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Abstract

Federated Averaging (FedAvg) and its variants are

the most popular optimization algorithms in feder-

ated learning (FL). Previous convergence analyses

of FedAvg either assume full client participation

or partial client participation where the clients

can be uniformly sampled. However, in practical

cross-device FL systems, only a subset of clients

that satisfy local criteria such as battery status,

network connectivity, and maximum participation

frequency requirements (to ensure privacy) are

available for training at a given time. As a re-

sult, client availability follows a natural cyclic

pattern. We provide (to our knowledge) the first

theoretical framework to analyze the convergence

of FedAvg with cyclic client participation with

several different client optimizers such as GD,

SGD, and shuffled SGD. Our analysis discovers

that cyclic client participation can achieve a faster

asymptotic convergence rate than vanilla FedAvg

with uniform client participation under suitable

conditions, providing valuable insights into the

design of client sampling protocols.

1. Introduction

Federated learning (FL) is a distributed learning framework

that enables edge clients (e.g., mobile phones, tablets) to col-

laboratively train a machine learning (ML) model without

sharing their local data (McMahan et al., 2017). In cross-

device FL (Kairouz et al., 2019), millions of mobile devices

are orchestrated by a central server for training, and only a

subset of client devicess will participate in each communi-

cation round due to intermittent connectivity and resource

constraints (Bonawitz et al., 2019).

Federated Averaging (FedAvg) (McMahan et al., 2017) and

its variants (Reddi et al., 2021; Sahu et al., 2020; Wang
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et al., 2021) are the most popular algorithms in FL. In each

communication round of the generalized FedAvg frame-

work (Reddi et al., 2021; Wang et al., 2021): 1) the server

broadcasts the current model to a subset of clients, 2) clients

update the model with local data and send back the local

model update, and 3) the server aggregates clients’ model

updates and computes the new global model. This algorithm

is popular in practice for various reasons including the com-

patibility with FL system implementation (Bonawitz et al.,

2019) and additional privacy techniques such as differen-

tial privacy (McMahan et al., 2018) and secure aggregation

(Bonawitz et al., 2016).

The convergence of (generalized) FedAvg (also known as

local SGD) has been studied in many recent works (Li et al.,

2020b; Woodworth et al., 2020b; Wang et al., 2022; Karim-

ireddy et al., 2019) due to its popularity in practice. While

these analyses tackle the theoretical challenge of data het-

erogeneity, they assume either full client participation where

all clients will participate every round, or partial client par-

ticipation where the clients are chosen uniformly at random

from the entire set of clients. However, in practical cross-

device FL systems, clients can only participate in training

when local criteria such as being idle, plugged in for charg-

ing, and on an unmetered network are satisfied (Bonawitz

et al., 2019; Hard et al., 2018; Paulik et al., 2021; Huba

et al., 2022). Works like Yang et al. (2018); Eichner et al.

(2019); Zhu et al. (2021) observe client participation to

have a diurnal pattern, and Balle et al. (2020); Kairouz et al.

(2019); Wang et al. (2021) discuss the difficulty of control-

ling the sampling of clients for participation. Motivated

by differential privacy (Kairouz et al., 2021a), McMahan &

Thakurta (2022) seeks to limit the contribution of each client

by allowing it to participate at most once in a large time

window. The client participation control is then widely ap-

plied in training Gboard language models (Xu et al., 2023).

Similarly, concurrent work has also looked into regularized

client participation in FL and its convergence. For these

reasons, clients typically participate in training with a cyclic

pattern in practical FL systems.

In this work, we provide the first (to the best of our knowl-

edge) convergence analysis of federated averaging with

cyclic client participation. We consider that clients are im-

plicitly divided into groups, and the groups become available

to the server in a cyclic order. We show that for a global PL
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objective (Haddadpour et al., 2019), instead of the standard

O (1/T ) rate of error convergence achieved by FedAvg,

where T is the number of communication rounds, cyclic

client participation can achieve a faster Õ
(
1/T 2

)
conver-

gence under suitable conditions, where Õ (·) subsumes all

log-terms and constants. This key insight is similar to that

obtained by a recent work (Yun et al., 2022) on the conver-

gence of mini-batch and local-update shuffle SGD, which

shows the fast convergence of local data shuffling at clients

under the full (rather than cyclic and partial) client partici-

pation setting (see Section 2.2 for more details).

Our analysis framework covers several cases of cyclic par-

ticipation and different client optimizers: 1) it includes the

subsampling of a subset of clients from each group that

becomes cyclically available, 2) it captures how the number

of groups within a cycle or the data heterogeneity char-

acteristics of the client groups affect convergence, and 3)

it covers different client local procedures including gradi-

ent descent (GD), stochastic gradient descent (SGD), and

shuffled SGD (SSGD). As a result of this generality, sev-

eral well-studied FedAvg variants such as standard FedAvg

with partial client participation (Li et al., 2020b; Jhunjhun-

wala et al., 2022) , minibatch RR and local RR (Yun et al.,

2022) can become special cases of our framework. We show

that our bounds match with the bounds from prior works

in these special cases, corroborating the validity of our re-

sults. We also present preliminary experimental results to

demonstrate that cyclic client participation indeed achieves

better performance in terms of test accuracy and training

loss convergence compared to standard FedAvg.

2. Related Work

2.1. Client Participation in FL.

Due to the large total number of clients in cross-device FL,

it is inevitable to select only a subset of clients per train-

ing round. Therefore, there has been a plethora of work

related to client participation in FL (Kairouz et al., 2019;

Li et al., 2020a). Most work has focused on analyzing Fe-

dAvg with unbiased partial client participation (Yang et al.,

2021; Jhunjhunwala et al., 2022) and showing a conver-

gence rate of O (1/T ). While some work in FL has also

considered biased partial client participation for flexible

client participation (Ruan et al., 2020) or loss-dependent

client participation (Cho et al., 2020; Goetz et al., 2019),

cyclic participation patterns have not been considered in

these previous work.

Another related line of work is the analyses on arbitrary

client participation presented in recent work (Wang & Ji,

2022; Avdyukhin & Kasiviswanathan, 2021). Wang & Ji

(2022) proposes classes of different client participation pat-

terns where cyclic client participation goes under the regu-

larized participation class. However, due to the generality

of the formulation, their analysis does not capture important

characteristics such as how the ordering of the clients or

the number of client groups within a cycle affects the con-

vergence. Avdyukhin & Kasiviswanathan (2021) analyzes

FedAvg with clients sending their local updates in an asyn-

chronous manner, where each client has its own-defined

cycle interval for sending its updates. However, such frame-

work does not simulate the cyclic pattern that a realistic

FL system observes where groups of clients sequentially

become available to the server.

Cyclic client participation has only recently been viewed

in FL through the lens of privacy (Kairouz et al.,

2021b; Choquette-Choo et al., 2022) and communication-

efficiency (Zhu et al., 2022). While Kairouz et al. (2021b)

shows that cyclic client participation can improve privacy

guarantees in FL, its convergence properties are not exam-

ined. Zhu et al. (2022) shows that selecting clients based

on their participation frequencies can speed up convergence

with the rate O (1/TV ) where V is a constant depending

on the variance arising from the data heterogeneity with

partial client participation. However, the exact rate of the

convergence speed-up is unclear due to the lack of bounds

for the variable V . In contrast to this prior work, we pro-

vide the convergence for cyclic client participation in FL

where the speed-up rate is clear (at the rate Õ
(
1/T 2

)
) and

the conditions under which it can be achieved are identi-

fied. This speedup relies on analyzing FedAvg with cyclic

participation from the perspective of shuffling-based meth-

ods which we explain in more detail below. A concurrent

work (Malinovsky et al., 2023) has studied the convergence

of regularized client participation where clients participate

only once during a certain number of communication rounds,

showing the best achievable rate ofO
(
1/T 2

)
similar to our

work. However, the corresponding work does not identify

in which cyclic pattern the O
(
1/T 2

)
convergence can be

achieved, and how intra-client and inter-client group data

heterogeneity affects the convergence.

2.2. Shuffling-based methods.

The initial progress on shuffling-based methods was made

by (Gurbuzbalaban et al., 2019; Gürbüzbalaban et al., 2021)

for strongly-convex quadratics. The general idea in these,

and subsequent works is that since shuffling-based methods

involve using each component function exactly once in each

epoch, the progress made by these methods within an epoch

approximates that of full-batch gradient descent.

The literature on shuffling-based methods mainly focuses on

three kinds of epochs: (i) random reshuffling (RR), where

the data is shuffled after every epoch, (ii) shuffle once (SO),

where the data is shuffled just once at the beginning, and (iii)

incremental gradient (IG) method, in which the data is not
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Figure 1. Illustration of cyclic client participation (CyCP) with

M = 12 clients divided into K = 3 groups. In each communica-

tion round, N = 2 clients are selected for training from the client

group available at that time. All groups are traversed once in a

cycle-epoch consisting of K communication rounds.

shuffled at all, and follows a predetermined order in each

epoch. We shall see in Section 3 (and more so in Theorem 1)

that cyclic client participation essentially approximates an

incremental gradient method at the level of the server, with

each client interpreted as a sample.

Recent work has established upper and lower bounds for

shuffle SGD under these shuffling schemes. For RR (and

SO), (Safran & Shamir, 2020) showed a lower bound of

O( 1
n2K2 + 1

K3 ) for strongly convex quadratic (K is the

number of epochs, n is the number of samples), while (Ra-

jput et al., 2020) showed O( 1
nK2 ) lower bound for gen-

eral strongly-convex F with smooth {fi}. Matching upper

bounds have been achieved in the large epoch regime by

(Ahn et al., 2020; Mishchenko et al., 2020) for smooth PL

functions and (Nagaraj et al., 2019) for smooth strongly

convex functions. For IG, (Nguyen et al., 2021) showed

O(1/K2) rate for strongly-convex F with smooth {fi}. The

improved dependence on K in all these works requires K
to be larger thanO(κa), where κ is the condition number of

the problem, and a ∈ [1, 2]. This large epoch requirement

has been shown to be essential in (Safran & Shamir, 2021).

3. Problem Formulation

System Model and Objectives. Consider a cross-device FL

setting where we have M total clients. Each client m ∈ [M ]
has its local training dataset Bm and its corresponding lo-

cal empirical loss function Fm(w) = 1
|Bm|

∑
ξ∈Bm

ℓ(w, ξ),

where ℓ(w, ξ) is the loss value for the model w ∈ R
d at data

sample ξ. The optimization task is identical to that of stan-

dard FL (McMahan et al., 2017; Kairouz et al., 2019) where

the global objective is F (w) = 1
M

∑M
m=1 Fm(w) and the

server aims to find the model that achieves minw F (w).
Throughout the paper, all vector and matrix norms are Eu-

clidean and spectral norms, respectively.

Cyclic Client Participation (CyCP). We consider that the

M clients are divided into K non-overlapping client groups

such that each group contains M/K clients, as illustrated

in Fig. 1. The client groups are denoted by σ(i), i ∈ [K],
where each σ(i) contains the associated clients’ indices.

The groups and the order in which they are traversed by the

server (say, σ(1), ... , σ(K)) are pre-determined and fixed

throughout training to simulate a cyclic structure of client

participation. In each communication round, once a client

group σ(i) becomes available, the server selects a subset of

N clients from σ(i) uniformly at random without replace-

ment. As a result of the cyclic structure, and subsampling

within each available client group, once selected, a client

cannot participate in training at least for the next K − 1
rounds. For brevity, we call this cyclic client participation

framework as CyCP throughout the paper.

Observe that the CyCP framework reflects several practical

FL scenarios mentioned in Section 1. Each client can partic-

ipate at most once in K consecutive communication rounds

in CyCP, which satisfies the privacy requirements (Kairouz

et al., 2021b; Choquette-Choo et al., 2022). A timer on each

client can be used to enforce that clients can only partici-

pate in training again after a certain period, and this period

corresponds to K. Even without enforcing the timer-based

criterion, CyCP captures the natural participation pattern

due to clients coming from different time zones or prefer-

ence of charging their devices (Paulik et al., 2021; Huba

et al., 2022; Yang et al., 2018).

We introduce the term ªcycle-epochº to refer to the inter-

val in which the server goes through all the client groups

{σ(i), i ∈ [K]} once sequentially. In other words, each

cycle-epoch consists of K communication rounds. Formally,

we set k as the index for the cycle-epoch, and i ∈ [K] as the

index for the currently available client group within a cycle-

epoch. The server sends the global model w(k,i−1) to the

set S(k,i) of N clients, selected from the client group σ(i),
to perform local training. We consider three different types

of client local updates which we explain in detail below.

Client Local Update. Each client m ∈ S(k,i) initializes its

local model as w
(k,i−1,0)
m = w(k,i−1) and performs local

update(s). The global model is updated as:

w(k,i) = w(k,i−1) +∆(k,i−1) (1)

where ∆(k,i−1) is the aggregate of local updates from clients

in S(k,i). We consider three different client local update

procedures for our CyCP framework.

(i) Local Gradient Descent (GD): Selected clients perform

a single GD step to update their local model. Therefore,

∆(k,i−1) = − η

N

∑

m∈S(k,i)

∇Fm(w(k,i−1))

The resulting global algorithm is referred to as FedSGD

in (McMahan et al., 2017).

(ii) Local Stochastic Gradient Descent (Local SGD): To

avoid the cost of computing full gradients, each client

performs τ local updates to its model using stochastic

gradients∇Fm(w
(k,i−1,l)
m , ξ

(k,i−1,l)
m ) computed using

3
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a minibatch ξ
(k,i−1,l)
m sampled uniformly at random

from client m’s local dataset Bm. Thus, the client’s

model update is

∆(k,i−1)=− η

N

∑

m∈S(k,i)

τ−1∑

l=0

∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )

with w
(k,i−1,l+1)
m = w

(k,i−1,l)
m − η∇Fm(w

(k,i−1,l)
m , ξ

(k,i−1,l)
m ).

(iii) Local Shuffled SGD (SSGD): Recent works in FL

(Yun et al., 2022; Malinovsky et al., 2021) propose

the use of local SSGD, where clients partition their

local datasets into B disjoint components, that is, the

local loss at client m can be expressed as Fm(w) =
1
B

∑B−1
l=0 Fm,l(w). We define PB to be the set of all

permutations of {0, ..., B − 1}. In each round, the

client performs local updates by going over all the

components, in an order decided by the random permu-

tation πk
m ∼ Unif(PB). The resulting model update

is

∆(k,i−1) = − η

N

∑

m∈S(k,i)

B−1∑

l=0

∇Fm,πk
m(l)(w

(k,i−1,l)
m )

with w
(k,i−1,l+1)
m = w

(k,i−1,l)
m − η∇Fm,πk

m(l)(w
(k,i−1,l)
m ).

Further details of our framework of FL with CyCP are

shown in Algorithm 1.

Special Cases of CyCP. The CyCP framework covers differ-

ent algorithms such as standard FedAvg with partial client

participation or minibatch RR and local RR presented in

(Yun et al., 2022). When K = 1, the CyCP setting becomes

standard FedAvg with partial client participation where in

each round, N clients are sampled from the same entire

client population. When K = 1 and N = M , CyCP with

local GD becomes identical to minibatch RR (Yun et al.,

2022) with M clients, each with a single component. Both

converge exponentially fast to the optimum. Another special

case is when we have K = 1 with N = M but for local

SSGD, in which case we have local RR (Yun et al., 2022)

with B components at each client, with synchronization of

the updates happening for every B components. We show

in Section 4 that our theoretical results match the bounds

accordingly for these special cases.

4. Convergence Analysis

In this section, we provide and compare the convergence

bounds for CyCP in FL for the three client local update

methods described above, and provide insights into how the

achieved complexities with CyCP (K > 1) compare with

standard FedAvg (K = 1). All the proofs are deferred to

Appendix A-C.

Algorithm 1 CyCP Framework in FL

1: Input: Global Model w(1,0), Client groups σ(i), i ∈
[K]

2: Output: Global Model wK+1,0

3: For k ∈ [K] cycle-epochs do: # Cyclic Participation

4: For i ∈ [K] do: # T = KK comm. rounds

5: Sample N clients from client set σ(i) uniformly

at random w/o replacement to get client set S(k,i).
6: Send global model w(k,i−1) to clients in S(k,i).
7: Clients m ∈ S(k,i) in parallel do:

8: w
(k+1,0)
m ← LocalUpdate(m, w(k,i−1), case)

9: w(k,i) = 1
N

∑
m∈S(k,i) w

(k+1,0)
m

10: w(k+1,0) = w(k,K)

LocalUpdate(m, w, case):

11: Set local model wm = w

12: if case == LocalGD:

13: Update wm ← wm − η∇Fm(wm)
14: elif case == LocalSGD:

15: For j ∈ [τ ] do:

16: Sample mini-batch ξ from local dataset Bm
17: Update wm ← wm − η∇Fm(wm, ξm)
18: elif case == ShuffledSGD:

19: Sample πk
m ∼ Unif(PB)

20: For j ∈ [B] do:

21: Update wm ← wm − η∇Fm,πk
m(j−1)(wm)

4.1. Assumptions

First, we present the assumptions used for the convergence

guarantees in this work.

Assumption 1 (Smoothness of Fm(w), ∀m). The clients’

local objective functions F1(w), ..., FM (w), are all L-

smooth, that is, ∥∇Fm(w) − ∇Fm(w′)∥ ≤ L∥w − w′∥
for all m, w and w′.

Assumption 2 (µ-Polyak-èojasiewicz F (w)). For some

µ > 0, the global objective satisfies 1
2∥∇F (w)∥2 ≥

µ(F (w)−minw′ F (w′)) for all w.

Assumption 1, 2 are common in the optimization and FL

literature (Haddadpour & Mahdavi, 2019; Karimi et al.,

2020; Haddadpour et al., 2019; Gower et al., 2021). While

we restrict ourselves to PL functions for brevity and for

ease of comparison with prior work (Yun et al., 2022), the

analyses can be generalized to general nonconvex functions

using techniques proposed in (Li et al., 2021).

