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Abstract

Suppose that we have n agents and n items which lie in a shared metric space. We would like to
match the agents to items such that the total distance from agents to their matched items is as small as
possible. However, instead of having direct access to distances in the metric, we only have each agent’s
ranking of the items in order of distance. Given this limited information, what is the minimum possible
worst-case approximation ratio (known as the distortion) that a matching mechanism can guarantee?

Previous work by [?] proved that the (deterministic) Serial Dictatorship mechanism has distortion at
most 2" — 1. We improve this by providing a simple deterministic mechanism that has distortion O(n?).
We also provide the first nontrivial lower bound on this problem, showing that any matching mechanism
(deterministic or randomized) must have worst-case distortion Q(logn).

In addition to these new bounds, we show that a large class of truthful mechanisms derived from
Deferred Acceptance all have worst-case distortion at least 2 — 1, and we find an intriguing connection
between thin matchings (analogous to the well-known thin trees conjecture) and the distortion gap
between deterministic and randomized mechanisms.



1 Introduction

Social choice theory aims to understand the ways in which the preferences of individuals over several al-
ternatives can be aggregated and used to make a collective decision for the group. Typically the goal is
to design mechanisms that maximize some notion of the total welfare of the participants or equivalently
minimize some cost. One cost framework that has received increased attention over the last decade is metric
distortion (see [?] for a detailed survey of the area). In this model, the individuals and the alternatives lie
in a shared metric space, which is unknown to the mechanism. The participants indicate their preferences
over the alternatives by giving an ordinal ranking of the alternatives in order of distance. Based on this
information, the mechanism makes a collective decision with the goal of minimizing the distortion — the
worst-case approximation ratio between the cost of the mechanism’s choice and the optimal choice with full
knowledge of the distances in the metric.

The metric distortion framework has been most well understood for elections, where the individuals
represent voters, the alternatives represent candidates, and the goal is to select a single candidate with a small
total distance to the voters. A long line of work [?, ?,?,?, 7, 7,27, ?, 7] pinned down the optimal distortion
for deterministic mechanisms at 3, and showed that the optimal distortion for randomized mechanisms is
between 2.1126 and 3 — o(1).

In this paper, we turn our attention to understanding the metric distortion model in a less understood
but similarly ubiquitous social choice problem: minimum-cost matching. Now the individuals are n agents,
and the alternatives are n items that we would like to match to the agents. The agents and items lie in
a shared metric space, unknown to the mechanism, which only receives each agent’s ranking of the items
in order of distance. The cost of a matching is the total of the distances between the matched pairs, and
once again the distortion is the worst-case approximation ratio between the cost of the mechanism’s chosen
matching and the optimal matching.

Previous work [?] first studied this problem with respect to two well-known mechanisms: Serial Dictator-
ship (SD) and Random Serial Dictatorship (RSD). In these mechanisms, the agents are matched sequentially
(either in a fixed order or a random order) to their favorite unmatched item. These mechanisms are partic-
ularly attractive because they are truthful — no agent ever has the incentive to misreport their preferences.
[?] showed that SD guarantees distortion 2" — 1, and provided a matching lower bound. They also showed
that RSD guarantees distortion n, and proved a lower bound of Q(n%2?). This work motivates the following
question, raised by [?].

Question 1 ([?]Open problem 2JAFRSV21). What is the distortion of the best ordinal rule for the minimum-
cost metric matching problem? What if we also require truthfulness?

The metric distortion framework has been attractive since the expressive power of metric spaces allows
it to reflect a host of real-world circumstances. In a variety of matching problems with a notion of distance,
algorithms for may be useful. Some examples include assigning students to schools, cars to
parking spots, patients to doctors, employees to office buildings, jobs to servers, and so on. Note that in
many of these examples, the items can accommodate more than one agent, but this can be reduced to the
perfect matching setting by having several copies of an item corresponding to its capacity. It is also worth
noting that oftentimes, the metric space is not completely hidden — for example, school districts often know
where students live. However, the demand that the algorithm works for any metric space can provide a
stronger guarantee that allows for greater flexibility for the agents. For example, if a family finds it more
convenient that their child’s school is closer to a parent’s place of work rather than their home address, a
mechanism that only asks for preferences over schools would be able to accommodate this. In other settings,
participants may prefer not to reveal their location for privacy reasons. Beyond practical considerations, the
metric distortion model gives us a new lens for understanding and evaluating the efficacy of existing social
choice mechanisms, and also provides fertile ground motivating the development of novel mechanisms that
might find use beyond this framework.



1.1 Owur contributions and technical overview

New distortion bounds. Our main contributions are new upper and lower bounds for In
we describe a simple, deterministic matching mechanism that guarantees distortion O(n?). This
is an exponential improvement over SD. The idea of the mechanism is to partition the agents into sets, and
for each set designate a representative who is close to all of the other agents in the set. This means that the
top choices of the representative are good choices for other agents in the set. If two representatives have a
common item among their top choices, then they must actually be close to each other, and so the sets can be
merged with one of the two representatives becoming the new representative for the merged set. Otherwise,
all of the top several choices of the representatives are disjoint, and we can match the members of a set to
the top choices of their representative.

In we prove the first nontrivial lower bounds for showing that any matching
mechanism, regardless of whether or not it is randomized, must have distortion Q(logn) in the worst case.
The lower bound is based on a metric space where the agents are the leaves of a binary tree, and the items
are internal nodes of the tree. The key is that in every subtree, there is one fewer item than agents, and so
any matching must match one agent outside of the subtree. By considering a variety of different underlying
metric spaces, it can be arranged so that in the optimal matching, only one agent incurs any cost for being
matched outside of their subtree, but the mechanism pays for one agent at each of the logn levels of the
tree.

The impact of truthfulness on distortion. Truthfulness is a crucial feature of matching mechanisms
in applications where agents report their own preferences. Since truthfulness is an additional constraint on a
mechanism, a natural question is whether the optimal distortion for truthful mechanisms is worse than that
for non-truthful mechanisms. We begin to explore this question in by showing that a large class
of deterministic truthful mechanisms have distortion at least 2 — 1, which is the same as the lower bound
proven by [?] for SD.

Our proof works by identifying a general condition on mechanisms where the SD lower
bound instance due to [?] still applies. Interestingly, this condition captures a wide class of truthful mecha-
nisms that are derived by artificially creating preferences for the items over the agents and running Deferred
Acceptance. Such mechanisms are commonly used, especially in the school choice literature [?, ?, ?].

This result can be viewed either as an indication that the optimal distortion for truthful mechanisms
could be substantially worse than that for non-truthful mechanisms or as a partial characterization of the
way in which a deterministic truthful mechanism must look different from SD and Deferred Acceptance in
order for it to have low distortion.

