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Evaluating the transverse tensile response of Polymer Matrix Composite (PMCs) is an
extremely challenging problem since it is greatly influenced by the stress concentration induced
within the composite microstructures by random fiber inclusions. This study presents a novel
methodology to develop a closed-form solution for transverse composite strength prediction. A
computational micromechanical study of composite microstructures with varying fiber volume
fraction is carried out to accurately predict their transverse strength. Local stress concentration
in composites due to fiber inclusion is investigated and a global stress concentration factor for
each analyzed microstructure is quantified using statistical descriptor. Transverse composite
strengths from FE simulations are expressed as a function of the constituent properties and the
global stress concentration factors to derive a material specific closed-form relation.

I. Introduction

oLYMER Matrix Composites (PMCs) are widely used as primary load carrying materials in many engineering
Papplications due to their desirable properties [1]. Despite their popularity, predicting their matrix-dominated
transverse response is extremely challenging. Typically, complex and expensive experimental campaigns are carried out
to test and characterize the mechanical response of PMCs under various loading conditions. More recently though,
high-fidelity computational micromechanical models are being recognized as the preferred choice for virtual design and
analysis of PMCs.

Computational micromechanical models are powerful tools that aid in establishing length scale-specific correlations,
optimizing composite manufacturing, and designing better performing parts. However, there is a rising demand for
robust analytical tools that enable virtual design and optimization of composite materials in a time and cost-effective
manner [2]. Computational micromechanical models can facilitate the development of precise and accurate analytical
closed-form solution for composite property predictions. Within the micromechanical framework, local stress and strain
microfields are solved which provide valuable insights into constituent fiber/matrix interaction and its influence on the
bulk composite response. This knowledge can be leveraged to establish phenomenological correlations and improve the
accuracy of analytical models for composite property predictions.

A review of the literature presents several enhanced analytical models, such as the continuous periodic fiber model
(CPFM), Chamis model and Bridging model, that can accurately predict the composite transverse stiffness [3-8].
However, similar estimations for the transverse tensile strength are particularly challenging. Limited studies have
reported closed-form relations that can predict the transverse strength of composite from its constituent fiber/matrix
properties [9-12]. Vignoli et al. [9] developed an elasticity-based solution and combined it with a modified Chamis
model to predict transverse composite strength. The model predicted the transverse strength with 72% accuracy. A
review of the existing models was carried out by Lupas et al. [12]. They reported similarly inaccurate model predictions
for transverse strength. The transverse tensile strength not only depends on the constituent fiber/matrix properties but
also on the fiber architecture and the variations in the microstructure, which induce stress concentration and drive failure
within the composite microstructure [9, 13, 14]. The inability of current closed-form solutions to account for such
variations results in inaccurate predictions. Expressing the transverse composite strength as a function of the constituent
properties and the geometrical variations in the microstructure will establish the necessary dependencies required to
develop a reliable and accurate closed-form relation.

The objective of this research is to present a unique numerical approach to develop a closed-form solution for
transverse composite strength prediction. In this study, finite element (FE) based, computational micromechanical
models are developed to analyze a wide array of composite microstructures for their transverse composite strengths. A
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stress concentration factor (SCF), which is greatly influenced by the fiber arrangement, is introduced and quantified for
the analyzed composite microstructures. Statistical descriptors are developed to quantify the geometrical variations in
these composite microstructures and correlate them to the SCF. Subsequently, transverse composite strengths from FE
simulations are expressed as a function of the constituent properties and the SCF to derive the closed-form relation. The
detailed approach and results are discussed in the following sections.

I1. Computational Micromechanics

Recent advances in computing capabilities have facilitated the emergence of the field of computational microme-
chanics. Within this framework, representative volume elements (RVEs) of composite microstructures, subjected to
various mechanical loading conditions, are analyzed and their microscale response are accurately predicted [15]. In the
present study, a series of composite microstructures, with varying fiber volume fraction and random fiber arrangement,
are analyzed for their transverse composite strength. The procedure to generate composite microstructures is discussed
in Section II.A. The virtual mechanical loading analysis procedure and results for these microstructures are presented in
Section IL.B.

