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Abstract. Combinatorial threshold-linear networks (CTLNs) are a special class of recurrent
neural networks whose dynamics are tightly controlled by an underlying directed graph. Re-
current networks have long been used as models for associative memory and pattern com-
pletion, with stable fixed points playing the role of stored memory patterns in the network. In
prior work, we showed that target-free cliques of the graph correspond to stable fixed points
of the dynamics, and we conjectured that these are the only stable fixed points possible [1, 2].
In this paper, we prove that the conjecture holds in a variety of special cases, including for
networks with very strong inhibition and graphs of size n < 4. We also provide further evi-
dence for the conjecture by showing that sparse graphs and graphs that are nearly cliques
can never support stable fixed points. Finally, we translate some results from extremal com-
binatorics to obtain an upper bound on the number of stable fixed points of CTLNs in cases
where the conjecture holds.

Keywords: stable fixed points, attractor neural networks, threshold-linear networks, cliques,
Collatz-Wielandt formula

Contents
1 Introduction 2
1.1 Threshold-linearnetworks . . . . . . . . . ... .. .. ... ... . ... ... 2
1.2 Fixedpointsof TLNs . . . . . . . . . . . 3
1.3 The CTLN model and stable fixed pointsof CTLNs . . . . . .. ... ... ... 4
1.4 Early evidence: conjecture holds for symmetric graphs and oriented graphs . . 6
1.5 Summaryof mainresults . . .. ... ... ... ... 7
1.6 Bounds on the number of stable fixedpoints . . . . . ... ... ... ...... 8
1.7 Discussion . . . . . . . e e 9
2 Preliminaries 11
2.1 General background on fixed points and stability . . . . ... ... ... .... 11
2.2 Uniform in-degree and simply-added splits . . . . . . .. ... ... ... .... 12
2.3 Techniques for ruling out stable motifs . . . . . ... ... ... ... ...... 13
3 Degree bounds and proofs of Theorems 1.7 and 1.9 16
4 Near-cliques and proof of Theorem 1.8 18
5 Composite graphs that are never stable motifs 20
6 Stable motifs up to size 4 and proof of Theorem 1.6 22

7 Enumerating target-free cliques and proof of Theorem 1.10 26

1



1. Introduction

One of the major challenges in theoretical neuroscience is to relate network connectivity
to function. In the study of attractor neural networks, dating back at least to the Hopfield
model [3, 4], the attractors of interest have typically been stable fixed points of the dynamics.
These fixed points represent stored memory patterns, and the function of the network is to
transform an input pattern into a stable fixed point via the evolution of network dynamics.
In this way, attractor neural networks can perform pattern completion, image classification,
and memory retrieval [5, 6, 7]. Stable fixed points have also been used to model sensory
representations, such as orientation selectivity and surround suppression in visual cortex
[8, 9], as well as position coding in hippocampus [10], perceptual bistability [11], and decision-
making [12]. How does a network encode a set of attractors? More specifically, given a
network connectivity matrix W, what can we say about the stable fixed points?

In this work, we address this question in the context of combinatorial threshold-linear
networks (CTLNs). These are a special case of threshold-linear networks (TLNs), which are
recurrent network models that have been commonly used in computational neuroscience for
decades [13, 14, 15, 5, 16, 17, 18, 6, 19]. In the case of CTLNs, the connectivity matrix, IV,
is tightly controlled by a directed graph, G, leading to a fixed point structure that is closely
related to properties of GG. In prior work, we showed that certain cliques of G, called target-free
cliques, correspond to stable fixed points of the dynamics. Furthermore, we conjectured that
these are the only stable fixed points possible [1, 2]. Here we prove that the conjecture holds
in a variety of special cases, including for networks with very strong inhibition and graphs
of size n < 4. We also provide further evidence for the conjecture by showing that sparse
graphs and graphs that are nearly cliques can never support stable fixed points. Finally, we
translate some results from extremal combinatorics to obtain an upper bound on the number
of stable fixed points of CTLNs in cases where the conjecture holds.

We begin with some basic background on TLNs and CTLNSs, enough so that we can state
the main results.

1.1. Threshold-linear networks

Briefly, a TLN is a rate model consisting of n nodes, with dynamics governed by the system
of ordinary differential equations:

dx i
dt

= —x; + ., 1=1,...,n. (1)

+

i Wijl’j + bz
j=1

The dynamic variables z, . . ., z,, give the activity levels' of nodes 1, ...,n. The matrix entries
W,; are directed connection strengths between pairs of nodes, the vector b = (b4, ..., b,) € R"
represents the external drive to each node, and the threshold-nonlinearity [-], is given by
[y]+ = max{y,0}.

TLNs are a particularly appealing model because they exhibit the full range of nonlinear
behaviors, such as multistability, periodic attractors, and chaos, while remaining relatively

'If the nodes are neurons, the activity level is typically called a ‘firing rate.
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mathematically tractable because of their piecewise linear dynamics. Muiltistability, the co-
existence of multiple stable fixed points in a network, has made TLNs particularly useful as
models of associative memory storage and retrieval, similar to the Hopfield model [3]. In this
context, the stable fixed points represent the set of memories encoded in the network. The
network can then perform a sort of pattern completion: the activity evolves from a given initial
condition to converge to one of the multiple stored patterns of the network. The first major
developments in the mathematical theory of TLNs were made for symmetric networks, with
a focus on characterizing the stable fixed points [15, 5, 16].

1.2. Fixed points of TLNs

Recall that a fixed point is a point z* € R™ that satisfies dz;/dt|,—,- = 0foreach i € {1,...,n}.
The support of a fixed point is the subset of active nodes,

supp #* < {i |z} > 0}.

We restrict to considering TLNs that are nondegenerate (see Section 2.1 for the precise
definition). One consequence of the nondegeneracy condition (that is generically satisfied)
is that there is at most one fixed point per support [2]. We can thus label all the fixed points
of a given network by their supports. We denote this as:

FP(W,b) % {5 C[n]|o = suppz* for some fixed pt z* of the associated TLN},
where [n] & {1,...,n}. Note that for each support o € FP(WW,b), the fixed point itself is easily
recovered. Outside the support, =7 = 0 for all i ¢ o. Within the support, =* is given by:

37:; = (I - WJ)_lbm (2)

where z¥ and b, are column vectors obtained by restricting z* and b to the indices in o, and
W, is the induced principal submatrix obtained by restricting rows and columns of W to o.

Recall that a fixed point z* is stable if small perturbations of a solution from that point
decay over time; consequently, within a neighborhood of the point, all trajectories converge
to that fixed point. Otherwise, the fixed point is said to be unstable. The following result shows
that stability can be checked directly from the matrix 1W; this was first proven for symmetric
W in [16], and later generalized to arbitrary W in [17].

Theorem 1.1 ([16, 17]). Let (W,b) be a TLN on n nodes, and consider o € FP(W,b). Then
the fixed point of (1) with support o is stable if and only if the principal submatrix (—I1 + W),
is a stable matrix — i.e., if all its eigenvalues have negative real part.

Significant work has been done characterizing the collection of stable fixed point supports
of symmetric W through the lens of permitted sets, initially in [16] and extended in [17, 18, 6].
These advances were largely confined to the case of symmetric W because there is more
machinery for analyzing eigenvalues in that setting, such as Cauchy’s Interlacing Theorem
and results on nondegenerate square distance matrices. Thus, to make progress in the
nonsymmetric case, it is useful to restrict to a different class of networks that extend well
beyond the symmetric case, but maintain mathematical tractability.
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1.3. The CTLN model and stable fixed points of CTLNs

Combinatorial threshold-linear networks (CTLNs) are a special class of threshold-linear net-
works, first introduced in [1], whose dynamics are tightly controlled by an underlying directed
graph. CTLNs have uniform inputs, b; = 6, and a connectivity matrix W that is fully de-
termined by a simple? directed graph G and continuous parameters ¢ and §. Specifically
W =W(G,e,d) has the form:
0 ifi =7,
Wij=< —1+¢ ifj—iinG, (3)
—-1-6 ifjAiinG.

where j — 1 indicates the presence of an edge from j to i in the graph G, while j 4 7 indicates
the absence of such an edge. We additionally require that # > 0, § > 0,and 0 < ¢ < <2-;

6+1°
or equivalently, 0 < ¢ < 1 and 6 > ;=. When these conditions are met, we say that the

1
parameters are within the legal range® (see Figure 1B).

