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Abstract

Althoughhigh-performancecomputing(HPC)systemshavebeenscaledtomeetthe

exponentially-growingdemandforscientificcomputing,HPCperformancevariabilityre-

mainsamajorchallengeandhasbecomeacriticalresearchtopicincomputerscience.

Statistically,performancevariabilitycanbecharacterizedbyadistribution.Predicting

performancevariabilityisacriticalstepinHPCperformancevariabilitymanagement

andisnontrivialbecauseoneneedstopredictadistributionfunctionbasedonsystem

factors.Inthispaper,weproposeanewframeworktopredictperformancedistributions.

TheproposedmodelisamodifiedGaussianprocessthatcanpredictthedistribution

functionoftheinput/output(I/O)throughputunderaspecificHPCsystemconfigu-

ration. Wealsoimposeamonotonicconstraintsothatthepredictedfunctionisnon-

decreasing,whichisapropertyofthecumulativedistributionfunction. Additionally,

theproposedmodelcanincorporatebothquantitativeandqualitativeinputvariables.

WeevaluatetheperformanceoftheproposedmethodbyusingtheIOzonevariability

databasedonvariouspredictiontasks. Resultsshowthattheproposedmethodcan

generateaccuratepredictions,andoutperformexistingmethods. Wealsoshowhowthe

predictedfunctionaloutputcanbeusedtogeneratepredictionsforascalarsummaryof

theperformancedistribution,suchasthemean,standarddeviation,andquantiles.Our

methodscanbefurtherusedasasurrogatemodelforHPCsystemvariabilitymonitoring

andoptimization.

Key Words: ComputerExperiments; GaussianProcess;FunctionalPrediction;

HPCPerformanceVariability;QualitativeandQuantitativeFactors;SystemVariability.
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1 Introduction

High-performancecomputing(HPC)systemsaggregatealargenumberofcomputerstopro-

videahighlevelofcomputingperformance.Inthepastdecades,theperformanceofHPC

systemshasbeenincreasedtomeettheexponentially-growingdemandforscientificcomput-

ing. However,existingwork(Rahimietal.2015;Cameronetal.2019)hasobservedthat

theperformancevariabilityincreaseswithHPCsystemscaleandcomplexity.Forexample,

Figure1(a)showsthattheinput/output(I/O)throughput,asonemeasureofthesystem

performance,increasesasthenumberofthreadsincreasesbasedonasubsetoftheIOzone

datatobeintroducedinSection2. However,weobservethattheperformancevariability,

asshownbytheboxplots,alsoincreases. Existingstudiesrevealthatvariabilitycaninflu-

encetheperformanceinmanyaspectsfromhardware(Kimetal.2012),middleware(Akkan

etal.2012;Ouyangetal.2015)toapplications(Hammoudaetal.2015).Thusperformance

variabilitymanagementhasbecomeanimportantresearchareaincomputerscience,which

isaffectedbysystemconfigurations(e.g.,CPUfrequency). Unfortunately,thequantitative

relationshipbetweenthesystemconfigurationandvariabilityisnotclear,whichmakesthe

HPCperformancevariabilitymanagementchallenging.Studieshavediscoveredthattherela-

tionshipbetweenHPCvariabilityandsystemconfigurationiscomplicated(Luxetal.2018;

Changetal.2018).Tostudythecomplicatedrelationship,statisticaltoolscanbeusefulfor

datacollection,modelbuilding,andperformancevariabilityprediction.Large-scaleexperi-

mentsareessentialtoprovidesufficientdataformodelingthecomplexvariabilitymap,and

experimentaldesigntoolshavebeenusedforefficientdatacollection(Wangetal.2022).

Regardingmodelingandprediction,performancevariabilitycanbecharacterizedbya

distribution. Mostexistingworkincomputerscience,however,onlyusesasummarystatistic

torepresentthelevelofvariability.Forexample,Cameronetal.(2019)studythestandard

deviationoftheIOzonethroughput.Xuetal.(2020)showthatthethroughputdistribution

ismultimodalsoasummarystatisticlikestandarddeviationcannotrepresentthesystem

variability.Asanillustration,Figure1(b)showsthehistogramsoftheI/Othroughputunder

fourspecificHPCsystemconfigurations. Thetopleftpanelshowsadistributionwithone

mode,andthebottomleftpanelshowsamixtureoftwocomponents,whiletherighttwo

panelsshowamixtureofthreeandmorethanthreecomponents.Therefore,thedistributions

ofthethroughputarecomplicated,anditistypicallynotsufficienttousesummarystatistics

orasimpleparametricdistributiontodescribethem.

Becausetheperformancedistributioniscomplicated,itwillbeidealtohaveageneral

methodtopredicttheentiredistribution.Furthermore,variousmetricsareoftenofinterestin

theHPCstudy.Themeanormedianofthethroughputdistributioncanbeusedasanoverall
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Figure1:(a)ExampleofI/Ovariabilityinthroughputasafunctionofthenumberofthreads

intheIOzonedata,and(b)histogramsfortheI/OthroughputunderfourspecificHPC

systemconfigurationsshowingexamplesofdistributionswithvariousshapes. Thex-axisis

thethroughput(107KB/s)andthey-axisisthefrequency.

performancemeasure,whilethestandarddeviationcanbeusedasameasureofvariability

orstability. Variousquantilesoftheperformancedistributioncanserveaspracticallower

orupperboundsofthroughput,whichleadstoageneralneedformodelingandpredicting

theperformancedistribution. Thisisbecauseoncethedistributionispredicted,onecan

derivealltheabove-mentionedmetrics,whichbringstremendousbenefitsinHPCvariability

management.

ToaddressthechallengingprobleminHPCvariabilitymanagement,themainobjective

ofthispaperistogeneratedistributional-outputpredictionsforHPCvariabilitystudy.The

predictionframeworkisoutlinedasfollows. WefirstuseI-splinestosmooththediscrete

samplequantilefunctionandtheobtainedsplinecoefficientsmatrixisthenusedtorepresent

thedistributionfunction.Singularvaluedecomposition(SVD)isimplementedtoreducethe

dimensionofthecoefficientmatrix. Forprediction,weproposeaspecialGaussianprocess

(GP)namedlinearmixedGaussianprocess(LMGP),thatincorporatesbothquantitativeand

qualitativevariables.Theexpectation-maximization(EM)algorithmisusedtoestimatethe

parameters. Resultsshowthatourpredictionframeworkcanachieveaccuratepredictions

underHPCsetting.Tothebestofourknowledge,thisworkisthefirstworkthatdevelops

astatisticalframeworkpredictingthedistributionaloutcomewithmixedtypesofinputsand
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modelingHPCthroughputdistributionsalongwiththeirassociatedmeasuresofvariability.

Wegiveabriefliteraturereviewoncomputerexperimentswithanemphasisonmixed

typesofinputandoutput.Computerexperimentsareoftenconstructedtoemulateaphysical

system.Duetothecomplexityandexpenseofevaluatingsystembehavior,asurrogatemodel

isusuallyusedtodescribethesystembehaviorbasedonthedatacollectedbytheexperiments.

Popularsurrogatemodelsincluderesponsesurfaces(BoxandWilson1951),Gaussianprocess

models(RasmussenandWilliams2005),localizedlinearregression(Cleveland1979),andtheir

extensions. GramacyandLee(2008),Chipmanetal.(2002),Chipmanetal.(2010),and

Taddyetal.(2011)usethebinarytreetodividetheinputspaceandfitseparateGaussian

processineachsub-region. Multivariateadaptiveregressionsplines(MARS)usessplinesand

stepwiseregressiontomodelthecomplexrelationshipsbetweeninputandoutput(Friedman

1991). Todeterminethebestmodelwithrespecttonodelocationandnumberofnodes,

ageneralizedcross-validationprocedure(Hastieetal.2009)isusedtodomodelselection.