A. Modeling of Composite Microstructures

Random fiber arrangement, variation in the local fiber volume fraction and fiber-to-fiber proximity are widely
recognized to induce stress concentration within a composite microstructure [10, 13, 14, 16, 17]. To accurately
capture these mechanisms, which greatly influence the transverse composite response, microstructures comprising of
randomly packed fibers with varying fiber volume fractions were modeled. Several strategies to generate composite
microstructures with random fiber arrangement can be found in the literature [13, 18-30]. For this study, a random
microstructure generator was developed in-house with MATLAB [31] and used to generate FE models with varying
fiber volume fractions. For a given fiber diameter df, fiber volume fraction v¢ and number of fibers n¢, the algorithm
generated randomly distributed fiber centers. The fiber coordinates were then imported into Abaqus where the composite
microstructure was modeled, discretized and appropriate boundary conditions were applied.

For the present study, composite microstructures consisted of 20 glass fiber inclusions (df = 14 um) randomly
dispersed in an epoxy matrix. The bonding between the fiber and the matrix was considered perfect. Several
microstructures with varying fiber volume fraction (0.24 < v¢ < 0.6), as illustrated in Figure 1a, were evaluated.
To improve the prediction accuracy and account for statistical variations, five distinct realizations with random fiber
arrangement were analyzed for each value of v¢. Five realizations of a 20 fiber composite microstructure with a v¢ = 0.55
are shown in Figure 1b. Due to their nature, the constituent glass fibers and matrix were modeled as isotropic solids.
Failure was admissible in the matrix material once the maximum principal stresses exceeded its critical strength. This
was implemented in FE solver Abaqus/EXPLICIT, supplemented by user-written subroutine VUMAT. The mechanical
properties for the glass fiber and the epoxy matrix used in this study are listed in Table 1.

Table 1 Constituent mechanical properties for virtual mechanical analysis.

(a) E-glass fiber (b) Epoxy resin
Property Value Unit Property Value  Unit
Density ot 2550  [kg/m’] Elastic Modulus E™ 2482 [MPa]
Elastic Modulus ~ Ej = E}, = El, 73000 [MPa] Poisson’s ratio vtoo037 [
Poisson’s ratio vliz = v{3 = v£3 0.22 [-] Critical Strength oy 64.1 [MPa]
Shear Modulus ~ Gf, = G!, =G, 30000 [MPa] Fracture Toughness ~ GJt.  0.001  [J/m?]

B. Virtual mechanical loading

The composite microstructures generated in the Section II.A were subjected to transverse mechanical loads by
prescribing a velocity boundary condition shown in Figure 2. The objective here was to compute the transverse
composite strength of the generated microstructures as a function of their fiber volume fraction. To model matrix failure
in the microstructures, a progressive damage model [32], based on the theory of crackband [33], was implemented. The
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Fig.1 Various realizations of the composite microstructures generated by the random microstructure generator:
(a) shows the several fiber volume fractions v¢ of microstructures considered in this study and (b) show five
distinct renditions of a 20 fiber composite microstructure (v¢ = 0.55).

Fig.2 Schematic of the prescribed boundary conditions during the virtual mechanical loading analysis.

maximum principal stress criterion was utilized to determine failure initiation in the matrix. The traction-separation law,
which is governed by the fracture energy, was employed to define the post-peak softening behavior of the damaging
material once the critical fracture stress was reached. The critical mode I energy release rate Gic was given by

_17

€
Gic = h"/o o € dé (1)

where 5'1'71 and E1n1 are the maximum principal stress and strain values in element 7 respectively, e‘f" is the value of 61'71
which corresponds to a zero stress state on the post-peak stress versus strain plot, 4" is the characteristic length of
the element 7 that preserves mesh objectivity by prescribing a normalized value of Gc for each element, such that
g = Gic/h".