Next, we present the assumptions over the client groups

σ(1), . . . , σ(K).

Assumption 3 (Intra-group & Inter-Group Data Heterogene-

ity). There exist constants γ, α ≥ 0, such that for all w,

for all i ∈ [K] and for all m ∈ σ(i),

4



On the Convergence of Federated Averaging with Cyclic Client Participation

∥∇Fm(w)− 1
|σ(i)|

∑
m∈σ(i)∇Fm(w)∥ ≤ γ, and

∥ 1
|σ(i)|

∑
m∈σ(i)∇Fm(w)−∇F (w)∥ ≤ α.

Assumption 3 bounds the data heterogeneity across clients

within a group by γ and the data heterogeneity across groups

by α. Assumption 3 also implies the commonly used data

heterogeneity assumption used in previous FL literature (Yu

et al., 2019; Koloskova et al., 2020; Wang et al., 2020a;b;

Reddi et al., 2021) as follows:

Lemma 1. If Assumption 3 is true, there exists ν = γ+α ≥
0 such that

∥∥∥∇Fm(w)− 1
M

∑M
i=1∇Fi(w)

∥∥∥ ≤ ν for all

clients m ∈ [M ], and for all w.

Using Assumption 3 instead of the standard assumption

allows us to derive tighter convergence bounds in terms

of γ and α, and separate the effect of the two kinds of

heterogeneity, as we discuss in subsequent sections.

4.2. Convergence for CyCP with Local GD

First, we start with providing the convergence of the global

model in CyCP with local GD.

Theorem 1 (Convergence with CyCP+GD). With As-

sumptions 1, 2, 3, the choice of step-size η =

log(MT 2/K
2
)/µNT , and number of communication

rounds T ≥ 7κK log (MT 2/K
2
) where κ = L/µ:

E[F (w(K,0))]− F ∗ ≤ K
2
(F (w(0,0))− F ∗)

MT 2
(2)

+ Õ
(
κ2(K − 1)2α2

µT 2

)
+ Õ

(
Kκγ2

µNT

(
M/K −N

M/K − 1

))
,

where Õ(·) subsumes all log-terms and constants.

Although it might appear that the bound becomes worse

with increasing K due to it appearing in the numerators of

the terms, since T = KK (see Algorithm 1), a large K has

no adverse impact on the convergence.

Convergence Dependence on γ2 and α. Theo-

rem 1 shows that CyCP+GD converges at the rate of

Õ
(

Kκγ2

µNT

(
M/K−N

M/K−1

))
which depends on γ2, the intra-

group data heterogeneity. Consequently, a large intra-group

data heterogeneity γ leads to worse convergence. Con-

versely, if γ ≃ 0, CyCP+GD can achieve Õ
(
1/T 2

)
conver-

gence, due to the Õ (1/T ) domintnat term becoming zero.

Hence, in the CyCP settings where clients within the same

group have similar data distributions (i.e., γ is close to 0),

CyCP+GD can yield a faster convergence rate compared to

standard FedAvg (K = 1). An example of a setting where

this can naturally occur in realistic FL scenarios is when

the cyclic patterns follow the diurnal-nocturnal pattern, also

shown in (Zhu et al., 2021). It is also worth noting that the

term with inter-group data heterogeneity α in Theorem 1

decays at the rate of Õ
(
1/T 2

)
. Therefore, in CyCP settings,

the intra-group data heterogeneity γ has a more significant

contribution to the convergence error than the inter-group

data heterogeneity α.

Convergence Dependence on K. Theorem 1 also shows

that even for γ ̸= 0, CyCP+GD can gain a Õ
(
1/T 2

)
con-

vergence rate when K = M/N . This is a faster rate than

the standard FedAvg (the setting with K = 1) which has

Õ (1/T ) rate. While the convergence rates for the cases

of K = 1 and K = M/N are clear from Theorem 1,

it is yet unclear what happens in the middle regime of

1 < K < M/N . For this, we compare the total cost of

CyCP+GD and standard FedAvg to achieve ϵ error. We

define the total communication and computation cost in one

communication round of GD (which involves computing N
gradients and communicating N vectors to the server) as

cGD. Then taking into account only the dominant term in

(2), the total cost CGD to achieve an ϵ error is

CGD(ϵ) = Õ
(
cGDKγ2

ϵN

(
M/K −N

M/K − 1

))
(3)

We compare CGD(ϵ) with K > 1 and K = 1 denoted

as CGD|K>1(ϵ), CGD|K=1(ϵ) respectively and derive the

following result:

Corollary 1. For the total cost defined as (3), for K <
M/N , we have that CGD|K>1(ϵ) > CGD|K=1(ϵ).

Corollary 1 shows that with the number of groups set to the

middle range, i.e., 1 < K < M/N , CyCP does not incur a

smaller cost compared to standard FedAvg (K = 1). Hence,

for CyCP+GD to incur a lower cost compared to standard

FedAvg, the necessary condition is having K = M/N .

There may be some scenarios in which K is a naturally

occurring quantity that the server does not have control over.

It is worth noting that in these cases, N which is the number

of selected clients per round, can be chosen accordingly by

the server to pay a lower cost than standard FedAvg.

Matching Bounds with Minibath RR (Yun et al., 2022).

Recall that with K = 1 and N = M , CyCP+GD in Algo-

rithm 1 becomes analogous to the minibatch RR algorithm

with M clients where each client has a single component. In

this case, our bound in Theorem 1 is only left with the first

term that decays with the rate Õ
(
1/MT 2

)
which exactly

matches minibatch RR’s bound in [Theorem 1] (Yun et al.,

2022) which shows exponential convergence.

4.3. Convergence for CyCP with Local SGD

Next, we present the convergence for CyCP with local SGD.

Local SGD introduces additional technical challenges com-

pared to GD for deriving the convergence analysis and re-
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quires the following additional assumption over the stochas-

tic gradients:

Assumption 4 (Bounded Variance). For local objective

Fm(w), the local stochastic gradient ∇Fm(w, ξm) com-

puted using a mini-batch ξm, sampled uniformly at random

from Bm, has bounded variance, that is, E[∥∇Fm(w, ξm)−
∇Fm(w)∥2] ≤ σ2, for all m ∈ [M ].

Assumption 4 is commonly used in the stochastic optimiza-

tion literature (Stich, 2019; Basu et al., 2019; Li et al., 2020b;

Ruan et al., 2020). Now we present the convergence bound

for local SGD.

Theorem 2 (Convergence with CyCP+SGD). With

Assumptions 1, 2, 3, and 4 and step-size η =

log(MT 2/K
2
)/τµNT , for T ≥ 10κK log (MT 2/K

2
)

communication rounds where κ = L/µ, the convergence

error is bounded as:

E[F (w(K,0))]− F ∗ ≤ K
2
(F (w(0,0))− F ∗)

MT 2

+ Õ
(
κ2K(K − 1)α2

µT 2

)
+ Õ

(
Kκγ2

µNT

(
M/K −N

M/K − 1

))

+ Õ
(
Kκσ2

µτNT

)
+ Õ

(
κ2(τ − 1)ν2

µτN2T 2

)
(4)

where Õ(·) subsumes all log-terms and constants.

Again, although it might appear that the bound becomes

worse with increasing K, since T = KK in Algorithm 1, a

large K has no adverse impact on the convergence.

Convergence Dependence on γ2 and σ2. In Theorem 2,

the dominant Õ (1/T ) terms are dependent on two factors:

the intra-group data heterogeneity γ2 (which also appeared

for local GD) and the stochastic gradient variance σ2. Due

to this, for σ > 0, even with K = M/N or γ2 ≃ 0, we do

not achieve the Õ
(
1/T 2

)
convergence rate, as we did in

the local GD case. Hence, even with CyCP, the best we can

achieve when using local SGD is the convergence rate of

Õ (1/T ). Seeing this result, one might wonder if there is

any advantage at all of performing Local SGD with CyCP.

We answer this question below by comparing the cost of

CyCP with Local SGD to that of standard FedAvg.

Does CyCP (K > 1) with Local SGD Ever Help for FL?

At first glance of Theorem 2 one may think that CyCP does

not improve the convergence rate with local SGD case due

to stochastic gradient variance appearing in one of the domi-

nant terms Õ
(

Kκσ2

µτNT

)
+ Õ

(
Kκγ2

µNT

(
M/K−N

M/K−1

))
. However,

we show in Corollary 2 that this is not always the case.

Similar to how we defined cGD in the previous section, we

definte the total communication and computation cost in one

communication round with Local SGD as cSGD. Formally,

taking into account only the dominant terms in (4), the total

cost to achieve an ϵ error for the local SGD case is:

CSGD(ϵ)=Õ
(
cSGDKγ2

ϵN

(
M/K −N

M/K − 1

))
+Õ

(
cSGDσ

2K

ϵNτ

)

(5)

We denote the costs for CyCP and standard FedAvg as

CSGD|K=1, CSGD|K>1 respectively. Now we show the con-

ditions to have CSGD|K>1 < CSGD|K=1, i.e., have CyCP

incur a lower cost than standard FedAvg.

Corollary 2. Suppose we have N = M/K, and the intra-

group data heterogeneity γ satisfies γ2 ≥Mσ2/Nτ . Then,

we get CSGD|K ≤ CSGD|K=1.

Corollary 2 shows that CyCP +SGD can indeed incur a

lower cost to achieve ϵ error compared to standard FedAvg

(K = 1) when the intra-group data heterogeneity is suffi-

ciently larger than the stochastic gradient variance divided

by the number of local iterations. Note that the condition

γ2 ≥Mσ2/Nτ in Corollary 2 can be satisfied by increas-

ing the minibatch size b (which decreases the variance σ2)

or increasing the number of local iterations τ .

Matching Bounds with Standard FedAvg. For K = 1,

CyCP+SGD recovers Standard FedAvg with Local SGD,

and our bound in (4) with full client participation follows the

order of Õ
(
κ2ν2/µMT 2

)
+ Õ

(
κσ2/µτMT

)
. We show

that this bound matches the last iterate bound in (Qu et al.,

2020) which assumes full client participation, and bounded

norm of the stochastic gradient with parameter G that reads

Õ
(
κ2G2/µT 2

)
+ Õ

(
κσ2/µτT

)
where their learning rate

doesn’t decay with M as our case, leading to the lack of the

1/M in their bounds. The difference in the first term is due

to their work assuming the bounded norm of the stochastic

gradient G while we assume only the bounded variance of

the stochastic gradient.

4.4. Convergence for CyCP with Local SSGD

For the last scenario of CyCP, we present results on the

convergence properties of the global model with local SSGD.

We slightly modify the local loss definition of each client

as Fm(w) = 1
B

∑B−1
l=0 Fm,l(w) so that each client has B

loss components. For local SSGD, clients perform local

updates sequentially over Fm,πm(l)(w), l ∈ [0, ..., B −
1] where πm ∼ Unif(PB) is a random permutation over

the B components and πm(l) denotes the l-th element of

this permutation. For SSGD, in lieu of Assumption 4, we

need the following intra-client component heterogeneity

assumption, which is commonly used in the shuffled SGD

literature (Yun et al., 2022; Malinovsky et al., 2021):

Assumption 5 (Intra-Client Component Heterogeneity).

There exists a constant ν ≥ 0 such that for each client

m ∈ [M ], and each component l ∈ [0, ..., B−1] of its local

dataset, ∥∇Fm,l(w)−∇Fm(w)∥ ≤ ν, for all w.

6
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Now we present our convergence results for the SSGD case.

Theorem 3 (Convergence with CyCP+SSGD). With As-

sumptions 1, 2, 3, and 5, and η = log(MBT 2/K
2
)/µBT

and cycle-epoch T ≥ 10κK log (MBT 2/K
2
) where κ =

L/µ, with probability at least 1− δ, the convergence error

is bounded as:

E[F (w(K,0))]− F ∗ ≤ K
2
(F (w(0,0))− F ∗)

MBT 2

+ Õ
(
κ2(B − 1)2ν2

µB2T 2

)
+ Õ

(
κ2(K − 1)2α2

µT 2

)

+ Õ
(
κ2ν2

µT 2

(
(B3/2 − 1)2

B4
+

(B − 1)2

B3

))

+ Õ
(
κKγ2

µNT

(
M/K −N

M/K − 1

))

(6)

where Õ(·) subsumes all log-terms and constants.

Again, since T = KK, increasing K does not impact the

bound above adversely.

Dependency on K is Identical to CyCP+GD. Theorem 3

shows that the dominant term is Õ
(

κKγ2

µNT

(
M/K−N

M/K−1

))

which is the same dominant term for the local GD’s conver-

gence rate in Theorem 1. This dominant term exists as long

γ ̸= 0 or K ̸= M/N . Hence, for 1 < K < M/N , as with

local GD (see Corollary 1), CyCP +SSGD does not yield

a lower cost than standard FedAvg. Also like CyCP+GD,

K = M/N is necessary for CyCP+SSGD to get any cost

reduction compared to standard FedAvg. We give a more

detailed comparison between the costs of the two different

local update procedures below.

Can CyCP+SSGD be better than CyCP+GD? We

have seen above that CyCP+SSGD and CyCP+GD con-

verge at the same rate due to the same dominant term

which is non-zero for γ2 ̸= 0 and K < M/N . For

K = M/N , however, the dominant term goes to 0 and

CyCP+SSGD and CyCP+GD become comparable. Again,

we define the total communication and computation cost

in one communication round with local SSGD as cSSGD.

Then, for K = M/N , we have that the total cost for

CyCP+GD and CyCP+SSGD to achieve an ϵ error denoted

as CGD|K=M/N (ϵ), CSSGD|K=M/N (ϵ) respectively, is

CGD|K=M/N (ϵ) = Õ
(
cSSGD√

ϵ

(
K√
M

+Kα

))
(7)

CSSGD|K=M/N (ϵ)

= Õ
(
cSSGD√

ϵ

(
K√
MB

+ ν +Kα+
ν√
B

))
(8)

With these costs, we have that CyCP+SSGD only incurs a

lower cost than the CyCP+GD case for K = M/N when

1− 1√
B
− ν − ν√

B
> 0, B > 1 (9)

The only certain condition in which (9) can be satisfied is

when ν ≃ ν ≃ 0. Hence, with K = M/N , only when

there is close to 0 data heterogeneity across clients and

intra-client component heterogeneity within each client is

when CyCP+SSGD can incur a lower cost compared to

CyCP+GD. This also aligns well with the theoretical results

presented in (Yun et al., 2022; Woodworth et al., 2020a).

Matching Bounds with Special Cases of CyCP+SSGD.

Special cases of CyCP+SSGD become analogous to differ-

ent algorithms such as CyCP+GD or local RR (Yun et al.,

2022). With B = 1, since ν = 0 , we recover CyCP+GD

(Theorem 1). Another special case is when K = 1, N = M
for CyCP+SSGD. In this case, for each communication

round, we have full client participation where each client

performs SSGD over its local components, which becomes

analogous to the local RR algorithm proposed and theoreti-

cally analyzed in (Yun et al., 2022). Note that in this case,

the bound in Theorem 3 matches the bound for local RR

presented in (Yun et al., 2022). We present a more detailed

comparison in the following paragraph.

Is CyCP+SSGD better than Local RR? Since local RR

assumes full client participation, for a fair comparison, we

compare local RR with CyCP+SSGD with K = M/N .

The dominant term in CyCP+SSGD’s convergence bound

in Theorem 3 becomes zero and we are left with the terms

having a convergence rate of Õ
(
1/T 2

)
. We compare the

two algorithms in terms of the total cost to achieve ϵ error,

where the total cost for local RR is:

CLocalRR(ϵ) = Õ
(
KcSSGD√

ϵ

(
1√
MB

+ ν +
ν√
B

))

(10)

Note that for local RR, both the computation and communi-

cation cost is K times that of CyCP+SSGD, since in local

RR all clients’ participate in each communication round

while in CyCP+SSGD only M/K clients participate per

communication round. With CyCP+SSGD’s cost in (8)

for K = M/N and local RR’s cost in (10), we have the

following theoretical result that compares the two methods:

Corollary 3. For a sufficiently large M such that

M > N

(
1 +

α

γ + ν√
B

)
(11)

where K = M/N for CyCP+SSGD, CyCP+SSGD is al-

ways better than local RR in terms of the total cost taken to

gain epsilon error.

7
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Corollary 3 shows that with K = M/N , and sufficiently

large M , CyCP+SSGD is always preferred over local RR

to achieve a lower cost. Since K = M/N , a larger M
indicates a larger K. Observe that the lower bound on M in

Corollary 3 becomes smaller for a smaller α and a larger γ.

This indicates that it is preferred that the client groups have

smaller inter-group data heterogeneity but larger intra-group

data heterogeneity, for CyCP+SSGD to beat local RR.

5. Experimental Results

Setup. We train ML models on standard datasets using

FedAvg with CyCP for different client local updated pro-

cedures to see how cyclicity affects the performance of

FL. We experiment with image classification using an MLP

for the FMNIST (Xiao et al., 2017) dataset and EMNIST

dataset (Cohen et al., 2017) with 62 labels where we have

100 and 500 clients in total and select 5 and 10 clients per

communication round respectively. We use the Dirichlet

distribution DirK(α) (Hsu et al., 2019) to partition the data

across clients where α determines the degree of the data

heterogeneity across clients. Smaller α indicates larger

data heterogeneity. We experiment with three different

seeds for the randomness in the dataset partition across

clients and present the averaged results. All experiments

are conducted on clusters equipped with one NVIDIA Ti-

tanX GPU. The algorithms are implemented in PyTorch 1.

