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Abstract—1In this tutorial we present a simple approach
to modeling unbalanced three-phase power flows. We allow
general non-ideal models of voltage sources, ZIP loads as well
as distribution lines and transformers. The basic idea is to
explicitly separate a device/transformer model into an infernal
model, that depends on the characteristics of the single-phase
devices or transformers, and a conversion rule, that depends on
their configuration. This approach provides two benefits. First it
facilitates the modeling of secondary distribution circuits where
only the end devices are directly controllable, not the currents
or powers at the secondary transformers. Second it allows us to
exploit common structures across different device/transformer
variants and derive their external models that are general and
unified. We illustrate these benefits by extending a three-phase
backward forward sweep method in the literature to allow
secondary circuits and formulating a three-phase optimal power
flow problem as a quadratically constrained quadratic program.

I. INTRODUCTION

Motivation. Unbalanced three-phase systems are subtle be-
cause currents and voltages in different phases are coupled;
see, e.g., [I, Chapter 11] for transmission systems and
[2] for distribution systems. We often approximate such a
system as balanced because a balanced three-phase system
has a single-phase equivalent and can be analyzed using
single-phase techniques. This approximation is reasonable
for transmission systems but usually not for distribution
systems. Modeling unbalanced three-phase systems with A
configured devices or transformers may seem confusing
because the voltages and currents across single-phase devices
internal to A configuration are observed externally only
through a linear map that is not invertible. In practice we
can only control the internal variables of these end devices,
e.g., controlling the charging currents of electric vehicle
chargers in A configuration. Our control decisions interact
with other devices over the network, however, only through
terminal voltages and currents observable externally of three-
phase devices. The interplay between internal and terminal
variables sometimes causes confusion, and is the key to the
modeling and analysis of unbalanced three-phase systems
with both Y and A-configured devices and transformers.
We have developed such a modeling approach in [3-5].
It makes transparent the unified structure of three-phase sys-
tems and shows that models and properties of single-phase
networks have direct extensions to three-phase networks. The
basic idea is to explicitly separate a device/transformer model
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into an internal model that specifies the characteristics of
the single-phase devices or transformers, and a conversion
rule that maps internal variables to terminal variables. The
internal model depends only on the type of components
(non-ideal voltage sources, ZIP loads, or different single-
phase transformer models) regardless of their configurations.
The conversion rule depends only on their configurations
regardless of the type of components.

This separation provides two benefits. First it facilitates
the modeling of secondary distribution circuits where usually
only the end devices are directly controllable, not the currents
or powers at the transformers. Second it allows us to ex-
ploit common structures across different device/transformer
variants and derive their external models that are general,
unifying, and simple. We illustrate our method by applying
it to solving power flow through backward forward sweep
(BFS) (Section VI) and formulating three-phase optimal
power flow (OPF) (Section VII).

This tutorial is a summary of this method developed
in [3-5]. In particular [4] introduces the basic framework,
focusing on ideal devices (voltage sources and ZIP loads)
without transformers, and deriving single-phase analysis for
a balanced network; [5] applies the method to modeling
three-phase transformers. This tutorial presents models for
nonideal devices and illustrates our approach in BFS and
OPF (We will focus on systems with only A devices due to
page limit).

Literature. There is a large literature on three-phase power
flow analysis and we only make a few brief remarks. Three-
phase load flow solvers have been developed since at least the
1960s, e.g., see [6] for solution in the sequence coordinate
and [7,8] in the phase coordinate. A three-phase network
is equivalent to a single-phase circuit where each node in
the equivalent circuit is indexed by a (bus, phase) pair
[8]. Single-phase power flow algorithms such as Newton
Raphson [9] or Fast Decoupled methods [10] can be directly
applied to the equivalent circuit. The main difference with a
single-phase network is the models of three-phase devices in
the equivalent circuit, such as models for three-phase lines
[2, 11, 12], transformers and co-generators [8, 13—15][2, Ch
8][16-19], constant-power devices [1, Chapter 11], as well
as voltage regulators, and loads [2], etc.

