hamiltonian in the limit of large interlayer interac-
tions. We confirm the magnetic fragmentation and topological
degeneracy directly in terms of the original DOF, which are
consistent with the Majorana fermion representation of the
spin model. (v) We show that the Goldstone modes of the
fragmented AFM order is fractionalized in the Z2 × Z2 phase,
in comparison to the normal Goldstone modes in the Z2 phase.

Microscopic model. One of the key conditions for the
exact solution of the Kitaev model is the anticommutation
relations of the Pauli matrices, {σi, σ j} = 2δi j . Since there are
only three Pauli matrices, this method can only be applied to
lattices with coordination number z = 3 such as honeycomb,
hyperhoneycomb, and hyperoctagon lattices. However, it is
possible to extend Kitaev’s method to Ŵ matrices that obey
the Clifford algebra {Ŵi, Ŵ j} = 2δi j [21,22]. For instance,
for a four-dimensional representation of the Clifford algebra,
there are five Ŵα operators along with ten Ŵαβ = i

2
[Ŵα, Ŵβ ]

and an identity matrix, which span the local Hilbert space.
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FIG. 1. Schematic of the model and the phase diagram: (a) single

layer unit cell. Four different colors depict four types of bonds. There

are two inequivalent plaquettes p and p′ in a unit cell. (b) Bilayer

model with intralayer Kitaev parameters Kν and an interlayer ex-

change, J . (c) The low-energy description of the model is a π -flux

Hubbard model which exhibits a Mott transition at U/t ∼ 6 (black).

In terms of the original degrees of freedom, the Mott transition

corresponds to a magnetic fragmentation transition where a local

magnetic order coexists with a nonlocal topological order.

Therefore, Kitaev’s construction can be extended to lattices
with coordination number up to z = 5 [21,22]. We adapt
this representation and consider the intralayer Hamiltonian

[16], HK = −∑

〈i j〉γ ,ν Kν (Ŵ
γ

νiŴ
γ

ν j + Ŵ
γ 5
νi Ŵ

γ 5
ν j ), where ν = 1, 2

is the layer index and γ is the type of the bond as depicted
in Fig. 1. We also introduce an interlayer Ising interaction
HJ = J

∑

i Ŵ
5
1iŴ

5
2i. The full Hamiltonian can be expressed in

terms of spins (σ ) and orbital (τ ) Pauli matrices using the
relation Ŵα = −σ y ⊗ τα (α = x, y, z), Ŵ4 = σ x ⊗ I2, and
Ŵ5 = −σ z ⊗ I2,

H = HK + HJ = −
∑

〈i j〉γ ,ν

Kν

(

σ x
νiσ

x
ν j + σ

y

νiσ
y

ν j

)(

τ
γ

νiτ
γ

ν j

)

+ J
∑

i

σ z
1iσ

z
2i. (1)

Here, τ γ = τ x, τ y, τ z, I for γ = 1, 2, 3, 4, respectively, cor-
responding to the four bonds incident on a vertex of the square
lattice as shown in Fig. 1(a) and the sum is over all the γ

bonds. Note that the γ = 4 (yellow) bond, which we refer to
as the “identity” bond henceforth, has trivial orbital depen-
dence. We consider K1 = K2 = K , unless specified otherwise.
We identify two inequivalent intralayer flux plaquette opera-
tors Wνp = σ z

νk
σ z

νnτ
x
νiτ

y

ν jτ
x
νkτ

y
νn and Wνp′ = σ z

νk
σ z

νnτ
x
νnτ

y

νk
τ x
νlτ

y
νm,

each with ± 1 eigenvalues. Both types of plaquette operators
commute with the Hamiltonian and the Hilbert space is di-

vided into sectors of conserved fluxes. Note that the Ising form
of the interlayer exchange is crucial to preserve [Wνp/p′ , H] =
0 [17]. The intralayer Hamiltonian can be solved by using a
Majorana fermion representation of the Ŵ matrices [16], HK =
K

∑

〈i j〉γ ,ν iu
γ

ν,i j[c
x
νic

x
ν j + c

y

νic
y

ν j] where u
γ

ν,i j = ib
γ

νib
γ

ν j (see the

Supplemental Material (SM) for details [23]). This represen-
tation is redundant and the physical states in each layer must
be restricted to the eigenstates of Dν j = ib1