11. 0. The code used for all experiments is included in

the supplementary material. For all experiments, we do a

grid search over the required hyperparameters to find the

best-performing ones and then fix the hyperparameters and

only change K. Specifically, we do a grid search over the

learning rate: η ∈ {0.05, 0.01, 0.005, 0.001}, batch size:

b ∈ {32, 64, 128}, and local iterations: τ ∈ {5, 10, 30, 50}
to find the hyper-parameters with the highest test accuracy

for each benchmark. For the deep multi-layer perceptron

used for our experiments, we use a network with 2 hidden

layers of units [64, 30] with dropout after the first hidden

layer where the input is the normalized flattened image

and the output consists of the label space. For all experi-

ments, the data is partitioned to 80%/10%/10% for train-

ing/validation/test data, where the training data then is again

partitioned across the clients heterogeneously.

Effect of K and Data Heterogeneity. We show in Fig. 2

the test accuracy for the FMNIST dataset for different K
values and client local procedures for high data heterogene-

ity (α = 0.5). Recall that K = 1 is analogous to standard

FedAvg and 1 < K ≤ M/N (where M/N = 20 for the

FMNIST case) implies cyclic client participation. A higher

K represents the server visiting more client groups within

a single cycle. We show that for high data heterogeneity,

for all different client local procedures, a higher K achieves

better test accuracy by approximately 5-10% improvement.
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Figure 2. Test accuracy for FMNIST for high data heterogeneity

(α = 0.5). CyCP (K > 1) shows a higher test accuracy perfor-

mance of 5-10% improvement compared to K = 1 (Standard

FedAvg) for all different client local procedures.
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Figure 3. Test accuracy for FMNIST for low data heterogeneity

(α = 2.0). Being consistent with the high data heterogeneity case

in Fig. 2, CyCP (K > 1) shows a higher test accuracy performance

compared to K = 1 (Standard FedAvg) for all different client

local procedures with the improvement of 2-8%. However, the

performance gap between CyCP and standard FedAvg is lower

than when there is higher data heterogeneity.

Although our theoretical results suggest that CyCP sees im-

provement in convergence for only K = M/N , we observe

improvement even for M/N > K > 1. This can be due

to our theoretical results being on PL-objectives while the

landscape of DNN may not necessarily fall into this cate-

gory (Qu et al., 2021). For lower data heterogeneity results

shown in Fig. 3, the improvement for K > 1 compared to

standard FedAvg is approximately 2-8%. The improvement

is less than that for the high data heterogeneity case which

aligns with the theoretical results in Section 4 which shows

that increasing K decreases the dominant term that is de-

pendent on the intra-group data heterogeneity. In Fig. 4, we

show that the performance gap between CyCP and standard

FedAvg is even higher due to the data heterogeneity being

even higher than the FMNIST case.

Difference Across Client Local Procedures. One dis-

tinct characteristic that can be observed in Fig. 2(b)-(c) and

Fig. 4(b)-(c) which are the results for the local SGD and

SSGD with high data heterogeneity is that for the highest K
there are oscillations in the test accuracy curve. This is due

to cyclic client participation where as we increase K, the

inter-group data heterogeneity also becomes higher causing

oscillation as the server sequentially visits the group for

training. This behavior has also been observed in previous

8



On the Convergence of Federated Averaging with Cyclic Client Participation

� ��� ����
&RPPXQLFDWLRQ�5RXQGV

��

��

��

7H
VW
�$
FF
XU
DF
\

� ��� ����
&RPPXQLFDWLRQ�5RXQGV

�

�

�

�

7U
DL
QL
QJ
�/
RV
V

(a) GD

� ��� ����
&RPPXQLFDWLRQ�5RXQGV

��

��

��

��

7H
VW
�$
FF
XU
DF
\

� ��� ����
&RPPXQLFDWLRQ�5RXQGV

�

�

�

7U
DL
QL
QJ

�/
RV
V

(b) Local SGD

� ��� ����
&RPPXQLFDWLRQ�5RXQGV

��

��

��

7H
VW
�$
FF
XU
DF
\

� ��� ����
&RPPXQLFDWLRQ�5RXQGV

�

�

�

�

�

7U
DL
QL
QJ

�/
RV
V

(c) Shuffled SGD

Figure 4. Test accuracy for EMNIST with high data heterogeneity

(α = 0.05). CyCP shows a higher test accuracy performance to

Standard FedAvg for all different client local procedures. The

improvement gap is larger than the FMNIST case which is due to

the EMNIST dataset partitioned with more data heterogeneity.
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Figure 5. Training loss curves for the test accuracy results in Fig. 2

(FMNIST for high data heterogeneity, α = 0.5) where higher K >

1 leads to faster convergence, consistent with the test accuracy

results where K > 1 yields better performance.

work where the server trains sequentially in a cyclic manner

from different groups in (Zhu et al., 2021). Accordingly,

we show similar behavior of oscillation in the training loss

curves shown in Fig. 5 and Fig. 6.

Training Losses for the Results in Fig. 2 & Fig. 3. We

present the training loss for the test accuracy results shown

in Fig. 2 and Fig. 3 in Fig. 5 and Fig. 6 respectively. We see

that the implications are consistent with what we observed

for test accuracy where a higher K > 1 leads to faster con-

vergence. The convergence improvement gap is larger when

we have high data heterogenetiy as shown in Fig. 5 com-

pared to the improvement gap for lower data heterogeneity

shown in Fig. 6. Moreover, for the SGD and SSGD client

local procedures for high data heterogeneity (Fig. 5(b)-(c))

for the highest K = 20, we see the oscilliations that were

also observed in the test accuracy curves. This is due to the

cyclic participation of clients which the client groups have

heterogeneous data. Such oscilliation is not observed for

lower data heterogeneity and lower K values.

6. Concluding Remarks

Cyclic client participation is frequently observed in prac-

tical FL systems (Kairouz et al., 2021b; Zhu et al., 2021),

but its effect on the convergence of FedAvg is not yet well-

understood. In this paper, we formulate a new framework to
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Figure 6. Training loss curves for the test accuracy results in Fig. 3

(FMNIST for low data heterogeneity, α = 2.0) where higher

K > 1 also leads to faster convergence, consistent with the test

accuracy results, but the convergence improvement gap is smaller

compared to when we have higher data-heterogeneity.

analyze the convergence of FedAvg with cyclic client par-

ticipation for PL-objectives. Our analysis covers different

client local procedures such as GD, SGD, and shuffled SGD.

The analysis allows us to understood how FedAvg conver-

gence is affected by different characteristics of the system

such local update procedures, data heterogeneity within and

across groups of clients that cyclically become available,

and the length of the cycle K. We discover conditions in

which cyclic client participation converges faster than stan-

dard FedAvg. We also provide comparisons across different

client local procedures and algorithms that are special cases

of our framework with cost analyses to achieve an ϵ error.

Interesting future work includes extending the analysis to

non-PL-objectives and general optimizers such as including

momentum, and to cases where the client groups are not

disjoint and not fixed throughout training.
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A. Proofs for the CyCP+Local GD Case (Case (i) in Algorithm 1)

The proof of Theorem 1 is presented in this section. For simplicity, the proof is presented as follows: first, in appendix A.1,

the model update steps are shown to be noisy gradient descent steps. Next, in appendix A.2, we present some intermediate

results, which shall be used in the analysis, followed by the proof of Theorem 1 in appendix A.3. Finally, in appendix A.4,

we present the proofs of the intermediate results.

We define the σ-algebra generated by the randomness in the algorithm till cycle epoch k as follows: Fk ≜

σ
{
{w(1,i)}Ki=1, {w(2,i)}Ki=1, . . . , {w(k−1,i)}Ki=1

}
. We use Ek[·] as the shorthand for the expectation E[·|Fk].

A.1. Global Model Updates as Noisy Gradient Descent Step

With CyCP, with each client doing a single GD update, (case (i) in Algorithm 1), the update rule for the global model

(k ∈ [K], i ∈ [K]) is given as

w(k,i) −w(k,i−1) = −η
∑

m∈S(k,i)

∇Fm(w(k,i−1)) (12)

Recall that w(k+1,0) = w(k,K). Therefore, we can unroll (12) to get the following result.

Lemma 2.

E[w(k+1,0)|Fk]−w(k,0) = −ηKN∇F (w(k,0)) + η2E[r(k,0)|Fk], (13)

where q(k,i) :=
∑

m∈S(k,i) ∇Fm(w(k,0)) and S
(k,i)

:=
∑

m∈S(k,i) H
(k,i)
m we have r(k,0) ≜

∑K−1
i=1

(∏K
j=i+2(Id − ηS

(k,j)
)
)
S
(k,i+1)∑i

j′=1 q
(k,j′).

Proof. Note that (12) is a rescaled version of the update rule in the main paper in the sense that the update is scaled up by

N but instead we downscale the step-size by setting the learning rate as η = log(MK2)/µMK. We can reformulate the

gradient of the local objective as:

∇Fm(w(k,i−1)) = ∇Fm(w(k,0)) +∇Fm(w(k,i−1))−∇Fm(w(k,0))

⇒ ∇Fm(w(k,i−1))−∇Fm(w(k,0)) =

∫ 1

0

∇2Fm(w(k,0) + t(w(k,i−1) −w(k,0))) dt

︸ ︷︷ ︸
:=H

(k,i)
m

(w(k,i−1) −w(k,0)) (14)

Note that H
(k,i)
m exists due to our assumption that the local objectives Fm(·), m ∈ [M ] are differentiable and L-smooth

(see Appendix D.2 in (Yun et al., 2022)), and we can thus show that ∥H(k,i)
m ∥ ≤ L, ∀m, k, i . Using the expression in (14)

we get

w(k,i) −w(k,i−1) = −η
∑

m∈S(k,i)

(
∇Fm(w(k,0)) +H(k,i)

m (w(k,i−1) −w(k,0))
)
. (15)

Defining q(k,i) :=
∑

m∈S(k,i) ∇Fm(w(k,0)) and S
(k,i)

:=
∑

m∈S(k,i) H
(k,i)
m we have

w(k,i) −w(k,i−1) = −ηq(k,i) − ηS
(k,i)

(w(k,i−1) −w(k,0))

⇒ w(k,i) −w(k,0) =
(
I− ηS

(k,i)
)
(w(k,i−1) −w(k,0))− ηq(k,i). (16)

Unrolling (16), we get

w(k+1,0) −w(k,0) = −η
K∑

i=1

q(k,i) + η2
K−1∑

i=1




K∏

j=i+2

(Id − ηS
(k,j)

)


S

(k,i+1)
i∑

j′=1

q(k,j′)

︸ ︷︷ ︸
:=r(k,0)

(17)
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Conditioning on Fk, the only randomness in (17) is owing to the random client sets {S(k,i)}i. Therefore,

E[w(k+1,0)|Fk]−w(k,0) = −η
K∑

i=1

Ek


 ∑

m∈S(k,i)

∇Fm(w(k,0))


+ η2Ek

[
r(k,0)

]
,

Computing the expectation finishes the proof.

Interpreting ηKN as the effective learning rate, the update in (13) is a noisy gradient descent step. The bulk of the proof is

concerned with bounding the noise term r(k,0).

A.2. Intermediate Results

Lemma 3. If the client functions Fm satisfy Assumption 3, then for arbitrary i ∈ [K] and any w

∥∥∥∥∥∥

i∑

j=1

1

M/K

∑

m∈σ(j)

∇Fm(w)

∥∥∥∥∥∥
≤ iα+ i∥∇F (w)∥.

Lemma 4 (Bounds on the Error Terms). Under Assumption 1, 3, the error in (13) can be bounded as

∥∥∥Ek[r
(k,0)]

∥∥∥ ≤ 3N2LK(K − 1)

5

(
α+

∥∥∥∇F (w(k,0))
∥∥∥
)
, (18)

Ek

[∥∥∥r(k,0)
∥∥∥
2
]
≤ (K − 1)2K

2
N3L2

2

[(
M/K −N

M/K − 1

)
γ2 + 2N

(∥∥∥∇F (w(k,0))
∥∥∥
2

+ α2

)]
. (19)

A.3. Proof of Theorem 1

For ease of reference, we restate Theorem 1 here.

Theorem (Convergence of the Global Model with CyCP+Local GD (Case (i) in Algorithm 1)). Suppose the local client

functions {Fm} satisfy Assumption 1 and Assumption 3, while the global loss function satisfies Assumption 2. If the learning

rate satisfies η ≤ 1
7LNK

, then the iterates generated by Algorithm 1 with one local GD step at the clients satisfies

E[F (w(K,0))]− F ∗ ≤
(
1− ηKNµ

)K
(F (w(0,0))− F ∗) +O

(
η2L2N2(K − 1)2α2

µ

)
+O

(
κηK

(
M/K −N

M/K − 1

)
γ2

)
,

where κ = L/µ is the condition number. Choosing step-size η = log(MK2)/µNKK with K ≥ 7κ log (MK2), the

convergence error is bounded as:

E[F (w(K,0))]− F ∗ ≤ F (w(0,0))− F ∗

MK2
+ Õ

(
κ2(K − 1)2α2

µK
2
K2

)
+ Õ

(
κγ2

µNK

(
M/K −N

M/K − 1

))

where Õ(·) subsumes logarithmic terms and numerical constants.

Corollary 1. Denoting the total number of communication rounds in algorithm 1 as T = KK, in terms of T the bound

above becomes

E[F (w(K,0))]− F ∗ ≤ K
2
(F (w(0,0))− F ∗)

MT 2
+ Õ

(
κ2(K − 1)2α2

µT 2

)
+ Õ

(
Kκγ2

µNT

(
M/K −N

M/K − 1

))
.

where since K ≥ 7κ log (MK2), we have T ≥ 7κK log (MK
2
T 2) and one cannot increase K without increasing T

accordingly due to its lower bound depending on K.

Proof. Using the L-smoothness property (Assumption 1) of the global objective F (w) we have

Ek[F (w(k+1,0))]− F (w(k,0)) ≤ ⟨∇F (w(k,0)),Ek[w
(k+1,0)]−w(k,0)⟩+ L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]

(20)
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where the expectation here is over the selected client sets S(k,i), for all i ∈ [K]. First, we bound the inner product term in

(20). Using Lemma 2, Lemma 4, we have

⟨∇F (w(k,0)),Ek[w
(k+1,0)]−w(k,0)⟩

= ⟨∇F (w(k,0)),−ηKN∇F (w(k,0)) + η2Ek[r
(k,0)]⟩ (Using Lemma 2)

≤ −ηKN
∥∥∥∇F (w(k,0))

∥∥∥
2

+ η2
∥∥∥∇F (w(k,0))

∥∥∥3N
2LK(K − 1)

5

(∥∥∥∇F (w(k,0))
∥∥∥+ α

)
(Using Lemma 4)

= −ηKN

(
1− 3η(K − 1)NL

5

)∥∥∥∇F (w(k,0))
∥∥∥
2

+
3η2N2LK(K − 1)α

5

∥∥∥∇F (w(k,0))
∥∥∥ (21)

We can bound the last term in (21) as

3η2N2LK(K − 1)α

5

∥∥∥∇F (w(k,0))
∥∥∥ =

(
η1/2N1/2K

1/2

5

∥∥∥∇F (w(k,0))
∥∥∥
)(

3η3/2N3/2LK
1/2

(K − 1)α
)

≤ ηNK

50

∥∥∥∇F (w(k,0))
∥∥∥
2

+
9η3α2L2N3K(K − 1)2

2
(22)

Plugging (22) back into (21) we have

⟨∇F (w(k,0)),Ek[w
(k+1,0)]−w(k,0)⟩ ≤ −ηKN

(
49

50
− 3η(K − 1)NL

5

)∥∥∥∇F (w(k,0))
∥∥∥
2

+
9η3α2L2N3K(K − 1)2

2
.

(23)

Now we aim to bound the last term in the RHS of (20). We have

L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]

(17)
=

L

2
Ek




∥∥∥∥∥∥
−η

K∑

i=1

q(k,i) + η2r(k,0)

∥∥∥∥∥∥

2

 ≤ Lη2Ek




∥∥∥∥∥∥

K∑

i=1

q(k,i)

∥∥∥∥∥∥

2

+ Lη4Ek

[∥∥∥r(k,0)
∥∥∥
2
]

(24)

The last term is already bounded in Lemma 4, (19). Now, we bound the first term,

Ek




∥∥∥∥∥∥

K∑

i=1

q(k,i)

∥∥∥∥∥∥

2

 = Ek




∥∥∥∥∥∥

K∑

i=1

∑

m∈S(k,i)

∇Fm(w(k,0))

∥∥∥∥∥∥

2

 = N2

Ek




∥∥∥∥∥∥

K∑

i=1

1

N

∑

m∈S(k,i)

∇Fm(w(k,0))

∥∥∥∥∥∥

2



= N2
Ek




∥∥∥∥∥∥

K∑

i=1





1

N

∑

m∈S(k,i)

∇Fm(w(k,0))− 1

M/K

∑

m∈σ(i)

∇Fm(w(k,0)) +
1

M/K

∑

m∈σ(i)

∇Fm(w(k,0))





∥∥∥∥∥∥

2



= N2
Ek




∥∥∥∥∥∥

K∑

i=1





1

N

∑

m∈S(k,i)

∇Fm(w(k,0))− 1

M/K

∑

m∈σ(i)

∇Fm(w(k,0))





∥∥∥∥∥∥

2

+N2

∥∥∥∥∥∥
1

M/K

K∑

i=1

∑

m∈σ(i)

∇Fm(w(k,0))

∥∥∥∥∥∥

2

≤ NK
2
[(

M/K −N

M/K − 1

)
γ2 +N

∥∥∥∇F (w(k,0))
∥∥∥
2
]
. (25)

following steps analogous to the proof of (36). Finally, we can plug in (23), (24) and (25) into (20) to get

Ek[F (w(k+1,0))]− F (w(k,0))

≤ −ηKN

(
49

50
− 3η(K − 1)NL

5
− LηNK − η3K(K − 1)2N3L3

)∥∥∥∇F (w(k,0))
∥∥∥
2

+
9η3α2L2N3K(K − 1)2

2

+ η4K
3
(K − 1)N4L3α2 +

1

2
η4K

2
(K − 1)2N3L3

(
M/K −N

M/K − 1

)
γ2 + Lη2NK

2
(
M/K −N

M/K − 1

)
γ2
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≤ −ηKN

2

∥∥∥∇F (w(k,0))
∥∥∥
2

+
47η3L2N3K(K − 1)2

10
α2 +

11Lη2NK
2

5

(
M/K −N

M/K − 1

)
γ2

≤ (1− ηKNµ)(E[F (w(k,0))]− F ∗) +
47η3L2N3K(K − 1)2

10
α2 +

11Lη2NK
2

5

(
M/K −N

M/K − 1

)
γ2, (26)

where the last inequality follows from Assumption 2. Unrolling (26), and using η = log(MK2)

µKKN
, we get

E[F (w(K,0))]− F ∗

≤
(
1− log(MK2)

K

)K

(F (w(0,0))− F ∗) +
47η3L2N3K(K − 1)2

10ηKNµ
α2 +

11Lη2NK
2

5ηKNµ

(
M/K −N

M/K − 1

)
γ2

≤ F (w(0,0))− F ∗

MK2
+

47η2L2N2(K − 1)2

10µ
α2 +

11LηK

5µ

(
M/K −N

M/K − 1

)
γ2

=
F (w(0,0))− F ∗

MK2
+

47 log2(MK2)κ2(K − 1)2

10µK
2
K2

α2 +
11L log(MK2)

5µ2NK

(
M/K −N

M/K − 1

)
γ2

=
F (w(0,0))− F ∗

MK2
+ Õ

(
κ2(K − 1)2α2

µK
2
K2

)
+ Õ

(
κ

µNK

(
M −NK

M −K

)
γ2

)
.