Thin matchings and rounding randomized mechanisms. In we seek to understand whether
any randomized mechanism with low distortion can be converted into a low distortion deterministic mecha-
nism in a black box fashion. A priori, one may not expect this to be possible. For instance, Serial Dictatorship
has exponentially worse distortion than Random Serial Dictatorship. However, we show that it is possible
to do such a conversion, with a relatively small blow up in the distortion.

The general idea is to find a matching among agent-item pairs that the randomized mechanism is likely
to match. If such a matching had high distortion, then the randomized mechanism would also have high
distortion. We use this to show that any randomized mechanism with distortion D can be rounded to a
deterministic mechanism with distortion Dn?. Moreover, we show that the blow-up factor in this rounding
scheme is characterized by what we call the thin matching problem. This problem asks if given a fractional
matching, one can always find a perfect matching such that across any cut, the weight of the perfect
matching is at most a small factor larger than the weight of the fractional matching. Thin matchings are
analogous to the notion of thin trees which played a key role in recent developments improving approximation
algorithms for the Asymmetric Traveling Salesman Problem [?, ?, ?, ?]. The thin matching problem is a
clean combinatorial question and might be of independent interest.



Bounds for near-perfect matchings. The distortion of the deterministic mechanism in this work, as
well as the best-known randomized mechanism [?], are both polynomially large: O(n?) and O(n) respectively.
In light of this, it is natural to ask if there is a way to relax the problem and achieve much better distortion.
Indeed, one way to relax the problem called resource augmentation was studied in the prior work of [?]. Here
we study another relaxation: instead of outputting a perfect matching, what if our algorithm is allowed to
output a near-perfect matching, a matching between 1 — ¢ fraction of the agents and items?EI In
we show that this relaxation allows us to lower the distortion significantly. For any constant € > 0, there is
a randomized mechanism, a simple truncation of the Random Serial Dictatorship, that achieves a distortion
of O(1). We also show that this mechanism can be modified to get a high-probability distortion guarantee
instead of an in-expectation one. We show that there is a randomized mechanism that outputs a near-
perfect matching M, that with high probability has distortion polylog(n) simultaneously on all metrics
compatible with the input preferences. As a simple corollary, we also get deterministic, albeit exponential
time, mechanisms that achieve distortion poly log(n).

For an alternate view of these results, note that if we have a near-perfect matching with cost ¢ and a
perfect matching with cost C, then we can extend the near-perfect matching to a perfect matching with cost
2¢+C. We simply overlay the two matchings, and match any previously unmatched agent to the unmatched
item it is connected two via a path. This means that we can also view these results as giving a black box way
to get a granular upgrade to any distortion result in the perfect matching setting. For instance, combining
this with the mechanism in [Section 3} we can obtain a deterministic mechanism where the total cost is within
a O(n?) factor of the optimum cost, and where all but an e fraction of the agents are matched at a cost
within a poly log(n) factor of the optimum.

1.2 Related work

Since it was originally introduced by [?], the problem of matching under incomplete information has been
studied under a variety of contexts and models. [?] first studied distortion in ordinal matching, but rather
than considering costs induced by a metric space, they considered unit-sum and unit-range valuations (for
each agent, their value of the items sums to 1 or their value for each item is in the interval [0, 1] respectively).
We note that the switch from costs to valuations means that the objective is maximum-matching rather than
minimum-matching. In this setting, they showed that RSD guarantees distortion O(y/n) and that this is
the best possible for randomized mechanisms. For deterministic mechanisms with unit-sum valuations, [?]
showed that distortion ©(n?) is the best possible.

Another interesting variant considers unrestricted valuation functions but allows the mechanism to query
a small number of the true valuations of each agent. Without these queries, one cannot achieve bounded
distortion, but surprisingly with just a few queries per agent, the problem becomes tractable. [?] showed
that with O(Alogn) queries per agent, a mechanism can guarantee distortion O(n'/+1)) and [?] showed
that even with just two queries per agent, one can get distortion O(y/n).

The metric assumption has also been applied to maximum matching with ordinal preferences rather
than minimum matching. There, the best-known distortion bounds are small constants, even for truthful
mechanisms. [?, 7] gave a mechanism that guarantees distortion 1.6 and a truthful mechanism that guarantees
distortion 1.76 (both mechanisms are randomized).

Finally, [?] studied the min-cost ordinal matching problem in metric spaces where the locations of the
agents are unknown, but the locations of the items are known. This is natural in some applications such as
facility assignment. They showed that this setting is substantially easier, giving a deterministic mechanism
with distortion 3 which is optimal. Their mechanism works by imagining that each agent is at the same
location as their favorite item, and then outputting the optimal solution in this “projected” instance where
all the distances are known.

1Note that the cost of the near-perfect matching is still compared to the optimal perfect matching, otherwise this would not
be a relaxation.



2 Preliminaries

Notation and terminology. Throughout the paper we will use A = {aj,as,...,a,} to denote the set of
agents, and B = {b1,ba,...,b,} to denote the set of items. An ordinal matching problem instance is given
by n preference lists, one provided by each agent. FEach preference list is a permutation of the items, given
in increasing order of distance. Agent a; prefers b; over by if d(a;,b;) < d(a;,by), and a;’s favorite item in a
set S C B is arg minyegs d(a;, b). Similarly, a;’s favorite ¢ items are the first ¢ items on their preference list.

Metric spaces. Let d : (AU B) x (AU B) — Rx>g be the distance function of the metric space. By
definition, d satisfies the following three properties.

(1) Identity of indiscernibles: d(z,y) =0 if z =y,
(2) Symmetry: d(z,y) = d(y, 2),
(3) Triangle inequality: d(z,y) < d(z,z) + d(z,y).

In certain definitions of metric spaces, it is required that different elements have positive distance, but we
do not require this. This is justified by allowing different agents or items to “occupy” the same point in the
metric space, in which case their distance is 0, but different points do indeed have positive distance. We
note that just as easily, we can replace 0 distances with sufficiently small &’s without changing any results.