A state-of-the-art algorithm in [1, Chapter 11] expresses
currents in terms of voltages for both PQ) and PV buses,
applies the Newton-Raphson algorithm to the resulting non-
linear current balance equation I = YV in the sequence



domain. It allows both grounded and ungrounded loads
in Y and A configurations. For transmission networks,
computing in the sequence domain has the advantage that,
when most lines in the network are symmetric and thus
have decoupled representation in the sequence coordinate,
the Jacobian matrix is sparse. Sometimes an approximate
solution is computed by ignoring the coupling across zero,
positive, and negative-sequence variables and solving the
three sequence networks separately as single-phase networks,
e.g., [20]. Distribution networks usually does not enjoy such
simplification and hence computation is usually done in the
phase coordinate. For example, [21] writes the AC power
flow equation as a fixed point iteration on voltages whose
fixed points are power flow solutions. It derives sufficient
conditions for the iteration to be a contraction, ensuring the
existence and uniqueness of the solution. Sufficient condi-
tions are proved in [22] for the invertibility of three-phase
admittance matrix which then ensures the validity of Z-bus
method for computing power flow solutions. Finally recent
studies on three-phase AC optimal power flow problems and
their semidefinite relaxations include e.g. [23-25].

Paper organization. In Section II we describe the internal
models that define the internal behavior of non-ideal voltage
sources and ZIP loads, and the conversion rule that maps
internal models to external models. In Section III we present
a three-wire model of transmission or distribution lines. In
Section IV we summarize a unified model of transformers
that cover all standard transformers. In Section V we put
the component models of Sections II, III, IV together to
construct an overall network model. Finally we illustrate our
modeling approach in Section VI by extending the three-
phase backward forward sweep method of [26] to include
A-connected devices, and in Section VII by formulating a
three-phase optimal power flow problem as a quadratically
constrained quadratic program.

Notation. Let C denote the set of complex numbers. For
a € C, Re a and Im a denote its real and imaginary parts
respectively, and @ or a™ denotes its complex conjugate. We
use i to denote \/—1. A vector z := (x1,...,2,) € C"
is a column vector. Its componentwise complex conjugate
is denoted by 7. For any matrix A, AT and A" denote
its transpose and Hermitian transpose respectively. If z is a
matrix then diag (z) is the vector whose components are the
diagonal entries of x, whereas if x is a vector then diag(x)
is a diagonal matrix with x; as its diagonal entries. Finally
1 € C? is the column vector of size 3 whose entries are all
Is and I is the identity matrix of size 3.

II. THREE-PHASE DEVICE MODELS

A three-phase device consists of three single-phase devices
arranged in Y or A configuration. The behavior of each
single-phase device defines the internal behavior of the three-
phase device and is independent of the configuration. The
mapping between internal voltages and currents across the
single-phase devices and the terminal voltages and currents
of the three-phase device is the conversion rule and is

independent of the type of devices. The internal behavior and
the conversion rule together determine the behavior of the
three-phase device that is observable externally. We explain
each of these next.

A. Internal and terminal variables

A generic three-phase device that consists of three single-
phase devices in A configuration is shown in Figure 1.
Its internal behavior is described in terms of the internal

I

Fig. 1. Internal and external variables of a A-configured device.
variables: line-to-line voltages V2 := (Vb Vbe yee) ¢
C3, currents 4 := (I, 1% I°®) € C3, and powers
54 = (sab,sbc, SC“) € C3 across the single-phase devices.
By definition s2 := diag(V2I4") in the direction of 4.

The external behavior of the three-phase device is de-
scribed in terms of its terminal variables: terminal voltages
Vo= (V“,Vb,VC) € C3 with respect to an arbitrary
but common reference point (e.g., the ground), currents
I := (I*,1°,1¢) € C? in the direction out of the device,
and powers s := (s% s s¢) € C3. By definition s :=
diag(V I™) are the powers across each of the terminals a, b, ¢
and the common reference point.