Also, since we have total T = KK communication rounds, we can also express the bound in terms of T as follows.

E[F (w(K,0))]− F ∗ ≤ K
2
(F (w(0,0))− F ∗)

MT 2
+ Õ

(
κ2(K − 1)2α2

µT 2

)
+ Õ

(
Kκ

µNT

(
M −NK

M −K

)
γ2

)
.

Proof for Corollary 1 We reiterate (3), the total cost CGD to achieve an ϵ error:

CGD(ϵ) =
cGDKγ2

ϵN

(
M/K −N

M/K − 1

)
.

To get CGD|K>1(ϵ) < CGD|K=1(ϵ) we have that the inequality

K

(
M/K −N

M/K − 1

)
−
(
M −N

M − 1

)
< 0

should be true for K > 1. Rearranging the terms, we get

N(M − 1)K
2
+ (N −M2)K +M2 −MN > 0 (27)

Since (M(M −2N)+N)2 = (N −M2)2−4N(M2−MN)(M −1) ≥ 0 we have that for K > M(M −N)/N(M −1)

we have K
(

M/K−N

M/K−1

)
−
(

M−N
M−1

)
< 0 Rearranging the terms slightly, we get

M < N +NK

(
1− 1

M

)
.

Recall that K ∈ [MN ]. For K = M/N , we get

N +N
M

N

(
1− 1

M

)
= M − 1 +N > M

for any N > 1. However, if K = M
N − 1, we get

N +N

(
M

N
− 1

)(
1− 1

M

)
= M − 1 +N −N +

N

M
= M − 1 +

N

M
< M

for any N > 1. Consequently, the only case when K > 1 gives benefit over K = 1 is when K = M/N , meaning full client

participation in every client group.
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A.4. Proofs on Intermediate Lemmas

Proof of Lemma 3.

∥∥∥∥∥∥

i∑

j=1

1

M/K

∑

m∈σ(j)

∇Fm(w)

∥∥∥∥∥∥
≤

i∑

j=1

∥∥∥∥∥∥
1

M/K

∑

m∈σ(j)

∇Fm(w)−∇F (w) +∇F (w)

∥∥∥∥∥∥

≤
i∑

j=1

∥∥∥∥∥∥
1

M/K

∑

m∈σ(j)

∇Fm(w)−∇F (w)

∥∥∥∥∥∥
+ i∥∇F (w)∥ ≤ iα+ i∥∇F (w)∥. (using Assumption 3)

Proof of Lemma 4. First, we bound

∥∥∥Ek[r
(k,0)]

∥∥∥.

∥∥∥Ek[r
(k,0)]

∥∥∥ =

∥∥∥∥∥∥

K−1∑

i=1

Ek






K∏

j=i+2

(Id − ηS
(k,j)

)


S

(k,i+1)
i∑

j′=1

q(k,j′)



∥∥∥∥∥∥

≤
K−1∑

i=1

∥∥∥∥∥∥
Ek






K∏

j=i+2

(Id − ηS
(k,j)

)


S

(k,i+1)
i∑

j′=1

q(k,j′)



∥∥∥∥∥∥

(28)

≤
K−1∑

i=1

Ek




∥∥∥∥∥∥

K∏

j=i+2

(Id − ηS
(k,j)

)

∥∥∥∥∥∥
︸ ︷︷ ︸

A1

∥∥∥S(k,i+1)
∥∥∥

︸ ︷︷ ︸
A2

∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥
︸ ︷︷ ︸

A3




(29)

Next, we bound A1, A2, A3 separately as follows.

A1 =

∥∥∥∥∥∥

K∏

j=i+2

(Id − ηS
(k,j)

)

∥∥∥∥∥∥
≤

K∏

j=i+2

∥∥∥(Id − ηS
(k,j)

)
∥∥∥

=

K∏

j=i+2

∥∥∥∥∥∥
Id − η

∑

m∈S(k,j)

H(k,j)
m

∥∥∥∥∥∥
≤ (1 + ηNL)K ≤ e1/7 ≤ 6/5, (30)

where in (30) we use Assumption 1, and η ≤ 1
7LNK

. Next, we bound A2.

A2 =
∥∥∥S(k,i+1)

∥∥∥ =

∥∥∥∥∥∥

∑

m∈S(k,i+1)

H(k,i+1)
m

∥∥∥∥∥∥
≤ NL (31)

Next, we bound A3 as follows:

A3 =

∥∥∥∥∥∥

i∑

j′=1

Ek

[
q(k,j′)

]
∥∥∥∥∥∥
=

∥∥∥∥∥∥

i∑

j′=1

Ek


 ∑

m∈S(k,j′)

∇Fm(w(k,0))



∥∥∥∥∥∥
= N

∥∥∥∥∥∥

i∑

j′=1

1

M/K

∑

m∈σ(j′)

∇Fm(w(k,0))

∥∥∥∥∥∥
≤ iNα+ iN∥∇F (w)∥. (32)

where the last inequality follows from Lemma 3. Substituting the bounds from (30)-(32) in (29), we get the bound in (18).

Next, we derive the bound in (19).

Ek

[∥∥∥r(k,0)
∥∥∥
2
]
= Ek




∥∥∥∥∥∥

K−1∑

i=1




K∏

j=i+2

(Id − ηS
(k,j)

)


S

(k,i+1)
i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2


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≤ (K − 1)

K−1∑

i=1

Ek




∥∥∥∥∥∥




K∏

j=i+2

(Id − ηS
(k,j)

)


S

(k,i+1)
i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2



≤ (K − 1)

K−1∑

i=1

Ek




∥∥∥∥∥∥

K∏

j=i+2

(Id − ηS
(k,j)

)

∥∥∥∥∥∥

2∥∥∥S(k,i+1)
∥∥∥
2

∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2

 . (33)

Observe that

∥∥∥(Id − ηS
(k,j)

)
∥∥∥ ≤ 1 + η

∥∥∥∥∥∥

∑

m∈S(k,i)

H(k,i)
m

∥∥∥∥∥∥
≤ 1 + η

∑

m∈S(k,i)

∥∥∥H(k,i)
m

∥∥∥ ≤ 1 + ηNL, ∀j ∈ [K]. (34)

Using (30), (31) and (34) in (33), we get

Ek

[∥∥∥r(k,0)
∥∥∥
2
]
≤ 36(K − 1)N2L2

25

K−1∑

i=1

Ek




∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2

 (35)

Lastly, we bound the expected value in (35):

K−1∑

i=1

Ek




∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2

 = N2

K−1∑

i=1

Ek




∥∥∥∥∥∥

i∑

j′=1

1

N

∑

m∈S(k,j′)

∇Fm(w(k,0))

∥∥∥∥∥∥

2



= N2
K−1∑

i=1

Ek

∥∥∥∥∥∥

i∑

j′=1





1

N

∑

m∈S(k,j′)

∇Fm(w(k,0))− 1

M/K

∑

m∈σ(j′)

∇Fm(w(k,0)) +
1

M/K

∑

m∈σ(j′)

∇Fm(w(k,0))





∥∥∥∥∥∥

2

= N2
K−1∑

i=1

Ek




∥∥∥∥∥∥

i∑

j′=1





1

N

∑

m∈S(k,j′)

∇Fm(w(k,0))− 1

M/K

∑

m∈σ(j′)

∇Fm(w(k,0))





∥∥∥∥∥∥

2



+N2
K−1∑

i=1

∥∥∥∥∥∥
1

M/K

i∑

j′=1

∑

m∈σ(j′)

∇Fm(w(k,0))

∥∥∥∥∥∥

2

≤ N2
K−1∑

i=1

i

i∑

j′=1

Ek




∥∥∥∥∥∥
1

N

∑

m∈S(k,j′)

∇Fm(w(k,0))− 1

M/K

∑

m∈σ(j′)

∇Fm(w(k,0))

∥∥∥∥∥∥

2



+N2
K−1∑

i=1

∥∥∥∥∥∥
1

M/K

i∑

j′=1

∑

m∈σ(j′)

∇Fm(w(k,0))

∥∥∥∥∥∥

2

= N2
K−1∑

i=1

i

i∑

j′=1

1

N

(
M/K −N

M/K − 1

)
1

M/K

∑

m′∈σ(j′)

∥∥∥∥∥∥
∇Fm′(w)− 1

M/K

∑

m∈σ(j′)

∇Fm(w)

∥∥∥∥∥∥

2

+N2
K−1∑

i=1

∥∥∥∥∥∥
1

M/K

i∑

j′=1

∑

m∈σ(j′)

∇Fm(w(k,0))

∥∥∥∥∥∥

2

(Using without replacement sampling)

≤ N2
K−1∑

i=1

i

i∑

j′=1

1

N

(
M/K −N

M/K − 1

)
γ2 +N2

K−1∑

i=1

∥∥∥∥∥∥
1

M/K

i∑

j′=1

∑

m∈σ(j′)

∇Fm(w(k,0))

∥∥∥∥∥∥

2

(Assumption 3)
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≤
K−1∑

i=1

i2N

(
M/K −N

M/K − 1

)
γ2 +N2

K−1∑

i=1

2i2
(∥∥∥∇F (w(k,0))

∥∥∥
2

+ α2

)
(using Lemma 3)

≤ 1

3
(K − 1)K

2
N

[(
M/K −N

M/K − 1

)
γ2 + 2N

(∥∥∥∇F (w(k,0))
∥∥∥
2

+ α2

)]
. (36)

Plugging (36) into (35) we get

Ek

[∥∥∥r(k,0)
∥∥∥
2
]
≤ 12(K − 1)2K

2
N3L2

25

[(
M/K −N

M/K − 1

)
γ2 + 2N

(∥∥∥∇F (w(k,0))
∥∥∥
2

+ α2

)]
.

which concludes the proof.
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B. Proofs for the CyCP+Local SGD Case (Case (ii) in Algorithm 1)

The proof of Theorem 1 is presented in this section. For simplicity, the proof is presented as follows: first, in appendix B.1,

the model update steps are shown to be noisy gradient descent steps. Next, in appendix B.2, we present some intermediate

results, which shall be used in the analysis, followed by the proof of Theorem 2 in appendix B.3. Finally, in appendix B.5,

we present the proofs of the intermediate results.

Similar to what we have did in appendix A.3, we define the σ-algebra generated by the randomness in the algorithm till

cycle epoch k as follows: Fk ≜ σ
{
{w(1,i)}Ki=1, {w(2,i)}Ki=1, . . . , {w(k−1,i)}Ki=1

}
. We use Ek[·] as the shorthand for the

expectation E[·|Fk].

B.1. Global Model Updates as Noisy Gradient Descent Step

Recall that the global model update rule is

w(k,i) −w(k,i−1) = −η
∑

m∈S(k,i)

τ−1∑

l=0

∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m ) (37)

where ∇Fm(w
(k,i−1,l)
m , ξ

(k,i−1,l)
m ) = 1

b

∑
ξ∈ξ

(k,i−1,l)
m

∇f(w(k,i−1,l)
m , ξ) is the stochastic gradient computed using a mini-

batch ξ
(k,i−1,l)
m of size b that is randomly sampled from client m’s local dataset Bm. Recall that k is a semi-epoch index

which denotes each communication round when we have traversed the K groups of clients by sampling N clients from

each group σ(i), i ∈ [K] uniformly at random without replacement. The index i ∈ [K] denotes each inner communication

round. Recall that w(k+1,0) = w(k,K) for all k ∈ [K]. With (37) we get

w(k,i) −w(k,i−1) = −η
∑

m∈S(k,i)

τ−1∑

l=0

(
∇Fm(w(k,i−1,l)

m , ξ(k,i−1,l)
m )−∇Fm(w(k,i−1)) +∇Fm(w(k,i−1))

)

= −η
∑

m∈S(k,i)

τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )−∇Fm(w(k,i−1)))

︸ ︷︷ ︸
:=d

(k,i)
m

−ητ
∑

m∈S(k,i)

∇Fm(w(k,i−1))

= −η
∑

m∈S(k,i)

d(k,i)
m

︸ ︷︷ ︸
:=d

(k,i)

−ητ
∑

m∈S(k,i)

(
∇Fm(w(k,0)) +H(k,i)

m (w(k,i−1) −w(k,0)
)

(from (14))

= −η̃ (d(k,i)
/τ + q(k,i))︸ ︷︷ ︸
:=q̃(k,i)

−η̃
∑

m∈S(k,i)

H(k,i)
m

︸ ︷︷ ︸
:=S

(k,i)

(w(k,i−1) −w(k,0)) (38)

where η̃ = τη and q(k,i) :=
∑

m∈S(k,i) ∇Fm(w(k,0)). Unrolling (38), we get

w(k+1,0) −w(k,0) = −η̃
K∑

i=1

q̃(k,i) + η̃2
K−1∑

i=1




K∏

j=i+2

(Id − η̃S
(k,j)

)


S

(k,i+1)
i∑

j′=1

q̃(k,j′)

︸ ︷︷ ︸
:=r̃(k,0)

(39)

Conditioning on Fk, we get

Ek[w
(k+1,0)]−w(k,0) = − η̃

τ

K∑

i=1

Ek

[
d
(k,i)

]
− η̃Ek




K∑

i=1

∑

m∈S(k,i)

∇Fm(w(k,0))


+ η̃2Ek[r̃

(k,0)]

= − η̃

τ

K∑

i=1

Ek

[
d
(k,i)

]
− η̃KN∇F (w(k,0)) + η̃2Ek[r̃

(k,0)]
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= − η̃

τ

K∑

i=1

Ek


 ∑

m∈S(k,i)

d(k,i)
m


− η̃KN∇F (w(k,0)) + η̃2Ek[r̃

(k,0)]. (40)

B.2. Intermediate Results

Lemma 5. First to bound the first term in (42) we bound the following:

∥∥∥∥∥∥

K∑

i=1

E


 ∑

m∈S(k,i)

d(k,i)
m



∥∥∥∥∥∥
≤ 3ηLNK(τ − 1)τ

5

∥∥∥∇F (w(k,0))
∥∥∥+ 14ηLNK(τ − 1)τν

25
+

ηLN(K − 1)(τ − 1)τα

36
.

Lemma 6.

η̃2
∥∥∥Ek[r̃

(k,0)]
∥∥∥ ≤ 17η̃NK

250

∥∥∥∇F (w(k,0))
∥∥∥+ 84η̃2ηN2L2K(K − 1)(τ − 1)ν

125
+

16η̃2N2LK(K − 1)α

25
.

Lemma 7.

K∑

r=1

E

[∥∥∥w(k,r−1) −w(k,0)
∥∥∥
2
]

≤ 83η̃2N2K
2
(K − 1)

20

∥∥∥∇F (w(k,0))
∥∥∥
2

+
51η̃2NK

2
(K − 1)σ2

50τ
+

3η2Kτ(τ − 1)ν2

100

+
51η̃2NK

2
(K − 1)γ2

25

(
M/K −N

M/K − 1

)
+

41η̃2N2K
2
(K − 1)α2

10
.

Lemma 8.

3Lη̃2

2τ2
E




∥∥∥∥∥∥

K∑

i=1

d
(k,i)

∥∥∥∥∥∥

2

 ≤

η̃NK

200

∥∥∥∇F (w(k,0))
∥∥∥
2

+
81Lη̃2K

2
Nσ2

50τ
+

209η̃2η2L3K
2
N2τ(τ − 1)ν2

50

+
L3η̃4K

4
N3γ2

20

(
M/K −N

M/K − 1

)
+

9L3η̃4K
3
(K − 1)N4α2

100
.

Lemma 9.

3Lη̃4

2
E

[∥∥∥r̃(k,0)
∥∥∥
2
]
≤ 9η̃NK

500

∥∥∥∇F (w(k,0))
∥∥∥
2

+
3η̃2LK

2
Nσ2

200τ
+

173η̃4K
4
N3L3γ2

20

(
M/K −N

M/K − 1

)

+
3η̃2η2L3K

2
N2τ(τ − 1)ν2

50
+

59η̃4K
3
(K − 1)N4L3α2

10
.