ThelinearShepard(LSP)algorithmusesradialbasisfunctionstodesignweightandbuilda

localizedlinearregressionmodel(Thackeretal.2010).

Whilemostofthosemodelsassumetheinputsofsurrogatesarecontinuous,categorical

inputsarecommoninapplication. Forexample,intheHPCsetting,thetypeofstorage

hastwooptions:solid-statedrive(SSD)andharddiskdrives(HDD).Toutilizecategorical

variables,Zhouetal.(2011)proposetheCGPandDengetal.(2017)extendtheCGPwithan

additivemodelstructure.Inaddition,mostexistingmethodsfocusonscalarprediction,while

theoutputofsomeengineeringmodelscanbecomplicated(Bayarrietal.2007).Examplesof

applicationswithcomplicatedoutputsincludetheboundaryconditionofapartialdifferential

equation(Tan2018),thethermal-hydrauliccomputations(Auderetal.2012),andthesatellite

orbitingcarbonobservatory(Maetal.2022).

Fortheworkoncomputerexperimentsmodelingwithfunctionaloutputs,Hungetal.

(2015)developaMonteCarloexpectation-maximization(MCEM)algorithmtoconvertthe

irregularlyspaceddataintoaregulargridsothattheKroneckerproduct-basedapproachcan

beemployedforefficientlyfittingakrigingmodeltothefunctionaldata.Higdonetal.(2008)

provideadimension-reductionmethodtothehigh-dimensionaloutputcomputerexperiments.

Jiangetal.(2021)providearobustparameterdesigntocomputermodelswithmultiplefunc-

tionaloutputs.Fruthetal.(2015)conductsensitivityanalysismethodforfunctionalinput.

Drignei(2010)proposesaframeworkcalledfunctionalANOVAtoanalyzethecomputerex-

perimentswithtimeseriesoutputs.However,toourbestknowledge,thereisnoworkfocused

onthedistributionaloutcomeoncomputermodelswithbothqualitativeandquantitative

inputs,whichcannotbeaddressedbystraightforwardapplicationsofexistingmethods.

Becauseofthedistributionaloutcome,thepropertiesofthedistributionfunctionsneed
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tobemet. Specifically,thecumulativedistributionfunctionisright-continuousandnon-

decreasing.Inaddition,effectivemodelingofoutputdistributionsgenerallyrequireslarge

datasetsbecausecomplicatedexperimentsareessentialtocapturethedistributionalinfor-

mation. Giventheneedtopredictthedistributionandthefactthatthedistributionis

complicated,weusetheGaussianprocessmodelsasthebasisforourwork. Comparedto

parametricmodels,theGaussianprocesscanestablishamorecomplicatedrelationshipbe-

tweentheinputandresponsevariables.Inthispaper,weproposeapredictionframework

withGaussianprocessthatcanpredictthedistributionaloutputgivenbothquantitativeand

qualitativeinputs.

Therestofthispaperisorganizedasfollows.Section2describestheHPCIOzonedata.

Section3describesthepredictionframeworkincludingthecurverepresentation,theformu-

lationoftheLMGPmodel,theEMalgorithmforparameterestimation,andthefunctional

prediction.Section4presentsthepredictionresultsontheIOzonedatafordifferentinputand

output(I/O)operationmodesinpredictingthequantilefunctions.Section5showsthecom-

parisonresultswiththoseexistingmodelsinpredictingsummarystatisticsofthethroughputs.

Section6discussestheresultsandseveralareasforfuturework.

2 HPCPerformanceStudy

Whilethesystemvariabilityhasmanyaspects,weconcentrateontheI/Otasksasthese

typesoftheprocedurewillrevealthehighestvariabilityandexhibitthemostinteresting

systemperformancecharacteristics.I/Oisidentifiedasahighvariationoperationandthe

IOzonebenchmark(CappsandNorcott2008)isusedtocollectperformancedataonthe

varioussystemI/Ooperations. Thereportedthroughputvaluesareusedtorepresentthe

systemperformanceandfurthermore,thevariationofthethroughputunderidenticalsystem

configurationsistreatedasthesystemvariability.TheunitofthethroughputisKB/s.For

convenience,allthethroughputsinthispaperareonthescaleof107KB/s.

Theconfigurationsarecharacterizedbyalistofvariables,whicharereferredtoasinputs.

Therearetwokindsofinputs,namely,numericalinputsandcategoricalinputs. Wehavefour

numericalinputs,thefilesize,therecordsize,theCPUfrequency,andthenumberofthreads.

Therecordsizeisfixedat16KBthroughoutthewholeexperiment. Thus,thenumerical

variableswemodelinthispaperarefilesize,CPUfrequency,andthenumberofthreads.

ThecategoricalinputistheI/Ooperationmode,whichhassixlevels. Therearevarious

combinationsofthosethreecontinuousinputsundereachlevelofthecategoricalinput(i.e.,the

I/Ooperationmode).Table1showsthesystemconfigurationsandallpossiblelevelswehave

consideredinourdatacollectingexperiments.Intotal,wehave22,734combinations(system
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Table1:SystemfactorsandtheirlevelsusedinthestudyofI/Ovariability.

System
Parameters

No.of
Levels

Levels

CPUClock
Frequency(GHz)

7 1.2,1.6,2.0,2.3,2.8,3.2,3.5

NumberofThreads 9 1,8,16,24,32,40,48,56,64

FileSize(KB) 10
4,16,64,256,1024,4096,
8192,32768,65536

I/OOperation
Mode

6
randomreader,initialwriter,

randomwriter,rereader,reader,rewriter

configurations)intheIOzonedatabase.Figure2showsthecombinationsofcontinuousinputs

underI/Ooperationmodeinitialwriter.Becausethelevelsofthefilesizeandthenumberof

threadsarespacedonanexponentialscale,wetakethebinarylogarithmofthetwovariables

inoursubsequentanalyses.

Theconfigurationsaredenotedby{xi,zi},i=1,...,n. Here,xi=(xi1,...,xip)
T isa

p×1vectorthatdenotesthenumericalinputs,ziisaq×1vectorthatdenotesthecategorical

inputs,andnisthenumberofconfigurations.IntheIOzonedata,p=3andq=1. We

denotethenumericalinputmatrixbyX=(x1,...,xn)
T,whichisofsizen×p,anddenote

thecategoricalinputmatrixbyZ=(z1,...,zn)
T,whichisofsizen×q.Thustheinputis

representedby{X,Z}.