Matchings. We will use bijective functions M : A — B to represent matchings. Let

cost(M) = Z d(ai, M(a;))
i€[n]

denote the cost of the matching M. Let Mopt : A — B denote optimal matching, and let d; = d(a;, Mopt(a;))
so that cost(Mopt) = >, d;. With slight abuse of notation, we will allow M to also denote a set of matched

pairs (often treated as edges in a weighted bipartite graph), so that (a;,b;) € M means that M(a;) = b;.
cost(M)
COSt(]\/fopT) :
distortion of a deterministic matching mechanism is its maximum distortion over all problem instances
(parametrized by n), and the worst-case distortion for a randomized mechanism is the maximum expected
. . E[cost(M)]
distortion (7‘30St o

When considering randomized mechanisms, we often find it more convenient to view the output as a
fractional matching rather than a distribution over matchings. In particular, a randomized mechanism is
defined by n? nonnegative real numbers p; ; for i, j € [n] (semantically, the probability that a; is matched to
b;) such that for each j, 331", pij = 1, and for each 4, 377 p; j = 1. In this view, the cost of a matching is

>0 pijd(ai,by) (1)

i=1 j=1

Given a problem instance, the distortion of a particular matching M is The worst-case

) over all problem instances.

3 Distortion upper bound

Theorem 1. There exists a deterministic matching mechanism that guarantees distortion O(n?).

Proof. We will maintain a partition of the agents into sets S1,.55, ..., and each set will have a representative
T1,72,... and so on. We will maintain the invariant that for every a; € S;,
d(aj,rj) < —d; +2% Z di (2)
aR€S;



for some \; associated with each set S;. Note that this implies that for each a; € S;, d(Mopt(a;),7;) <
d(Mopt(a;),a;) + d(a;,rj) < 2% Zakesj dy.. It follows that there are at least |S;| distinct items b for which

d(b,r;) <25 3 dy (3)

akGSj

In particular, the above inequality holds when b is any of r;’s favorite |S;| items.
With this in mind, the matching mechanism is the following.

Algorithm 1. REPMATCH

Initially, there are n singleton sets S1,S2,...,S,, with S; = {a;}, rs = a;, and A\; = 0.
While there exist two sets S; and S; such that some item is both one r;’s favorite |S;| items
and one of r;’s favorite |S;| items:

e Replace S; and S; with S; U S;.

e The representative for S; U S; is r; if A; > A; and r; otherwise.

e The new A for this set is max{\;, A\; } if A\; # A, and A; + 1 otherwise.
Arbitrarily match the agents in each S; to the top |S;| choices of 7;.

The key is in showing that the invariant holds throughout the algorithm by observing how the \’s
must change as sets merge. Clearly, the invariant holds at the start of the algorithm.

Let’s suppose that we merge sets S1 and Ss, and without loss of generality, A\; < Ay. Since ry becomes
the representative of the merged sets, we would like to bound the distance for any a € Sy to ry. Suppose
that b is an item that is both one of r;’s favorite | S| items and one of ro’s favorite | S| items. Then by

and ,

d(a,r2) < d(a,r1) + d(ry,b) + d(b,r2) < <di+2h > dk) +2M 3 de+2 Y

aRrE€SL ar€S1 ar €S2

S _d7, 4 Qmax{)\l—i-l,)\g} Z dk

ap€S1USo

which means that our invariant is maintained, and the new A for S; U .S is max{A; + 1, A2}, as specified by
the algorithm.

This allows us to show another invariant — throughout the algorithm, |S;| > 2%i. This follows because
when A\; < A, 2% 4 222 > pmax{hi+lAz}

To conclude, the total cost of matching the elements of S; to the top |S;| choices of r; is at most the
total distance from the elements of S; to r; plus the total distance from r; to their top |S;| items. By
and , both of these terms are at most

[51-2% > dp < |97 Y e

akESj akESj

Therefore, the total cost of the final matching output by the algorithm is at most

> 2085 > di, < 2max [S;[*cost(Mopr) < 2n°cost(Mopr)
- J
i ap€S;

as desired. O



4 Distortion lower bound

Theorem 2. Every (possibly randomized) matching mechanism has worst-case distortion Q(logn).

Proof. The goal will be to construct an ordinal matching instance with 2¥ agents and items (i.e., specify
the preference lists of the agents over the items), along with a collection of metric spaces that are consistent
with the specified preferences, such that any matching mechanism must have distortion (k) on one of the
metric spaces in the collection.

Our matching instances are constructed as follows. To simplify the description of the preference lists,
we will define a metric space such that the preference lists are easy to decipher by ordering distances in
the metric space. The metric space is defined in terms of the distances between vertices on a weighted
undirected graph. The graph is structured as a tree with 2% 1eave where the root has one child, and every
other internal vertex has two children. Note that this graph has 2¥ internal vertices. The items occupy the
internal vertices and the agents occupy the leaves. The weight of an edge (u,v) for which u is the parent of
v is 27t where t is the distance from u to the root. See for a helpful diagram.

bg

Figure 1: The metric space that defines the preferences in our ordinal matching instance for k = 3. bg is the
root of the tree. The red (internal) nodes are the items and the blue (leaf) nodes are the agents.

We will repeatedly refer to the structure of this tree as a tool for understanding the structure of the
preference lists throughout the proof. The crucial property afforded to us by this construction is the following.

Claim 1. Consider any vertez v (besides the root) whose parent is w. Then the agents in the subtree rooted
at v prefer the items in that subtree over u and prefer u over all other items.

To see the first part of the claim, note that for any agent a; and item b; in the subtree of v, we have that
d(a;,uw) = d(a;,v) + d(v,u) > d(a;,v) + d(v,bj) > d(a;, b))

using the fact that the distance from v to u is greater than the distance from v to any of the vertices in its
subtree. The second part follows simply because for any agent a; in the subtree of v, and any b; not in this
subtree, and not u, the path from a; to b; must go through u.

We now define a set of 2¥ metric spaces such that any mechanism must have a large distortion with
respect to one of these metric spaces. We will have one metric corresponding to each agent a;. Once again,
the metrics are defined by distances on a weighted undirected graph. We start with the graph defined above.
Then, if P is the set of k 4 1 items along the path from a; to the root (including the root), we delete the
edges between vertices in P and add edges from a; to all the items in P. The newly added edges have a
weight of 1, and the other edges have a weight of 0. See

2We define a leaf to be a vertex with no children and an internal vertex to be one with at least one child, so the root is not
a leaf despite having degree 1.
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Figure 2: The consistent metric corresponding to as.

We claim that these metrics are consistent with the preference lists derived before. Agent a; has a
distance of 1 to every item, so this is consistent with any preference list. For any other agent a;, let u be
the first common vertex on the paths from a; and a; to the root (in the original tree). Let v be the child of
u such that a; is in the subtree rooted at v. Then a; has distance 0 to u and all the items in the subtree
rooted at v, and distance 2 to all other items. By these distances are consistent with the preference
list for a; that we defined.

Finally, it remains to show that any mechanism must have a large distortion on one of these metrics. For
each of these metrics, cost(Mopt) = 1. This is because we can match a; to the root (which is at distance
1), and then within every component where the distances are zero, there are an equal number of agents and
items.