ν jb
2
ν jb

3
ν jb

4
ν jc

x
ν jc

y

ν j ,
with eigenvalues one. As in the Kitaev model, these con-
straints are imposed by the projection operator Pν = ∏

i(1 +
Dνi )/2. The intralayer bond operators u

γ

ν,i j commute with
HK and therefore are conserved with eigenvalues ±1. A Z2

gauge transformation at site i for layer ν involves flipping the
signs of the Majorana fermions and bond operators, cα

νi →
−cα

νi; u
γ

ν,〈i j〉 → −u
γ

ν,〈i j〉. We combine the Majorana fermions
on the two layers to form complex fermions, fνi = (cx

νi −
ic

y

νi )/2 such that HK = 2K
∑

〈i j〉 u
γ

ν,i j[i f
†
νi fν j + H.c.].

According to Lieb’s theorem [24], the GS manifold
of HK lies in the π -flux sector and consequently the
eigenvalue of Wνp/p′ = ∏

p/p′ u
γ

νi j is −1 in any GS configu-
ration, for all square plaquettes. The spectrum is given by

EK = ±4K
√

cos2 kx + sin2 ky which includes two inequiva-
lent Dirac points at (±π

2
, 0).

Next, we represent the interlayer interaction in terms of the
Majorana fermions: HJ = −J

∑

i cx
1ic

y

1ic
x
2ic

y

2i. HJ commutes
with the intralayer flux operators Wp/p′. However, the quartic
form of the interlayer exchange precludes the exact solvability
of H , which can be expressed as

H = 2K
∑

〈i j〉γ ,ν

u
γ

ν,i j[i f
†
νi fν j + H.c.]

+ 2J
∑

i

[n1i + n2i − 1]2, (2)

where nνi = f
†
νi fνi.

Enhanced emergent symmetry. The Hamiltonian in Eq. (2)
has a global U (1) symmetry in each layer (ν = 1, 2),
e−iθ

∑

i σ
z
νi Heiθ

∑

i σ
z
νi = H , a Z2 layer exchange symmetry X ,

a particle-hole symmetry C, and a time reversal symmetry T .
This results in a full symmetry group G = O(2)c × O(2)s ×
Z

T
2 of model (1), as detailed in the SM [23]. After the Majo-

ranization, the two U (1) rotations manifest themselves as

Uc(θ ) fνiU
−1
c (θ ) = e−iθ fνi,

Us(θ ) fνiU
−1
s (θ ) = e−iκθ fνi, (3)

where κ = −1, 1 for ν = 1, 2, respectively. This can be

viewed as “charge:” Uc = eiθ
∑

νi f
†
νi fνi , and “pseudospin:” Us =

eiθ
∑

νi κ f
†
νi fνi rotations, where κ = +1(−1) for ν = 1(2). The

particle-hole symmetry C and U (1) charge rotations form
the O(2)c subgroup, while the layer exchange X and U (1)
pseudospin rotations form the O(2)s subgroup. Next, we fix
the gauge by choosing u

γ

ν,i j = ui j , for both the layers and pick
the π -flux configuration as discussed above. The resulting
low-energy Hamiltonian (below the flux/vison gap) is a π -
flux Hubbard model at half-filling with a hopping amplitude
t = 2K and interaction strength U = 4J . It is well established
[25] that the Hubbard model on a bipartite lattice possesses an
enhanced G′ = SO(4) × Z

T
2 = Z

T
2 × SU (2)c × SU (2)s/Z2
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TABLE I. Distinct ground state phases associated with different

orientations of the Néel vector n in (4). In each phase, the full

symmetry G = O(2)c × O(2)s × Z
T
2 of model (1) is spontaneously

broken down to a different subgroup H � G, with an order parameter

manifold M = G/H . The gauge group for the associated topological

order in each phase is also listed.