A scalar damage factor D7 was computed to degrade the element compliance components using

o gfr7

cr

— |7 1 (2)
Em(ffl7 - eiZit) &

where €.

A is the value of €;7] when the initiation criterion (6'1'7l > o) is satisfied, Ey, is the undamaged Young’s modulus
of the matrix. The damage parameter could take values between zero and one, where D7 = 0 meant no damage had
occurred. By contrast, a maximum damage level of one corresponded to a zero-stress state on the post-peak stress versus
strain plot. Also, healing was inadmissible. Once the damage factor was computed, the relevant components of the
compliance matrix were degraded [32, 34]. The progressive damage formulation was modeled in Abaqus/EXPLICIT
solver with user-written subroutine VUMAT. The matrix strength o, and a scaled-down fracture toughness Gic
corresponding to sub-micron length scale was prescribed to the material as listed in Table 1b.

D7 =1-

n
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A time-lapse of the virtual mechanical analysis for one 20 fiber composite microstructure (v¢ = 0.55) is presented
in Figure 3a, along with the stress versus strain plot. The stress versus strain plot manifested an initial linear elastic
behavior up to point A followed by a significant pre-peak non-linearity (points A-D). The observed non-linear behavior
was attributed to microcracking in the matrix material evident from the corresponding time-stamps on the contour
plots. Following the peak (point D-E), the stresses in the microstructure progressively dropped until it had fully cracked
(point E). The peak stress in the stress versus strain plot was regarded as the transverse composite strength o,. The
microstructure illustrated in Figure 3a registered a transverse strength o3, = 21.1 MPa. The contour plots of the
maximum principal stresses, shown in Figure 3a, also highlight regions of high stress concentration. It is evident
from the contour plots that stress localized in regions with dense fiber packing which then led to failure initiation and
facilitated crack propagation. This phenomena was experimentally observed by Flores et al. [35] during transverse
compression testing of composite micropillars. The final state at the end of the mechanical loading analysis of the five
renditions of 20 fiber microstructure (v¢ = 0.55) is presented in Figure 3b. Owing to the variations in the fiber packing,
the crack propagated differently in each microstructure. Nevertheless, the crack consistently progressed through the
densely packed regions of the microstructure, suggesting that fiber proximity and stress concentration significantly
influence the transverse composite response [35]. Such sites are more susceptible to failure initiation which then
facilitates crack growth in the microstructure. This knowledge was leveraged later in the study to correlate the transverse
response of the composite microstructure to the geometrical arrangement of the fibers.

Composite microstructures of varying fiber volume fractions, illustrated in Figure 1, were analyzed as per the
procedure described above. The results from the virtual mechanical tests are summarized in Figure 4 (black circles). The
plot shows the predicted transverse composite strength as a function of the fiber volume fraction. Note that each circular
data point on the plot is the average composite strength of five random microstructure renditions corresponding to a
specific fiber volume fraction. For comparison purposes, the strength of the neat matrix that was obtained experimentally
is also presented in Figure 4 (black diamond). It was evident that inclusion of fibers in the matrix caused the matrix to
fail at a significantly lower strength of 23.6 + 1.3 MPa instead of 64.1 MPa. As microstructures with denser fiber packing
were analyzed, that is, as the fiber volume fraction increased from 0.24 to 0.6, the transverse strength of the analyzed
microstructures further dropped from 23.6 + 1.3 MPa to 20.6 + 1.5 MPa.This drastic change in the transverse response
can be associated with the increased fiber-to-fiber proximity with the fiber volume fraction. This close-fiber interaction,
that results in stress concentration, and eventually affects the transverse strength of the composite, must be accounted
for in the closed-form relation to accurately estimate the composite response. The subsequent sections leverage this
knowledge to introduce and quantify a dimensionless stress concentration factor for developing the closed-form relation.