B.3. Proof of Theorem 2

Again, with the L-smoothness property of the global objective we have that

Ek[F (w(k+1,0))]− F (w(k,0)) ≤ ⟨∇F (w(k,0)),Ek[w
(k+1,0)]−w(k,0)⟩+ L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]

(41)

where the expectation here is over the selected client sets S(k,i), i ∈ [K] and stochastic gradients. First we bound the inner

product term in the RHS (41). Using (40),

⟨∇F (w(k,0)),Ek[w
(k+1,0)]−w(k,0)⟩

= ⟨∇F (w(k,0)),− η̃

τ

K∑

i=1

Ek


 ∑

m∈S(k,i)

d(k,i)
m


− η̃KN∇F (w(k,0)) + η̃2Ek[r̃

(k,0)]⟩
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≤ η̃

τ

∥∥∥∇F (w(k,0))
∥∥∥

∥∥∥∥∥∥

K∑

i=1

Ek


 ∑

m∈S(k,i)

d(k,i)
m



∥∥∥∥∥∥
− η̃KN

∥∥∥∇F (w(k,0)
∥∥∥
2

+ η̃2
∥∥∥∇F (w(k,0))

∥∥∥
∥∥∥Ek[r̃

(k,0)]
∥∥∥. (42)

∥∥∥
∑K

i=1 Ek

[∑
m∈S(k,i) d

(k,i)
m

]∥∥∥ and
∥∥Ek[r̃

(k,0)]
∥∥ are already bounded in Lemma 5 and Lemma 6 respectively. Plugging

these bounds in (42) we have

⟨∇F (w(k,0)),Ek[w
(k+1,0)]−w(k,0)⟩

≤ η̃

τ

∥∥∥∇F (w(k,0))
∥∥∥
(
3ηLNK(τ − 1)τ

5

∥∥∥∇F (w(k,0))
∥∥∥+ 14ηLNK(τ − 1)τν

25
+

ηLN(K − 1)(τ − 1)τα

36

)

− η̃KN
∥∥∥∇F (w(k,0)

∥∥∥
2

+
∥∥∥∇F (w(k,0))

∥∥∥
(
17η̃NK

250

∥∥∥∇F (w(k,0))
∥∥∥+ 84η̃2ηN2L2K(K − 1)(τ − 1)ν

125

+
16η̃2N2LK(K − 1)α

25

)

≤ −η̃KN

(
1− 3

50
− 17

250

)∥∥∥∇F (w(k,0))
∥∥∥
2

+

(
η̃1/2N1/2K

1/2

25

∥∥∥∇F (w(k,0))
∥∥∥
)
(14η̃1/2ηLN1/2K

1/2
(τ − 1)ν)

+

(
η̃1/2N1/2K

1/2

40

∥∥∥∇F (w(k,0))
∥∥∥
)
(28η̃3/2ηL2N3/2K

3/2
(τ − 1)ν)

+

(
η̃1/2N1/2K

1/2

36

∥∥∥∇F (w(k,0))
∥∥∥
)(

η̃1/2ηLN1/2(K − 1)(τ − 1)α

K
1/2

)

+

(
η̃1/2N1/2K

1/2

25

∥∥∥∇F (w(k,0))
∥∥∥
)(

16η̃3/2LN3/2K
1/2

(K − 1)α
)

≤ −η̃KN

(
1− 3

50
− 17

250
− 1

2× 402
− 1

2× 362
− 1

2× 252

)∥∥∥∇F (w(k,0))
∥∥∥
2

+ 98η̃η2L2NK(τ − 1)2ν2

+ 392η̃3η2L4N3K
3
(τ − 1)2ν2 +

η̃η2L2N(K − 1)2(τ − 1)2α2

2K
+ 128η̃3L2N3K(K − 1)2α2

≤ −107η̃KN

125

∥∥∥∇F (w(k,0))
∥∥∥
2

+ 102η̃η2L2NK(τ − 1)2ν2

+
η̃η2L2N(K − 1)2(τ − 1)2α2

2K
+ 128η̃3L2N3K(K − 1)2α2. (43)

Now we bound the second term in the RHS of (41) as follows

L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]
=

L

2
Ek




∥∥∥∥∥∥
−η̃

K∑

i=1

q̃(k,i) + η̃2r̃(k,0)

∥∥∥∥∥∥

2



=
L

2
Ek




∥∥∥∥∥∥
−η̃

K∑

i=1

d
(k,i)

/τ − η̃

K∑

i=1

q(k,i) + η̃2r̃(k,0)

∥∥∥∥∥∥

2

 (Using (39))

≤ 3Lη̃2

2τ2
Ek




∥∥∥∥∥∥

K∑

i=1

d
(k,i)

∥∥∥∥∥∥

2

+

3Lη̃2

2
Ek




∥∥∥∥∥∥

K∑

i=1

q(k,i)

∥∥∥∥∥∥

2

+

3Lη̃4

2
Ek

[∥∥∥r̃(k,0)
∥∥∥
2
]
. (44)
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Substituting the bounds from (25), Lemma 8 and Lemma 9 into (44) we get

L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]
≤ η̃NK

200

∥∥∥∇F (w(k,0))
∥∥∥
2

+
81Lη̃2K

2
Nσ2

50τ
+

209η̃2η2L3K
2
N2τ(τ − 1)ν2

50

+
L3η̃4K

4
N3γ2

20

(
M/K −N

M/K − 1

)
+

9L3η̃4K
3
(K − 1)N4α2

100
+

3Lη̃2Nγ2K
2

2

(
M/K −N

M/K − 1

)

+
3η̃NK

20

∥∥∥∇F (w(k,0))
∥∥∥
2

+
9η̃NK

500

∥∥∥∇F (w(k,0))
∥∥∥
2

+
3η̃2LK

2
Nσ2

200τ
+

173η̃4K
4
N3L3γ2

20

(
M/K −N

M/K − 1

)

+
3η̃2η2L3K

2
N2τ(τ − 1)ν2

50
+

59η̃4K
3
(K − 1)N4L3α2

10

≤ η̃NK

(
1

200
+

3

20
+

9

500

)∥∥∥∇F (w(k,0))
∥∥∥
2

+
Lη̃2K

2
Nσ2

τ

(
81

50
+

3

200

)

+ (η̃2η2L3K
2
N2τ(τ − 1)ν2)

(
209

50
+

3

50

)
+ Lη̃2K

2
Nγ2

(
M/K −N

M/K − 1

)(
174

2000
+

3

2

)

+ L3η̃4K
3
(K − 1)N4α2

(
9

100
+

59

10

)

≤ 173η̃NK

1000

∥∥∥∇F (w(k,0))
∥∥∥
2

+
41Lη̃2K

2
Nσ2

25τ
+

41η̃η2L2KNτ(τ − 1)ν2

250
+

8Lη̃2K
2
Nγ2

5

(
M/K −N

M/K − 1

)

+ 6L3η̃4K
3
(K − 1)N4α2

(45)

Using the bound derived in (45) and (43) for the upper bound in (41) we have

Ek[F (w(k+1,0))]− F (w(k,0)) ≤ − η̃KN

2

∥∥∥∇F (w(k,0))
∥∥∥
2

+ 103η̃η2L2NK(τ − 1)τν2 +
η̃η2L2N(K − 1)2(τ − 1)2α2

2K

+ 129η̃3L2N3K
2
(K − 1)α2 +

41Lη̃2K
2
Nσ2

25τ
+

8Lη̃2K
2
Nγ2

5

(
M/K −N

M/K − 1

)
(46)

With Assumption 2 we have

E[F (w(k+1,0))]− F ∗ ≤ (1− η̃KNµ)(E[F (w(k,0))]− F ∗) + 103η̃η2L2NK(τ − 1)τν2 +
η̃η2L2N(K − 1)2(τ − 1)2α2

2K

+ 129η̃3L2N3K
2
(K − 1)α2 +

41Lη̃2K
2
Nσ2

25τ
+

8Lη̃2K
2
Nγ2

5

(
M/K −N

M/K − 1

)
, (47)

and unrolling (47) we have

E[F (w(K,0))]− F ∗ ≤
(
1− log (MK2)

K

)K

(F (w(0,0))− F ∗) +
103η̃η2L2NK(τ − 1)τν2

η̃KNµ
+

η̃η2L2N(K − 1)(τ − 1)2α2

2η̃KNµ

+
129η̃3L2N3K

2
(K − 1)α2

η̃KNµ
+

41Lη̃2K
2
Nσ2

25τ η̃KNµ
+

8Lη̃2K
2
Nγ2

5η̃KNµ

(
M/K −N

M/K − 1

)

≤ F (w(0,0))− F ∗

MK2
+

103η2L2(τ − 1)τν2

µ
+

η2L2(K − 1)(τ − 1)2α2

2Kµ
+

129η̃2L2N2K(K − 1)α2

µ

+
41Lη̃Kσ2

25τµ
+

8Lη̃Kγ2

5µ

(
M/K −N

M/K − 1

)

=
F (w(0,0))− F ∗

MK2
+

103 log2 (MK2)κ2(τ − 1)ν2

µτN2K
2
K2

+
log2 (MK2)κ2(K − 1)(τ − 1)α2

2µτN2K
3
K2

+
196 log2 (MK2)κ2(K − 1)α2

µKK2
+

41 log (MK2)κσ2

25µτNK
+

8 log (MK2)κγ2

5µNK

(
M/K −N

M/K − 1

)
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=
F (w(0,0))− F ∗

MK2
+ Õ

(
κ2(τ − 1)ν2

µτN2K
2
K2

)
+ Õ

(
κ2(τ − 1)(K − 1)α2

µτN2K
3
K2

)
+ Õ

(
κ2(K − 1)α2

µKK2

)
+ Õ

(
κσ2

µτNK

)

+ Õ
(

κγ2

µNK

(
M/K −N

M/K − 1

))

(48)

B.4. Proof for Corollary 2

We reiterate (5), the total cost to achieve an ϵ error for the local SGD case in Algorithm 1 as

CSGD =
cSGDK

µϵN

[
γ2

(
M/K −N

M/K − 1

)
+

σ2

τ

]
. (49)

To get CSGD|K>1 < CSGD|K=1, we need

cSGDK

µϵN

[
γ2

(
M/K −N

M/K − 1

)
+

σ2

τ

]
<

cSGD

µϵN

[
γ2

(
M −N

M − 1

)
+

σ2

τ

]

⇒ (K − 1)
σ2

τ
< γ2

(
M −N

M − 1
−K

M −NK

M −K

)

= γ2
M(K − 1)

(
NK −M +N − NK

M

)

(M − 1)(M −K)
.

The right-hand side is positive for K = M/N . However, even for K = M/N − 1, on the r.h.s. we notice that

NK −M +N − NK

M
= M −N −M +N − N

M

(
M

N
− 1

)
< 0.

Hence, except for K = M/N , we can see that for γ ≥ A1σ
2/τ to achieve CSGD|K>1 > CSGD|K=1 we need to have

(
M

N
− 1

)
σ2

τ
<

A1σ
2

τ

(
M −N

M − 1

)
(50)

⇒ M −N

N
< A1

(
M −N

M − 1

)
(51)

∴
M − 1

N
< A1 (52)

completing the proof.

B.5. Proofs on Intermediate Lemmas

Proof of Lemma 5.

∥∥∥∥∥∥

K∑

i=1

Ek


 ∑

m∈S(k,i)

d(k,i)
m



∥∥∥∥∥∥
≤ NK

M

K∑

i=1

∑

m∈σ(i)

∥∥∥Ek[d
(k,i)
m ]

∥∥∥

=
NK

M

K∑

i=1

∑

m∈σ(i)

∥∥∥∥∥Ek

[
τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )−∇Fm(w(k,i−1)))

]∥∥∥∥∥

≤ NK

M

K∑

i=1

∑

m∈σ(i)

τ−1∑

l=0

∥∥∥Ek

[
∇Fm(w(k,i−1,l)

m )−∇Fm(w(k,i−1))
]∥∥∥. (53)
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Next, using Assumption 1,

τ−1∑

l=0

∥∥∥Ek

[
∇Fm(w(k,i−1,l)

m )−∇Fm(w(k,i−1))
]∥∥∥ ≤ L

τ−1∑

l=0

∥∥∥Ek

[
w(k,i−1,l)

m −w(k,i−1)
]∥∥∥

≤ Lη

τ−1∑

l=0

∥∥∥∥∥Ek

[
l−1∑

l′=0

∇Fm(w(k,i−1,l′)
m , ξ(k,i−1,l′)

m )

]∥∥∥∥∥

≤ Lη

τ−1∑

l=0

l−1∑

l′=0

∥∥∥Ek

[
∇Fm(w(k,i−1,l′)

m )−∇Fm(w(k,i−1)) +∇Fm(w(k,i−1))
]∥∥∥

≤ Lητ

τ−1∑

l′=0

∥∥∥Ek

[
∇Fm(w(k,i−1,l′)

m )−∇Fm(w(k,i−1))
]∥∥∥+ Lη

τ−1∑

l=0

l−1∑

l′=0

∥∥∥Ek

[
∇Fm(w(k,i−1))

]∥∥∥

⇒(1− Lητ)

τ−1∑

l=0

∥∥∥Ek

[
∇Fm(w(k,i−1,l)

m )−∇Fm(w(k,i−1))
]∥∥∥

≤ Lητ(τ − 1)

2

∥∥∥Ek

[
∇Fm(w(k,i−1))−∇Fm(w(k,0)) +∇Fm(w(k,0))

]∥∥∥

≤ L2ητ(τ − 1)

2

∥∥∥Ek

[
w(k,i−1) −w(k,0)

]∥∥∥+ Lητ(τ − 1)

2

∥∥∥∇Fm(w(k,0))
∥∥∥. (54)

Using η such that η ≤ 1
10Lτ , we get

τ−1∑

l=0

∥∥∥Ek

[
∇Fm(w(k,i−1,l)

m )−∇Fm(w(k,i−1))
]∥∥∥ ≤ 5Lητ(τ − 1)

9

[
L
∥∥∥Ek[w

(k,i−1)]−w(k,0)
∥∥∥+

∥∥∥∇Fm(w(k,0))
∥∥∥
]
.

(55)

Bounding
∥∥Ek[w

(k,i−1)]−w(k,0)
∥∥. Analogous to (39) we have that

∥∥∥w(k,r) −w(k,0)
∥∥∥ =

∥∥∥∥∥−
η̃

τ

r∑

i=1

d
(k,i) − η̃

r∑

i=1

q(k,i) + η̃2r̃(k,r)

∥∥∥∥∥,

where r̃(k,r) :=
∑r−1

i=1

(∏r
j=i+2(Id − η̃S

(k,j)
)
)
S
(k,i+1)∑i

j′=1 q̃
(k,j′). Hence we have

∥∥∥Ek

[
w(k,r) −w(k,0)

]∥∥∥ ≤ η̃

τ

∥∥∥∥∥

r∑

i=1

Ek

[
d
(k,i)

]∥∥∥∥∥+ η̃

∥∥∥∥∥

r∑

i=1

Ek

[
q(k,i)

]∥∥∥∥∥+ η̃2
∥∥∥Ek

[
r̃(k,r)

]∥∥∥ (56)

First, we bound the first term in the RHS of (56) as follows:

η̃

τ

∥∥∥∥∥

r∑

i=1

Ek

[
d
(k,i)

]∥∥∥∥∥ =
η̃

τ

∥∥∥∥∥∥

r∑

i=1

Ek


 ∑

m∈S(k,i)

τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )−∇Fm(w(k,i−1)))



∥∥∥∥∥∥

=
η̃

τ

∥∥∥∥∥∥

r∑

i=1

Ek


 ∑

m∈S(k,i)

τ−1∑

l=0

∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1)))



∥∥∥∥∥∥

≤ η̃NK

τM

r∑

i=1

∑

m∈σ(i)

τ−1∑

l=0

∥∥∥Ek

[
∇Fm(w(k,i−1,l)

m )−∇Fm(w(k,i−1)))
]∥∥∥

≤ η̃NK

τM

r∑

i=1

∑

m∈σ(i)

(
5ηL(τ − 1)τ

9

∥∥∥∇Fm(w(k,0))
∥∥∥+ 5ηL2(τ − 1)τ

9

∥∥∥Ek

[
w(k,i−1) −w(k,0)

]∥∥∥
)

(Using (55))

=
5η̃ηLNK(τ − 1)

9M

r∑

i=1

∑

m∈σ(i)

∥∥∥∇Fm(w(k,0))
∥∥∥+ 5η̃ηNL2(τ − 1)

9

r∑

i=1

∥∥∥Ek

[
w(k,i−1) −w(k,0)

]∥∥∥. (57)
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We can bound the second term in the RHS of (56) using Lemma 3 to get

η̃

∥∥∥∥∥

r∑

i=1

Ek

[
q(k,i)

]∥∥∥∥∥ ≤ rη̃N
∥∥∥∇F (w(k,0))

∥∥∥+ αη̃Nr. (58)

Third, we can bound the third term in the RHS of (56) as following:

η̃2
∥∥∥Ek

[
r̃(k,r)

]∥∥∥ = η̃2

∥∥∥∥∥∥
Ek



r−1∑

i=1




r∏

j=i+2

(Id − η̃S
(k,j)

)


S

(k,i+1)
i∑

j′=1

q̃(k,j′)



∥∥∥∥∥∥

≤ η̃2
r−1∑

i=1

∥∥∥∥∥∥
Ek




r∏

j=i+2

(Id − η̃S
(k,j)

)



∥∥∥∥∥∥

∥∥∥Ek

[
S
(k,i+1)

]∥∥∥

∥∥∥∥∥∥
Ek




i∑

j′=1

q̃(k,j′)



∥∥∥∥∥∥

≤ 6η̃2NL

5

r−1∑

i=1

∥∥∥∥∥∥

i∑

j′=1

Ek

[
d
(k,j′)

/τ + q(k,j′)
]
∥∥∥∥∥∥

(Using (30), (31) and η̃ ≤ 1
7LNK

)

≤ 6η̃2NL

5

r−1∑

i=1


5ηLNK(τ − 1)

9M

i∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥+ 5ηNL2(τ − 1)

9

i∑

j′=1

∥∥∥Ek

[
w(k,j′−1) −w(k,0)