Tocollectthedatawhichreflectsthedistributionalinformation,wefixthesystemcon-

figurationatagivencombinationinTable1andruntheIOzonebenchmarkforaspecified

numberofreplicates.TheoutputofeachexperimentrunisthethroughputofIOzone,which

measurestheI/Ospeedunderthecurrentsystemconfiguration. Thethroughputdataat

configurationiaredenotedbyyib,i=1,...,n,andb=1,...,mi.Letyi=(yi1,...,yimi)
T,

wheremiisthenumberofreplicatesforithconfiguration.Thevaluesofmivaryfrom150to

900,dependingonthespecificsystemconfiguration.Ittookseveralmonthstocollectallthe

dataoveraLinuxserver.Inparticular,theexperimentswereconductedona12-nodeserver

andallthenodesareidenticalDellPowerEdgeR630s.EachnodeisequippedwithIntel(R)

Xeon(R)CPUE5-2637v4@3.50GHz,16GBDRAM(2DIMMs),andanew200GBSSD

withIntelmodelSSDSC2BA200G4R.Thereare2socketswith4corespersocket.Intotal,

thereare8physicalcoresand16CPUswithhyper-threadingenabled.Theoperatingsystem

isDebianGNU/Linuxwithkernelversion4.14andtheIOzoneversionis3.465. Notethat

weareworkingwithrealperformancedatafromHPCsystems(notwithemulatordataasin

somecomputerexperimentliterature).
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Figure2:ScatterplotsandhistogramsforthreecontinuousfactorsunderI/Ooperationmode

initialwriter.“Log2(FS)”meansthebinarylogarithmofthefilesize. TheunitforCPU

FrequencyisGHzandtheunitforfilesizeisKB.
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Thedatayiarethenusedtoestimateadistributionfunctionwhichwewilltreatasa

functionalresponseinmodeling. Forthedevelopmentofthemodelandnotationalconve-

nience,weneedtofirstsortthedatabyZ.Letcbethenumberofuniquecombinationsofthe

categoricalvariables(i.e.,theuniquerowsinZ). Wesortthedata{yi,xi,zi},i=1,...,n,

bytheuniquecategoricalcombinations.Letnkbethenumberofrowsinthekthcategorical

combinationinZfork=1,...,c.

3 ThePredictionFramework

OurproposedframeworkforpredictingHPCthroughputdistributionhasthreecomponents:

curverepresentation,Gaussianprocessforprediction,andreconstructionoffunctionalcurves.

3.1 CurveRepresentation

Forthethroughputdata,yi,fromconfigurationi,weareinterestedinitscumulativedistribu-

tionfunction(CDF),Fi(y).Becausethedistributionofthethroughputisusuallycomplicated

andcannotbeadequatelydescribedbycommonlyusedparametricdistributions,weusethe

empiricalcumulativedistributionfunction(ECDF)toestimatethedistributionfunction.In

particular,theECDFiscomputedas

Fi(y)=m
−1
i

mi

b=1

1(yib≤y).

ThecriticalpointsintheECDFare{[yi(b),b/mi],b=1,...,mi},whereyi(b)isthesorted

versionofyibintheascendingorder.

BecausetheECDFisonlyrightcontinuousandalwayshasjumpdiscontinuities,forthe

convenienceofmodeling,weuseasmoothfunctiontoapproximateit.Inaddition,because

theCDFisanon-decreasingfunction,weusemonotonicsplinesforsmoothing.Inparticular,

weuseI-splines(Ramsay1988).I-splinesareasetoffunctionsthatarepositiveandmonotone

increasinginaclosedintervalandconstantsoutsidethisclosedinterval.Figure3(a)shows

thecurveofasetofI-splinebasisfunctions.Figure3(b)showsoneexampleoftheECDF

andthecurveafterbeingsmoothed.Figure4showshowthesmoothedCDFcurvechanges

whenwevaryononeofthethreecontinuousconfigurationfactors. Wefindacomplicated

relationshipbetweentheCDFcurvesandinputconfigurations.Forexample,inFigure4(c),

whenwehavemorethreads,therangeofthethroughputswillhavealargerrangeandthe

shapeofthecurvealsochanges.Figure4indicatesthatpredictingthedistributionaloutcome

ischallenging.
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Asetofknotsareneededtoconstructthesplinebases.Basedonaninitialexploration

ofthedata,wefindthatthesupportsoftheCDFarequitedifferentfordifferentconfigu-

rations. Figure5(a)showsatypicalexampleintheIOzonedatathatthedistributionsof

thethroughputfromdifferentconfigurationshavedifferentsupports. Thesupportsofeach

CDFvarylargely,whichischallengingtochooseboththenumberofandthelocationsofthe

splineknots.InordertocovertheentirerangeoftheCDFsupportandensuresmoothing

accuracy,wewouldneedalargenumberofknots. Toovercomethisdifficulty,weneedto

setourpredictedprobabilityfunctiontohavecommonsupportwithafixedboundary. We

showtenexamplesofsmoothedquantilefunctionsinFigure5(a). EachCDFissmoothed

individuallybyauniquesetofI-splines.Thenumberofknotsis20andtherangeofknots

isequaltotherangeofthroughputsunderthisconfiguration.Fromthefigure,wecansee

thatthesupportsofdifferentsmoothedCDFsaredifferent. Tosetcommonbasesforall

configurations,wesmooththeestimatedquantilefunction,insteadoftheECDF.Becausea

quantilefunction,Q(p),isdefinedin(0,1)whichisbounded,onecaneasilysettheknotsin

theboundeddomain.

Tosummarizetheidea,wewantto modelandpredictCDF’s,andusesplinefitsto

representthem. However,splinesrequireknotlocations,whichisimpracticalherebecause

thesupportandcomplexityofCDFvariessubstantiallyfordifferentexperimentalconditions.

Thus,weinsteaddirectlymodeltheinverseoftheCDF,thequantilefunction,whichisalways

definedonthesameinterval.

Specifically,wefirstconstruct(d−1)commonsplinebases,γj(p),j=1,...,(d−1)anduse

thesebasetosmooththepoints{[b/mi,yi(b)],b=1,...,mi}separatelyforconfigurationi.Let

βi=(βi0,βi1,...,βi,d−1)
Tbethecoefficientsofthesplinefittingforconfigurationi.Thefirst

elementβi0isaninterceptterm,andtherestelements(βi1,...,βi,d−1)
Tarethecoefficientsfor

those(d−1)splinebasisfunctions.Thusβiisofsized×1.Thesmoothedquantilefunction

is

Q(p)=βi0+

d−1

j=1

βijγj(p).

ForI-splines,theinterceptβi0isunconstrained,andthesplinecoefficients(βi1,...,βi,d−1)
Tare

constrainedtobenonnegative,toensuremonotonicity.Theconstrainedleast-squaresmethod

(e.g.,Meyer2008)isusedtofindthesplinecoefficients.LetB=(βT1,...,β
T

n)
T bethespline

coefficientmatrix,whichisofsizen×d.Usingthesplinerepresentation,thedistributional

dataarenowrepresentedbythecoefficientmatrixB.

Weapplythesingularvaluedecomposition(SVD)tode-correlatethecolumnsofB,which

issimilartothetreatmentinHigdonetal.(2008).Thatis,weexpressBas

B=UΛVT,
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Figure5: ExamplesofI-splinesmoothedCDFandquantilefunctionforthethroughputs

under10randomlypickedconfigurations.

whereUisann×nunitarymatrix,Λisann×ddiagonalmatrixwithdiagonalelements

{λ1,...,λd}whicharethesingularvalues,andVisad×dunitarymatrixintheSVD.Let

W =UΛ=BV. (1)

NotehereW isann×dmatrix.LetwjbejthcolumnofW andwijbethe(i,j)thelementof

W.Afterre-expressionoftheBmatrixusingtheSVD,wefocusontheresultingW matrix.

Weperformseparatemodelingfor wjbecausethewj’sarelinearindependentcomponents.

3.2 GaussianProcess Modeling

WefirstsummarizetheformulasformodelingandpredictionwiththeGaussianprocessfor

continuousscalaroutputyandcontinuouscovariatesX. Then,withtheoverallmeanµ,

varianceσ2,thelength-scaleparametervectorνandthenuggetg,theGaussianprocessfor

thedata{y,X}isthatyfollowsamultivariatenormaldistributiony∼N[µ1n,σ
2Ω(ν,g)],

where1nisann-elementvectorwithallones.TheconstructionforthematrixΩ(ν)isthe

distance-inversekernelasfollows,

Ω(ν,g)ii=exp[−d(xi,xi,ν,g)],andd(xi,xi,ν,g)=

p

l=1

(xil−xil)
2

νl
+gδii.