The simplicity of binary synapses has made the CTLN model particularly mathematically
tractable, while enabling us to explore networks beyond the symmetric case. Moreover, the
tight connection between the connectivity graph G and the matrix W has allowed us to isolate
the role of connectivity in shaping dynamics. This has led to the development of a series of
graph rules that directly connect fixed points of the network to particular features or subgraphs
of G [1, 2, 20, 21]. The primary focus of this paper is a graphical characterization of the stable
fixed points of CTLNs. This requires some terminology: A clique is subgraph in which there
are all-to-all bidirectional connections. We say that a node k ¢ o is a target of o if i — k for
every i € o. We refer to cliques that do not have any targets in G as target-free cliques.

In [1], it was shown that every target-free clique of G is the support of a stable fixed point
of any CTLN with graph G, irrespective of parameters (within the legal range). Moreover,
these appeared to be the only graph structures that gave rise to stable fixed points. These
observations led to the follm@ conjecture.

Conjecture 1.2 ([1]). Let W = W(G,¢e,d) be a CTLN on n nodes with graph G, and let
o C [n]. Then o is the support of a stable fixed point if and only if o is a target-free clique.

As an illustration of the conjecture, consider the CTLN in Figure 2. The collection of fixed
point supports, FP (W), are given below the graph of the network, with the stable fixed points
in bold.* Note that the supports of the stable fixed points are precisely the target-free cliques
48 and 189. The other cliques in the graph all have targets and consequently do not support
fixed points of the network (see Theorem 2.5); for example, the clique 78 has node 1 as a
target, and 78 ¢ FP(IW). Also, notice that no other type of subgraph supports a stable fixed
point other than the target-free cliques.

Figure 2B shows the attractors of the CTLN, which include two dynamic attractors in
addition to the stable fixed point attractors noted above. Note that the high-firing nodes

2A directed graph is simple if it does not have self-loops or multiple edges between a pair of nodes

SWithin this parameter range, W;; < 0 which guarantees that the network is competitive and activity is
bounded. The particular constraint on £ was motivated by a result in [1] to guarantee that a unidirectional edge
is always unstable.

4For compactness, we write ijk to denote the subset {4, j, k}.
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Figure 1: Combinatorial threshold-linear networks with strong and weak inhibition (modeling excitatory
neurons in a sea of inhibition). (A) (Left) A neural network with excitatory pyramidal neurons (triangles) and a
background network of inhibitory interneurons (gray circles) that produce a global inhibition. (Right) The graph
of the network retains only the excitatory neurons and the connections between them. In the corresponding
CTLN, the arrows in the graph indicate weak inhibition from the sum of excitation and a global background
inhibition. The absence of an edge thus indicates strong inhibition. (B) The equations for a CTLN network. (C)
(Left) The 3-cycle graph with its corresponding adjacency matrix and W matrix below. (Right) Network activity
follows the arrows in the graph, with peak activity occurring sequentially in the cyclic order 123. (D) A CTLN
with one stable fixed point, which has support {1,2} (network activity shown on right). Note that {1,2} is a
target-free clique. The clique {2, 3} does not have a corresponding fixed point; node 1 is a target of this clique.
All simulations have parameters ¢ = 0.25, § = 0.5., and 6 = 1.
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Figure 2: A CTLN with multiple fixed points and attractors. (A) Graph of a CTLN together with its fixed point

supports FP(W) def FP(W(G,¢,6),0) for e = 0.25, § = 0.5, § = 1. The supports of stable fixed points are

bolded. (B) The network has four attractors: two stable fixed points, one limit cycle, and one chaotic attractor.
The equations for the dynamics are identical in each case; only the initial conditions differ, and these determine
which attractor the solution converges to.

in each of these dynamic attractors correspond to the unstable fixed points with minimal
supports 236 and 345. These minimal fixed points come from special types of subnetworks,
known as core motifs, which have been observed computationally to give rise to attractors of
CTLNs [22]. Target-free cliques are provably core motifs, and we conjecture these are the



only core motifs that correspond to stable fixed points.
The remainder of this paper is focused on collecting evidence towards proving Conjec-
ture 1.2. To state these results, we first review some useful graph-theoretic terminology.

Graph theory terminology. Let G be a simple directed graph on n nodes and o C [n]. We
denote by G|, the induced subgraph obtained by restricting to the nodes in ¢ and keeping
only the edges between nodes in . Recall that a subgraph G|, is a clique if every pair of
nodes in o has a bidirectional edge between them. As an abuse of notation, when G is given,
we may refer to a subset o as being a clique to indicate that G|, is a clique. A clique is called
maximal if it is not properly contained in any larger clique. Note that every target-free clique
must be maximal, since any larger clique containing it would have a node k£ ¢ o that is a
target of . As an illustration of these terms, consider the graph in Figure 2A. We see that
189 is a target-free clique, and thus is necessarily maximal. The subsets 18, 19, and 89 are
all non-maximal cliques, and thus have targets. Finally, 78 is a maximal clique that is not
target-free: node 1 is a target.

As a generalization of cliques, we also consider directed cliqgues. We say that G|,, or
equivalently o, is a directed clique if there exists an ordering of the nodes 1, ..., |o| such that
i — j in G|, whenever i < j. Note that there are no constraints on the back edges ; — ¢
when i < j, and thus directed cliques include cliques as a special case. In Figure 2A, the
subgraphs G|a56, G129, @and G|14s are all examples of directed cliques.

A graph is oriented if it has no bidirectional edges, and thus no cliques of size greater
than one. Figure 1C shows an example oriented graph, the 3-cycle. As another example, for
G. Note that singletons are trivially cliques, and sinks are precisely the target-free cliques of
size 1.

Finally, we will also be interested in uniform in-degree graphs. We say that GG|,, or equiva-
lently o, is uniform in-degree if all nodes in the graph G|, have the same number of incoming
edges from nodes in 0. Note that the in-degrees need not agree in the full graph G, only
within the restricted subgraph G|,. There are no constraints on the out-degrees.

1.4. Early evidence: conjecture holds for symmetric graphs and oriented graphs

Conjecture 1.2 was motivated in part by the fact that it had previously been proven to hold
in two extreme cases: when the graph G is symmetric®, so that it only contains bidirectional
edges, and when G is oriented, so that it has no bidirectional edges.

Theorem 1.3 ([6]). Let G be a symmetric graph. Then for any CTLN with graph G, the
supports of the stable fixed points are precisely the maximal cliques of .

This theorem establishes that Conjecture 1.2 holds for symmetric G because in a sym-
metric graph, the target-free cliques are precisely the maximal cliques. To see this, recall that

SWe say that a directed graph is symmetric if between any pair of nodes there is either a bidirectional edge
or no edge.



in any graph a target-free clique is necessarily maximal. On the other hand, maximal cliques
in symmetric graphs must be target-free because any target k ¢ o receiving from all nodes in
o would have bidirectional edges to all nodes in o, contradicting the fact that ¢ is a maximal
clique.

At the other extreme, consider an oriented graph . Since G has no bidirectional edges,
it contains no cliques of size greater than 1. Thus the only cliques in G are the singletons,
and a singleton is target-free precisely when it has no outgoing edges, i.e. it is a sink. Thus,
in the case of oriented graphs, the conjecture reduces to the following theorem from [1].

Theorem 1.4 ([1]). Let G be an oriented graph. Then for any CTLN with graph GG, the supports
of the stable fixed points are precisely the singletons that are sinks in G.

Remark 1.5. A key ingredient to the proof of Theorem 1.4 in [1] was the requirement that
e < (Sj—l which defines the legal parameter range of CTLNs. Without this condition, there
may be nontrivial subgraphs of oriented graphs that can support stable fixed points. For
example, it is straightforward to check that for the 3-cycle (the oriented graph in Figure 1C),

the fixed point with support 123 is stable whenever ¢ > 6.

These extreme cases provide evidence for Conjecture 1.2, but we are still left with the
question of whether the conjecture holds more generally. Are there other types of graphs
where we can guarantee that target-free cliques are the only subgraphs that support stable
fixed points? Can we prove that certain types of subgraphs never support stable fixed points,
irrespective of what graph they are embedded in? These questions are the primary focus of
this paper. In the following section, we summarize the main results we have proven in this
vein, which provide further evidence in support of Conjecture 1.2.