We will start by proving the result for deterministic mechanisms and then explain how to extend this to
randomized mechanisms.

Suppose we have a matching M output by a deterministic mechanism. Consider the following process
for choosing an agent. Eventually, the metric that causes a large distortion for the mechanism will be the
metric corresponding to that agent.

e Initially the current vertex is the child of the root.

e Until we reach a leaf:

— Let the left and right children of the current vertex be ¢ and r respectively.

— In the subtree rooted at the current vertex, there is one more agent than item. Therefore, M
matches some agent in this subtree to an item outside the subtree. Mark this agent unlucky.

— If this agent is in the subtree rooted at ¢, then update the current vertex to be r, and otherwise
update it to be £.

e Choose the agent at the leaf.

The process designates one unlucky agent at each step, so there are a total of k unlucky agents. Moreover,
in the metric corresponding to the chosen agent, all of the unlucky agents are matched to an item that is
distance 2 away. Hence, these contribute 2k to the cost of the mechanism, and the chosen agent also has a
cost of 1, so the total cost is 2k + 1 = Q(k) as desired.

Now we will see how to extend this to randomized mechanisms which can now output a fractional
matching rather than a perfect matching. We use a similar process to the one described above. The crucial
fact will be that within the subtree of the current vertex (any vertex besides the root), the matching gives
total weight at least 1 to pairs (a,,b;) where a; is in the subtree but b; is not. This is again because the
subtree has one more agent than items.



Instead of saying that this comes from either the left subtree or the right subtree, we can say that at
least 1/2 of this weight must come from either the left or right subtree. If more of the weight comes from
the left subtree, the next current vertex is the right child, and otherwise, it is the left child.

All of these pairs (a;, b;) have distance 2, so the total contribution to the cost at each step is at least 1.
Since there are k steps, the total cost is k + 1 = Q(k) (where the extra 1 again comes from the cost of the
chosen agent, who has a distance of 1 to every item). O

5 Truthfulness

Consider the following class of deterministic matching mechanisms.

Definition 1. Say that a mechanism is serializable if there exist permutations 7 and o of [n] with the
following property. If the mechanism is given an ordinal matching problem instance where for each 1 < i <
J < n, ax(;y prefers by ;) over b,(;), then it matches ar(;) to by for all 7.

Intuitively, in these problem instances, the mechanism operates like a Serial Dictatorship where the
agents choose in the order 7, and ¢ defines the matching that is outputted. It is easy to see then that every
deterministic Serial Dictatorship is serializable. We’ll show that all serializable mechanisms fall victim to
the same distortion lower bound that applies to Serial Dictatorship.

Claim 2. If a mechanism is serializable, then its worst-case distortion is at least 2™ — 1.

Proof. Our proof is essentially a redux of of the lower bound given by [?] for Serial Dictatorship.

Suppose that the underlying metric space is the real number line. For each i, the agent a,(; sits at 2i— 1
For i < n, the item b, ;) sits at 2, and b,y sits at —e.

The optimal matching would match ar(1) t0 by(n), and ar(;y to by(;—1) for i > 1, for a cost of 1 +¢.
However, [Definition 1| tells us that for all i, ar(; is matched to b,(;. This match costs 21 for 1 <4 < n,
and 2"~ ! +¢ for i = n. Thus, the total cost is 2" — 1 +¢. As € tends to 0, the distortion tends to 2" — 1 (or
equivalently, we can set ¢ = 0, and break ties in the preferences appropriately). O

Interestingly, the class of serializable mechanisms captures a wide variety of truthful mechanisms derived
from Deferred Acceptance [?].

Recall that Deferred Acceptance is a two-sided matching mechanism where participants on each side of
the matching provide ranked preferences of the other side. Imagining that the items also provide a ranking
over the agents, the algorithm works as follows. In rounds, each agent without a current match “proposes”
to their favorite item that they have not yet proposed to. Then each item compares its proposals to its
current match (if it has one), keeps its favorite, and rejects the rest. This continues until all of the agents
are matched.

A natural way to convert this two-sided mechanism into a one-sided mechanism is to artificially introduce
some preferences for the items. This can be done arbitrarily, or with some structure intended to encourage
certain outcomes. For example, in the school choice literature [?, ?, ?], this is used to prioritize students
within walking distance from schools or students from historically disadvantaged neighborhoods. Moreover,
since Deferred Acceptance is truthful from the side of the proposers, any one-sided mechanism derived in
this way is also a truthful mechanism. This captures a wide variety of truthful mechanisms, by the sheer
number of ways to fix each item’s preferences.

However, no such mechanism can have good distortion, by the following.

Theorem 3. If a mechanism is implemented by Deferred Acceptance with fixed preferences for the items, it
is serializable.

Proof. Suppose we run a Serial Dictatorship on the items (in the order by, bo, ..., b, ), using their preferences
to match them to agents. If b, is matched to a;, let w(i) = j. If we make o the identity permutation, we

claim that 7 and o satisfy the property in



Suppose that per we are given an ordinal matching problem instance, where for each
1 <i < j < n, ap@) prefers b; over b;. We will show by induction on k that ar) gets matched to by.

For the base case, note that ar(;) and by are each other’s first choice, so ar(1) will propose to by in the
first round, and this match will be unbreakable.

Now suppose that we know that a,(; will be matched to b; for ¢ < k. Now consider ar(,+1). By the
assumption in Qr(k+1) Drefers byyq over all of byyg,...,b,. This means that the only items
that ar41) may propose to before byi1 are by, bs,...,by. But we know that these will be matched to
Ar(1), @x(2)s - - - » r(k) Dy the inductive hypothesis, and so any matches between a, 1) and b; for ¢ < k will
eventually be broken.

Thus, ar+1) eventually proposes to byr1. Now, because of the Serial Dictatorship that was used to
define 7, we know that the only candidates that byi; might reject arpi1) for are ar(1),ar(2),---,ark)
(those that were matched in the Serial Dictatorship before by41’s turn). But each for each i < k, ar;
prefers b; over bgi1, S0 ar(;) would have to propose to b; before by1. Since we know that ar(; is matched
to b; by the inductive hypothesis, a, ;) never proposes to byy1. This means that when a(x41) proposes to
bi+1, the match is made and never changes, which completes the induction.

Thus, our chosen 7 and o satisfy the requirements of [Definition 1] as desired. O

6 Rounding randomized mechanisms and thin matchings

Suppose that we have a randomized matching mechanism that guarantees some distortion D. Can we always
round the fractional matching that it outputs to a perfect matching in a way that the cost of the perfect
matching is not much larger than the cost of the fractional matching? In particular, we are concerned with
the following question.