HereδiiistheKroneckerdelta.Theparametersµ,σ
2,andν=(ν1,...,νp)

Tcanbeestimated

throughthemaximumlikelihoodestimation(MLE)procedure.
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Forprediction,thejointdistributionforyandy0is

y
y0

∼N
µ1n
µ1n0

,σ2
Ω Ω12
ΩT12 Ω0

,

where(Ω12)ii=exp[−d(xi,x0i,ν,g)],(Ω0)ii=exp[−d(x0i,x0i,ν,g)],n0isthenumber

ofpredictedpoints,andx0iistheithinputvariableinthesetofpredictedpoints. The

predictionfory0istheconditionalmean

y0=E[y0|y]=µ1n0+Ω
T

12(ν)Ω
−1(ν)(y−µ1n).

EstimationofparametersνandµwillbediscussedinSection3.4.

3.3 TheLinear MixedGaussianProcess

Weconstruct dseparatemodelsforthecolumnsofmatrixW.Foreachmodel,wefixjand

usethedata{wj,X,Z}tobuildthemodel. Weconsiderthefollowingmodelforthewj,

wij=µ+αij+εij, i=1,...,n, (2)

whereµisthegrandmean,αijisthecategoricalrandomeffect,andεijistherandomerror.

Fornotationconvenience,wedroptheindexjbutkeepinmindthatthemodelin(2)will

beappliedseparatelyforj=1,...,d. Withthedroppingofindexj,themodelin(2)is

representedas

wi=µ+αi+εi, i=1,...,n, (3)

andthevectorformulationof(3)is

w=µ+α+ε,

wherew=wj,µ=(µ,...,µ)
T=µ1n,α=(α1,...,αn)

T,andε=(ε1,...,εn)
T.

Therandomerrortermεimodelsthewithin-classcorrelation.Here,eachclassisonelevel

ofthecategoricalinputcombinations.Acrossclasses,theεi’sareindependent.Specifically,we

modelεasarealizationfromamultivariatenormaldistributionN(0,Σε),andthevariance-

covariancematrixforε,denotedbyΣε,isablockdiagonalmatrix.Inparticular,

Σε=






Σε1
...

Σεc




=σ

2
ε






Ωε1
...

Ωεc




=σ

2
εΩε.
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Here,σ2εisthevarianceofεi,andtheΩεkarenk×nkcorrelationmatrix.Inparticular,the

correlationofεiandεiisalsothedistance-inversekernelwhichdefinedas

(Ωε)ii=Corr(εi,εi)=






exp−

p

l=1

(xil−xil)
2/νl +gδii,ifzi=zi

0 ,ifzi=zi

.

Thetermαiisthecategoricalrandomeffectwhichmodelsthebetween-classcorrelation.

Wealsomodel αwithamultivariatenormaldistributionN(0,Σα).LetΣα=σ
2
αΩα,where

σ2αisthevarianceofαi,andΩαisthecorrespondingcorrelationmatrix.ThestructureofΩα

isspecifiedasfollows,

Corr(αi,αi)=






ρ(zi,zi)κ(rii,rmax),ifrii≤rmax

0 ,ifrii>rmax
, (4)

whererii=||xi−xi||istheEucliddistancebetweenxiandxi,ρ(zi,zi)definesthecorre-

lationbetweencategoryiandi,andκ(·,rmax)isacompactsupportkernelwithprespecified

rangeparameterrmaxtoallowforsparsity.Theformulaofthecompactsupportkernelweuse

is

κ(rii,rmax)= 1−
rii
rmax

v

+

,wherev≤
p+1

2
,

whichisdefinedby Wendland(1995).ThisfunctionalformensuresthattheΩαispositive

definite,asrequiredforvariance-covariancematrices.Letρkk=ρ(zi,zi),wherekandkare

thecorrespondingcodedclasslabelsforziandzi,respectively. Weusetheformulationin

Simonian(2010)andZhouetal.(2011)forρkk.Notethatthetotalnumberofcategorical

levelcombinationsisc. Toensurethatthematrixdefinedbyusing(4)isavalidvariance-

covariancematrix,thec×cmatrixP=(ρkk)mustbeapositivedefinitematrixwithunit

diagonalvalues. LetP=LLT,whereL=(lrs)isalowertrianglematrixwithpositive

diagonalvalues.Letl11=1andfork=2,...,ctheformulaforkthrowofLisgivenas

lk1=cos(θk1),lks=
s−1

j=1

sin(θkj)cos(θks),fors=2,...,k−1,andlkk=
k−1

j=1

sin(θkj).

TheparametersforΩαisθks∈(0,π),k=2,...,c,s=1,...,k−1. Asaresult,forc

categoricallevels,wehavec×(c−1)/2parametersforρkk.Tovisualizethemodelvariance-

covariancematrixstructure,weprovidetheheatmapofatypicalΩαandΩεinFigure6.From

Figure6(b),thedistanceinversekernelcanonlymodelpositivecorrelation,whichissuitable

forthedatawithinthesamecategoricalvariablecombination. TheΩα inFigure6(a)can

modelthenegativecorrelation(theblockinthetopcenterarea)betweendifferentcategorical

variables.
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Figure6:ExamplecorrelationmatrixheatmapsforΩα andΩε,whenp=4,c=3,ρ=

(1.33,0.56,2.66)T,andν=(2.0,2.0,2.0,2.0)T basedontherandomlygenerateddata.

3.4 TheEstimationProcedure

Letθα=(σ
2
α,ρ

T)Tandθε=(σ
2
ε,µ,ν

T,g)T.Alltheparametersaredenotedbyθ=(θTε,θ
T

α)
T,

Σα=Σα(θα),Σε=Σε(θε).Thecompletelikelihoodis

L(θ;w,α)=f(w,α;θ)=f(w|α;θ)f(α;θ). (5)

Notethat,

f(w,α;θ)=
1

(2π)n|Σε|1/2|Σα|1/2
exp −

1

2
(w−α−µ)TΣ−1ε(w−α−µ)−

1

2
αTΣ−1αα

∝exp[g(α)],

whereg(α)=(w−µ)TΣ−1εα−α
T(Σ−1ε +Σ

−1
α)α/2.NotethatΣεisablockdiagonalmatrix,

anditsinversecanbeobtainedrelativelyeasily,andΣαcanbeasparsematrixwhendatasize

islarge. WeuseanEMproceduretodotheestimation.Theadvantageisthattheprocedure

isscalabletosamplesizenandparameterscanbeestimatedseparately,whichcanreducethe

difficultyofoptimization.
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3.4.1 ExpectationStep

Intheexpectationstep(E-step),atthetthiteration,wehaveθ(t−1)= θ(t−1)ε

T

,θ(t−1)α

T T

.

LetΣα θ
(t−1)
α =Σ

(t−1)
α andΣε θ

(t−1)
ε =Σ

(t−1)
ε .Theexpectationis

Q θ|θ(t−1) =E
α|w,θ

(t−1)
ε ,θ

(t−1)
α
log[L(θ;w,α)].