1.5. Summary of main results

To state the results, we first set some notation. We assume throughout the remainder of the
paper that we are always considering a nondegenerate CTLN W = W (G, ¢, ) with arbitrary
parameters within the legal range (unless otherwise noted). Thus the results are parameter-
independent unless explicitly noted otherwise. The graph G is assumed to have n nodes, and
o C [n]. Finally, as shorthand, we often refer to o as having a particular graphical property,
when technically we mean that the subgraph G|, has that property.

Our first major result shows that among small subgraphs, the only ones that can support
stable fixed points are target-free cliques. Consequently if there are counterexamples to the
conjecture, they can only occur in subgraphs of size at least 5.

Theorem 1.6. If|o| < 4, then o supports a stable fixed point of W if and only if o is a target-
free clique in G.

The proof of Theorem 1.6 is postponed to Section 6, as it relies on the application of many
of the other main results to rule out families of subgraphs as possible supports of stable fixed
points. One such collection of graphs that we can rule out are those that are very far from
having clique-like structure by way of being relatively sparse.
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Theorem 1.7. If G|, has maximum in-degree d,, < % then o cannot support a stable fixed

max
point.

At the other extreme, Theorem 1.8 shows that various dense graphs that are “near-
cligues” also cannot support stable fixed points. Recall that directed cliques are graphs
that generalize clique structure in directed graphs (see the graph theory terminology in Sec-
tion 1.3 for the precise definition).

Theorem 1.8. Let o be a directed clique or contain a clique of size |oc| — 1. Then o cannot
support a stable fixed point unless o is a clique.

Theorem 1.7 is proven in Section 3, while the proof of Theorem 1.8 is given in Section 4.
In Section 5, we examine infinite families of graphs, known as composite graphs, that are
built from connecting arbitrary component subgraphs in a prescribed manner. We show that
when the component subgraphs have certain properties, e.g., sparsity, then the full graph
is guaranteed to never support a stable fixed point. On the flip side, when the component
subgraphs are dense, but there are relatively few edges between components, then again
the full graph is guaranteed never to support a stable fixed point.

The results presented so far show that the conjecture holds for certain families of graphs,
irrespective of the CTLN parameters. In contrast, the following theorem shows that if we
restrict to sufficiently strong inhibition, i.e. sufficiently large J, then the conjecture holds for all
graphs, provided the CTLN lies within this parameter regime.

Theorem 1.9. Let G be an arbitrary graph and W = W (G,e,0) be a corresponding CTLN
whose parameters satisfy

5> (n* —n—1).

1—¢
Then for any o C [n], o supports a stable fixed point of W if and only if o is a target-free clique
inG.

The condition on ¢ in Theorem 1.9 is rather extreme, since it grows with n?; Theorem 3.3 in
Section 3 provides more generous bounds on § when the size of ¢ or the maximum in-degree
of G|, can be taken into account. In fact, Theorem 1.7, which holds for the full legal parameter
range, is a corollary of this result. In each of these cases, though, the requirement of large §
is an artifact of the techniques used to prove the results; we do not believe that this restriction
is actually necessary for the conjecture to hold. Moreover, we present these results as proof
of concept that there exists a parameter regime where the conjecture holds for all graphs, not
only for restricted families of graphs with special properties.

1.6. Bounds on the number of stable fixed points

In previous work, it was shown that the maximum number of stable fixed points of a CTLN
is at most 27! (Corollary 1 in [2]). This bound was derived from constraints on the vector
field that follow from the Poincaré-Hopf theorem; it does not exploit any graphical structure
that might constrain how the subgraphs supporting stable fixed points can coexist within a
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graph. Here we show that there is a tighter bound on the number of target-free cliques that
can coexist in a graph on n nodes. Thus, if the conjecture is true, or in any context where it
holds, this provides a tighter upper bound on the number of stable fixed points of a CTLN.

To derive this bound, we make use of a straightforward correspondence between target-
free cliques of directed graphs and maximal cliques of undirected graphs (see Section 7
for more details). This enables us to exploit results on maximal cliques, which have been
significantly studied in extremal graph theory. Applying a result from Moon and Moser [23],
we immediately obtain the following upper bound on the number of target-free cliques in a
directed graph.

Theorem 1.10. The maximum number of target-free cliques in a directed graph of size n is

3n/3 ifn=0 (mod 3)
max # of target-free cliques = { 4-3"/31=1 ifn =1 (mod 3)
2.3/31  ifn=2 (mod 3).

Moreover, it is straightforward to construct the graph of a CTLN that attains this upper
bound. Figure 3 illustrates the construction in the case when n = 0 (mod 3). The graph is
comprised of n/3 component subgraphs, each containing 3 nodes with no edges between
them (an independent set). The components are connected following a cliqgue union® ar-
chitecture, in which there is a bidirectional edge between every pair of nodes in different
components. This graph contains 3"/3 maximal cliques of size n/3, each consisting of one
node per component. To see that each of these cliques is target-free, let ¢ be such a clique
and consider any k ¢ o. The node k£ must be in some G;, and since o contains a node from
every component subgraph, it must contain a j in G;. Since G, is an independent set, j 4 k,
and so k cannot be a target of 0. Thus, o is target-free. To modify this construction for the
case whenn =1 (mod 3), we simply make one of the component subgraphs contain 4 nodes
instead of 3. For the case when n = 2 (mod 3), we add an additional component subgraph
that is an independent set on 2 nodes.

1.7. Discussion

A target-free clique o is always minimal in FP(IW) with respect to inclusion because any
proper subset of o is necessarily a clique with a target, and thus cannot be in FP(WW) (see
Theorem 2.5). Moreover, target-free cliques are a special case of what are known as core
motifs,” which have been observed computationally to have a close correspondence with the
attractors of CTLNs [22]. If Conjecture 1.2 is true, then all stable fixed points are guaranteed
to be core motifs, and thus minimal in FP(WW). Even if the conjecture is not true, it may still
be the case that all stable fixed points of CTLNs are core motifs or at least minimal. This may
be considered a weaker version of Conjecture 1.2.

6Clique unions are a special type of composite graph, first introduced in [2], and further considered here in
Section 5.

"Note that o is a core motif if it is the unique fixed point of its restricted subnetwork, i.e. FP(W,) = {o}. For
any 7 C o, we see that 7 ¢ FP(W,) and consequently = ¢ FP(W) (see [2, Corollary 2] for more details). Thus,
core motifs are always minimal supports within FP(W).
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It is already known that Conjecture 1.2 only applies to CTLNs, as there are TLNs that
violate the conjecture in both directions: there are TLNs where (1) a target-free clique of the
corresponding graph does not support a stable fixed point, and others where (2) there are
stable fixed points supported on other types of subgraphs. However, it is still an open ques-
tion whether stable fixed points always correspond to core motifs. In particular, the following
questions remain.

Question. For a general TLN (W) b), if o € FP(W, b) supports a stable fixed point, is o guar-
anteed to be a core motif? If not, is o at least guaranteed to be minimal in FP(WV,b)?

We conjecture that the answer to this question is yes, stable fixed points are minimal fixed
points. However, we do not currently have strong evidence in support of this outside of the
case of CTLNs, and so it requires further exploration.

The remainder of the paper is organized as follows. Section 2 reviews general back-
ground on fixed points of CTLNs and then lays out the key techniques to prove a subset
cannot support a stable fixed point, which will be used throughout the following sections
to prove the main results. Section 3 is devoted to proving Theorem 1.7, guaranteeing that
sparse graphs never support stable fixed points, and Theorem 1.9, showing the conjecture
holds within a subset of the legal parameter range. We will see that both of these results are
in fact immediate corollaries of a single technical theorem that connects |o| and the maximum
in-degree of G|, to regions of parameter space in which a fixed point supported on ¢ is guar-
anteed to be unstable. Section 4 collects various results about “near-cliques” and concludes
with the proof of Theorem 1.8. In Section 5, we consider a broad class of composite graphs,
which include clique unions as a special case. We prove that sufficiently sparse composite
graphs never support a stable fixed point. Next, Section 6 considers all possible fixed point
supports up to size 4 and shows that, among subgraphs that can support fixed points, cliques
are the only ones with corresponding fixed points that are stable, proving Theorem 1.6. Fi-
nally, in Section 7, we develop the correspondence between target-free cliques of directed

clique union with G
n/3 components 1

AN Py
Gn/3...@... Gy %
. M - : . arget-free cliques

of size n/3

3

Figure 3: Graph with maximum number of target-free cliques. (Left) Cartoon of graph on n nodes, where
n =0 (mod 3), that is a clique union of component subgraphs G, ..., G, 3, each of which is an independent
set on 3 nodes. Thick edges indicate that every node in one component send edges to every node in the other
component, so there are all-to-all connections between all nodes in different components. (Right) One of the
3"/3 maximal cliques from the graph on the left. Each such clique is also target-free.
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graphs and maximal cliques of undirected graphs, and provide a summary of the literature
on the latter to obtain counts of target-free cliques and algorithms for enumerating them.