II1. Closed-form Solution
The development of the proposed closed-form solution for transverse composite strength prediction will include the
dependency on the elastic properties of the constituent phases, matrix strength, fiber volume fraction and the stress
concentration in the microstructure,

03 = o (E™, EL, ol SCF, | 3)

where, the transverse composite strength 073, was expressed as a function of the constituent fiber/matrix properties E™,
oy, E£2; the fiber volume fraction v¢; a stress concentration factor (SCF) for transverse loading SCF;2 that accounted
for the geometrical variations induced in the microstructure due to the inclusion of fibers. This SCF was expressed as a

function of the shortest distance between a fiber pair 9, its orientation 8 and the fiber volume fraction vy,
SCF;2 = SCF;j (6, 6) x SCFy (v¢) 4)

Based on the findings of Huang et al. [10], Equation 3 was simplified to obtain an expression for transverse composite

strength as,
O.m
+ Cr
Oy = o 5
227 SCF; x SCFy ®)
To determine the relevant expressions for the stress concentrations factors in Equation 5, a novel study was proposed,

the details of which are described in the following sections.
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Fig. 3 (a) Time-lapse of the virtual test procedure and the corresponding stress o vs. strain ¢ plot for a 20
fiber microstructure, (b) final state of all the realizations of the 20 fiber microstructure at the ned of the virtual
mechanical loading analysis.
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Fig. 4 Summary of the virtual mechanical analysis showing the transverse composite strength as a function of
the fiber volume fraction.

A. Stress Concentration Factor

A stress concentration factor is defined as the ratio of the point-wise stresses in the proximity of a discontinuity within
a continuum and the far-field/applied stress averaged over a boundary surface. In case of composite microstructures, a
fiber inclusion within a matrix is a discontinuity which acts as a stress-riser. A simple linear-elastic analysis in FE
yielded a SCF = 1.59 in a 1 fiber repeating unit cell (RUC) comprised of a glass fiber and epoxy matrix. The evaluation
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of a global SCF in a multi-fiber microstructure becomes increasingly challenging since the stress field around a fiber is
now non-uniform and is affected not only by the relative loading direction € but also by the neighboring fibers within a
certain proximity, 6. To determine the SCF in multi-fiber microstructures, a unique stress concentration analysis was
proposed in this study.

First, the influence of introducing a neighboring fiber on the SCF was investigated with a 2 fiber model, the details of
which are discussed in Section III.B. Following this, a correlation was established between the geometrical variations (&
and ) in a multi-fiber microstructure and the SCF by virtue of the nearest neighbor statistical descriptor. This procedure
is discussed in further detail in Section III.C.

B. Influence of fiber arrangement

The influence of introducing a second fiber on the SCF is investigated in the present section. Several 2 fiber models,
with 14.1 ym < § < 20 ym and 0° < 6 < 90° (see Figure 5a), were generated in Abaqus. Assuming a linear elastic
material definition, these models were subjected to transverse mechanical loads. The SCF in each case was then
determined using the classic definition,

SCF; = Zmax ©)
O

where, opmax 1S the maximum point stress, 0« is the the far-field/applied stress. The computed SCF; for various
combinations of ¢ and 6 are shown in Figure 5a. For a constant value of 6 = 14.1 um, highest stress concentration was
observed when the fiber centers were oriented parallel to the loading direction (@ = 0°). The SCF rapidly decreased
from 5.49 to 1.65 as 6 increased to 60°. Beyond that, the SCF was unaffected by the orientation. By contrast, the SCFy
gradually reduced from 7.13 to 3.58 as the distance between the fibers ¢ increased from 14.1 yum to 16 um while 6 = 0°.
The influence of relative fiber arrangement on the local stress concentration factor was clearly evident from Figure Sa.
By analyzing an exhaustive combination of § and 6, an interpolation function for SCFy (4, ) was developed (see Figure
5b). This function was utilized in the subsequent section to determine the global SCF as a function of the geometrical
variations (6 and ) in the multi-fiber microstructures.