Néel vector Unbroken subgroup H G/H Gauge group

n ‖ ẑ O(2)c × U (1)s ⋊ Z
X ·T
2 Z2 Z2 × Z2

n ⊥ ẑ O(2)c × Z2 × Z
T̃
2 S1

Z2

nz �= 0, nxny �= 0 O(2)c × Z
Tn

2 O(2) Z2

symmetry. The equivalence established above shows that our
model also exhibits an enhanced SO(4) symmetry at the low
energy sector. In fact, this emergent SO(4) symmetry exists
in any subspace with a fixed flux configuration. Emergent
symmetries can play a key role to describe the low energy
physics of strongly correlated systems including cuprates [26]
and iron pnictides [27].

Quantum Monte Carlo studies have shown that the repul-
sive (J > 0) π -flux Hubbard model displays a phase transition
from Dirac semimetal to an AFM Mott insulator at J/K ∼ 3
(U/t ∼ 6) [18,19] [(see Fig. 1(c)]. Moreover, due to J → −J

mapping in the Hubbard model, the phase diagram is sym-
metric for ferromagnetic (FM) and AFM interlayer exchange,
for which the Néel order maps to superconducting and charge
density wave orders.

The Néel vector of the AFM order

n = 1

N

∑

i

ni, ni = (−1)rix+riy〈 f
†
μiσμν fνi〉, (4)

where N is the number of sites and rix(y) is the x(y) coor-
dinate of site i, can point along any direction on the Bloch
sphere. Goldstone modes always arise since the emergent
symmetry G′ = SO(4) × Z

T
2 is spontaneously broken down

to H ′ = SU (2)c × U (1)s ⋊ Z
T̃
2 in the Néel order (see the

SM for details [23]). However, as we show below, different
orientations of the Néel vector correspond to distinct ground
states with different symmetry and topological properties, as
summarized in Table I.

(i) The Néel vector points along the z direction, n ‖ ẑ,

nz
i = (−1)rix+riy〈 f

†
1i f1i − f

†
2i f2i〉 �= 0. (5)

In terms of Majorana fermions, Eq. (5) takes the form nz
i =

(−1)rix+riy i(cx
1ic

y

1i − cx
2ic

y

2i ). Note that nz
i is invariant under lo-

cal Z2 gauge transformations (cx
νi, c

y

νi ) → (−cx
νi,−c

y

νi ), hence
corresponding to a physical operator (−1)rix+riy (σ z

1i − σ z
2i ). In

other words, nz is a local order parameter of a Landau-type
long range order.

The Z2 gauge fields for the two layers, u1,i j and u2,i j ,
are decoupled, leading to a Z2 × Z2 topological order de-
scribed by four-component Abelian Chern-Simons theory

[28] characterized by matrix K = (
0 2
2 0) ⊕ (

0 2
2 0). However,

the Goldstone mode of the Néel order

nx + iny ∼ b
k=(π,π )
∼

∑

i

(−1)ix+iy f
†
2i f1i (6)

is not a gauge-invariant quantity, but instead an anyon obeying
mutual semion statistics with the vison in each layer. More
precisely, the above Goldstone mode carries the gauge charge
for the Z2 gauge field from each layer. One immediate conse-
quence of the anyonic statistics of the Goldstone modes is that
a single magnon cannot be created on top of the ground states
for it vanishes under the onsite projection:

(

∏

j,ν

1 + Dν, j

2

)

b
k≈(π,π )
|MF 〉 = 0, (7)

where |MF 〉 is the mean field ansatz (see the SM [23]).
This is because the parity of fermions in each layer conserve
separately in |MF 〉, and the single “magnon” mode operator
changes the fermion parity in each layer. Instead, the magnons
have to be created in pairs

(

∏

j,ν

1 + Dν, j

2

)

b
k1≈(π,π )
b
k2≈(π,π )

|MF 〉 �= 0 (8)

due to the fact that any physical operator can only create a
pair of anyons that are inverse of each other, but never a single
anyon. Incorporating the gapless anyon b in (6) into the low
energy description, the effective field theory for this algebraic
spin liquid reads

LASL =
∑

I,J

ǫμνρ

4π
aI

μKI,J∂νaJ
ρ −

∑

α,I

ǫμνρ

2π
Aα

μqα
I ∂νaI

ρ

+
∣

∣

(

−i∂μ − 2As
μ − a1

μ − a2
μ + a3

μ − a4
μ

)2
b
∣

∣

2 + · · ·,
(9)

where Aα=c,s
μ label the charge and pseudospin external gauge

fields, and

qc = (2, 0, 2, 0)T , qs = (2, 0,−2, 0)T (10)

are the charge and pseudospin vectors [28] for the Chern-
Simons theory.