Weneedtoderivethedistributionof α|w,θ(t−1)ε ,θ(t−1)α .Thejointdistributionforwandα

givenθ(t−1)ε andθ(t−1)α is

α|θ(t−1)α

w|θ(t−1)ε

∼N
0n
µ(t−1)

,
Σ
(t−1)
α Σ

(t−1)
α

Σ
(t−1)
α Σ

(t−1)
α +Σ

(t−1)
ε

,

where0nisann-elementvectorwithallzeroentries.Bythepropertiesofnormaldistribution,

thedistributionofα|w,θ(t−1)ε ,θ(t−1)α isnormalwiththemeanandcovariancematrixas

E α|w,θ(t−1)ε ,θ(t−1)α =Σ(t−1)α Σ(t−1)α +Σ(t−1)ε

−1
w−µ(t−1) ,

Cov α|w,θ(t−1)ε ,θ(t−1)α =Σ(t−1)α −Σ(t−1)α Σ(t−1)α +Σ(t−1)ε

−1
Σ(t−1)α ,

respectively.Here,toensuremodelestimability,weintroducethezero-sumconstraintforα,

thatis n
i=1αi=0.Toachievethis,wemultiplyαbyacenteringmatrixC=I−n

−1Jn,

whereJnisann×nall-onesmatrix.Thecentralizedαhasasingularmultivariatenormal

distributionwithmeanandcovariance

E α|w,θ(t−1)ε ,θ(t−1)α =CΣ(t−1)α Σ(t−1)α +Σ(t−1)ε

−1
w−µ(t−1) ,

Cov α|w,θ(t−1)ε ,θ(t−1)α =C Σ(t−1)α −Σ(t−1)α Σ(t−1)α +Σ(t−1)ε

−1
Σ(t−1)α C,

respectively.Expandingthecompletelikelihoodfunctionin(5),weobtain

L(θ)=log[L(θ;w,α)]=L1(θε;w|α)+L2(θα;α).

Here,

L1(θε;w|α)=−
n

2
log(2π)−

1

2
log(|Σε|)−

1

2
(w−µ−α)TΣ−1ε(w−µ−α),

and

L2(θα;α)=−
n

2
log(2π)−

1

2
log(|Σα|)−

1

2
αTΣ−1αα.

Takingtheexpectationwithrespecttoα,wehave

Q1 θε|θ
(t−1)
ε =−

n

2
log(2π)−

1

2
log(|Σε|)−

1

2
(w−µ)TΣ−1ε(w−µ)

+(w−µ)TΣ−1εµ
(t−1)
α|w −

1

2
trΣ−1εΣ

(t−1)
α|w −

1

2
µ
(t−1)
α|w

T

Σ−1εµ
(t−1)
α|w , (6)
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and

Q2 θα|θ
(t−1)
α =−

n

2
log(2π)−

1

2
log(|Σα|)−

1

2
trΣ−1αΣ

(t−1)
α|w −

1

2
µ
(t−1)
α|w

T

Σ−1αµ
(t−1)
α|w .

ThederivationforQ1 θε|θ
(t−1)
ε andQ2 θα|θ

(t−1)
α areprovidedinAppendixA.

3.4.2 M-StepforParameterEstimation

Theupdatingformulasforθεandθαare

θ(t)ε =argmax
θε
Q1 θε|θ

(t−1)
ε andθ(t)α =argmax

θα
Q2 θα|θ

(t−1)
α ,

respectively.Forµ,σ2ε,andσ
2
α,wehaveclosedformsforupdatingasfollows,

µ=
1TΣ−1ε(w−µα|w)

1TΣ−1ε1
,

nσ2ε=(w−µ)
TΩ−1ε(w−µ)−2(w−µ)

TΩ−1εµα|w

+tr Ω−1εΣ
(t−1)
α|w + µ

(t−1)
α|w

T

Ω−1εµ
(t−1)
α|w ,

nσ2α=tr Ω
−1
αΣ

(t−1)
α|w + µ

(t−1)
α|w

T

Ω−1αµ
(t−1)
α|w .

Substitutingµ,σ2ε,andσ
2
αintoQ1andQ2,wehavetheprofilelikelihoodforν,gandρas

follows,

Q1 ν,g|θ
(t−1)
ε ,µ,σ2ε =−

1

2
log(|Ωε|)−

n

2
log(σ2ε),

Q2 ρ|θ
(t−1)
α ,µ,σ2α =−

1

2
log(|Ωα|)−

n

2
log(σ2α).

Weusethe“L-BFGS-B”intheRroutine“optim”,whichisagradient-basedmethod(Zhu

etal.1995),tosolvetheoptimizationproblemforν,gandρ. Weusetheestimatedvalueof

ν,gandρbyGPastheoptimizationstartingvalues.

3.4.3 Differentµ,σ2ε,g,andνforEachCategory

Themodelweconstructsofarsharesthesameµ,σ2ε,g,andνinallcategories.Butinsome

applications,itispossiblethatdataindifferentcategoriesbehavedifferently.Forexample,the

throughputfortheI/Omodesrandomreaderandreaderaredifferentbecauserandomreader

teststhespeedofreadinglargeamountsofsmallfileswhilereaderteststhespeedofreading

largefiles.Asaresult,wealsoprovidetheformulaforthemodelwithdifferentµ,σ2ε,g,and

νseparatelyforeachcategoryinthissection. WerefertothismodelasLMGP-S.Notethat

theLMGP-Smodelstillhascorrelationsamongdifferentcategories.
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Forcategoryk,k=1,...,c,letIkbethesetofindexesthatallthedatapointsbelongto

categoryk.Inotherwords,Ikisanindexsetwithnkelements.Letµk,σ
2
ε,k,gk,andνkbe

theparametersfortheΣε,kincategoryk.Thenupdatingformulasforµkandσ
2
ε,kintheM

stepare:

µk=
1TIkΣ

−1
ε,Ik
(wIk−µα|w,Ik)

1TIkΣ
−1
ε,Ik
1Ik

,

nσ2ε,k=(wIk−µk)
TΩ−1ε,Ik(wIk−µk)−2(wIk−µk)

TΩ−1ε,Ikµα|w,Ik

+tr Ω−1ε,IkΣ
(t−1)
α|w,Ik

+ µ
(t−1)
α|w,Ik

T

Ω−1ε,Ikµ
(t−1)
α|w,Ik

,

whereΣε,Ik,Ωε,Ik,andΣα|w,Ik arethecorrespondingnk×nkblockmatrixforallthedata

pointsincategorykinΣε,Ωε,andΣα|w.OtherformulasfortheEMalgorithmarethesame

asderivedbefore.Thederivationsforµkandσ
2
ε,kareprovidedinAppendixB.Somefurther

technicaldetailsforderivativesaregiveninAppendixC.

3.5 PredictionforDistributionalOutcomes

Foranewconfiguration(xT0,z
T
0)
T,thegoalistopredictitsdistributionfunctionandwecando

thisbypredictingw0=(w01,...,w0d)
T.Thepredictionisbasedonthosedseparatemodels

in(2).Here,wedescribehowtomakethepredictionforthejthelementofw0basedonthe

followingmodel,

w0j=µ+α0j+ε0j,j=1,...,d.

Fornotationconvenience,wedroptheindexjandworkonthefollowingmodel.

w0=µ+α0+ε0.

Weconstruct

w0
w
∼N

µ
µ1n

,
Σ00 Σ01
Σ10 Σ11

.

Withestimated θ,thepredictedw0istheconditionalmean

w0=E(w0|w)=µ+Σ01(Σ11)
−1(w−µ1n). (7)

Repeatthepredictionin(7)forj=1,...,dtoobtainthepredictionforw0toobtainw0.