6 =90°
o
o3 «»
SCF; =5.49 SCF, =3.68 SCR, =165 | SCF, = 1.65
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Fig. 5 (a) Variation in the fiber orientation 6 (top row) and the distance between the fiber centers 6 (bottom row)
for the stress concentration study and (b) stress concentration factor SCF; expressed as a function of ¢ and 6.
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C. SCF in multi-fiber microstructures

To quantify the geometrical variations (6 and ) in the multi-fiber microstructures analyzed in Section II and to
establish a correlation with the global SCFj, the nearest neighbor statistical descriptor was utilized. For a given fiber
center i in the microstructure, the algorithm identified its closest neighbor and measured the distance between the fiber
centers ¢' along with the relative orientation 6" with respect to the loading direction. This process was repeated for all
the fiber centers in the microstructure. The mean shortest distance § and the corresponding mean orientation  was
computed for each microstructure analyzed in Section II. Subsequently, the global SCF; was computed with the help of
the interpolation function SCFy(J, 8). Figure 6 presents the global SCFy as a function of the fiber volume fraction. Note
that each data point on the plot is an average of five microstructure renditions with random fiber packing. The stress
concentration factor increased with the fiber volume fraction. The observed trend was consistent with that exhibited by
Figure 4, where the transverse strength dropped with an increase in the fiber volume fraction. Therefore, a correlation
between the global SCFy and the fiber volume fraction was established using a non-linear least-square regression fitting
shown in Figure 6. This yielded a polynomial of second order

SCF; (6,6) = SCF; (v¢) = 1 +avg + bv} (7

where, a = 2.422 and b = 1.091 are fitting parameters. Substituting oy from Table 1b, o3, for each microstructure
from Section II.B and Equation 7 into Equation 5, the expression for SCFy; was obtained as,

SCF=1+ C\/V_f + dvg 3

where, ¢ = 3.016 and d = —3.674 are fitting parameters. Equations 7 and 8 were substituted in Equation 5 to obtain
the final closed-form solution for the transverse composite strength. The closed-form solution was able to accurately
predict the transverse strength of the glass fiber/epoxy composite for a wide range of fiber volume fractions. It should be
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Fig. 6 Summary of the stress concentration analysis showing the global SCF; as a function of the fiber volume
fraction.

noted that Equations 5, 7 and 8 are material system specific and cannot be employed to predict the transverse composite
response of a different constituent material system. This limitation is associated with the underlying assumption that
the influence of the constituent fiber/matrix elastic properties on the SCF was implicitly accounted for in the data
fitting process. The fitting parameters a — d would change if a different material system was analyzed. To determine
these dependencies explicitly, and in the process, generalize the proposed closed-form model, several fiber/matrix
combinations must be analyzed. This is being addressed in the ongoing work.

IV. Conclusions
This work provides a unique proof of concept to develop a closed-form solution for transverse composite strength
prediction. A novel numerical approach was proposed in this study. Virtual mechanical tests were carried out on
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composite microstructures with varying fiber volume fractions to predict their transverse strength. Stress concentration in
composites due to fiber inclusion was explored and the global stress concentration factors in the analyzed microstructures
were quantified using statistical descriptor. Finally, a material system specific closed-form solution was developed.

The proposed approach was based on certain fundamental assumptions that limited the prediction capabilities of the

resulting closed-form solution. However, the proof of concept to develop a closed-form solution for transverse strength
prediction is promising and needs further investigation. By analyzing several combinations of fiber/matrix systems,
explicit dependencies can be established. The influence of constituent elastic properties on the SCF and the transverse
composite response can be better understood and accounted for in the final expression. In the process, an improved and
generalized closed-form solution can be developed. The presented methodology can be further expanded to incorporate
the influence of manufacturing on the transverse composite response. This will be explored in a future study.
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