2. Preliminaries

2.1. General background on fixed points and stability

Throughout this work, we will be focused on the subsets o that can support fixed points of a
CTLN W = W (G, ¢,d), i.e. subsets o € FP(W) where

FP(W) = {o C [n] | o is the support of a fixed point}.

Note that we omit ¢ from the notation FP (1) because the value of # > 0 has no impact on the
fixed point supports, it simply scales the precise value of the corresponding fixed points. To
exploit previous characterizations of fixed points in terms of their supports [2], we will restrict
consideration to CTLNs that are nondegenerate, as defined below.

Definition 2.1. We say that a CTLN (I, 0) is nondegenerate if
* det(/ — W,) # 0 for each o C [n], and

» for each ¢ C [n| and all i € o, the corresponding Cramer’s determinant is nonzero:
det((1 — W5);;0) # 0.

Note that almost all CTLNs are nondegenerate, since having a zero determinant is a highly
fine-tuned condition. The notation det(A;; b) denotes the determinant obtained by replacing
the i column of A with the vector b, as in Cramer’s rule. In the case of a restricted matrix,
((A,):; b,) denotes the matrix obtained from A, by replacing the column corresponding to the
index i € o with b, (note that this is not typically the i column of A,).

In [2], multiple characterizations of FP(1W) were developed for nondegenerate threshold-
linear networks in general as well as CTLNs specifically, including a variety of graph rules for
CTLNs. As an immediate consequence of one of these characterizations, it was shown that
o is the support of a fixed point, i.e. o € FP(W), precisely when

(1) ¢ € FP(W,), and
(2) 0 € FP(W,uqy) forevery k ¢ o

(see [2, Corollary 2] for more details). We say that o is a permitted motif of W when it is a
fixed point of its restricted subnetwork, so that condition (1) holds. This condition is satisfied
whenever the fixed point corresponding to o has strictly positive entries within o, i.e. when
(I —W,)~'1, > 0 (see Equation (2)).

Given a permitted motif o, we say that o survives to support a fixed point in the full
network when condition (2) is satisfied. Note that whether a subset o is permitted depends
only on the subgraph G|, (and potentially the choice of parameters ¢ and §), while its survival
will depend on the embedding of this subgraph in the full graph.
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We say that o is a stable motif if it is a permitted motif and its corresponding fixed point
is stable, which occurs when all the eigenvalues of —I + W, have negative real part (or
equivalently all the eigenvalues of /—WW, have positive real part) by Theorem 1.1. Thus, stable
motifs are the only candidate subsets for supporting stable fixed points, but whether they
actually survive to yield stable fixed points of the full network will depend on their embedding.

Definition 2.2. Let (W, 0) be a CTLN on n neurons, and let o C [n]. We say that ¢ is a stable
motif of the network if the following two conditions hold:

(i) (I -w,)'1, >0,and
(i) —1 + W, is a stable matrix (i.e., all eigenvalues have negative real part).

Again, note that o being a stable motif is a necessary, but not sufficient, condition for the
existence of a stable fixed point with support ¢ in the full network (W, 8); one must also check
that this stable fixed point actualy survives in the full network.

2.2. Uniform in-degree and simply-added splits

As our first example of graphs that are guaranteed to be permitted motifs, and thus candidate
stable motifs, we turn to those with uniform in-degree.

Definition 2.3. We say that o has uniform in-degree d if every node in ¢ has d incoming
edges within G|,,, i.e. if the in-degree di* = d for all i € o.

Theorem 2.4 (Theorem 5 (uniform in-degree) in [2]). Suppose o has uniform in-degree d in
a graph G. Then o is a permitted motif of any CTLN W with graph G.

Fork ¢ o, let dy o {i € o | i — k}| be the number of edges k receives from o. Then
o e FP(W) & dy<dforallk ¢ o.

Furthermore, if d < |o|/2 and |o| > 1, then the fixed point is unstable. If d = |o| — 1, i.e. ifo is
a clique, then the fixed point is stable.

The particular proof techniques used for Theorem 2.4 only enabled us to prove that o is
unstable when d < |o|/2, but we conjecture that this holds whenever d < |o|—1, i.e. whenever
o is not a clique.

Combining Theorem 2.4 with a straightforward computation of eigenvalues yields the
following result characterizing cliques.

Theorem 2.5 ([2]). Leto be a clique in G and let W be a CTLN with graph G. Then
o€ FP(W) < o is target-free.

Moreover, o is a stable motif, with eigenvalues of I — W, given by
eig(I = Wo) = {e, [o|(1 —¢) — ¢},

where ¢ has multiplicity |o| — 1.
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One graph structure that will prove particularly useful for getting a handle on eigenvalues
of larger motifs is that of simply-added splits. In particular, if a motif has a simply-added
split containing a uniform in-degree subgraph, then the eigenvalues of the uniform in-degree
subgraph will be inherited as eigenvalues of the full motif (Lemma 2.6).

Suppose 0 = 7 U w with 7, w #  and 7 Nw = (. We say that w is simply-added onto 7
(or equivalently that o has a simply-added split U w) if each node in w treats all the nodes
in 7 identically in terms of its outgoing edges, i.e. for each i € w if i — j for some j € 7, then
i — j for every j € 7 (see Figure 4). Note that there are no constraints on the edges from 7
back to w or on edges within 7 or w.

alledges 7 — w
are optional

Figure 4: In this graph, w is simply-added to T and thus each i € w either sends all possible edges to 7, or no
edges. There are no constraints on the edges within 7, within w, or from 7 to w.

Lemma 2.6 (Lemma 5 in [2]). Suppose o has a simply-added split U w with w simply-added
to 7, where 7 is uniform in-degree. Let R, be the row sum of I — W,. Note that this is the
maximum (Perron-Frobenius) eigenvalue of I — W... Then

eig(I — W,) Deig(l — W;)\ R..
So all the eigenvalues of T get inherited, except possibly the top one R...

As a consequence of Lemma 2.6 and [20, Theorem 1.4], we obtain the following corollary
that rules out certain graphs as stable motifs.

Corollary 2.7. Suppose o has a simply-added split - U w with w simply-added to T, where T
is uniform in-degree. If T is not a stable motif, then o is not a stable motif.

2.3. Techniques for ruling out stable motifs

In this section, we highlight and synthesize background results that underlie our arguments
ruling out graphs as candidate stable motifs. Corollary 2.7 provides one such result in this
direction, whenever the graph has a simply-added split with an unstable uniform in-degree
subset. More generally, to rule out a o as a stable motif, we can either show that o is not
permitted or show that — 7 4+ W, has an eigenvalue with positive real part (equivalently, 7 — W,
has an eigenvalue with negative real part). Graphical domination, first defined in [2], is the
primary method for showing that ¢ is not a permitted motif.
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Definition 2.8 ([2]). Let G be a graph on n nodes and ¢ C [n]. For j,k € o, we say that k
graphically dominates j with respect to o if the following three conditions all hold:

(1) ifi — jtheni — k, foreveryi € o\ {j, k}, (2) j—k, (3) kA j

Theorem 2.9 (Theorem 4 (graphical domination) in [2]). Let G be a graph on n nodes and
o C [n]. Suppose k graphically dominates j with respect to o for some j, k € 0. Then o is not
a permitted motif, and so o ¢ FP(W) for any CTLN W with graph G.

Another method for ruling out o as a stable motif is parity (Theorem 2.10 below). Through-
out the following, to simplify analyses, we will focus on the matrix I — WW,; then o is stable
precisely when all the eigenvalues of I — W, have positive real part. We define the index of
o as

idx(o) & sgndet(I — W,).

Since the determinant is the product of the eigenvalues, we see that any stable motif o must
have idx(c) = +1. Thus, any ¢ with idx(c) = —1 is guaranteed to not be a stable motif.

The following theorem, which is a direct consequence of the Poincaré-Hopf Theorem,
shows that there is a detailed balance between the indices of all the fixed points of a CTLN.

Theorem 2.10 (parity [24]). Let W =W (G, e,0) be a CTLN. Then

Z idx(c) = +1.

c€FP(W)
In particular, the total number of fixed points | FP(W)| is always odd.