Question 2. What is the smallest & = a(n) such that the following holds? If a fractional matching gives
weight p; ; to each pair (a;,b;) € A x B, then there exists a perfect matching M such that for any metric d

we have
Z d(a;,b;) < a Z pijd(ai, bj).

(aib;)EM 1<i,j<n

If a randomized mechanism guarantees distortion D, then this means that on any input, the fractional
matching it outputs satisfies » 2, ; ;,, pijd(ai, b;) < D-cost(Mopr). This means that if the above statement
is true for some «, then any randomized mechanism that guarantees distortion D can be rounded to a
deterministic mechanism with distortion aD.

Note that we can get a@ < n? quite easily. By Hall’s theorem, the subgraph that consists of the edges
(@i, b;) with p; ; > # must have a perfect matchin and any such matching M will have

1
> pigd(aib) > > pijd(ai bj) = — > d(ag,by).

1<i,5<n (a;,bj)eM (a;,b;)eM

In particular, since RSD guarantees distortion O(n) [?], by computing the matching probabilities of RSD and
taking a matching from the edges that are matched with probability at least #, we can get a deterministic
mechanism that gets distortion O(n?®). One interesting feature of this mechanism is that it entirely offloads
the problem of dealing with the preference lists to RSD.

It remains to see what the best factor of @ we can guarantee is. We will show that up to an O(logn)

factor, the optimal « is actually given by the following combinatorial question.

Question 3 (Thin matchings). What is the smallest § = §(n) such that the following holds? Suppose we
have a fractional matching of a balanced bipartite graph G = (U UV, E) that gives weight p,,, to each edge

3For any S C A, if [N(S)| < |S]|, then >a,es ij¢N(S) pi,j > 1. But this means for some (a;,b;) € S x (B\ N(S)) has

pi; > =5 which is a contradiction.
J 2 52
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(u,v). Then there exists a perfect matching M such that for any cut (S, S), the weight of M across the cut
is within a factor of 8 of the weight of the fractional matching across the cut. i.e.,

IMAS xS <B Y pun

(u,v)€SXS

We say that a matching M satisfying the above inequality for all cuts is 3-thin.

Proposition 3. Let a and 3 be the best answers to|Question 4 and|Question & respectively. Then

B <a<0O(logn)-p.

Proof. To prove that 8 < o, we need to show that if there exists a matching for that gets a
factor of o, then there exists a matching for that gets a factor of o as well. Indeed, we can use
the same matching, and just apply the guarantee for to each of the cut metrics. These metrics
assign distance 0 to edges within a cut, and 1 to those across the cut, i.e.,

ds(u,v) = 1[(u,v) € S x S].

Next, we prove that a < O(logn) - 8. We use a well-known consequence of Bourgain’s embedding [?],
which says that any metric can be embedded as a conic combination of cut metrics with distortion O(logn).
In particular, for any metric d, there exist non-negative weights g such that

Z ’VSdS (uv U) < d(uv ’U) < O(log TL) : Z 'YSdS (ua U)'
S S
This means that if we can get a factor of 3 for then we have for any d,

> d(u,v) <O(logn) Y Y vsds(u,v)

(u,w)EM (u,w)eM S

= O(logn) 275|M NS x 8|
g

<O(logn) - BY s Y. Puw

S (u,v)€ESXS

=0O(logn)- B Z’Ys Zpu,vdS(uv v)
S u,v

= O(log TL) . ﬁ Zpu,v ZWSdS(’Uﬂ U)
u,v S

< O(logn) - B puvd(u,v),

which means exactly that we can get a factor of O(logn) - 8 for O
In summary, we see if we can prove strong bounds on [Question 3| then we can round any randomized

mechanism to a deterministic one without losing much in terms of distortion.

6.1 Relationship with thin trees

The definition of thinness in [Question 3| closely mirrors the well-known notion of thin trees which concerns
finding spanning trees, rather than perfect matchings, with few edges across each cut. A definition in the

style of |[Question 3|is given below.

11



Definition 2 (Thin trees). Suppose we have a weighted graph G with edge weights p,,,. We say that a
spanning tree T is S-thin if for any cut (5, S) of the graph,

|Tﬂ(Sx§)|§ﬂ Z DPuv-

(u,w)ESXS

With the above definition, the thin tree conjecture [?] states that if the edge weights p,, ., form a point
in the spanning tree polytopeﬂ then there exists an O(1)-thin tree T. We remark that in the literature this
conjecture is sometimes stated with the alternative assumption that the graph G is 1-edge-connected, i.e.,
the weights p,, ., sum to at least 1 across each cut. Up to constant factors in thinness, these assumptions are
equivalent due to a classic result of [?].

Thin trees originated in the study of graph embeddings [?], where they were proposed as a path towards
Jaeger’s flow conjecture [?, ?]. They received significant attention much later on when [?] showed that an
efficient algorithm for finding S-thin trees implies an O(f8) approximation algorithm for the Asymmetric
Traveling Salesman Problem (ATSP). They also gave such an algorithm for 5 = O(logn/loglogn). [?] gave
a proof that O(poly loglogn)-thin trees always exist, though their proof is non-constructive. The thin trees
conjecture postulates that O(1)-thin trees always exist (see for example [?]Conjecture 1.3JAG15 and the
discussion that follows). See [?, ?] for some other applications of thin trees in the ATSP literature.

Just as thin trees have found surprising relevance in very different areas, we find it similarly intriguing
that thin matchings are connected to the problem of ordinal metric matching, which on the surface seems
unrelated. Note that in[Question 3] the notions of preference lists and metric spaces are completely abstracted
away, even though they are central to the original problem .

In light of the strong known bounds for thin trees, and the thin trees conjecture, we make the following
analogous conjecture.

Conjecture 1. The optimal for is O(1).

Since already has a logarithmic factor, for our rounding application an even weaker version
of the above conjecture that just shows a O(polylogn) bound would suffice — it implies that the optimal
randomized and deterministic mechanisms for ordinal metric matching have the same distortion up to poly log
factors.

A natural approach to proving strong bounds for would be to adapt the tools used to make
progress on the thin tree conjecture. In particular, the technique used by [?] was to write the weights p,,
as the mean of a distribution ;¢ over spanning trees — this is possible by the assumption that p,, , is in the
spanning tree polytope. Amongst all possible  with this mean, [?] pick the one with the maximum entropy.
This ensures that for a random sample T' ~ p, each cut value [T N (S x S)| is highly concentrated around its
mean, and by union bounding tail deviation bounds over all the cuts, O(logn/loglogn)-thinness follows.