(ii) The Néel vector lies inplane, e.g., n ⊥ ẑ with

n+ ≡ nx
i + in

y

i = (−1)rix+riy〈 f
†
1i f2i〉 �= 0. (11)

Unlike nz, the in-plane components, nx and ny, are not gauge
invariant as the local gauge transformation maps nx(y) →
−nx(y). However, a nonlocal gauge invariant correlator can be
defined as [29]

C
x(y)(r, r′) = 〈nx(y)(r)B(r, r′)nx(y)(r′)〉, (12)

where the gauge string for fermions, B(r, r′) =
∏

i j∈(r,r′ ) u1i ju2i j , connects operators at the end sites (r, r′).
The value of Cx(y)(r, r′) is the same in all gauge choices.
Therefore, the ground state, symmetrized over all gauge
configurations through the projection procedure, also has the
same value of Cx(y)(r, r′), signifying a string order parameter.
Physically, the long-range string order corresponds to the
condensation of anyon b in the field theory (9), hence breaking
the gauge group down to Z2 via the Higgs mechanism [30].

An alternative way to understand the gauge structure is to
notice the following local order parameter for the in-plane
Néel order

S+
〈i, j〉 ≡ 〈n+

i B(i, j)n+
j 〉 (13)
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for a pair of nearest neighbor sites 〈i, j〉. Due to the mutual
braiding phase of eiπ between a vison and a fermion in each
layer, a vison from layer 1 (or 2) is nothing but a vortex
for the above local order parameter, since S+

〈i, j〉 acquires a

e±2π i phase as it travels around a vison from layer 1 (2).
The logarithmic confinement of vortices in the in-plane Néel
phase suggest that the vison from layer 1 (or 2) is confined,
therefore reducing the Z2 × Z2 gauge group down to Z2. A
similar conclusion can be drawn if the Néel vector has both
in-plane and ẑ components.

In general, the ground state can have both nonzero out-
of-plane (nz) and in-plane (nx, ny) components. The term,
“magnetic fragmentation” is coined for phases that display a
coexistence of a local Landau-type order parameter and a non-
local topological order [20,31–35]. Magnetic fragmentation is
theoretically predicted [31] and experimentally observed [20]
in spin ice materials such as Nd2Zr2O7 where a local AFM
order coexists with a spin liquid with FM correlations. We also
point out that the Hubbard model mapping remains valid for
any J value since the interlayer exchange term, HJ , commutes
with the plaquette operators. Therefore, even with a large J

parameter, no fluxes are excited, preserving this mapping.
The conclusions we draw from the Hubbard model rely on
mean-field order parameters. Next, we underpin these results
by a perturbative analysis.

Perturbative analysis in the limit of large interlayer ex-

change. We corroborate the results of the Hubbard model
[Eq. (2)] by considering the bilayer in the large-J limit, with-
out reference to the Majorana representation [Eq. (1)], on a
torus. We introduce effective pseudospin and orbital DOF ap-
propriate to this limit. We next derive effective models on the
large-J GS manifold to fourth order in the intralayer coupling
K . By analogy to the Hubbard model, we distinguish between
cases with (i) Z2 and (ii) Z2 × Z2 topological order. For (i),
we show that the GS manifold is a state of uniform π flux
with a finite Cx(y) correlator [Eq. (12)]. We also demonstrate
that the GS manifold has fourfold topological degeneracy and
that the visons are confined. For (ii), we also obtain a GS with
uniform π flux, which has sixteenfold topological degeneracy
and deconfined vison excitations. These results naturally lead
to the conclusion that the two phases are separated by a topo-
logical phase transition.