Here,d≤d,disthenumberofSVDcomponentsandischosenbycomputingbudgetand

predictionaccuracy. Anotherwaytodeterminedistoletdbethesmallestintegersuch

that d
j=1λj/

d
j=1λj≥threshold,whichisselectedtoensuresufficientmodelingfidelityfor
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predictivepurposes.Letβ0=(β00,β01,...,β0d)
T.Thepredictedcoefficientsforthesplines

arerecoveredby

β0=w0V
T

d, (8)

accordingtotheSVD,whereVdisthefirstdcolumnsofV.Becauseitispossiblethatsome

oftheelementsinβ0arenegative.Thesenegativeentriesaretruncatedto0.Theprediction

forthequantilefunctionQ0(p)isthenobtainedas

Q0(p)=β00+
d−1

j=1

β0jγj(p). (9)

Notethattruncationatzeroisjustifiedbecauseitresultsinthenearestpointtoβ0inthe

convexhullthatmakesQ0(p)amonotonefunction.ThepredictionoftheCDF,F0(y),can

beobtainedbyinvertingQ0(p).

4 PredictionPerformanceStudyUsingHPCData

Wefirstintroducethepredictionmodelvariantsandtheerrormetricforcomparisons. We

thendemonstratethattheSVDcanreducethedimensionoftheBwithoutmuchlossof

accuracy. Wecomparethepredictionperformanceofthefour modelvariantsunderthe

proposedpredictionframework. Wealsovisualizetheresultsofpredictingquantilefunctions.

4.1 Prediction ModelsandPerformance Metrics

Ourpredictionframeworkcanhavefourvariants,dependingontheGPmodelusedforpre-

dictingw.Inparticular,theyare

•LMGP:LinearmixedGaussianprocesswithcommonµ,σ2ε,g,andνforallcategories.

•LMGP-S:LinearmixedGaussianprocesswithdifferentµ,σ2ε,g,andνforeachcategory.

•GP:SeparatesimpleGaussianprocessfittingforeachcategory.

•CGP:CategoricalGaussianprocessinZhouetal.(2011).TheCGPisamodifiedGP

usingtheΣαwithnothresholdforriiasthevariance-covariancematrix.

TheGPandCGPcanbetreatedastwospecialcasesoftheLMGP.Basedonthefour

modelvariants,thequantilefunctionQ0(p)canbepredictedusing(8)and(9).Becausethere

isnoexistingmethodsforcomparisons,wecomparethepredictionaccuracyunderthefour

modelvariants.

Thepredictionaccuracyismeasuredbycomparingthediscrepancybetweenthesmoothed

CDFandpredictedCDF.LetF(y)bethesampleCDFandF(y)bethepredictedCDF;we
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usetheerrorsbasedontheL1-norm(EL1)forerrormeasurement:

EL1=||F(y)−F(y)||1.

AlltheEL1’sinthispaperareonthescaleof10
7KB/s.

WeshowthepredictionaccuracyfordifferentpredictiontasksonIOzonedata. Theal-

gorithmsareimplementedinR(RCoreTeam2021).Becauseourfocusisonprediction,we

testthepredictionframeworkonrealdatasets,insteadofusingsimulateddatasets.Tocreate

multipledatasetsfortraining/testingpurposes,weobtainsubsetswiththreeI/Omodesfrom

theIOzonedatabase.

4.2 DimensionReductionbySelectionofd

Inthissection,weshowthemodel’spotentialinreducingthedimensionbyselectingthe

numberofSVDcomponentsd.Thedatasetusedherecontainsthreemodes:randomwriter,

rereader,andreader. Werandomlychoose20%ofthedataasthetestset.Figure7shows

thepredictedcurvesbyLMGPusingdifferentnumbersofSVDcomponents.InFigure7(a),

whenweusemorethan12components,thepredictedcurves(solidlines)arequitesimilarand

areveryclosetothetrueblackquantilefunction.ThisobservationisalsoconfirmedbyFig-

ure7(b).ThedecreasingtrendoftheEL1vanisheswhenthenumberofcomponentsincreases

beyondeight,whereabout80%ofthesingularvaluesarecovered.Thusthedimensionofβ

canbereducedbySVDwithoutmuchlossofaccuracy.Intherestofthispaper,allofour

predictionsarebasedonthefirst12SVDcomponents(i.e.,d=12).

4.3 AverageErrorforDifferentTrainingSetProportions

Inthissection,wediscussthepredictionaccuracyondifferenttrainingsetproportions. We

createfivedatasetsandeachdatasetisadifferentcombinationofthethreeIOoperation

modes(thecategoricalinput)fromthelargeIOzonedatabase.Foreachdataset,thetraining

proportionsarefrom30%to70%.Toobtaintheaverageerror,therandomtrain-testsplitting

isrepeated100times.TheresultsforfivedatasetsareshowninTable2.

FromTable2,wecanseethatthepredictionaccuracygenerallyincreaseswhenthepro-

portionofthedatasetusedfortrainingincreases.Formostcases,theLMGP-Smodelvariant

hasthebestperformance,theLMGPvariantisthenextone,andtheperformanceofGP

andCGPisworsethantheLMGP-S,whichrevealsthattherearecorrelationsamongdatain

differentI/Omodes.Insomecases,theGPmodelvarianthasthebestperformanceandthe

performanceofLMGP-SisclosetothatofGP.Overall,theLMGP-Smodelvariantprovides

themostconsistentlyaccurateresults.
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Figure7:PredictionunderdifferentnumbersoftheSVDcomponents.Theblacksolidlinein

Figure(a)isthesmoothedsamplequantilefunction.
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Figure8:Twoexamplesofthepredictedquantilefunctionsbyusingthefourmodels. The

xfortheleftpanelisaninteriorpoint(Freq=2.3,FS=8192,Thread=24)inthetrainingset

whilethexfortherightpanelisattheboundary(Freq=3.5,FS=1024,Thread=8). The

legendsshowtheEL1foreachmodel.
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Table2: AverageEL1aftermultipletrain-testsplitsonmultipledatasetswithdifferent3-

modecombinations.

ModesinDataset
Training
Proportion

EL1
LMGP LMGP-S GP CGP

randomreader
randomwriter
rereader

0.3 0.0428 0.0427 0.0472 0.0449
0.4 0.0387 0.0385 0.0430 0.0405
0.5 0.0367 0.0363 0.0411 0.0381
0.6 0.0347 0.0342 0.0389 0.0360
0.7 0.0340 0.0337 0.0382 0.0353

randomwriter
rereader
reader

0.3 0.0423 0.0421 0.0465 0.0443
0.4 0.0381 0.0380 0.0428 0.0400
0.5 0.0355 0.0349 0.0404 0.0371
0.6 0.0339 0.0335 0.0388 0.0359
0.7 0.0347 0.0340 0.0375 0.0349

rereader
reader
rewriter

0.3 0.0422 0.0417 0.0453 0.0442
0.4 0.0381 0.0377 0.0421 0.0399
0.5 0.0360 0.0355 0.0401 0.0375
0.6 0.0345 0.0337 0.0384 0.0356
0.7 0.0343 0.0330 0.0370 0.0342

initialwriter
randomreader
randomwriter

0.3 0.0319 0.0305 0.0307 0.0340
0.4 0.0298 0.0292 0.0278 0.0305
0.5 0.0294 0.0268 0.0258 0.0282
0.6 0.0288 0.0252 0.0248 0.0268
0.7 0.0297 0.0257 0.0239 0.0258

initialwriter
randomwriter
rereader

0.3 0.0285 0.0295 0.0285 0.0310
0.4 0.0266 0.0307 0.0267 0.0288
0.5 0.0256 0.0283 0.0252 0.0269
0.6 0.0245 0.0257 0.0239 0.0252
0.7 0.0255 0.0261 0.0235 0.0248

Tovisualizethepredictionresults,weprovidetwoexamplesofthepredictedquantile

functionsinthetestsetasshowninFigure8. Whenthetestpointisaninteriorpointof

thetrainingset(e.g.,asthepointshowninFigure8(a)),thepredictedquantilefunctionsare

quiteclosetothesamplequantile.ThepredictedcurvesofLMGPandLMGP-Sarecloserto

thetruecurvecomparedwithCGPandGP. Whenthetestpointisclosetotheboundary(as

showninFigure8(b)),thepredictionispoor.GP-basedmodelsareintendedforinterpolation

(i.e.,thex0isinsidetheconvexhullofthedata). Whenx0isneartheboundaryoroutside

theconvexhullofthedata,theperformancetendstobepoor.
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Figure9:Flowchartthatillustrateshowdataareprocessedbeforebeingfedtodifferent

modelsformedianprediction.