As an immediate consequence of Theorem 2.10, we see that a CTLN has at most 2"!
stable fixed points, since these all have index +1 and the maximum size of FP(W) is 2" — 1,
the number of choices for a nonempty support o.

Beyond this general upper bound, Theorem 2.10 can be used to explicitly rule out graphs
as stable motifs whenever we know which proper subgraphs are permitted motifs that survive
to yield fixed points of the full graph. Specifically, if we know that there are an odd number of
proper subgraphs of a graph G that survive as fixed points, then by Theorem 2.10, G cannot
have a full-support fixed point and thus G is not a permitted motif. If we additionally know the
index of all the subgraphs of a graph G that survive as fixed points, the following conclusions
can immediately be drawn from the sum of these indices:

Z idx(o) =

oc€FP(W); o#[n]

+2 = (G is permitted, but not stable

{ +1 = (@ is not a permitted motif
0 = G isapermitted motif and stability is unknown

The following lemma from [2] gives another tool for determining a motif’s index from that
of its proper subgraphs of size one less. In particular, this lemma shows that a CTLN can
never contain two stable fixed points whose support differ in only a single neuron.

Lemma 2.11 (Lemma 3 (alternation) in [2]). Let W = W (G,¢e,d) be a CTLN. If 0,0 U {k} €
FP(W), for k ¢ o, are both fixed point supports, then

idx(c U {k}) = —idx(o).
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For the previous set of tools, we exploited the fact that the determinant of a matrix equals
the product of its eigenvalues. For the remainder of this section, we focus on tools that will
utilize the fact that the trace of a matrix is the sum of its eigenvalues. We begin with the
following key observation we will exploit throughout.

Observation. If the sum of a subset of eigenvalues of I — W, is bigger than its trace,
Tr(I — W,) = |o|, then I — W, must have a negative eigenvalue. In this case, the matrix
—I + W, is unstable, and so ¢ is not a stable motif. In particular, if the maximum eigenvalue
Amax Of I — W, is larger than |o|, then ¢ is not a stable motif.

We next collect some useful results for lower bounding the maximum eigenvalue A, ..

Theorem 2.12 (Collatz-Wielandt). Let A be ann x n matrix with strictly positive entries. Then
the Perron-Frobenius eigenvalue M., of A is given by

Azl
Amax = Max (min [ xL) ,

zeRL, \i€ln] Ty

where the maximum is taken over all non-negative vectors x. In particular,

Axl;
)\max Z mln[ m] )

i€n]  T;

for any non-negative vector .

Lemma 2.13. Let A and B be n x n matrices with strictly positive entries, and suppose A > B
entrywise. Then
/\max(A) Z AInax(-B)-

Proof. Since A > B, we have 22 > [24i for every non-negative vector . Thus, by Theo-
rem 2.12 (Collatz-Wielandt), Apax(A) > Amax(B). O

Since entrywise comparison of CTLN matrices is fully determined by edges in the under-
lying graphs, we immediately obtain the following corollary. Note that E(G) denotes the set
of edges of a graph G.

Corollary 2.14. Suppose that G and G’ are two graphs on n nodes satisfying E(G) C E(G"),
ie.i— jinG impliesi — jinG'. LetW and W' be CTLNSs for graphs G and G’ respectively.
Then

A (I = W) = A (L = W),

Proof. Observe that the off-diagonal entries of W and W’ are all 1 — ¢ and 1 + §. Since
E(G) C E(G'), whenever (I — V), takes on the smaller value 1 — ¢ due to j — i in G, we
have (I —W’),; equals 1 —¢ as well. Thus, I —W > I — W’ entrywise, and so by Lemma 2.13
the result follows. ]
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3. Degree bounds and proofs of Theorems 1.7 and 1.9

In this section, we prove Theorem 1.7 showing that sparse graphs cannot be stable motifs
as well as Theorem 1.9, which guarantees that there is a parameter regime in which the only
stable motifs are cliques, and thus the conjecture holds within this regime. Interestingly, these
results are both corollaries of a single theorem that connects properties of o, such as its size
or maximum in-degree, to a range of ¢ values in which o can never be a stable motif. The key
to the proof of this theorem is to show that whenever ¢ lies in the relevant range, I — W, has
an eigenvalue that is larger than the trace, forcing a negative eigenvalue. Toward that end,
we begin with a formula for the Perron-Frobenius eigenvalue .., of I —W,, when ¢ is exactly
one edge away from a clique. To compute the eigenvalue of such a CTLN, we begin with a
lemma identifying an eigenvalue and eigenvector of a highly structured matrix. The proof of
this lemma is a straightforward computation, and thus is left to the reader as an exercise.

Lemma 3.1. Let A be an n x n matrix of the form

for any a,b € R. Then A has an eigenvector [c 1 1 ... 1]" with corresponding eigenvalue ),

where
—n+\/n2+4(b_a)], A=1l-a+2 n+\/n2+4(b_a)]
a 2 a

Furthermore, ifb > a > 0, then[c11 ... 1]' is the Perron-Frobenius eigenvector and A = \,..

c=1+

N | —

As a special case of Lemma 3.1, we obtain the formula for an eigenvalue of a graph that
is a clique missing exactly one edge.

Corollary 3.2. Let o be a clique missing exactly one edge, j / i. Then I — W, has Perron-
Frobenius eigenvalue

1
Amax = €+ 5 (1= )(lo] + V]o? +4(0 +2)/(1 = <)).
Proof. Since o is a clique missing exactly one edge, without loss of generality suppose the
missing edge is from the last node to the first node in o, i.e. |o| /4 1. Then I — W, has the
form of the matrix A in Lemma 3.1 witha=1—-¢cand b =1+4. Since b > a > 0, the value of
Amax follows directly from that result. [

The following theorem gives parameter regimes in which non-cliques are guaranteed to
never be stable motifs.
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Theorem 3.3. Let G be an arbitrary graph and W = W (G, ¢,0) a corresponding CTLN. For
o C [n], if o is not a clique, then o is not a stable motif whenever the CTLN parameters satisfy

6> ——(lo? = Jo] — 1)
Moreover, if G|, has maximum in-degree d,, = d < |o| — 1, then o is not a stable motif
whenever
o> _ed
lo| —1—d

Proof. Let o be any subset that is not a clique. Let G’ be a graph of size |¢| that is a clique
missing exactly one edge, as in Corollary 3.2. Since ¢ is not a clique, F(G|,) C E(G’), and
so by Lemma 2.13,

1
N (I = Wa) 2 Maa(T = W) = &+ 5(1 = )([o| + V/oP +40 +)/(1 = 2)).
Recall that whenever
Amax(I — Wy) > |o| = Tr(I — W,),

I — W, must have a negative eigenvalue, forcing —I + W, to be unstable. Solving for ¢, it is
straightforward to show that ¢ + (1 — ¢)(|o| + /|o|> + 4(d + €)/(1 — €)) > |o| whenever

2 _ _ _
5 ol —lol =1+ (2~ |of)e)
1—¢

Since o is not a clique, |o| > 2, and so it suffices to have § > = (|o|* — |o| — 1) to guarantee
the previous inequality holds. Then —I + W, is unstable, and so ¢ is not a stable motif.
To prove the second statement, suppose ¢ has maximum in-degree d,, = d < |o| — 1.

Let G’ be a graph of size |o| with uniform in-degree d such that E(G|,) C E(G").® To complete
the proof, we follow a similar argument as above to ensure that

A (I = W) > Amac(I — W) > |o] = Te(I — W),

and thereby force I — W, to have a negative eigenvalue. In this case, we obtain a tighter
bound using the fact that when G’ has uniform in-degree d, I — W’ has the all-ones vector as
the Perron-Frobenius eigenvector and thus, A,...(I — W) equals the row sum:

Amax(I = W') = lo| + (Jo| — 1 = d)d — de.

Solving A\ax (I — W) > |o| for 6, we see that whenever

ed
0> ——m—
lo| —1—4d
I — W, is forced to have a negative eigenvalue, and so o is not a stable motif. Il

8Note that it is always possible to find such a G’ since there are no constraints on the out-degree, so arbitrary
edges can be added to G|, to appropriately fill up the in-degrees.
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From Theorem 3.3, we obtain Theorem 1.7 and Theorem 1.9 as immediate corollaries.