An analogous attempt would be to similarly write a fractional matching as the mean of a distribution
over perfect matchings that exhibits concentration properties. However, the challenge with matchings is that
distributions over them, even max-entropy ones, exhibit strong correlations that prevent useful concentration
inequalities. We demonstrate this with an example depicted in Consider a graph G which is a
cycle of length 4k with vertices numbered 1,2,. .., 4k in the order they appear on the cycle. Let p,, = 1/2
on every edge of the cycle — a fractional matching. There are exactly two perfect matchings in G, Myqq
formed by the odd edges, and My, formed by the even edges. There is a unique distribution p over perfect
matchings with mean p: p has to put 1/2 mass on each one of Myqq and Meyen. Now, consider the cut (S, ?)
where S = {1,2,5,6,...,4i + 1,4 + 2,...}. This cut has all the edges (2¢,2i + 1) and none of the edges
(26 +1,2i + 2). For a random sample M ~ pu, the value of the cut |M N (S x S)| is uniformly distributed
over the set {0, 2k}, which shows that no meaningful concentration around the mean holds here.

While this example rules out strong concentration around the mean, both Mygqq and Meyen still produce
cut values within a factor of 2 of the mean, which tempts one to guess that a perhaps weaker multiplicative

4That is, the edge weights are a convex combination of indicators of spanning trees, analogous to a fractional matching, but
for spanning trees.
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Figure 3: The uniform distribution over the blue and red perfect matchings shows no meaningful concentra-
tion for the number of edges of a sample that cross the indicated cut.

tail bound can be used to prove However, we can modify this example to make it even worse.
Let ¢ € [0,1], and let p,, be the convex combination of Myqq and Meyven With coefficients ¢ and 1 — ¢
respectively. Then with probability ¢, the sampled perfect matching will have a cut value 1/¢ times as large
as the fractional matching. We can boost this failure probability ¢ by parallel repetition. Consider a disjoint
union of n/4k cycles of length 4k each, where on each cycle the edge weights alternate between ¢ and 1 — q.
A max-entropy distribution would independently choose the matching in each cycle. Thus with probability
at least 1 — (1 — ¢)"/** we will get a cut where the sampled perfect matching has 1/q times as many edges
as the fractional matching. We can set k = ©(1) and ¢ = O(1/n) to get a blow-up by a factor of ©(n) in
some cut with overwhelming probability.

7 Near-perfect matchings

In this section, we study a relaxation of the problem, where our mechanism is allowed to output a non-perfect
matching M, matching a subset of agents to a subset of items. We still measure the performance of the
mechanism in terms of distortion (%) or expected distortion (%
perfect matching.

Our first result shows that a simple truncation of the Random Serial Dictatorship (RSD) rule achieves
O(1) distortion while matching a 1 — ¢ fraction of the agents to items. Random Serial Dictatorship was
studied by [?] for the non-relaxed problem and was shown to achieve expected distortion < n. Our analysis
of the truncated version follows closely the ideas in their analysis.

), where MopT is the optimal

Algorithm 2. TRUNCATEDRSD

The goal is to match m out of n agents to items.
We start with an empty matching. While fewer than m agents are matched:

e Pick an agent a; uniformly at random from all unmatched agents.

e Match a; to their most preferred unmatched item b;.

13



Theorem 4. If M is the matching output by TruncatedRSD, then

E[cost(M)] <

——— - cost (M .
<o iiom cost(MopT)

Note that by setting m = (1 —e)n, we get expected distortion < (1 —¢)/e = O.(1), yielding the following
simple corollary.

Corollary 4. For every constant € > 0, there is a randomized mechanism that outputs a matching M of
size (1 — e)n with expected distortion O(1).

Proof of[Theorem J Let M; be the partial matching after the first ¢ agents have been matched. We will
show by induction that there exists a (random) matching N; between the n — ¢ unmatched agents and the
n — ¢ unmatched items (M; U N; is a perfect matching) such that E[cost(N;)] < n’_ﬁiz - cost(MopT) and
E[cost(M;)] < -cost(MopT). At the end, by setting ¢ = m, we get that cost(M,,) < cost(MopT)
as desired.

For the base case i = 0, we can take Ny to be MopTt and note that My is the empty matching. Clearly
cost(Ng) = Z—ﬁcost(MopT) and cost(Mp) = 0.

Now assume that we have proved the claim for ;. We will prove it for ¢ + 1. In iteration ¢ + 1, the agent
we pick, let us call it a, is uniformly randomly picked from all unmatched ones, i.e., those agents matched in
N;. Now a gets matched to their top available item; the cost of this edge is at most the cost of edge incident
to a in N;. Therefore the average cost of this edge, averaged over all unmatched a, is upper-bounded by
cost(N;)/(n — 7). Therefore

b _m
n+1—1 n+l—m

Efcost(Mys1)] < Elcost(M;)] + cost Vo)l ( iy ntl )Cost(MopT)

n—i n+l—1 (n+1—14d)(n—1)
= E - cost(MopT).

It remains to construct N;;; and bound its cost. Suppose that agent a gets matched to the item b by the
mechanism. Since both a and b are unmatched at the beginning of the iteration, they must both be endpoints
of edges in N;. Let the other endpoints of these edges be V' and a’ respectively. Now we simply let N;;11 be
the matching obtained from N; by deleting the edges (a,b’) and (a’,b), and instead adding the edge (a’,V');
if a =a’ and b = b, we simply delete the edge. It is easy to see that N;, 1 is a matching with one fewer edge
that matches all agents and items still available after this iteration. It remains to bound its cost. Here we
use the triangle inequality: d(a’,b’) < d(a,b’) 4+ d(a,b) + d(a’,b) to get that cost(N;;1) < cost(N;) + d(a, b);
the inequality is still valid in the special case where a = a’ and b = V. We already established that
E[d(a,b)] < E[cost(N;)]/(n — ). Therefore

1 1
E[cost(N;41)] < (1 + ) cost(V;) < nt - - cost(MopT),
n—i n—i

as desired. 0

Next, we show that by losing some logarithmic factors, we can get a mechanism whose output near-perfect
matching M satisfies a much stronger guarantee: with high probability, it has distortion (not expected
distortion) at most O(log*(n)) simultaneously w.r.t. all metrics d compatible with the input preference
rankings. Note that this is not a trivial implication of A randomized mechanism is allowed to
hedge its bets, i.e., choose a mixed strategy against an adversary who chooses the worst metric d. A priori,
the gap between pure strategies and mixed strategies can be very large.