B. Internal models

We present the internal models of four non-ideal devices
in Figure 2, often referred to as voltage sources and ZIP
loads (see [4] for ideal devices).

A
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(b) Current source

(c) Power source (d) Impedance

Fig. 2. Three-phase devices in A configuration.



a) Voltage source (E“,z?): A three-phase voltage
source in A configuration is characterized by a vector
EA := (E®, Eb¢ E°*) € C? of voltages across three ideal
single-phase voltage sources in phases a, b, ¢ in series with
impedances in each phase specified by an impedance matrix
24 = diag(z, zb¢, 2¢@) € C3*3, as shown in Figure 2(a).
Its internal model is defined by relations between its internal

voltage V2, current 72 and power s°:
vaA = EA 4 A4 (1a)
s = diag (EAIAH) + diag (zA IAIAH) (1b)

b) Current source (JA,yA): A three-phase cur-
rent source in A configuration is characterized by three
single-phase ideal current sources, specified by J2 :=
(Jeb, Jbe, Je@), in parallel with shunt admittances y° :=
diag(y?, y*¢, y°*); see Figure 2(b). Its internal model is:

4 = JA 4 Aya (2a)
A

¢) Power source o-: A three-phase power source in
A configuration is characterized by three single-phase ideal
power sources, specified by 02 := (6%, 0b¢, 5°@), as shown
in Figure 2(c). Each single-phase ideal power source supplies
a constant power ¢ and hence the internal model of the

three-phase power source o2 is:

54 = diag (VAIM) = o2 3)

d) Impedance z*: A three-phase impedance in A con-
figuration is characterized by three single-phase impedances
specified by 22 := diag(z??, 2%, 2°®), as shown in Figure
2(d). Its internal model is

vA — L,AgA

SA =

(4a)

diag (=

C. Conversion rule

A conversion rule maps the internal voltage and current
(VA,I?) to the terminal voltage and current (V,I). For
devices in A configurations, it is (see [3] for the conversion
rule for Y-configured devices):

vaA = TV, I = -1’14 (5a)
where the conversion matrices are
1 -1 0 1 0 -1
r =10 1 -1, I''':==|-1 1 o0
-1 0 1 0o -1 1

The spectral properties of I',I'7 underlie much of the
behavior of three-phase systems, balanced or unbalanced [3].
The conversion rule depends only on the configuration (Y or
A) and not on the type of devices. The conversion between

the internal power s and the terminal power s is indirect
through the terminal voltage V and the internal current [4:

s = diag (VA1) = diag (I'VI?Y)  (5b)
diag (VI") = —diag (VI?"T) (5¢)

S =

D. External models

We now apply the conversion rule (5) to the internal
models to derive the external model of each of these devices.
All proofs can be found in [3].

Theorem 1 (Voltage source). For a three-phase voltage
source (E4,z2) in A configuration, the following are
equivalent:
1) Internal model: VA = EA 4+ 2212 and 1'VA = 0.
2) External model: I = (FTyA) EA — YAV where
y2 = (24)"tand Y2 = T'Ty?T.
3) External model: V = 'EA — ZAT +~1, 1" = 0 for
some v € C where

. 1 1
I = I (1-=z41"
3 ¢
A Lot oa LAt
A = I''z2(I--1z r
9 ¢
34 .= 28] = (z“b,zbc,zca) and ¢ = 20 4 20 4 200,

O
For an ideal voltage source where 2 = 0 we have =
%FT and Z4 = 0. Its external model is (lTEA =0)

1
V = ZTTE? 4+ 11, 1'7 = 0

3
where 7 is fixed by a reference voltage. The terminal power
is then s = %diag (FTEAIH) + 1.

Unlike a voltage source that specifies its internal voltage
E4, a current source (J4,y*) specifies its internal current
JA which then uniquely determines its terminal current [
through the conversion rule (5a). Its external model is

I = —(I'J? + Y24V) (62)

where Y2 := I'Ty2 I'. The terminal power injection is

—diag (VJAM T + vHYAH) (6b)

s =

For an ideal current source where y* = 0 we have I =
—I'TJA and s = —diag(VJAHT).