Effective degrees of freedom. We first introduce the effec-
tive pseudospin and orbital DOF. For K = 0 and finite FM
interlayer interactions (J < 0), the spins on overlapping sites
form GS doublets |↑1↑2〉, |↓1↓2〉. These can be represented
by a bilayer pseudospin

ηz
i = 1

4

(

σ z
1i + σ z

2i

)

, η±
i = 1

4
σ±

1i σ
±
2i , (14)

obeying an SU(2) algebra. In addition, the orbital DOF
for each pair of overlapping sites form a four-dimensional
Hilbert space, corresponding to one singlet and three triplet
configurations. To represent these states, we introduce the
interlayer orbital operators q

γ

i = τ
γ

1iτ
γ

2i, γ = x, y, z, which

mutually commute as [qα
i , q

β

i ] = 0. The four orbital states can
be labeled by the three eigenvalues q

γ

i = ±1, constrained to
obey

∏

γ q
γ

i = −1. The Hilbert space thus includes all states
of the form

|{ηz}, {qγ }〉 =
∣

∣

{

ηz
i

}〉

⊗
∣

∣

{(

qx
i , q

y

i , qz
i

)}〉

, (15)

FIG. 2. Illustration of the pseudospin and bond (η − ρ) config-

urations. (a) Effect of flux operator Wνp on a state with fixed ρ
γ

i j

bonds. Wνp changes the signs of the bonds marked in blue. It also

changes the signs of ηx/y pseudospins on the identity (dashed) bond.

(b) String defect, with red lines indicating bonds with signs opposite

to the background bonds, marked in black. The string shown here

is created by operating with τ x
νi on any orbital state along the sites

marked with blue dots. When operating on the GS in Eq. (20), the τ ’s

change the fluxes on the hashed plaquettes, since they ant-commute

with Wνp/p′ . Consequently, this open string terminates with a pair of

visons.

with the implicit local constraint. Pairs of nearest-neighbor
q

γ

i/ j define the bond variables

ρ
γ

i j = q
γ

i q
γ

j (16)

which take on values of ±1 for γ ∈ {x, y, z}, while they are
trivially equal to one for additional identity bonds, labeled
by ργ=I ≡ 1. To any {qγ

i } configuration, we can associate a
unique {ργ

i j} bond configuration, while the converse is not true.

Orbital states like |φ〉0 = |∀ q
γ

i = −1〉, which have uniform
ρ

γ

i j = 1, play an important role in all subsequent discussions.
Defects in |φ〉0 take the form of strings of negative bonds as

shown in Fig. 2(b). Defects in both pseudospin and ρ
γ

i j bonds
are introduced by operating with the flux operators Wνp/p′ .
Each of these flips the pseudospin components along x/y as

η
x/y

n,k
→ −η

x/y

n,k
in the corresponding unit cell [Fig. 2(a)]. Each

also changes the signs of all six ργ bonds connected with
sites n, k. Note that any string defect cannot be eliminated by
application of Wνp/p′ operators.

Effective Hamiltonian. The effective Hamiltonian Hη−ρ ,
projected onto the K = 0 GS manifold, reads

Hη−ρ = Hg2
+ Hg4

, (17)

where

Hg2
= g2

⎡

⎣

∑

〈i j〉
ηz

i η
z
j +

∑

〈i j〉γ

1

2
(η+

i η−
j + η−

i η+
j )ρ

γ

i j

⎤

⎦

+
∑

i

(−1)ix+iy
(

hxη
x
i + hzη

z
i

)

, (18)

is obtained at second order in K (g2 = K2/4J). Note the
distinction between NN, in-plane pseudospins connected via
variable and trivial identity ρ

γ

i j bonds, respectively. We in-
troduce small perturbations hx/z > 0 to explicitly break the
continuous symmetry, enforcing the staggered pseudospin
configurations along x/z, respectively. As it turns out, these
respectively correspond to Z2 and Z2 × Z2 topological order.
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The fourth-order contribution is

Hg4
= g4

⎡

⎣

∑

ν,p

η�

p Wνp +
∑

ν,p′

η�

p′ Wνp′

⎤

⎦, (19)

where g4 = K4/J3. η�
p and η�

p′ include linear combinations

of products of η and qγ operators around p/p′ plaquettes.
Hg2

commutes with all flux operators for hx → 0, while this
always holds for Hg4

. Technical details and derivations related
to the effective Hamiltonian and the following sections are
relegated to the SM [23].