Proof of Theorem 1.7. Let o C [n] such that G|, has maximum in-degree d e gin < M

max 2
Then the bound on § in the second part of Theorem 3.3 reduces to

ed e(lo] —1)/2 B
ol—1-d - Jo|-1—(o]-1j2

E.

Within the legal parameter range, we are guaranteed that ¢ < 1, and 6 > = > ¢. Thus, ¢
satisfies the bound in Theorem 3.3 across the full legal range of parameters, and so ¢ is not

a stable motif, meaning it cannot support a stable fixed point. Il

Theorem 1.9. When the CTLN parameters satisfy § > ;= (n”*—n—1), we are guaranteed that
6 > = (|o|> = |o| — 1) for all o C [n]. Thus, by Theorem 3.3, ¢ is not a stable motif whenever
o is not a clique. Thus, the only stable motifs in this parameter regime are the cliques, and
these produce stable fixed points if and only if they are target-free (Theorem 2.4). Il

4. Near-cliques and proof of Theorem 1.8

Theorem 3.3 showed that there is a parameter-regime where non-cliques are provably not
stable motifs, and that for sparser graphs we can prove instability for a significantly larger
parameter range. In this section, we consider the other extreme of particularly dense graphs
and prove instability of those motifs as well. Specifically, we build up the machinery to prove
Theorem 1.8 showing that directed cliques and graphs containing a clique of size one less
are never stable motifs unless they are themselves cliques. We begin by proving an important
fact about the structure of directed cliques.

Lemma 4.1. Let 7 C [n] be a directed clique of a graph G. Then there exists a unique o C T
such that o is a target-free clique in G|,.

Proof. First, we show the existence of a target-free clique in G|.. Since 7 is a directed clique,
we can label the neurons 1, ..., ¢, where t = |7|, such that i — j whenever i < j. Ifnode tis a
sinkin G|,, then the singleton {¢} is a target-free clique. Otherwise ¢ has at least one outgoing
edge in 7; let i; € 7 be the vertex with largest index such that t — 4, so that {i,, ¢} is a clique.
Either this is a target-free clique, or it has at least one target in 7. In the latter case, let iy
be the target of {i;,t} with the largest index. Clearly, i» < i,,¢, and so we also have i, — i,
and i, — t, making {i;,is,t} a clique. If it's not a target-free clique, we can again repeat
the previous step and add its target of largest index, yielding a larger clique. Eventually, we
obtain a clique o = {iy, ..., i, t} that has no targets in 7, and is thus a target-free clique in
G|,. (If 7 is itself a clique, then o = 7.)

To see that o is unique, suppose w is another target-free clique of G|,. Then w must
contain the vertex ¢, otherwise ¢t would be a target of w by the edge rule defining directed
cliques. Observe that all other elements of w must be less than or equal to ¢; since all nodes
in w receive an edge from ¢ and i, is the largest such element by construction. Thus j — 4,
for all j € w, since 7 is a directed clique, and so i; € w since otherwise w would have a target.
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Similarly, since w is a clique containing {i,,t}, we must have i, € w, since otherwise i, would
be a target. Continuing in this manner we see that o C w. Furthermore, there cannot be a
Jj € w\ o, since w being a clique would force j to be a target of o, but o is target-free. Thus
o = w, and so ¢ is unique. O

Proposition 4.2. Let G be a directed clique and W be any CTLN with graph G. Then
FP(W) = {o}, where o is the unique target-free clique of G. In particular, a directed clique
is a stable motif if and only if it is a clique.

Proof. By Lemma 4.1, G contains a unique target-free clique o, and so ¢ € FP(W) and the
corresponding fixed point is stable. To show that ¢ is the only fixed point support, consider
any other subset w C [n]. If w is a clique, then it necessarily has a target, since o is the unique
target-free clique, and thus w ¢ FP(W) by Theorem 2.5. Otherwise, w is a directed clique
that is not a clique, under the same ordering of the vertices that showed G was a directed
clique. Thus, there exists some pair of vertices with only a unidirectional edge between them.
Let j € w be the vertex of largest index such that there exists a k € w with j — k but & 4 7,
then choose £ to have the largest index among the vertices that do not send edges to j (note
by the directed clique property, we necessarily have £ > ;). We will show that £ graphically
dominates j with respect to w. Consider : € w such that i — j. If i < k, then i — & since
w is a directed clique. If ¢ > k, we have k£ — i and so we must have i — k as well, since
otherwise this would contradict the fact that ; was the vertex of largest index that has only a
unidirectional edge with some node greater than it. Thus, we have (1) i — j implies i — k for
alli e w\ {j,k}, (2) j — k, and (3) k£ 4 j, and so k graphically dominates j with respect to w.
Thus, w ¢ FP(W) by Theorem 2.9, and so FP(W) = {c}.

Finally, observe that if G is not itself a clique, i.e. [n] # o, then [n] ¢ FP(WW), and so G is
not a permitted motif and thus cannot be a stable motif. Il

Proposition 4.2 completes the proof of the first part of Theorem 1.8 by showing that
directed cliques are only stable motifs when they are themselves cliques. To prove the second
part of the theorem, we first need the following lemma showing alternation of the index of fixed
point supports that differ in one node.

Lemma 4.3. Suppose o is a permitted motif such that o = 7 U {k} where T has uniform
in-degree d and the in-degree of k. satisfies di" < d. Thenidx(c) = — idx(7).

Proof. Let W be any CTLN with graph G|,. By hypothesis, ¢ = 7 U {k} is permitted, and
so 7 U{k} € FP(W,). Additionally = € FP(W,) by Theorem 2.4 (uniform in-degree), since
di" < d. Thus by Lemma 2.11 (alternation), idx(7 U {k}) = — idx(7). O

Recall that a necessary condition for ¢ to be a stable motif is that ¢ be a permitted motif
with index +1. The following proposition shows that if o contains a clique of size 1 less, then
it can only be a stable motif if it is itself a clique.

Proposition 4.4. If o contains a clique of size |c| — 1 and o is not a clique, then o is not a
stable motif.
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Proof. Let o = 7 U {k} where 7 is a clique of size |¢| — 1, so 7 has uniform in-degree |o| — 2.
By Lemma 4.3, if k£ has in-degree di* < |o| — 2, then whenever ¢ is permitted it has index
idx(c) = —idx(7) = —1. Thus, when di* < |o| — 2, if o is permitted it must be unstable, and
so o is not a stable motif. On the other hand, when di* = |o| — 1, so that & receives from
every node in 7, there must exist a j € 7 such that £ 4 j, since o is not a clique. Then k
graphically dominates j with respect to o because condition (1) and (2) are trivially satisfied
since i — k for all i € o\ {k} and (3) holds by choice of j. Thus, ¢ is not a permitted motif,
and in particular not a stable motif, since it contains a graphical domination relationship. [

We can now complete the proof of Theorem 1.8.

Proof of Theorem 1.8. Proposition 4.2 guarantees that a directed clique is a stable motif if
and only if it is a clique, while Proposition 4.4 shows that any graph containing a clique of
size 1 less cannot be a stable motif unless it is a clique itself. O

5. Composite graphs that are never stable motifs

In this section, we prove that a variety of composite graphs can never be stable motifs, in-
cluding some well known constructions such as disjoint unions and cyclic unions.

Definition 5.1 (composite graph). Given a set of graphs G, ..., G,,, and a graph G on m
nodes, the composite graph with components G; and skeleton G is the graph G constructed
by taking the union of all component graphs, and adding edges between components accord-
ing to the following rule: if u € G; and v € G;, thenu — vin G if and only if i — 7 in G. (See
Figure 5.)

A a B O T —
1 00— 9 Y2
1 o —— Iz G1 {_ G2
4® *3 G, Gy o0 y
G4 G3
D E clique union F cyclic union

disjoint union

IR 7N\

~ TRe—
Figure 5: (A) A skeleton graph G. (B) An arbitrary composite graph with skeleton G from A. Each node i in
the skeleton is replaced with a component graph G; whose connections to the rest of the graph are prescribed
by the connections of node i in G. (C) An example composite graph with skeleton G from A. (D-F) Families of
composite graphs that have previously been studied extensively in [2, 20].

A key feature of composite graphs is that for each component G;, the rest of the graph
treats all the nodes in the component identically in terms of the edges projected to that
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component. Specifically, in a composite graph, the rest of the graph is simply-added onto
each component, so that G; U (G \ G;) is a simply-added split for each component (see
Section 2.2). This fact was key to proving the following result from [2] that enables us to
immediately rule out certain composite graphs as stable motifs.