For a power source o2, application of the conversion rule
(5a) to the internal model (3) leads to the external model

—diag (VI?'T), o2 = diag (I'VI?Y) (D)

s =

The internal power o2 and the terminal power s can only
be indirectly related through (V, I4). Since o4 is the power
delivered to the single-phase devices while s is the power
injected from the three-phase power source to the network
it is connected to, (7) implies that (the negative of) its
total internal power is equal to its total terminal power, i.e.,
1's = -1764. In particular the total terminal power 17s



is independent of the loop-flow 3 := 11774 and the zero-
sequence terminal voltage v := %ITV, even when s does.
Finally we have the external model of an impedance.

Theorem 2 (Impedance). For a three-phase impedance z*

in A configuration, the following are equivalent:
1) Internal model: VA = zAT2 and 1T 2214 = 0.
2) External model: I = =YA V.
3) External model: V = —Z41 + 1, 1T = 0 for some
v eC.
Here Y2 and Z? are defined in Theorem 1.

The theorem allows us to relate the terminal power injec-
tion s to V or to I as:

diag (VI") =
diag (VI") =

— diag (VVHy4H)
—diag (Z211") + 7T

S =

S =
for some v € C determined by a reference voltage.

III. THREE-PHASE LINE MODEL
A three-phase transmission or distribution line (j,k) is
characterized by 3 x 3 series and shunt admittance matrices
(yjsk,yj”@ € CY%3 associated with bus j and 3 x 3 series

and shunt admittance matrices (yi > y,@) € C%*3 associated
with bus k. In general y7, = y;;, but y7; and y;7 may not
be equal. The terminal voltages (V;, V;) and the sending-end
currents (I, Ir;) are related according to

Liw = y5 (Vi = Vi) + yiu V;
Ye; Vi =Vj) + yis Vi

(8a)

Iy, = (8b)

Note that the voltages (V;, V) and currents (I, Iy;) are
terminal voltages and currents regardless of whether the
three-phase devices connected to terminals 7 and k are in
Y or A configuration.

To describe the relationship between the sending-end
line power and the voltages (V},V}), define the matrices
Sjk-,Skj e C3x3 by

Sip = Vi), Sk =

Vi (In)" (8c)

The three-phase sending-end line power from terminals j to
k along the line is the vector diag (S;x) of diagonal entries
and that in the opposite direction is the vector diag (Sk;).
The off-diagonal entries of these matrices represent electro-
magnetic coupling between phases.

IV. THREE-PHASE TRANSFORMER MODELS

A three-phase transformer consists of three transformer
windings on the primary side in Y or A configuration and
three transformer windings on the secondary side in Y or
A configuration. We therefore have 4 standard transformer
configurations, Y'Y, AA, AY, and Y A. For Y configuration,
there may or may not have a neutral line, the neutral may
or may not be grounded with zero or nonzero grounding
impedance. Transformer modeling is quite involved and we
only summarize a main result from [3, 5] in this section.

Let the turns ratios and the leakage admittances of
the three single-phase transformers be specified by diag-
onal matrices a := diag(a® a’,a®) € R*3 and y =
diag(y®, 9, y¢) € C3*3 respectively. Define a 6 x 6 ad-
mittance matrix Yyy and a column vector v € CS:

Yyy = |:_Zy
where (V}*, V;) are the neutral voltages at terminals j and
k of the transformer if they are in Y configuration.

Let V := (V;,V}) € C® and I := (Ij;, I);;) € C5 denote
its terminal voltages and currents. The external model of a
three-phase transformer is defined by the following relation
between V' and I.