Z2 topological order. We consider Hη−ρ with hx > 0 and
hz = 0 on a torus. Exact diagonalization calculations indicate
that the GS manifold of Hg2

includes |ηxx, φ0〉, with ηxx denot-
ing a finite staggered pseudospin along x (see the SM [23]).
Importantly, any configuration with string defects in the ργ

bonds are gapped, with an energy cost which scales as the
string length.

We next consider the evolution of the GS manifold at Hg4

level for hx ≪ g4 ≪ g2. In the SM [23] we show that exact di-
agonalization calculations indicate Hg4

projects |ηxx, φ0〉 onto
a state of uniform π flux per plaquette:

|�GS〉 =
∏

ν,p,p′

(1 − Wνp)(1 − Wνp′ )

4
|η̃xx; φ0〉 + O

(

hx

g4

)

.

(20)

Note that η̃xx is a state of staggered pseudospins including
corrections at both Hg2

and Hg4
levels. This is a state of

definite π flux since Wνp(1 − Wνp) = −(1 − Wνp). Moreover,
all Wνp/p′ commute with the operator

D
x
i j =ηx

i

⎛

⎝

∏

i′ j′∈Ci j

ρ
γ

i j

⎞

⎠ηx
j . (21)

Consequently, the latter has a finite expectation value in
|�GS〉 for any pair of i, j, reflecting a locking of pseudo-spin
and ρ

γ

i j bond configuration. Moreover, Dx
i j is equivalent to a

gauge-invariant correlator of the Hubbard model correspond-
ing to an in-plane Néel vector [Eq. (12)]. The Z2 topological
order corresponds to the second row in Table I.

Note that any state with an open string defect, obtained
by first including strings in φ0, involves one or more visons
on the plaquettes at each end [Fig. 2(b)]. As the energy of
this excitation depends on the string length and diverges for
infinite vison separation, it follows that the latter are confined
in an infinite system.

Z2 × Z2 topological order. In this case, we consider Hη−ρ

with hz > 0 and hx = 0. By analogy with the case with
Z2 topological order, the GS manifold of Hg2

now includes
|ηzz, φ0〉, where ηzz indicates finite staggered pseudospins

along z. Similarly, any open string defects are gapped. How-
ever, in contrast to the case for Z2 topological order, the gap
for these excitations remains finite for arbitrary string length,
in the infinite-system size. In the same limit, states with strings
forming noncontractible loops become degenerate with |φ0〉
for hz ≫ g2/4.

The effect of Hg4
is analogous to the case with Z2 topo-

logical order. Consequently, the GS has the form in Eq. (20),
with the replacement |η̃xx; φ0〉 → |η̃zz; φ0〉, indicating a sur-
viving pseudospin staggering. While the two-point correlator
for the ηz pseudospins is always finite, Dx

i j vanishes for infinite
separation as in the Hubbard model with Z2 × Z2 topological
order.

Since the energy cost of an open string remains finite even
in an infinite-size system, the visons are deconfined. Similarly,
as states with noncontractible loops of negative ργ bonds
become degenerate with the GS, in the limit of infinite sys-
temsize, the latter acquires additional topological degeneracy.
Consequently, this entails a sixteenfold topological degener-
acy on the torus, consistent with Z2 × Z2 topological order
corresponding to row 1 in Table I.

Conclusion and outlook. We have studied a bilayer adapta-
tion of a QSL model on a square lattice with Kitaev-type in-
teractions. We have shown that the low energy model exhibits
an AFM Mott transition which corresponds to magnetic frag-
mentation in terms of the original DOF. We have corroborated
these results by a perturbative calculation for the topological
degeneracy, which is consistent with field theory analysis. The
analysis we have presented here may be of particular value as
a largely tractable yet highly nontrivial instance of magnetic
fragmentation.

Interesting future directions include examining the role of
fluctuations on the emergent symmetry which may reduce the
ground state manifold via order by disorder [36–38]. Another
direction is to generalize our mechanism for fractionalized
Goldstone modes in bilayer systems to multilayer systems
with larger emergent symmetries, such as SU (N ).

The study of moiré superlattices of QSLs is another intrigu-
ing direction [29,39]. Our work suggests that manifold new
phenomena arising from a combination of emergent symmetry
and strong interactions are awaiting discovery here, providing
a new vista on strongly correlated magnetism.
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