]∥∥∥




+
6η̃2NL

5

r−1∑

i=1

(
iN
∥∥∥∇F (w(k,0))

∥∥∥+ iαN
)

(Using (57), (58))

≤ 2η̃2ηN2L2K(τ − 1)(r − 1)

3M

r∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥+ 3η̃2N2Lr(r − 1)α

5

+
2η̃2ηN2L3(τ − 1)(r − 1)

3

r−1∑

j′=1

∥∥∥Ek

[
w(k,j′−1) −w(k,0)

]∥∥∥+ 3η̃2N2Lr(r − 1)

5

∥∥∥∇F (w(k,0))
∥∥∥. (59)

Plugging in (57), (58), and (59) into (56), and summing over r, we have

∥∥∥Ek

[
w(k,r) −w(k,0)

]∥∥∥ ≤
(
5η̃ηLNK(τ − 1)

9M
+

2η̃2ηN2L2K(τ − 1)(r − 1)

3M

) r∑

i=1

∑

m∈σ(i)

∥∥∥∇Fm(w(k,0))
∥∥∥

+

(
5η̃ηNL2(τ − 1)

9
+

2η̃2ηN2L3(τ − 1)(r − 1)

3

) r∑

i=1

∥∥∥Ek

[
w(k,i−1) −w(k,0)

]∥∥∥

+

(
rη̃N +

3η̃2N2Lr(r − 1)

5

)∥∥∥∇F (w(k,0))
∥∥∥+ αη̃Nr +

3η̃2N2Lr(r − 1)α

5

∴

K∑

r=1

∥∥∥Ek

[
w(k,r−1) −w(k,0)

]∥∥∥

≤
(
5η̃ηLNK(K − 1)(τ − 1)

9M
+

η̃2ηN2L2K
2
(τ − 1)(K − 1)

3M

)
K∑

i=1

∑

m∈σ(i)

∥∥∥∇Fm(w(k,0))
∥∥∥

+

(
5η̃ηNL2K(τ − 1)

9
+

η̃2ηN2L3K(τ − 1)(K − 1)

3

) K∑

i=1

∥∥∥Ek

[
w(k,i−1) −w(k,0)

]∥∥∥

+

(
K(K − 1)η̃N

2
+

η̃2N2LK
2
(K − 1)

5

)∥∥∥∇F (w(k,0))
∥∥∥+ 49K(K − 1)η̃Nα

100
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K∑

r=1

∥∥∥Ek

[
w(k,r−1) −w(k,0)

]∥∥∥ ≤ 31η̃NK(K − 1)

500M

K∑

i=1

∑

m∈σ(i)

∥∥∥∇Fm(w(k,0))
∥∥∥+ 27η̃NK

2

50

∥∥∥∇F (w(k,0))
∥∥∥

+
K(K − 1)η̃Nα

2

(
∵

5η̃ηNL2K(τ − 1)

9
+

η̃2ηN2L3K(τ − 1)(K − 1)

3
≤ 3/500

)

K∑

r=1

∥∥∥Ek

[
w(k,r−1) −w(k,0)

]∥∥∥ ≤ 31η̃NK
2

50

∥∥∥∇F (w(k,0))
∥∥∥+ 31η̃NK(K − 1)ν

500
+

K(K − 1)η̃Nα

2
(60)

∥∥∥∥∥∥

K∑

i=1

Ek


 ∑

m∈S(k,i)

d(k,i)
m



∥∥∥∥∥∥

≤ NK

M

K∑

i=1

∑

m∈σ(i)

(
5ηL(τ − 1)τ

9

∥∥∥∇Fm(w(k,0))
∥∥∥+ 5ηL2(τ − 1)τ

9

∥∥∥Ek

[
w(k,i−1) −w(k,0)

]∥∥∥
)

(Using (55))

≤ 5ηLNK(τ − 1)τ

9

∥∥∥∇F (w(k,0))
∥∥∥+ 5ηLNK(τ − 1)τν

9

+
5ηNL2(τ − 1)τ

9

(
31η̃NK

2

50

∥∥∥∇F (w(k,0))
∥∥∥+ 31η̃NK(K − 1)ν

500
+

K(K − 1)η̃Nα

2

)
(Using (60))

≤ 3ηLNK(τ − 1)τ

5

∥∥∥∇F (w(k,0))
∥∥∥+ 14ηLNK(τ − 1)τν

25
+

ηLN(K − 1)(τ − 1)τα

36
.

Proof of Lemma 6. From (59) it follows that

η̃2
∥∥∥Ek[r̃

(k,0)]
∥∥∥ ≤ 2η̃2ηN2L2K(K − 1)(τ − 1)

3M

K∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥+ 3η̃2N2LK(K − 1)

5

∥∥∥∇F (w(k,0))
∥∥∥

+
2η̃2ηN2L3(τ − 1)(K − 1)

3

K−1∑

j′=1

∥∥∥Ek

[
w(k,j′−1) −w(k,0)

]∥∥∥+ 3η̃2N2LK(K − 1)α

5

≤ 2η̃2ηN2L2K(K − 1)(τ − 1)

3M

K∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥+ 3η̃2N2LK(K − 1)

5

∥∥∥∇F (w(k,0))
∥∥∥

+
2η̃2ηN2L3(τ − 1)(K − 1)

3

(
31η̃NK

2

50

∥∥∥∇F (w(k,0))
∥∥∥+ 31η̃NK

2
ν

500
+

K(K − 1)η̃Nα

2

)
(Using (60))

+
3η̃2N2LK(K − 1)α

5

≤ 2η̃2ηN2L2K(K − 1)(τ − 1)

3

[∥∥∥∇F (w(k,0))
∥∥∥+ ν

]
+

3η̃2N2LK(K − 1)

5

∥∥∥∇F (w(k,0))
∥∥∥

(Recall ν = γ + α, Assumption 3)

+
2η̃2ηN2L3(τ − 1)(K − 1)

3

(
31η̃NK

2

50

∥∥∥∇F (w(k,0))
∥∥∥+ 31η̃NK

2
ν

500
+

K(K − 1)η̃Nα

2

)

+
3η̃2N2LK(K − 1)α

5

≤ η̃N(K − 1)

(
2η̃2NL2K

3
+

3η̃NLK

5
+

31η̃3N2L3K
2

75

)∥∥∥∇F (w(k,0))
∥∥∥
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+
2η̃2ηN2L2K(K − 1)(τ − 1)

3

(
1 +

31η̃NLK

500

)
ν + η̃2N2LK(K − 1)

(
η̃2NL2K

3
+

3

5

)
α

≤ 17η̃NK

250

∥∥∥∇F (w(k,0))
∥∥∥+ 84η̃2ηN2L2K(K − 1)(τ − 1)

125
ν +

16η̃2N2LK(K − 1)

25
α.

Proof of Lemma 7. We have

L

2
Ek

[∥∥∥w(k,r) −w(k,0)
∥∥∥
2
]

=
L

2
Ek




∥∥∥∥∥∥∥∥∥∥∥

−η̃
r∑

i=1

d
(k,i)

/τ − η̃

r∑

i=1

q(k,i) + η̃2




r−1∑

i=1




r∏

j=i+2

(Id − η̃S
(k,j)

)


S

(k,i+1)
i∑

j′=1

q̃(k,j′)




︸ ︷︷ ︸
:=r̃(k,r)

∥∥∥∥∥∥∥∥∥∥∥

2


≤ 3Lη̃2

2τ2
Ek



∥∥∥∥∥

r∑

i=1

d
(k,i)

∥∥∥∥∥

2

+

3Lη̃2

2
Ek



∥∥∥∥∥

r∑

i=1

q(k,i)

∥∥∥∥∥

2

+

3Lη̃4

2
Ek

[∥∥∥r̃(k,r)
∥∥∥
2
]
. (61)

We first bound the last term in (61) as the following:

3Lη̃4

2
Ek

[∥∥∥r̃(k,r)
∥∥∥
2
]
=

3Lη̃4

2
Ek




∥∥∥∥∥∥

r−1∑

i=1




r∏

j=i+2

(Id − η̃S
(k,j)

)


S

(k,i+1)
i∑

j′=1

q̃(k,j′)

∥∥∥∥∥∥

2



≤ 54N2L3η̃4(r − 1)

25

r−1∑

i=1

Ek




2

τ2

∥∥∥∥∥∥

i∑

j′=1

d
(k,j′)

∥∥∥∥∥∥

2

+ 2

∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2

 , (62)

which follows from (30), (31). Note that the two terms in (62) are in similar forms as in the first two terms in (61). We will

come back to bounding (62) after bounding the first two terms in (61).

Ek



∥∥∥∥∥

r∑

i=1

d
(k,i)

∥∥∥∥∥

2

 = Ek




∥∥∥∥∥∥

r∑

i=1

∑

m∈S(k,i)

d(k,i)
m

∥∥∥∥∥∥

2

 ≤ r

r∑

i=1

Ek




∥∥∥∥∥∥

∑

m∈S(k,i)

d(k,i)
m

∥∥∥∥∥∥

2



≤ r

r∑

i=1

Ek

∥∥∥∥∥∥

∑

m∈S(k,i)

τ−1∑

l=0

(
∇Fm(w(k,i−1,l)

m , ξ(k,i−1,l)
m )−∇Fm(w(k,i−1,l)

m ) +∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1))

)
∥∥∥∥∥∥

2

≤ rN2τK

M

r∑

i=1

∑

m∈σ(i)

(
103η2L2(τ − 1)τσ2

200
+

69η2L4τ2(τ − 1)

50
Ek

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]

+
69η2L2τ2(τ − 1)

50
Ek

[∥∥∥∇Fm(w(k,0))
∥∥∥
2
])

+ r2Nτσ2 (Using the bound in (68))

=
69rN2τ3(τ − 1)Kη2L2

50M

r∑

i=1

∑

m∈σ(i)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+ r2Nτσ2

(
1 +

103Nτ(τ − 1)L2η2

200

)

+
69rN2τ3(τ − 1)Kη2L4

50M

r∑

i=1

∑

m∈σ(i)

Ek

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]

(63)

For the second term in (61), similar to how we got (36), we have that

Ek



∥∥∥∥∥

r∑

i=1

q(k,i)

∥∥∥∥∥

2

 ≤ 1

3
Nr2

[
2N

(
α2 +

∥∥∥∇F (w(k,0))
∥∥∥
2
)
+ γ2

(
M/K −N

M/K − 1

)]
. (64)
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We can use (63) and (64) to bound (62) as following:

3Lη̃4

2
Ek

[∥∥∥r̃(k,r)
∥∥∥
2
]

≤ 54N2L3η̃4(r − 1)

25

r−1∑

i=1


69iN2τ(τ − 1)Kη2L2

25M

i∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
69iN2τ(τ − 1)Kη2L4

25M

i∑

j′=1

∑

m∈σ(j′)

Ek

[∥∥∥w(k,j′−1) −w(k,0)
∥∥∥
2
]
+

2i2Nσ2

τ

(
1 +

103Nτ(τ − 1)L2η2

200

)

+8N2i2
∥∥∥∇F (w(k,0))

∥∥∥
2

+ 4Ni2γ2

(
M/K −N

M/K − 1

)
+ 8N2i2α2

)

≤ 3N4L5τ(τ − 1)Kη2η̃4r(r − 1)2

M

r∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
29N4L3η̃4(r − 1)2r2

5

∥∥∥∇F (w(k,0))
∥∥∥
2

+
3N4L7τ(τ − 1)Kη2η̃4(r − 1)2r

M

r∑

j′=1

∑

m∈σ(j′)

Ek

[∥∥∥w(k,j′−1) −w(k,0)
∥∥∥
2
]

+
72N3L3η̃4(r − 1)2r2γ2

25

(
M/K −N

M/K − 1

)
+

36N3L3η̃4(r − 1)2r2σ2

25τ

(
1 +

103Nτ(τ − 1)L2η2

200

)

+
29N4L3η̃4(r − 1)2r2α2

5
. (65)

Finally, plugging in (63), (64), and (65) to (61) we have

Ek

[∥∥∥w(k,r) −w(k,0)
∥∥∥
2
]

≤ 2η̃2η2L2N2τ(τ − 1)Kr

M

(
2 + 3η̃2L2N2(r − 1)2

) r∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
2η̃2η2L4N2τ(τ − 1)Kr

M

(
2 + 3η̃2L2N2(r − 1)2

) r∑

i=1

∑

m∈σ(i)

Ek

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]

+
2η̃2Nr2σ2

τ

(
1 +

103η2Nτ(τ − 1)L2

200

)(
3

2
+

36η̃2L2N2(r − 1)2

25

)

+ 2η̃2Nr2γ2

(
M/K −N

M/K − 1

)(
3 +

72η̃2L2N2(r − 1)2

25

)

+ η̃2N2r2
∥∥∥∇F (w(k,0))

∥∥∥
2
(
12 +

58η̃2L2N2(r − 1)2

5

)
+ η̃2N2r2α2

(
12 +

58η̃2L2N2(r − 1)2

5

)

⇒Ek

[∥∥∥w(k,r−1) −w(k,0)
∥∥∥
2
]
≤ 2η̃2η2L2N2τ(τ − 1)K(r − 1)

M

(
2 + 3η̃2L2N2K

2
) K∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
2η̃2η2L4N2τ(τ − 1)K(r − 1)

M

(
2 + 3η̃2L2N2K

2
) K∑

i=1

∑

m∈σ(i)

Ek

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]

+
2η̃2N(r − 1)2σ2

τ

(
1 +

103η2Nτ(τ − 1)L2

200

)(
3

2
+

36η̃2L2N2K
2

25

)

+ 2η̃2N(r − 1)2γ2

(
M/K −N

M/K − 1

)(
3 +

72η̃2L2N2K
2

25

)

+ η̃2N2r2
∥∥∥∇F (w(k,0))

∥∥∥
2
(
12 +

58η̃2L2N2r2

5

)
+ η̃2N2(r − 1)2α2

(
12 +

58η̃2L2N2r2

5

)
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≤ 102η̃2η2L2N2τ(τ − 1)K(r − 1)

25M

K∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
61η̃2N2(r − 1)2

5

∥∥∥∇F (w(k,0))
∥∥∥
2

+
102η̃2η2L4N2τ(τ − 1)(r − 1)

25

K∑

i=1

Ek

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]
+

61η̃2N(r − 1)2σ2

20τ

+
303η̃2N(r − 1)2γ2

50

(
M/K −N

M/K − 1

)
+

61η̃2N2(r − 1)2α2

5

⇒
K∑

r=1

Ek

[∥∥∥w(k,r−1) −w(k,0)
∥∥∥
2
]
≤ 51η̃2η2L2N2τ(τ − 1)K

2
(K − 1

50M

K∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
61η̃2N2K

2
(K − 1)

15

∥∥∥∇F (w(k,0))
∥∥∥
2

+
51η̃2η2L4N2τ(τ − 1)K

2

50

K∑

i=1

Ek

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]

+
61η̃2NK

2
(K − 1)σ2

60τ
+

101η̃2NK
2
(K − 1)γ2

50

(
M/K −N

M/K − 1

)
+

61η̃2N2K
2
(K − 1)α2

15
(
1− 51η̃2η2L4N2τ(τ − 1)K

2

50

)
K∑

r=1

Ek

[∥∥∥w(k,r−1) −w(k,0)
∥∥∥
2
]

≤ 51η̃2η2L2N2τ(τ − 1)K
2
(K − 1)

50M

K∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
61η̃2N2K

2
(K − 1)

15

∥∥∥∇F (w(k,0))
∥∥∥
2

+
61η̃2NK

2
(K − 1)σ2

60τ
+

101η̃2NK
2
(K − 1)γ2

50

(
M/K −N

M/K − 1

)
+

61η̃2N2K
2
(K − 1)α2

15
(66)

K∑

r=1

Ek

[∥∥∥w(k,r−1) −w(k,0)
∥∥∥
2
]

≤ 103η̃2η2L2N2τ(τ − 1)K
2
(K − 1)

100M

K∑

j′=1

∑

m∈σ(j′)

∥∥∥∇Fm(w(k,0))
∥∥∥
2

+
41η̃2N2K

2
(K − 1)

10

∥∥∥∇F (w(k,0))
∥∥∥
2

+
51η̃2NK

2
(K − 1)σ2

50τ

+
203η̃2NK

2
(K − 1)γ2

100

(
M/K −N

M/K − 1

)
+

41η̃2N2K
2
(K − 1)α2

10

≤ 83η̃2N2K
2
(K − 1)

20

∥∥∥∇F (w(k,0))
∥∥∥
2

+
51η̃2NK

2
(K − 1)σ2

50τ
+

3η2Kτ(τ − 1)ν2

100

+
51η̃2NK

2
(K − 1)γ2

25

(
M/K −N

M/K − 1

)
+

41η̃2N2K
2
(K − 1)α2

10
.

Proof of Lemma 8.