Theorem 5. For any constant € > 0, there exists a computationally efficient randomized mechanism that
outputs a matching M of size (1 — e)n such that with probability > 1 — 1/poly(n), M has distortion at most
O(log®(n)) w.r.t. the optimal perfect matching in all metrics d compatible with the input preferences.
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Proof. Tf we run TruncatedRSD with m = (1 — ¢/10)n, at the end we get a random matching of size m
with expected distortion O(1/¢). Let x be the fractional (non-perfect) matching which is the expectation of
the output of TruncatedRSD. In other words, x is a vector indexed by pairs of agents and items, such that
Za,p = Pla matched to b]. We know that

cost(z) = Z d(a,b)zq» = E[cost(output of TruncatedRSD)] < O(1/e) - cost(MopT).
(a,b)eAXB

Our goal is to round = to an integral matching, without blowing up the cost by much. We employ a
strategy based on thin matchings, similar to the proof of Before we explain the rounding,
we have to deal with a technical issue. We do not know how to efficiently compute the exact vector x; it
is the expectation of the output of TruncatedRSD, but naively we have to enumerate ~ n! permutations
describing the order in which the agents are picked, in order to compute z. Instead, we run TruncatedRSD
h independent times, and we let 2’ be the average of the indicators of the h output matchings. Instead of
working with z, we work with 2’. As h — oo, almost surely 2’ — z. We will eventually set h to be only
polynomially large, making the mechanism computationally efficient.

As in the proof of we use Bourgain’s embedding [?] to write, up to a distortion of O(log(n)),
a hypothetical metric d as a conic combination of cut metrics dg. It is enough to find a (non-perfect) matching
M that guarantees for every subset S of our metric space:

M(S,S) M (S xS
— = < g.
.Z‘(S, S) Z(u,v)ESXE Lu,v

An argument very similar to the proof of would then show that the distortion of M w.r.t. any
metric compatible with the input rankings is < O(Slogn/e).

We construct this M by employing a randomized rounding mechanism due to [?]. They showed that
for any point y in the matching polytope and a desired parameter vy € (0,1/2], one can efficiently produce
a random matching M such that E[15,] = (1 — )y and for any vector v € [0,1]4*5 the value (v,1,/) is
tightly concentrated around its mean; in particular if g > (v,y) and ¢ > 2, then

P[(v, 1ar) > tp] < exp(—py(2t — 3)/20).

We would like to apply the above concentration bound with y set to be 2’ and v set to be the indicator
of edges in a cut (S, S); this means (v, 1) = |[M N (S x S)|, the exact quantity we would like to control.
However, we need to union bound over all such cuts and there are exponentially many. A common strategy
here, also used in the context of the thin tree problem [?], is to use the well-known fact due to Karger [?]
that the number of near-minimum cuts in any weighted graph is only polynomially large. In particular, if
we define ¢ to be the minimum cut
T S;ﬁ%}lAnUBy(S7 5),

then the number of sets S where y(S,S) < ¢ ¢ is at most (2n)?* for any integer £ > 1.

There is a problem with this approach. Unlike in the case of the thin tree problem, there is no a priori
lower bound on the minimum cut ¢ of 2’ or even z, which are fractional matchings, and not fractional
spanning trees. Indeed, the minimum cut in # and/or 2’ can be 0, and the number of cuts of size 0 can be
exponentially large; think of a fractional matching consisting of 2(n) disjoint connected components. We
overcome this issue by manually removing all small cuts.

Starting with 2’ we produce a new fractional matching a” as follows: every time there is a cut (S, 95)
with value in (0,¢/10), we simply remove all the edges in that cut, i.e., set their value to 0. We repeat until
no such cut can be found and we call the result z”. Note that every removal of a cut increases the number of
connected components (counted w.r.t. the nonzero edges) by one, so the number of iterations can be at most
2n. In particular, ) . is only smaller than ) _x, by at most 2n -£/10 = en/5. Thus, 2" is a fractional
matching of size at least (1 —e¢/10)n —en/5 = (1 — 3¢/10)n.
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We apply the rounding mechanism of [?] with y = 2" and v = £/10 to get our random matching M.
Note that the expected size of M is at least (1 —+)(1 —3¢/10)n > (1 —&/2)n. Since the size of M can never
be larger than n, by Markov’s inequality, with probability at least 1/2, the size of M will be > (1 — ¢)n.
Note that we can boost this probability by repeatedly applying the rounding mechanism of [?] a number of
times; we will show that the probability that M is not thin is negligibly small, so it remains negligibly small
even after conditioning on |[M| > (1 —e)n. So repeating the process, at most a logarithmic number of times,
until the first time we see a matching of size > (1 — )n, gives us the desired result. It just remains to show
the probability of M not being thin is negligibly small.

The crucial observation is that it suffices to only consider cuts which nontrivially separate ezactly one
connected component of z”/. We call such cuts fundamental cuts. More precisely, if Ci,...,C are the
connected components of 2"/, then a fundamental cut is a pair (S,T) of disjoint sets such that SUT = C; for
some C;. By Karger’s arguments, the number of fundamental cuts (S, T) with 2”(S,T) < ££/10 is bounded
by >, |Ci]?* < (2n)*. We claim that if for each fundamental cut (S, T) we have, for a logarithmically large
[ to be set later, that

M(S,T) < Ba(S,T),

then the same inequality holds over all global cuts (U, U), that is
M(U,U) < B=(U,U).

Consider such a global cut; for each component C;, the cut (U, U) induces a fundamental cut (S;, Ti) Note
that the edges of the matching M are a subset of the support of 2", because E[1,/] = (1 —+)z”. This means
that

MU T) =Y " M(8;, 1) < Ba(S:, Ti) < Ba(U,T)

where the last inequality follows from the fact that any edge with endpoints in S; and T; must cross (U, U).
So it remains to show that the inequality M (S,T) < Bx(S,T) holds for all fundamental cuts with high
probability. We derive these by chaining M (S,T) < (8/2)z"(S,T) with 2 (S,T) < 2'(S,T) < 2z(S,T).
The inequality 2'(S,T) < 2z(S,T) holds with high probability if the number of independent trials h of
TruncatedRSD that we run to obtain z’ is large enough. In particular, the value of the output matching of
TruncatedRSD in the fundamental cut (S,T) is a random variable supported on [0,n] with mean x(S,T).
So by the standard Hoeffding’s inequality, we have

Pz’ (S, T) — x(S,T) > t] < exp(—Q(ht*/n?)).
For any fundamental cut, we have 2'(S,T) > £/10. So if we set t = /20, we get
Pl2'(S,T) > 22(S,T)] < P[z'(S,T) — z(S,T) > £/20] < exp(—Q(he?/n?)).
There are at most 2°(" fundamental cuts, so we have
P[Ifundamental cut (S,T) : z'(S,T) > 22(S,T)] < exp(O(n) — Q(he?/n?)).