5 PredictingSummaryStatisticsandComparisons

Oneapplicationofdistributionalpredictionsistopredictthesummarystatisticsofadistribu-

tionfromthepredictedquantilefunction/CDF.Typicalsummarystatisticscanbethemean,

standarddeviation(SD),andquantilevaluesoftheunderlyingdistribution.Forpredicting

summarystatistics,therearealsoexistingmethodsavailable. Thus,wemakecomparisons

withexistingmethodsinpredictingsummarystatisticsinthissection.

Xuetal.(2021)studytheaccuracyofpredictingthroughputstandarddeviationsusing

multiplesurrogates.Forcomparison,wehavetwobaselinemodelswhichcanincorporateboth

quantitativeandqualitativefactors.Thefirstbaselinemodelisquantileregression(Koenker

andBassett1978;LiandZhang2021).Quantileregression(QReg)canpredictthequantileof

thethroughputgivenallthereplicatedthroughputs.TheothercomparisonmethodisMARS.

WeusetheRpackage“earth”(Milborrow2020)forimplementing MARSand“quantreg”

(Koenker2021)forimplementingQReg. Thesummarystatisticsarecalculatedfromthe

throughputsunderagivenconfiguration.Figure9providesaflowchartonhowdataarepro-

cessedbeforebeingfittedtodifferentmodels.TheQRegcantaketherawdatawithreplicated

throughputsandpredictthemediandirectly. ForMARS,thesamplemedianiscalculated

andthenusedinmodeltraining. WeusetheLMGP-Smodelvarianthere.ForLMGP-S,the

medianiscalculatedfromthepredictedquantilefunction.Thesummarystatisticofinterest

inFigure9isthemedian(i.e.,the0.5quantile).

ThedatasetweusedforsummarystatisticspredictionhasthreeI/Omodes:randomwriter,
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Table3: MSEsforthepredictionsofmultiplesummarystatistics.TheQRegcannotpredict

thesamplemeanandstandarddeviation. MSEsareintheunit1014(KB/s)2.

LMGP-S QReg MARS
Mean 0.0012 n/a 0.0091
SD 0.0013 n/a 0.0040
Q(0.05) 0.0033 0.3443 0.0065
Q(0.10) 0.0028 0.3830 0.0068
Q(0.25) 0.0019 0.4565 0.0067
Q(0.50) 0.0109 0.5727 0.0168
Q(0.75) 0.0030 0.4220 0.0238
Q(0.90) 0.0046 0.4325 0.0365
Q(0.95) 0.0057 0.4554 0.0420

rereader,andreader.20%ofthedataarerandomlychosentobethetestset.Theerrormea-

sureforthesummarystatistics(ascalaroutput)isthemeansquarederror(MSE).Figure10

showsthescatterplotsbetweentheLMGP-Spredictedandtruesummarystatisticsonthe

testset.Figure10showstheLMGP-Shasaccuratepredictionsevenforthe0.05and0.95

quantiles. Almostallthepointsareclosetothey=xline. Table3showsthe MSEsfor

differentsummarystatisticsandmodels.TheLMGP-S’sMSEisabout1%oftheQRegand

20%oftheMARS.

Thefunctionalpredictionframework(implementedwithLMGP-Shere)canutilizemore

informationinthedata. Asaresult,itcanachievemuchbetterresultsforallsummary

statisticspredictions. Thetraditionalquantileregressiondoesnothavegoodpredictions

whendealingwithcomplicateddatawithnon-normalunderlyingdistributions.Surrogates

likeMARSthatusethescalar-formsummarystatisticsdirectlyalsoloseinformation,which

showstheadvantageoftheproposedmodelframework.

6 ConclusionsandAreasforFutureResearch

Inthispaper,wefocusonusingthesplinerepresentationandGaussianprocesstopredict

theI/OthroughputdistributionsgiventheHPCsystemconfiguration.I-splinesareusedto

representthequantilefunctionandtheSVDisusedtoreducethedimension.GP-basedmodels

areusedtopredicttheSVDscores.ThetwoLMGPmodelscanbeviewedasamixtureof

theGPandCGP,andtheycandeterminetheproportionofGPandCGPautomatically. We

conductcomparisonsbetweenourmodelframeworkwithsomebaselinemethods.Numerical

resultsshowthatourpredictionframeworkhasgoodperformanceinpredictionsfordifferent
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Figure10:ScatterplotsofseveralpredictedsummarystatisticsusingLMGP-S.Thex-axisis

thepredictedvalueandthey-axisisthetruevalue.
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subsetsoftheIOzonedata,bothindistributionalandsummary-statisticlevels.

Oneimportantfuturestepinthemanagementofperformancevariabilityistodevelopa

generaltooltopredictthethroughputdistributionforanewsystemconfiguration.OurLMGP

modelscapturetherelationbetweenthesystemconfigurationandthroughputdistribution.

OnedirectengineeringapplicationoftheLMGPmodelsisthatonecanutilizethepredicted

summarystatisticstooptimizetheHPCsystemfordifferentperspectives. Forexample,if

wewanttoensurealowerboundofthethroughput,the0.2quantilecanbepartofthe

optimizationobjective. TheadvantageofourmodelsisthatLMGPmodelscanusethe

distributionalinformationandconductmuchmoreaccuratepredictionsonsummarystatistics.

Whencomparingthediscrepancybetweentwodistributions,theKolmogorov–Smirnov

(KS)distanceisusedinsomeapplications. WedidnotusetheKSdistancebecause,in

certainsituations,theKSdistancecanbemisleadingandissensitivetoadistributionalshift.

Inparticular,theKSdistancecanbemisleadingwhenaCDFF(x)hasasteepbehavior(i.e.,

throughputshavemultiplemodes),andXuetal.(2020)showthatmultimodalbehaviors

commonlyexistthroughtheIOzonedata.TheKSdistancemeasuresthemaximalerrorwhile

EL1providesanaveragediscrepancy. WeuseEL1astheerrormeasurementsinthispaper,

whichismoreappropriate.

Onefutureresearchareaisondatacollection.Asthenumberoffactorsbecomeslarge,it

willbecomeimpracticaltocollectadatasetas“dense”asinFigure2withfunctionalresponses.

Inthiscase,itwillbeinterestingtoexploreamoresparsedesigninhigherdimensionasa

“screening”step(e.g.,DeanandLewis2006)todeterminewhichsystemparametersare

mostcriticalforprediction,followedbymoreextensivedatacollectioninthecorresponding

subspace.