Theorem 5.2 (Theorem 8 in [2]). Let G be a composite graph of components G, ...,G,,. If
some component G; is not a permitted motif, then G is not a permitted motif. In particular, G
is not a stable motif.

As another consequence of this simply-added split in composite graphs, we can apply
Lemma 2.6 whenever one of the components has uniform in-degree. Recall that ¢ is uniform
in-degree if all nodes in G|, have the same in-degree. In this case, all the eigenvalues of the
uniform in-degree component are inherited by the full composite graph, except for possibly
the Perron-Frobenius eigenvalue \,,.. of the component. Thus, if a component is an unstable
uniform in-degree, then the full composite graph will also be unstable, as captured by the
following proposition from [2].

Proposition 5.3 (Proposition 1in [2]). Let G be a composite graph with components G+, ..., G,,.
If some component G; is an unstable uniform in-degree motif, then G is not a stable motif.

These results enable us to rule out as possible stable motifs all composite graphs where
either a component is not permitted or it is an unstable uniform in-degree. But what about the
case when all the components are permitted and stable, specifically, what if all the compo-
nents are cliques? The following theorem shows that as long as the composite graph satisfies
a particular bound on the in-degree of the nodes, it will not be a stable motif even when all
the components are stable motif cliques.

Theorem 5.4. Let G be a composite graph on n nodes with skeleton G on m nodes, and
suppose the components G, ..., G,, are all cliques (of arbitrary size). Let d" (G) be the
maximum in-degree of all nodes in G. If

o (G) <0 — ——,

then G is not a stable motif. In particular, if the skeleton G has maximum in-degree digax(@) < %,
then G is not a stable motif.

Proof. Let the components Gy, ...,G,, be cliques of sizes n4,...,n,, respectively so that
n =mn; + ...+ n,. Recall that a clique ¢ has \,.. = |o|(1 — ¢) + ¢, while the remaining
|o| — 1 eigenvalues all equal ¢ (see Theorem 2.5). Since the rest of the graph is simply-added
onto each component, Lemma 2.6 guarantees that I — W inherits n; — 1 eigenvalues, all
equal to ¢, from each component G;. Hence, ¢ is an eigenvalue of I — W with multiplicity
>imi(ni—1) =n—m.

We will show that the sum of \,,..x(I — W) with these n —m eigenvalues ¢ is strictly greater
than Tr(1 — W) = n, guaranteeing that / — W has a negative eigenvalue and G is not a stable
motif. Recall that by Theorem 2.12 (Collatz-Wielandt), Ayax > minepy, W, for every
nonnegative vector . We will use this to show that A\,.. > n — (n — m)e. Observe that when
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x is the all-ones vector, /=" s simply the i row sum R; of I — W, which is determined
by the number of inputs di" to node i in G. Thus, for z = [1...1]*, we have

(L = W)l

M

=Ri=n—ed" —5(n—1-d").

Next observe that R; > n — (n — m)e precisely when

e(n—m—d" +8(n—1—d") >0, (4)
Solving for di, we see that this inequality is satisfied when di* < ===l
Next since
e(n—m)+dé(n—-1) _ (e+d)(n—m)+d(m—1)
e+46 B e+6
d(m—1)
= n-m-+ —=
e+
20
m—+1
= n — —_—,
2

we see that whenever d* < n — mT“ the inequality (4) is satisfied. Thus, by Theorem 2.12
(Collatz-Wielandt), \y.x > n — (n — m)e, and so I — W must have a negative eigenvalue.
Therefore, G is not a stable motif.

To prove the last statement of the theorem, suppose that the skeleton G has maximum
in-degree dg’}ax(@) < %, so that c/i\;” < =1 for every node j in the skeleton graph. Then in
the composite graph G, for every node in component G;, there are at least m — -+ = "‘T“
components that the node does not receive from in G. Since every component is nonempty,
this guarantees that each node i in G; has at least 5~ nodes in G that it does not receive
from, and so di" < n — ™. Applying the first part of the theorem we then see that G is not a

stable motif. 0

As an immediate corollary, we see that when the skeleton G is an independent set or a
cycle, so that G is a disjoint union or cyclic union respectively, then G is not a stable motif.

Corollary 5.5. Let G be a disjoint union or a cyclic union of cliques. Then G is not a stable
motif.

6. Stable motifs up to size 4 and proof of Theorem 1.6

In this section, we prove Theorem 1.6 showing that for o of size at most 4, ¢ is a stable motif
if and only if it is a clique, and thus it can only support a stable fixed point in a larger network
if it is a target-free clique. For the proof, we analyze all permitted motifs up through size 4
and show that each non-clique cannot be a stable motif by applying key results from each of
the earlier sections. To perform this analysis, we must first generate a comprehensive list of
these permitted motifs; the following lemma is key to efficiently generating this list.
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Lemma 6.1. Let o have size |oc| < 4 and suppose o is a permitted motif of a CTLN W =
W (G, e,6) for some legal choice of ¢ and 6. Then o is a permitted motif for all = and ¢ in the
legal range. Furthermore, idx (o) is constant across all = and ¢ in the legal range.

Proof. In [2, Theorem 6], it was shown that the collection of fixed point supports, FP(W), is
parameter independent for all graphs up to size 4. Thus when |o| < 4, if o is a permitted motif
for a particular choice of ¢ and 4, then ¢ is a permitted motif for all € and ¢ in the legal range.

Furthermore, the proof of [2, Theorem 6] established that all permitted motifs up to size
3 have parameter-independent survival rules and have index that is constant across all € and
0 in the legal range. Since the index of a permitted motif of size 4 can be determined in
a parameter-independent way via Theorem 2.10 (parity) from the sum of the indices of the
surviving permitted motifs contained in it, it follows that idx(c) is constant across all € and ¢
in the legal range for o of size 4 as well. O

It was shown in [2] that there are permitted motifs of size 4 that have parameter-dependent
survival in larger networks, and thus there are graphs of size 5 that are only permitted motifs
for ¢ and § within a subset of the legal range (see Appendix A.2 in [2]). Thus, Lemma 6.1
does not extend to larger n.

Figure 6 shows all the permitted motifs of size || < 4 together with their index. These
were identified computationally by finding all graphs that have a full-support fixed point for
e = 0.25 and § = 0.5, which Lemma 6.1 guarantees is sufficient to generate a complete,
parameter-independent list. It is worth noting that while all the indices were determined
computationally, many of them could have actually been determined directly via Lemma 4.3
since they contain a uniform in-degree subgraph of size 1 less.

As an aside, one interesting observation from Figure 6 is that whenever a graph is per-
mitted, its complement is also permitted. Furthermore, for graphs of size 3, the index of a
graph and its complement are the same, whereas for size 4, complementing flips the sign of
the index. It turns out that the pattern of a graph being permitted if and only if its complement
is permitted does not hold for size 5 however (this breaks down in many of the cases when
the graph contains a subgraph of size 4 that has parameter-dependent survival).

We now turn to the proof of Theorem 1.6, in which we will show that the only graphs in
Figure 6 that are stable motifs are precisely the cliques (shown in Panel A). To aid the proof,
the graphs are organized in the figure by size and then by which results will be used to show
they are not stable motifs.

23



A |o| < 4 stable motifs
. o +i o +1 ./;.\:1
AN

|o| < 4 permitted motifs that are not cliques

B
° ° ) o/<‘—\‘o of ° o‘/‘ \o / \‘o
¢ 1 1 1 -1
./. ./. [ ] .5—.—}. ./.\. / \ [ .\.
([ ] \. \. \. \. \.
. ° —.1 ) /o —.1 ./o\: . /o\.ﬂ /o\
RN N RN
D contains clique of size |o| — 1
A T 4 o R s
Jo QY P P
E simply-added onto unstable uniform in-degree
o L I O &
N Ny R N U K
SN AN AN AN AN
\ Ny \ a \ " N N\
F composite graph with sparse skeleton G miscellaneous idx(c) = —1

B e o D
Y N N XY

H Collatz-Weilandt argument

‘0 .\:12 ‘0 .\:12 40/.\:12
\0‘3/ \o’{‘ \‘0{(

Figure 6: All permitted motifs with |o| < 4 annotated with their index on the top right of the graph.
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Proof of Theorem 1.6. Panel B of Figure 6 shows all the permitted motifs of size |o| < 3
that are not cliques. Observe that all these graphs have maximum in-degree d, < 1 < %
and/or contain a clique of size |o| — 1 = 2. Thus, by Theorems 1.7 and 1.8, none of these
graphs is a stable motif.