It is enough to set h = poly(n/e) for the above to be negligibly small: exp(—poly(n)).

It remains to show that with high probability for all fundamental cuts (S,T) we have M(S,T) <
(8/2)x"(S,T). Here we use the tail bound of [?] together with the bound on the number of funda-
mental cuts of various sizes. Consider an integer ¢ > 1. The number of fundamental cuts (S,T") with
2"(S,T) € [le/10, (£ 4 1)£/10) is at most n®¥). For each such cut, we get that

P[M(S,T) > pz"(S,T)/2] < P[M(S,T) > Bte/20] < exp(—$(5le?)).
So union bounding over all such cuts, and then summing over all £, we get

P[3fundamental cut (S,T): M(S,T) > Bx"(S,T)/2] < Zno(é) exp(—Q(BLe?)).
=1

5The cut (S;,T;) could be trivial, i.e., one of S; or T; could be @}, but the arguments still hold.
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For any constant C' > 0, there is some constant C’ such that if we set 3 = C’logn/e%, we can bound the
above as

iexp(owlog n) —Q(C'llogn)) < iexp(—C’Elogn) = 0(1/n%). O
=1 =1

Note that also implies the existence of a single near-perfect matching whose distortion is
at most O(log”(n)), a nontrivial fact by itself. As a simple corollary, we get a deterministic, albeit not
computationally efficient, mechanism with a similar distortion.

Corollary 5. For any constant € > 0, there exists a deterministic exponential time mechanism that outputs
a matching of size (1 — €)n guaranteed to have distortion at most O(log®n).

Proof. We can simply compute the expected value = of the TruncatedRSD mechanism, then enumerate all
near-perfect matchings M, and for each one check whether M(S,S) < O(log®n)z(S, S) by enumerating all

cuts S. We output the first matching M which satisfies this thinness condition. By such a
near-perfect matching is guaranteed to exist. O

8 Discussion

We discuss some qualitative interpretations of our work, as well as various future directions. For ease of
exposition, we split [Question 1]into two open problems separating the question of truthfulness.

Open Problem 1. What is the optimal metric distortion for deterministic and randomized mechanisms for
min-cost ordinal matching?

On this problem, we narrow the interval of the optimal distortion for deterministic matchings to
[Q(logn), O(n?)] and for randomized matchings to [Q(logn), O(n)] (using the upper bound proven by [?]
for RSD). Note that our super-constant lower bound contrasts with several other related metric distortion
problems (matching with known item locations, maximum matching, elections) where constant upper bounds
are known. Our work in also suggests that it could be quite possible that the optimal distortions
for deterministic and randomized mechanisms are the same up to log factors.

A priori, it is difficult to tell which of the two bounds is closer to the right answer. The lower bound
could potentially be improved by considering hard metrics with a greater range of distances (ours only use 0,
1, and 2), but one challenge is that larger distances constrain the preference lists more severely. This makes
it difficult to have a variety of very different possible underlying metric spaces that all have large distances
in different places. On the other hand, the upper bound could be improved by formalizing this intuition for
why lower bounds are difficult into a more clever charging scheme.

Open Problem 2. What is the optimal metric distortion for deterministic and randomized truthful mech-
anisms for min-cost ordinal matching?

We showed that a large class of deterministic mechanisms, which capture a number of known truthful
mechanisms, are all as bad as SD in terms of distortion. Could it be that SD is the best deterministic
truthful mechanism for this problem?

It is not hard to see that for a mechanism to be truthful, it must give each agent a set of items that only
depends on the other agent’s preferences, and then assign the agent their favorite item in the set (the set is
exactly all of the items that the agent could be matched to, over all of their possible preference lists). The
challenge is that it is difficult to conjure such mechanisms that aren’t serializable since the most natural way
to prevent an agent from influencing their own set is for decisions to be made in some sequential manner. One
can find with a computer search that truthful non-serializable mechanisms do exist, but they are unnatural.

As a counterpoint, part of the issue may just be a lack of imagination, where our attempts to design
truthful mechanisms tend to skew toward serialization. Resolving this question may require the development
of exciting new kinds of truthful matching mechanisms.
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A Lower bound against the Boston mechanism

In this section we briefly discuss the distortion of the Boston mechanism [?], a commonly used mechanism
in the school choice literature which seems very natural for this problem but unfortunately has exponential
distortion.

The mechanism proceeds in rounds as follows. In the first round, each agent proposes to their favorite
item. Then each item that has some proposers chooses one to irrevocably match to and rejects all others. In
the second round, the agents that didn’t get matched then propose to their second favorite items, and the
mechanism continues in the same way until all agents are matched. Note that the way that the items choose
a proposer can be done in a variety of ways: arbitrarily, randomly, according to some fixed or randomized
preference ordering, or in the setting with two-sided preferences, according to the preference list of the item.
For ease we will say that choices are made according to a fixed priority order, but this can easily be extended
to the other settings.

This mechanism seems like a very natural alternative to Serial Dictatorship — by allowing matchings to
happen in parallel, it might cut off the domino effect that causes Serial Dictatorship to have exponential
distortion. However, the same effect can still happen, if to a lesser extent. Consider the following instance.
The metric space is the line, with the agents are at the points (1,2, 4, ...,2¥71) and the items lie at the points
(—€,2,4,...,2F71). For t > 1 there are t agents and ¢ items at the point 2¢. There is one agent at 1, and one
item at —e. The co-located agents have identical preferences over the items. Agents have priority in order
of their distance to 0.

Then the mechanism will operate as follows. In the first round, for every ¢ > 2, the agents at 2¢ all
propose to the same item at 2¢, and that item chooses one of these agents. On the other hand, both the
agents at 1 and 2 propose to the item at 2, and the item will choose the agent at 1. In the second round, for
every t > 3 the agents at 2!, the unmatched agents at 2¢ all propose to the same item at 2¢, and that item
chooses one of these agents. On the other hand, both the unmatched agents at 2 and 4 propose to the item
at 4, and the item will choose the agent at 2. Thus, essentially the same domino effect takes place as with
serial dictatorship, only the number of agents and items at each location must scale linearly to prevent the
effect from getting cut off.

It’s not hard to see that the overall cost of the mechanism will be 2 + 1. As the number of agents is
n = k(k—1)/2, this shows that the mechanism has distortion 2°*(vV™). A similar bound can be proven for the
randomized variants of the mechanism just by increasing the number of agents and items at each location.
This makes the costly matchings likely enough to cause large distortion in expectation.
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