RestrictingGaussianprocessmodelsisnotasimplematter(e.g., Mitchelland Morris

1992). Theapproachweusedbyprojectingthosenegativeweightsbacktotheconstrained

spaceprovidesaconvenientsolutionandtheresultsarereasonablywell.Inthefuture,it

willbeinterestingtoexploreothermethodsinconstrainingGaussianprocessmodels,suchas

thosedescribedinSwileretal.(2020).

NotethatthenumberofparametersforΣαincreasesattheorderofO(c
2).Sowhenwe

havemanycategoricallevels,theoptimizationforL2willbedifficult. Asaresult,abetter

parametrizationforthecategoricalinputscanbeinvestigatedinfutureresearch.Inaddition,

theEMalgorithmiscomputationallyintensivewhenwehavealargedataset.Inversionof

Σα isexpensivebecauseitbecomesadensematrixwhenrmax islarge.Inthefuture,the

estimationefficiencyforusingasparseΣαcanbestudied.

AnotherfutureresearchisusingpositivematrixfactorizationsinsteadofSVDwhendecor-

relatingB.Currently,weuseSVDandwillintroducenegativeentriesinW.Severalmethods
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forpositivematrixfactorizationsinHopke(2000)canbestudiedfordecorrelatingB. Wewill

alsoperformsimulationstudiestofurtherstudythemodelestimabilitytopredictw.Lastbut

notleast,itwillbeinterestingtostudyhowtheerrorsarepropagatedfromI-splinesmoothing

toLMGPmodelinginourpredictionframework.
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A FormulasfortheQFunctions

Weshowtheformulasforthe Q1 θε|θ
(t−1)
ε andQ2 θα|θ

(t−1)
α .Aftertheconditionalexpec-

tationistaken,weobtain,

Q1 θε|θ
(t−1)
ε =E

α|w,θ
(t−1)
ε ,θ

(t−1)
α
L1(θε;w|α)

=E
α|w,θ

(t−1)
ε ,θ

(t−1)
α

−
n

2
log(2π)−

1

2
log(|Σε|)−

1

2
(w−µ−α)TΣ−1ε(w−µ−α)

=−
n

2
log(2π)−

1

2
log(|Σε|)−

1

2
(w−µ)TΣ−1ε(w−µ)

+
1

2
E
α|w,θ

(t−1)
ε ,θ

(t−1)
α

2αTΣ−1ε(w−µ)−α
TΣεα

=−
n

2
log(2π)−

1

2
log(|Σε|)−

1

2
(w−µ)TΣ−1ε(w−µ)

+(w−µ)TΣ−1εµα|w−
1

2
trΣ−1εΣ

(t−1)
α|w −

1

2
µ
(t−1)
α|w

T

Σ−1εµ
(t−1)
α|w ,

and

Q2 θα|θ
(t−1)
α =E

α|w,θ
(t−1)
ε ,θ

(t−1)
α
L2(θα;α)

=E
α|w,θ

(t−1)
ε ,θ

(t−1)
α

−
n

2
log(2π)−

1

2
log(|Σα|)−

1

2
αTΣ−1αα

=−
n

2
log(2π)−

1

2
log(|Σα|)−

1

2
trΣ−1αΣ

(t−1)
α|w −

1

2
µ
(t−1)
α|w

T

Σ−1αµ
(t−1)
α|w .
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B Derivationsfor DifferentParametersinEachCate-

gory

Whenwehavedifferent µ,ν,g,andσ2εforeachcategory,theθεbecomes

θε=(σ
2
ε,1,µ1,ν

T

1,g1,...,σ
2
ε,k,µk,ν

T

k,gk,...,σ
2
ε,c,µc,ν

T

c,gc)
T.

Letθε,k=(σ
2
ε,k,µk,ν

T
k,gk)

T,theΣεbecomes

Σε=Diag(Σε,I1,...,Σε,Ik,...,Σε,Ic)=Diagσ
2
ε,1Ωε,I1,...,σ

2
ε,kΩε,Ik,...,σ

2
ε,cΩε,Ic .

UsingtheblockdiagonalstructureofΣε,theQ1 θε|θ
(t−1)
ε in(6)becomes:

Q1 θε|θ
(t−1)
ε =−

n

2
log(2π)−

1

2

c

k=1

log(|Σε,Ik|)−
1

2

c

k=1

(wIk−µIk)
TΣ−1ε,Ik(wIk−µIk)

+

c

k=1

(wIk−µIk)
TΣ−1ε,Ikµ

(t−1)
α|w,Ik

−
1

2

c

k=1

trΣ−1ε,IkΣ
(t−1)
α|w,Ik

−
1

2

c

k=1

µ
(t−1)
α|w,Ik

T

Σ−1ε,Ikµ
(t−1)
α|w,Ik

=
c

k=1

Q1 θε,Ik|θ
(t−1)
ε,Ik

,

where,

Q1 θε,Ik|θ
(t−1)
ε,Ik

=−
nk
2
log(2π)−

1

2
log(|Σε,Ik|)−

1

2
(wIk−µIk)

TΣ−1ε,Ik(wIk−µIk)

+(wIk−µIk)
TΣ−1ε,Ikµ

(t−1)
α|w,Ik

−
1

2
trΣ−1ε,IkΣ

(t−1)
α|w,Ik

−
1

2
µ
(t−1)
α|w,Ik

T

Σ−1ε,Ikµ
(t−1)
α|w,Ik

.

Thus,θε,IkcanbeestimatedthroughmaximizingQ1 θε,Ik|θ
(t−1)
ε,Ik

separately.

C FormulasfortheScoreFunctions

Weusethegradient-basedmethodforoptimization.Hereweprovidetheapproximatedscore

functionforthelikelihoodsQ1andQ2fortheLMGPmodel.ForQ1,weassumeµdoesnot

dependonνandg.Then,forνl,l=1,...,p,wehave

∂Q1
∂ν
=−
1

2
trΩ−1ε

∂Ωε
∂ν

−
n

2σ2ε

∂σ2ε
∂ν
,

∂(Ωε)ij
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2

ν2l
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2

νl
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n
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Ω−1ε(w−µ)−2(w−µ)

TΩ−1ε
∂Ωε
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Ω−1εµα|w

+tr Ω−1ε
∂Ωε
∂νl
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α|w + µ

(t−1)
α|w

T

Ω−1ε
∂Ωε
∂νl
Ω−1εµ

(t−1)
α|w .
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Forg,wecanget∂Q1
∂g
similarlyusing∂Ωε

∂g
=I.

ForQ2,wefirsthaveanalternativeexpressionforΩα,Ωα=A
T(P⊗Φ)A,where⊗is

theKroneckerproduct,Φisann×nmatrixsatisfiesΦii=κ(rii,rmax),andAisann×c

matrix.TheithrowofAhasthekthelementequalto1andtherest(c−1)elementsequal

to0,wherekisthelevelofziaftersorting.Thenwehave

∂Q2
∂ρ
=−
1

2
trΩ−1α

∂Ωα
∂ρ

−
n

2σ2α

∂σ2α
∂ρ
,

∂Ωα
∂ρ
=AT

∂P

∂ρ
⊗Φ A,

n
∂σ2α
∂ρ
=tr Ω−1α

∂Ωα
∂ρ
Ω−1αΣ

(t−1)
α|w + µ

(t−1)
α|w

T

Ω−1α
∂Ωα
∂ρ
Ω−1αµ

(t−1)
α|w .

Then∂Ωα/∂ρcanbeexpressedusing∂P/∂ρ.
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