Next consider the permitted motifs of size 4 that are not cliques. All the graphs in panel
C of Figure 6 have maximum in-degree d" < 1 < % and/or are oriented, and so by The-
orems 1.7 and 1.4 are not stable motifs. The graphs in panel D all contain a clique of size
|o| — 1 = 3, and thus by Theorem 1.8 are not stable motifs.

For panel E of Figure 6, observe that every graph has a simply-added split c = 7 U w
with w simply-added onto a 7 (the nodes in the gray shaded region) that is uniform in-degree.
Since 7 is either an independent set or a 3-cycle, and neither of these is a stable motif,
Corollary 2.7 guarantees that ¢ also is not a stable motif.

The two graphs in panel F can be decomposed as composite graphs where each compo-
nent is a clique. The skeleton of the first composite graph is a 3-cycle, while the skeleton of
the second graph is a 2-clique with an outgoing edge. Both these skeletons have maximum
in-degree 1, and thus by Theorem 5.4, neither composite graph is a stable motif.

The graphs in panel G do not fit into any of the families characterized by earlier results,
but they all have index —1, and thus cannot be stable motifs.

Finally, for the graphs in panel H of Figure 6, we must appeal to more detailed arguments
about the eigenvalues to show they are not stable motifs. Specifically, we will use Theo-
rem 2.12 (Collatz-Wielandt) to show that these graphs have a maximum eigenvalue (or sum
of eigenvalues) that is larger than the trace, thus forcing 7 — W, to have a negative eigenvalue,

and guaranteeing that o is not a stable motif.
(H1) For the graph in H1,

1 1490 146 1—¢
1—¢ 1 1+6 1+96
146 1—¢ 1 149
l—e 146 1—¢ 1

Consider z = [1, 1, 1, 1 —§/2]T, then

(I —=W,)x]1 =3+20+1—ec—6/24¢e6/2 > 4.

(I —=W)aly=[(I —W,)a]ls =4+6/2—62/2+6 —e > 4.
(I =Wy)xly =44+6/2 =2 >4 —2e>4(1—0/2).

Thus, by Theorem 2.12 (Collatz-Wielandt), A > mmW

1€0 Z;

> 4. Since Ajax
exceeds Tr(I — W,) = 4, o is not a stable motif.

(H2) First observe that this graph has a simply-added split where {3, 4} is simply-added onto
the clique {1,2}. Thus, by Lemma 2.6, o inherits the eigenvalue ¢ from the clique.
Therefore, we need only show that A\,.. of I — W, exceeds 4 — ¢ to guarantee that a
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sum of eigenvalues exceeds Tr(/ — W, ) = 4. Observe that

1 l—e 1—¢ 149
1—¢ 1 l—e 1490
1+0 1—¢ 1 1—¢
146 146 1—¢ 1

[-W,=

and consider z = [1, 1, 1, 1 +¢/2]T. Then

(I =Wzl =[I-Wy)x]s=3—-2e+14+5+(1+0)e/2>4—-2e+0>4—c¢.
(I—Wy)xls=3+d—c+1—c+(1—¢)g/2>4—2c+>4—c.

(I =Wy)als=4420—¢/2>44+e>4+e—e2/2=(4—¢)(1+¢/2).

Thus by the Collatz-Wielandt Theorem, A« > 4 — &, and A\ + ¢ > Tr(1 — W,).
Therefore, o is not a stable motif.

(H3) As with the previous graph, there is a simply-added split where {3, 4} is simply-added
onto the clique {1, 2}, and so ¢ inherits the eigenvalue ¢ from the cligue. We will again
use Theorem 2.12 (Collatz-Wielandt) to show that \,., > 4 — . Observe that

1 l—¢ 1—¢ 1+9
1—¢ 1 l—e¢ 1496
140 1490 1 1—¢
l—e 146 14+ 1

[—W, =

and again consider z = [1, 1, 1, 1 +¢/2]*. Then

(I —=Wy)ahi=[(I-Wy)xla=3—-2e+14+0+(14+0)e/2>4 -2+ >4 —c.
[(I—W,)z]3=34+20+1—c+(1—¢€)/2=4—c+20+(1—¢c)g/2 >4 —¢.

(I =Wy)als=4420—¢/2>44e>4+ec—e?/2=(4—¢)(1+¢/2).

Thus, \..x > 4—¢, and so I — W, has a sum of eigenvalues larger than its trace, forcing
a negative eigenvalue. Hence ¢ is not a stable motif.

Therefore every permitted motif up to size 4 that is not a clique is unstable, and so if |o| < 4,
then o supports a stable fixed point if and only if o is a target-free clique. O

7. Enumerating target-free cliques and proof of Theorem 1.10

Thus far we have seen that for certain parameter regimes, the only stable motifs are cliques,
and we have also ruled out a large variety of graphs from being stable motifs for every choice
of parameters within the legal range. This provides strong evidence for the conjecture that
the only stable motifs are cliques. Furthermore, since cliques only survive to yield fixed points
of the full network when they are target-free, a critical step to understanding the collection
of stable fixed points of a CTLN is to be able to find and count the target-free cliques of its
underlying directed graph.

In this section, we prove a correspondence between target-free cliques of a directed
graph and maximal cliques of an undirected graph. Counting and enumerating maximal
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cliques of undirected graphs has garnered significant attention in extremal graph theory, and
thus this correspondence will enable us to easily import results from this field to yield informa-
tion about the target-free cliques of a directed graph, and thus about the stable fixed points
of corresponding CTLNs.

Given a directed graph G, we can construct a corresponding undirected graph G by mak-
ing all bidirectional edges in G into undirected edges in G and dropping all other edges, i.e.
(,7) is an undirected edge in G if and only if i «» j in G. Then every target-free clique of
G corresponds to a maximal clique in G (although G may have additional maximal cliques
as well that were originally targeted in G). Thus, the number of target-free cliques in G is at
most the number of maximal cliques in G. In fact, the following lemma shows that the maxi-
mum number of target-free cliques in directed graphs actually equals the maximum number
of maximal cliques in undirected graphs.

Lemma 7.1. The maximum number of target-free cliques in a directed graph equals the
maximum number of maximal cliques in an undirected graph.

Proof. From the above construction, we see that the maximum number of target-free cliques
in a directed graph is less than or equal to the maximum number of maximal cliques in an
undirected graph. To see the reverse inequality, observe that given any undirected graph,
there is a canonical corresponding directed graph obtained by replacing each undirected
edge with a bidirectional edge. In this case, all the maximal cliques of the undirected graph
yield target-free cliques in the corresponding directed graph. Thus, the maximum number of
target-free cliques in a directed graph is greater than or equal to the maximum number of
maximal cliques in an undirected graph, and so equality holds. O

Lemma 7.1 allows us to immediately translate upper bounds on the number of maximal
cliques in an undirected graph into upper bounds on the number of target-free cliques in di-
rected graphs, and thus into upper bounds on the number of stable fixed points in CTLNs in
parameter regimes where the conjecture holds. For example, applying an upper bound from
Moon and Moser [23] immediately yields Theorem 1.10, restated below.

Theorem 1.10. The maximum number of target-free cliques in a directed graph of size n is

3n/3 ifn=0 (mod 3)
max # of target-free cliques = { 4-3"/31=' jfn =1 (mod 3)
2.3 ifn =2 (mod 3).

Lemma 7.1 allows us to import a number of other results from the extremal graph theory
literature as well. For example, Hedman gives a tighter upper bound on the number of maxi-
mal cliques whenever the size of the largest clique is at most n/2 [25]. Moon and Moser also
give an upper bound on the number of different sizes of maximal cliques [23], while Spencer
gives a lower bound on this for particularly large n [26], which improves on a previous lower
bound of Erdés [27].

Additionally, the construction of an undirected G from a directed graph G enables us to
apply algorithms for finding maximal cliques in order to enumerate all the target-free cliques
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of G. Specifically, the list of maximal cliques of G gives all the maximal cliques of G, and it is
straightforward to check which of these candidate cliques are in fact target-free in G. Thus,
target-free cliques can be easily found using algorithms for finding maximal cliques such as
those from Bron and Kerbosch [28] (which has worst case running time of O(3"/?)), based
on a branch-and-bound technique, or that of Tomita et al. [29], based on a depth-first search
algorithm with pruning.
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