3Lη̃2

2τ2
Ek




∥∥∥∥∥∥

K∑

i=1

d
(k,i)

∥∥∥∥∥∥

2

 =

3Lη̃2

2τ2
Ek




∥∥∥∥∥∥

K∑

i=1

∑

m∈S(k,i)

d(k,i)
m

∥∥∥∥∥∥

2

 ≤

3Lη̃2K

2τ2

K∑

i=1

Ek




∥∥∥∥∥∥

∑

m∈S(k,i)

d(k,i)
m

∥∥∥∥∥∥

2



=
3Lη̃2K

2τ2

K∑

i=1

Ek

∥∥∥∥∥∥

∑

m∈S(k,i)

τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )−∇Fm(w(k,i−1)))

∥∥∥∥∥∥

2
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=
3Lη̃2K

2τ2

K∑

i=1

Ek




∥∥∥∥∥∥

∑

m∈S(k,i)

τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )−∇Fm(w(k,i−1,l)))

∥∥∥∥∥∥

2

 (cross terms are zero)

+
3Lη̃2K

2τ2

K∑

i=1

Ek




∥∥∥∥∥∥

∑

m∈S(k,i)

τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1)))

∥∥∥∥∥∥

2



≤ 3Lη̃2K

2τ2

K∑

i=1

Ek


 ∑

m∈S(k,i)

∥∥∥∥∥

τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )−∇Fm(w(k,i−1,l)))

∥∥∥∥∥

2



(independence of stochastic gradients across clients)

+
3Lη̃2KN

2τ2

K∑

i=1

Ek


 ∑

m∈S(k,i)

∥∥∥∥∥

τ−1∑

l=0

(∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1)))

∥∥∥∥∥

2



≤ 3Lη̃2K

2τ2

K∑

i=1

Ek


 ∑

m∈S(k,i)

τ−1∑

l=0

∥∥∥∇Fm(w(k,i−1,l)
m , ξ(k,i−1,l)

m )−∇Fm(w(k,i−1,l))
∥∥∥
2




(unbiasedness of stochastic gradients)

+
3Lη̃2KN

2τ

K∑

i=1

Ek


 ∑

m∈S(k,i)

τ−1∑

l=0

∥∥∥∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1))

∥∥∥
2




≤ 3Lη̃2K
2
N

2Mτ2

K∑

i=1

∑

m∈σ(i)

τ−1∑

l=0

σ2 +
3Lη̃2K

2
N2

2Mτ

K∑

i=1

∑

m∈σ(i)

τ−1∑

l=0

Ek

[∥∥∥∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1))

∥∥∥
2
]

≤ 3Lη̃2K
2
N

2τ
σ2 +

3Lη̃2K
2
N2

2Mτ

K∑

i=1

∑

m∈σ(i)

τ−1∑

l=0

Ek

[∥∥∥∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1))

∥∥∥
2
]

(67)

From (67) we have that

τ−1∑

l=0

Ek

[∥∥∥∇Fm(w(k,i−1,l)
m )−∇Fm(w(k,i−1))

∥∥∥
2
]

≤ L2
τ−1∑

l=0

Ek

[∥∥∥w(k,i−1,l)
m −w(k,i−1))

∥∥∥
2
]

≤ 103η2L2(τ − 1)τσ2

200
+

69η2L4τ2(τ − 1)

50
E

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]
+

69η2L2τ2(τ − 1)

50
E

[∥∥∥∇Fm(w(k,0))
∥∥∥
2
]
.

(68)

Plugging in (68) to (67) we have

3Lη̃2

2τ2
E




∥∥∥∥∥∥

K∑

i=1

d
(k,i)

∥∥∥∥∥∥

2



≤ 3Lη̃2K
2
N

2τ
σ2 +

3Lη̃2K
2
N2

2Mτ

K∑

i=1

∑

m∈σ(i)

(
103η2L2(τ − 1)τσ2

200

69η2L4τ2(τ − 1)

50
E

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]
+

69η2L2τ2(τ − 1)

50
E

[∥∥∥∇Fm(w(k,0))
∥∥∥
2
])

=
8Lη̃2K

2
Nσ2

5τ
+

52L5η̃2η2KN2τ(τ − 1)

25

K∑

i=1

E

[∥∥∥w(k,i−1) −w(k,0)
∥∥∥
2
]

31



On the Convergence of Federated Averaging with Cyclic Client Participation

+
52

25
η̃2η2L3K

2
N2τ(τ − 1)(2

∥∥∥∇F (w(k,0))
∥∥∥
2

+ 2ν2)

=
8Lη̃2K

2
Nσ2

5τ
+

52L5η̃2η2KN2τ(τ − 1)

25

(
83η̃2N2K

2
(K − 1)

20

∥∥∥∇F (w(k,0))
∥∥∥
2

+
51η̃2NK

2
(K − 1)σ2

50τ

+
3η2Kτ(τ − 1)ν2

100
+

51η̃2NK
2
(K − 1)γ2

25

(
M/K −N

M/K − 1

)
+

41η̃2N2K
2
(K − 1)α2

10

)

+
52

25
η̃2η2L3K

2
N2τ(τ − 1)(2

∥∥∥∇F (w(k,0))
∥∥∥
2

+ 2ν2)

= η̃2η2L3K
2
N2τ(τ − 1)

(
83× 52η̃2L2N2K

2

25× 20
+

104

25

)∥∥∥∇F (w(k,0))
∥∥∥
2

+
Lη̃2NK

2
σ2

τ

(
8

5
+

26× 51L4η̃2η2K
2
N2τ(τ − 1)

252

)
+ η̃2η2L3K

2
N2τ(τ − 1)

(
104

25
+

156η2L2τ(τ − 1)

2500

)
ν2

+
52× 51L5η̃4η2K

4
N3τ(τ − 1)γ2

252

(
M/K −N

M/K − 1

)
+

52× 41L5η̃4η2K
3
(K − 1)N4τ(τ − 1)α2

250

≤ η̃NK

200

∥∥∥∇F (w(k,0))
∥∥∥
2

+
81Lη̃2K

2
Nσ2

50τ
+

209η̃2η2L3K
2
N2τ(τ − 1)ν2

50
+

L3η̃4K
4
N3γ2

20

(
M/K −N

M/K − 1

)

+
9L3η̃4K

3
(K − 1)N4α2

100
.

Proof of Lemma 9.

3Lη̃4

2
E

[∥∥∥r̃(k,0)
∥∥∥
2
]
=

3Lη̃4

2
E




∥∥∥∥∥∥

K−1∑

i=1




K∏

j=i+2

(Id − η̃S
(k,j)

)


S

(k,i+1)
i∑

j′=1

q̃(k,j′)

∥∥∥∥∥∥

2



≤ 3Lη̃4K

2

K−1∑

i=1

E




∥∥∥∥∥∥




K∏

j=i+2

(Id − η̃S
(k,j)

)


S

(k,i+1)
i∑

j′=1

q̃(k,j′)

∥∥∥∥∥∥

2



≤ 54η̃4KN2L3

25

K−1∑

i=1

E




∥∥∥∥∥∥

i∑

j′=1

q̃(k,j′)

∥∥∥∥∥∥

2

 , (69)

where (69) is derived in the same was as (35). Now we bound the following in (69)

E




∥∥∥∥∥∥

i∑

j′=1

q̃(k,j′)

∥∥∥∥∥∥

2

 = E




∥∥∥∥∥∥

i∑

j′=1

d
(k,j′)

/τ + q(k,j′)

∥∥∥∥∥∥

2

 ≤ 2E




∥∥∥∥∥∥

i∑

j′=1

d
(k,j′)

/τ

∥∥∥∥∥∥

2

+ 2E




∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2



=
2

τ2
E




∥∥∥∥∥∥

i∑

j′=1

∑

m∈S(k,j′)

d(k,j′)
m

∥∥∥∥∥∥

2

+ 2E




∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2

 . (70)

We have that

2

τ2
E




∥∥∥∥∥∥

i∑

j′=1

∑

m∈S(k,j′)

d(k,j′)
m

∥∥∥∥∥∥

2

 ≤

2i

τ2

i∑

j′=1

E




∥∥∥∥∥∥

∑

m∈S(k,j′)

d(k,j′)
m

∥∥∥∥∥∥

2


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=
2i

τ2

i∑

j′=1

E




∥∥∥∥∥∥

∑

m∈S(k,j′)

τ−1∑

l=0

(∇Fm(w(k,j′−1,l)
m , ξ(k,j

′−1,l)
m )−∇Fm(w(k,j′−1)))

∥∥∥∥∥∥

2



=
2i

τ2

i∑

j′=1

E




∥∥∥∥∥∥

∑

m∈S(k,j′)

τ−1∑

l=0

∇Fm(w(k,j′−1,l)
m , ξ(k,j

′−1,l)
m )−∇Fm(w(k,j′−1,l)

m )

∥∥∥∥∥∥

2



+
2i

τ2

i∑

j′=1

E




∥∥∥∥∥∥

∑

m∈S(k,j′)

τ−1∑

l=0

∇Fm(w(k,j′−1,l)
m )−∇Fm(w(k,j′−1)))

∥∥∥∥∥∥

2



≤ 2i

τ2

i∑

j′=1

E


 ∑

m∈S(k,j′)

τ−1∑

l=0

∥∥∥∇Fm(w(k,j′−1,l)
m , ξ(k,j

′−1,l)
m )−∇Fm(w(k,j′−1,l)

m )
∥∥∥
2




+
2iN

τ

i∑

j′=1

E


 ∑

m∈S(k,j′)

τ−1∑

l=0

∥∥∥∇Fm(w(k,j′−1,l)
m )−∇Fm(w(k,j′−1)))

∥∥∥
2




≤ 2iNK

Mτ2

i∑

j′=1

∑

m∈σ(j′)

τ−1∑

l=0

σ2 +
2iN2K

Mτ

i∑

j′=1

∑

m∈σ(j′)

τ−1∑

l=0

E

[∥∥∥∇Fm(w(k,j′−1,l)
m )−∇Fm(w(k,j′−1)))

∥∥∥
2
]

≤ 2i2Nσ2

τ
+

2iN2K

Mτ

i∑

j′=1

∑

m∈σ(j′)

(
103η2L2(τ − 1)τσ2

200
+

69η2L4τ2(τ − 1)

50
E

[∥∥∥w(k,j′−1) −w(k,0)
∥∥∥
2
]

+
69η2L2τ2(τ − 1)

50
E

[∥∥∥∇Fm(w(k,0))
∥∥∥
2
])

≤ 2i2Nσ2

τ
+

103i2N2η2L2(τ − 1)σ2

100
+

69iN2η2L4τ(τ − 1)

25

i∑

j′=1

E

[∥∥∥w(k,j′−1) −w(k,0)
∥∥∥
2
]

+
69iN2Kη2L2τ(τ − 1)

25M

i∑

j′=1

∑

m∈σ(j′)

E

[∥∥∥∇Fm(w(k,0))
∥∥∥
2
]

≤ 2i2Nσ2

τ
+

103i2N2η2L2(τ − 1)σ2

100
+

69iN2Kη2L2τ(τ − 1)

25M

K∑

j′=1

∑

m∈σ(j′)

E

[∥∥∥∇Fm(w(k,0))
∥∥∥
2
]

+
69iN2η2L4τ(τ − 1)

25

K∑

j′=1

E

[∥∥∥w(k,j′−1) −w(k,0)
∥∥∥
2
]

≤ 2i2Nσ2

τ
+

103i2N2η2L2(τ − 1)σ2

100
+

69iN2Kη2L2τ(τ − 1)

25
(2
∥∥∥∇F (w(k,0))

∥∥∥
2

+ 2ν2)

+
69iN2η2L4τ(τ − 1)

25

(
83η̃2N2K

2
(K − 1)

20

∥∥∥∇F (w(k,0))
∥∥∥
2

+
51η̃2NK

2
(K − 1)σ2

50τ
+

3η2Kτ(τ − 1)ν2

100

+
51η̃2NK

2
(K − 1)γ2

25

(
M/K −N

M/K − 1

)
+

41η̃2N2K
2
(K − 1)α2

10

)

≤ i2Nσ2

(
2

τ
+

103Nη2L2(τ − 1)

100

)
+ iN2η2L2τ(τ − 1)K

∥∥∥∇F (w(k,0))
∥∥∥
2
(
138

25
+

69× 83L2η̃2N2K
2

1250

)

+
69× 51iN3η2L4(τ − 1)η̃2K

3
σ2

1250
+ iN2η2L2τ(τ − 1)Kν2

(
138

25
+

207L2η2τ(τ − 1)

2500

)
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+
69× 51iN3η2L4(τ − 1)η̃2K

3
γ2

252

(
M/K −N

M/K − 1

)
+

69× 41iη̃2η2N4L4τ(τ − 1)K
2
(K − 1)α2

250

≤ i2Nσ2

(
2

τ
+

103Nη2L2(τ − 1)

100

)
+

28iN2η2L2τ(τ − 1)K

5

∥∥∥∇F (w(k,0))
∥∥∥
2

+
141iN3η2L4(τ − 1)η̃2K

3
σ2

50

+
111iN2η2L2τ(τ − 1)Kν2

20
+

113iN3η2L4(τ − 1)η̃2K
3
γ2

20

(
M/K −N

M/K − 1

)

+
23iη̃2η2N4L4τ(τ − 1)K

2
(K − 1)α2

2
. (71)

Plugging in (71) to (70) in (69) we have

3Lη̃4

2
E

[∥∥∥r̃(k,0)
∥∥∥
2
]

≤ 54η̃4KN2L3

25

K−1∑

i=1

(
i2Nσ2

(
2

τ
+

103Nη2L2(τ − 1)

100

)
+

28iN2η2L2τ(τ − 1)K

5

∥∥∥∇F (w(k,0))
∥∥∥
2

+
141iN3η2L4(τ − 1)η̃2K

3
σ2

50
+

111iN2η2L2τ(τ − 1)Kν2

20
+

113iN3η2L4(τ − 1)η̃2K
3
γ2

20

(
M/K −N

M/K − 1

)

+
23iη̃2η2N4L4τ(τ − 1)K

2
(K − 1)α2

2
+ 2E




∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2






≤ 18η̃4K
3
(K − 1)N3L3σ2

25

(
2

τ
+

103Nη2L2(τ − 1)

100

)
+

54× 14η̃4η2K
3
(K − 1)N4L5(τ − 1)τ

125

∥∥∥∇F (w(k,0))
∥∥∥
2

+
27× 141η̃6η2K

5
(K − 1)N5L7(τ − 1)σ2

1250
+

27× 111η̃4η2K
3
(K − 1)N4L5(τ − 1)τν2

500

+
27× 113η̃6η2K

5
(K − 1)N5L7(τ − 1)γ2

500

(
M/K −N

M/K − 1

)

+
54× 23η̃6η2N6L7τ(τ − 1)K

4
(K − 1)2α2

100
+

108η̃4KN2L3

25

K−1∑

i=1

E




∥∥∥∥∥∥

i∑

j′=1

q(k,j′)

∥∥∥∥∥∥

2



≤ 18η̃4K
3
(K − 1)N3L3σ2

25

(
2

τ
+

103Nη2L2(τ − 1)

100

)
+

54× 14η̃4η2K
3
(K − 1)N4L5(τ − 1)τ

125

∥∥∥∇F (w(k,0))
∥∥∥
2

+
27× 141η̃6η2K

5
(K − 1)N5L7(τ − 1)σ2

1250
+

27× 111η̃4η2K
3
(K − 1)N4L5(τ − 1)τν2

500

+
27× 113η̃6η2K

5
(K − 1)N5L7(τ − 1)γ2

500

(
M/K −N

M/K − 1

)
+

54× 23η̃6η2N6L7τ(τ − 1)K
4
(K − 1)2α2

100

+
108η̃4KN2L3

25

(
2K

3
N

(
M/K −N

M/K − 1

)
γ2 + 4N2K

3
∥∥∥∇F (w(k,0)

∥∥∥
2

+
4N2K

2
(K − 1)α2

3

)

≤ η̃NK(η̃3K
3
N3L3)

(
108× 4

25
+

54× 14η̃2L2

125

)∥∥∥∇F (w(k,0))
∥∥∥
2

+
27× 141η̃2LK

2
Nσ2

1250τ
(η̃4η2K

4
N4L6τ(τ − 1))

+
18η̃2LK

2
Nσ2

25τ

(
2η̃2K

2
N2L2 +

103η̃2K
2
N3L4η2τ(τ − 1)

100

)

+ η̃4K
4
N3L3

(
M/K −N

M/K − 1

)
γ2

(
216

25
+

27× 113η̃2η2K
2
N3L4(τ − 1)

500

)
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+
27× 111η̃2η2L3K

2
N2τ(τ − 1)ν2

500
(η̃2K

2
N2L2)

+ η̃4K
3
(K − 1)N4L3α2

(
108× 4

75
+

54× 23η̃2η2K
2
N2L4τ(τ − 1)

100

)

≤ 9η̃NK

500

∥∥∥∇F (w(k,0))
∥∥∥
2

+
3η̃2LK

2
Nσ2

200τ
+

173η̃4K
4
N3L3γ2

20

(
M/K −N

M/K − 1

)

+
3η̃2η2L3K

2
N2τ(τ − 1)ν2

50
+

59η̃4K
3
(K − 1)N4L3α2

10

(72)
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C. Proofs for the CyCP+Shuffled SGD Case (Case (iii) in Algorithm 1)

Now let us extend our analysis to clients locally performing shuffled SGD. Recall that for shuffled SGD, as shown in

Algorithm 1 we have that each client in m ∈ S(k,i) receives the global model w(k,i−1) and initializes its local model as

the global model i.e., w
(k,i−1,0)
m = w(k,i−1). Then the client performs shuffled SGD over its B components sequentially

with update rule w
(k,i−1,l+1)
m = w

(k,i−1,l)
m − η∇Fm,πk

m(l)(w
(k,i−1,l)), l ∈ [0, ..., B − 1] where πk

m ∼ Unif(PB) and

Fm,πk
m(l)(w) is the πk

m(l)th component of the local loss of client m such that the sum of all the components for each client

is equal to the local loss of that client i.e., Fm(w) = 1
B

∑B−1
l=0 Fm,l(w). Hence the update rule over the inner loop i ∈ [K]

is as follows:

w(k,i) = w(k,i−1) − η

N

∑

m∈S(k,i)

B−1∑

l=0

∇Fm,πk
m(l)(w

(k,i−1,l)
m ) (73)

Using

∇Fm,πk
m(l)(w

(k,i−1,l)
m ) = ∇Fm,πk

m(l)(w
(k,i−1,l)
m )−∇Fm,πk

m(l)(w
(k,i−1)) +∇Fm,πk

m(l)(w
(k,i−1))

= ∇Fm,πk
m(l)(w

(k,i−1)) +

∫ 1

0

∇2Fm,πk
m(l)(w

(k,i−1) + t(w(k,i−1,l)
m −w(k,i−1)))dt

︸ ︷︷ ︸
:=Ĥ

(k,i−1)
m,l

(w(k,i−1,l)
m −w(k,i−1)) (74)

we have that

w(k,i) = w(k,i−1) − η

N

∑

m∈S(k,i)

B−1∑

l=0

[
∇Fm,πk

m(l)(w
(k,i−1)) + Ĥ

(k,i−1)
m,l (w(k,i−1,l)

m −w(k,i−1))
]
. (75)

Leveraging the fact that w
(k,i−1,0)
m = w(k,i−1) we can use recursion to get the update rule

w(k,i) = w(k,i−1) − η

N

∑

m∈S(k,i)

B−1∑

l=0




l+1∏

j=B−1

(
I− ηĤ

(k,i−1)
m,j

)

∇Fm,πk

m(l)(w
(k,i−1)) (76)

Similarly, we can define

∇Fm,πk
m(l)(w

(k,i−1)) = ∇Fm,πk
m(l)(w

(k,0)) +

∫ 1

0

∇2Fm,πk
m(l)(w

(k,0) + t(w(k,i−1) −w(k,0))dt

︸ ︷︷ ︸
:=H̃

(k,i−1)
m,l

(w(k,i−1) −w(k,0)),

to get

w(k,i) = w(k,i−1) − η

N

∑

m∈S(k,i)

B−1∑

l=0




l+1∏

j=B−1

(
I− ηĤ

(k,i−1)
m,j

)


(
∇Fm,πk

m(l)(w
(k,0)) + H̃

(k,i−1)
m,l (w(k,i−1) −w(k,0))

)

= w(k,i−1) − η × 1

N

∑

m∈S(k,i)

B−1∑

l=0




l+1∏

j=B−1

(
I− ηĤ

(k,i−1)
m,j

)

∇Fm,πk

m(l)(w
(k,0))

︸ ︷︷ ︸
:=t(k,i)

−η × 1

N

∑

m∈S(k,i)

B−1∑

l=0




l+1∏

j=B−1

(
I− ηĤ

(k,i−1)
m,j

)

 H̃

(k,i−1)
m,l

︸ ︷︷ ︸
:=T(k,i)

(w(k,i−1) −w(k,0))

(77)

Unrolling (77) we can obtain the update rule for the outer loop as follows:

w(k+1,0) = w(k,0) − η

K∑

i=1




i+1∏

j=K

(Id − ηT(k,j))


 t(k,i) (78)
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Applying summation by parts to
∏i+1

j=K
(Id − ηT(k,j)) and t(k,i) in (78) and then again to

∏l+1
j=B−1

(
I− ηĤ

(k,i−1)
m,j

)
and

∇Fm,πk
m(l)(w

(k,0)) in t(k,i) we can rewrite (78) as

w(k+1) = w(k,0) − η

N

K∑

i=1

∑

m∈S(k,i)

B−1∑

l=0

∇Fm,πk
m(l)(w

(k,0))

+ η2 × 1

N

K∑

i=1

∑

m∈S(k,i)

B−2∑

l=0

(
l+2∏

t=B−1

(Id − ηĤ
(k,i−1)
m,t )

)
Ĥ

(k,i−1)
m,l+1

l∑

j=0

∇Fm,πk
m(j)(w

(k,0))

︸ ︷︷ ︸
:=r

(k,0)
1

+ η2 × 1

N

K−1∑

i=1




i+2∏

j=K

(Id − ηT(k,j))


T(k,i+1)




i∑

j=1

∑

m∈S(k,j)

B−1∑

l=0

∇Fm,πk
m(l)(w

(k,0))




︸ ︷︷ ︸
:=r

(k,0)
2

−η3

N

K−1∑

i=1




i+2∏

j=K

(Id − ηT
(k,j))



T
(k,i+1)




i∑

j=1

∑

m∈S(k,j)

B−2∑

l=0

(
l+2∏

t=B−1

(Id − ηĤ
(k,i−1)
m,t )

)

Ĥ
(k,i−1)
m,l+1

l∑

j′=0

∇Fm,πk
m(j′)(w

(k,0))





︸ ︷︷ ︸
:=r

(k,0)
3

= w(k,0) − η

N

K∑

i=1

∑

m∈S(k,i)

B−1∑

l=0

∇Fm,πk
m(l)(w

(k,0)) + η2r
(k,0)
1 + η2r

(k,0)
2 − η3r

(k,0)
3 (79)

Taking expectation conditioned on all the past till w(k,0) , we get

Ek[w
(k+1,0)]−w(k,0) = −ηKB∇F (w(k,0)) + η2Ek[r

(k,0)
1 + r

(k,0)
2 − ηr

(k,0)
3︸ ︷︷ ︸

:=r(k,0)

] (80)

which follows from the expectation over the selected client set S(k,i), i ∈ [K].

C.1. Intermediate Results

Lemma 10.

∥∥∥Ek[r
(k,0)]

∥∥∥ ≤
(
2e1/10

3
+

2exp(e1/10/10)e1/5ηBL(K − 1)

3

)√
8 log

(
4MBK

δ

)
KL(B3/2 − 1)ν

+

(
e1/10

2
+

exp(e1/10/10)e1/5ηBL(K − 1)

2

)
KLB(B − 1)ν +

exp(e1/10/10)e1/10B2LK(K − 1)α

2

+

(
e1/10

2
+

exp(e1/10/10)e1/10(K − 1)

2
+

exp(e1/10/10)e1/5η(B − 1)L(K − 1)

2

)
KLB2

∥∥∥∇F (w(k,0))
∥∥∥.

Lemma 11.

3Lη4Ek

[∥∥∥r(k,0)1

∥∥∥
2

+
∥∥∥r(k,0)2

∥∥∥
2

+
∥∥∥r(k,0)3

∥∥∥
2
]

≤ 31η3KL2(B − 1)2

10
log (4MBK/δ)ν2 +

η3KL2B(B − 1)2ν2

2
+

3ηKB

100

∥∥∥∇F (w(k,0))
∥∥∥
2

+
6(K − 1)η4K

3
B4L3exp(e1/10/5)e1/5

N

(
M/K −N

M/K − 1

)
γ2 + 4K

2
(K − 1)2B4L3η4α2exp(e1/10/5)e1/5.
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C.2. Proof for Theorem 3

Theorem. With Assumption 1-Assumption 3, and Assumption 5 we have that with step-size η = log(MBK2)/µKBK and

K ≥ 10κ log (MBK2) where κ = L/µ we have that the convergence error is bounded as:

E[F (w(K,0))]− F ∗ ≤ (1− µηKB)K(F (w(0,0))− F ∗) +O
(
κηBK

N

(
M/K −N

M/K − 1

)
γ2

)

+ Õ
(
η2(B − 1)κLν2 + η2κL(B − 1)2ν2

)

+O
(
(K − 1)2B2Lκη2α2

)
.

With η = log(MBK2)/µBKK, we get

E[F (w(K,0))]− F ∗ ≤ F (w(0,0))− F ∗

MBK2
+ Õ

(
κγ2

µNK

(
M/K −N

M/K − 1

))
+ Õ

(
(B − 1)

B2

κ2ν2

µK
2
K2

)
+ Õ

(
κ2(B − 1)2ν2

µB2K
2
K2

)

+ Õ
(
κ2(K − 1)2α2

µK
2
K2

)
,

where ν = γ + α and Õ(·) subsumes all log-terms and constants.

Corollary 2. Recall that the total communication rounds translates to T = KK and therefore in terms of T we have that

the bound becomes

E[F (w(K,0))]− F ∗ ≤ K
2
(F (w(0,0))− F ∗)

MBT 2
+ Õ

(
κ2(B − 1)2ν2

µB2T 2

)
+ Õ

(
κ2(K − 1)2α2

µT 2

)

+ Õ
(
κ2ν2

µT 2

(B − 1)

B2

)
+ Õ

(
κKγ2

µNT

(
M/K −N

M/K − 1

))
.

Since K ≥ 10κ log (MBK2), we have T ≥ 10κK log (MBK
2
T 2) and one cannot increase K without increasing T

accordingly due to its lower bound depending on K.

Proof. Using the L-smoothness property of the global objective F we have

Ek[F (w(k+1,0))]− F (w(k,0)) ≤ ⟨∇F (w(k,0)),Ek[w
(k+1,0)]−w(k,0)⟩+ L

2
E

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]

≤ −ηKB
∥∥∥∇F (w(k,0))

∥∥∥
2

+ η2
∥∥∥Ek[r

(k,0)]
∥∥∥
∥∥∥∇F (w(k,0))

∥∥∥+ L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]
. (81)

Plugging Lemma 10, we bound the second term in the RHS of (81).

η2
∥∥∥Ek[r

(k,0)]
∥∥∥
∥∥∥∇F (w(k,0))

∥∥∥

≤
(
2e1/10

3
+

2exp(e1/10/10)e1/5ηBL(K − 1)

3

)√
8 log

(
4MBK

δ

)
η2KL(B3/2 − 1)ν

∥∥∥∇F (w(k,0))
∥∥∥

+

(
e1/10

2
+

exp(e1/10/10)e1/5ηBL(K − 1)

2

)
η2KLB(B − 1)ν

∥∥∥∇F (w(k,0))
∥∥∥

+
η2exp(e1/10/10)e1/10B2LK(K − 1)α

2

∥∥∥∇F (w(k,0))
∥∥∥

+

(
e1/10

2
+

exp(e1/10/10)e1/10(K − 1)

2
+

exp(e1/10/10)e1/5η(B − 1)L(K − 1)

2

)
η2KLB2

∥∥∥∇F (w(k,0))
∥∥∥
2

≤ −ηKB
∥∥∥∇F (w(k,0))

∥∥∥
2

+
L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]
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+
47

20

√
log

(
4MBK

δ

)
η2KL(B3/2 − 1)ν

∥∥∥∇F (w(k,0))
∥∥∥+ 63η2KLB(B − 1)ν

100

∥∥∥∇F (w(k,0))
∥∥∥

+
31η2B2LK(K − 1)α

50

∥∥∥∇F (w(k,0))
∥∥∥

+

(
e1/10

20
+

exp(e1/10/10)e1/10

20
+

exp(e1/10/10)e1/5

200

)
ηKB

∥∥∥∇F (w(k,0))
∥∥∥
2

≤ 13

100
ηKB

∥∥∥∇F (w(k,0))
∥∥∥
2

+
47

20

√
log

(
4MBK

δ

)
η2KL(B3/2 − 1)ν

∥∥∥∇F (w(k,0))
∥∥∥

+
63η2KLB(B − 1)ν

100

∥∥∥∇F (w(k,0))
∥∥∥+ 31η2B2LK(K − 1)α

50

∥∥∥∇F (w(k,0))
∥∥∥. (82)

Next we bound the third term in the RHS of (81) as follows:

L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]
=

L

2
Ek




∥∥∥∥∥∥
− η

N

K∑

i=1

∑

m∈S(k,i)

B−1∑

l=0

∇Fm,πk
m(l)(w

(k,0)) + η2r(k,0)

∥∥∥∥∥∥

2



≤ LEk




∥∥∥∥∥∥
− η

N

K∑

i=1

∑

m∈S(k,i)

B−1∑

l=0

∇Fm,πk
m(l)(w

(k,0))

∥∥∥∥∥∥

2

+ LEk

[∥∥∥η2r(k,0)
∥∥∥
2
]

≤ Lη2B2K
2
Ek




∥∥∥∥∥∥
1

K

K∑

i=1

1

N

∑

m∈S(k,i)

∇Fm(w(k,0))

∥∥∥∥∥∥

2

+ 3Lη4Ek

[∥∥∥r(k,0)1

∥∥∥
2

+
∥∥∥r(k,0)2

∥∥∥
2

+ η2
∥∥∥r(k,0)3

∥∥∥
2
]

≤ Lη2B2K
2
[
1

N

(
M/K −N

M/K − 1

)
γ2 +

∥∥∥∇F (w(k,0))
∥∥∥
2
]
+ 3Lη4Ek

[∥∥∥r(k,0)1

∥∥∥
2

+
∥∥∥r(k,0)2

∥∥∥
2

+ η2
∥∥∥r(k,0)3

∥∥∥
2
]
. (83)

Plugging the bound from Lemma 11 in (83) we have

L

2
Ek

[∥∥∥w(k+1,0) −w(k,0)
∥∥∥
2
]
≤ 21Lη2B2K

2

10N

(
M/K −N

M/K − 1

)
γ2 +

31η3KL2(B − 1)2

10
log (4MBK/δ)ν2

+
η3KL2B(B − 1)2ν2

2
+

ηKB

20

∥∥∥∇F (w(k,0))
∥∥∥
2

+
31K(K − 1)2B3L2η3α2

50
. (84)

Finally, substituting (82) and (83) into (81) we get

Ek[F (w(k+1,0))]− F (w(k,0))

≤ − 82

100
ηKB

∥∥∥∇F (w(k,0))
∥∥∥
2

+
21Lη2B2K

2

10N

(
M/K −N

M/K − 1

)
γ2

+

(
η1/2K

1/2
B1/2

10

∥∥∥∇F (w(k,0))
∥∥∥
)

47η3/2K

1/2
L(B3/2 − 1)

√
log
(
4MBK

δ

)
ν

2B1/2




+

(
η1/2K

1/2
B1/2

10

∥∥∥∇F (w(k,0))
∥∥∥
)(

63η3/2K
1/2

LB1/2(B − 1)ν

10

)

+

(
η1/2K

1/2
B1/2

25

∥∥∥∇F (w(k,0))
∥∥∥
)(

31η3/2K
1/2

(K − 1)LB3/2α

2

)

+
31η3KL2(B − 1)2

10
log (4MBK/δ)ν2 +

η3KL2B(B − 1)2ν2

2
+

31K(K − 1)2B3L2η3α2

50

⇒E[F (w(k+1,0))]− F ∗ ≤ (1− µηBK)(E[F (w(k,0))]− F ∗) +
21Lη2B2K

2

10N

(
M/K −N

M/K − 1

)
γ2
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+

(
472(B3/2 − 1)2

8B
+

31(B − 1)2

10

)
η3KL2 log

(
4MBK

δ

)
ν2 +

(
632

200
+

1

2

)
η3KL2B(B − 1)2ν2

+ 121K(K − 1)2B3L2η3α2. (85)

Unrolling (85) we have

E[F (w(k+1,0))]− F ∗ ≤ (1− µηKB)K(F (w(0,0))− F ∗) +
21κηBK

10N

(
M/K −N

M/K − 1

)
γ2

+

(
472(B3/2 − 1)2

8B2
+

31(B − 1)2

10B

)
η2κL log

(
4MBK

δ

)
ν2 +

(
632

200
+

1

2

)
η2κL(B − 1)2ν2

+ 121(K − 1)2B2Lκη2α2

(86)

With η = log(MBK2)/µBKK, we have

E[F (w(K,0))]− F ∗

≤ F (w(0,0))− F ∗

MBK2
+

21κ log(MBK2)

10µNK

(
M/K −N

M/K − 1

)
γ2

+

(
472(B3/2 − 1)2

8B4
+

31(B − 1)2

10B3

)
κ2 log (4MBK/δ) log2(MBK2)ν2

µK
2
K2

+
21κ2(B − 1)2 log2(MBK2)ν2

10µB2K
2
K2

+
121(K − 1)2κ2 log2(MBK2)α2

µK
2
K2

=
F (w(0,0))− F ∗

MBK2
+ Õ

(
κγ2

µNK

(
M/K −N

M/K − 1

))
+ Õ

((
(B3/2 − 1)2

B4
+

(B − 1)2

B3

)
κ2ν2

µK
2
K2

)

+ Õ
(
κ2(B − 1)2ν2

µB2K
2
K2

)
+ Õ

(
κ2(K − 1)2α2

µK
2
K2

)
,

which concludes the proof.

C.3. Proof for Corollary 3

Recall that the total cost for CyCP+Shuffled SGD and LocalRR respectively is as follows:

CSSGD(ϵ) = Õ
(
cSSGDκ√

µϵ

(
K
√
µ

κ
√
MB

+ ν +Kα+
ν√
B

))
(87)

CLocalRR(ϵ) = Õ
(
KcSSGD√

ϵ

(
1√
MB

+ ν +
ν√
B

))
(88)

For CSSGD(ϵ) < CLocalRR(ϵ) to be true, we need to have Hence, equivalently, we need to have

(1−K)ν +Kα+ (1−K)
ν√
B

< 0.

Since we have that K = M/N , we have

(
N −M

N

)
ν +

Mα

N
+

(N −M)ν

N
√
B

< 0, (N −M)ν +Mα+
(N −M)ν√

B
< 0,

(
α− ν − ν√

B

)
M < −Nν − Nν√

B
(
−γ − ν√

B

)
M < −N

(
α+ γ +

ν√
B

)
, M > N

(
α+ γ +

ν√
B

)
/

(
γ +

ν√
B

)
= N

(
1 +

α

γ + ν√
B

)
,

completing the proof.
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C.4. Proofs on Intermediate Lemmas

Proof of Lemma 10. In the following, we bound all three components of r(k,0) separately as follows.

∥∥∥Ek[r
(k,0)
1 ]

∥∥∥ =

∥∥∥∥∥∥
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
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∇Fm,πk
m(j)(w

(k,0))



∥∥∥∥∥∥
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∥∥∥∥∥∥
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

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(∵ unbiased client sampling)
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∥∥∥
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(Lemma 8 in (Yun et al., 2022))
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We can similarly bound the next noise term as

∥∥∥Ek[r
(k,0)
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∥∥∥ =
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(Jensen’s inequality)
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

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Since
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≤ 1
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For the last noise term, we have
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(Lemma 8 in (Yun et al., 2022))
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Finally, using (89), (92), (93), in
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∥∥∥

we get the final bound.

Proof of Lemma 11. Similar to how we bounded the norm of the noise terms, we can bound the norm square of the noise

terms as following
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Using (94), (95), and (96) we have
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which completes the proof.
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