;ZCL;/] ) = (‘/]nla an1>

Theorem 3 (Transformers [3,5]). The terminal voltage V'
and current I of a three-phase transformers in YY, AA,
AY or Y A configuration satisfy:

I = D"YyyD(V —7)
where
[T 0
YY: D = 0 ]J
r 0
AA - D = 0 F}
[ 0
AY D = 0 d
[T 0
YA: D = 0 F}
where 1 is the identity matrix of size 3. O

Since we focus on A-configured devices, we assume the
neutral of any Y configuration of a transformer is directly
grounded so V" = V" := (. Then Theorem 3 implies that
a three-phase transformer can be modeled as a line where
the line currents ([, Iy;), line power flows (S, Sk;), and
nodal voltages (V},V},) satisfy (8) with

s = —[D"Yyy D], yi; = —[D"Yyy Dl
yik = [D"YyyDlj; + [DTYyy Dl
Yy = [D"YyyDlpi + [DTYyy D]y

In general y7, and y;, may be different for transformers in
AY or Y A configuration.

V. NETWORK MODEL

In this section we put the components models in Sections
II, I, IV together to construct an overall network model.
Consider a network with N-+1 three-phase devices connected
by three-phase lines represented as an undirected graph
G := (N,E) where all buses j € N := {0,1,...,N}
and all lines (j, k) € E have 3 phases. A bus is where the
terminals of three-phase devices (Section II) are connected.
A line may model a transmission or distribution line (Section
III), a transformer (Section IV), or a combination. Line (7, k)
is characterized ? 3 x 3 series and shunt admittance matrices

(y]ky}’;i) and ykjy};})



Associated with each bus j € N are three-phase nodal
voltage V; € C3, current injection [; € C?® and power
injection s; € C3. Let V := (V;,5 € N), I := (I;,j € N),
and s := (s;,j € N). Associated with each line (j,k) € F
are the sending-end current and power flow (I;x,S;;) € C°
from j to k, and the sending-end current and power flow
(Irj, Sk;j) € CO in the opposite direction. We now use the
component models of the previous subsection to construct
an overall network model, in two steps.

A. Nodal current or power balance

The nodal current balance at bus j € N is expressed as
I; = Zk:ij I;j,. Substituting (8a), we have, for j € N,

L= > (V= Vi) + yjiVy) ©9)
k:j~k

The nodal power balance at buses j € N is expressed as
8 = D hjmk diagiSjk). Substituting (8a) into Sjj, := VJIij

we have, for j € N,

s = Y diag (Vj (V; — Vi) gl + VjVij}';iH) (10)
k:j~k

B. Overall model

The overall network model has two components:
1) A nodal balance equation that relates the terminal
variables (V, 1, s):
« Either the (linear) current balance equation (9);
o Or the (quadratic) power balance equation (10).
2) A device model for each three-phase device j:
« Either its internal model (1), (2), (3), (4) and the
conversion rule (5);
e Or its external model in Theorem 1, (6), (7),
Theorem 2.

If only voltage sources, current sources and impedances
are involved then the overall model is linear, consisting of
the nodal current balance equation (9) and (linear) device
models. If power sources are also involved then, even though
(9) can still be used, the overall model will be nonlinear
because of nonlinear power source model (3).

VI. APPLICATION 1: BACKWARD-FORWARD SWEEP

The key idea of our approach to modeling three-phase
networks is to separate internal and terminal variables and
connect them through conversion rules. We now illustrate
its benefit by extending the three-phase backward-forward
sweep (BFS) method of [26] to include A-connected devices.

Consider a radial network modeled as a directed graph G,
rooted at bus 0 and with each line pointing away from the

root bus 0. Each line is characterized by 3 x 3 admittance
matrices (y;k, y}f’}c, 3/1?}) Suppose without loss of generality
that there is exactly one three-phase power source at each
bus j either in Y or A configuration. At every non-root bus
j € N:={1,..., N}, the internal power a;-/ 2 € C3 of the
power source is given and its terminal voltage and current

(V;,1;) are to be determined. At bus 0, Vy € C? is given

and the current injection I and the internal power injection
Y/A .
sy’" are to be determined.
We assume for simplicity that all neutrals are directly
grounded at buses j € N with Y-configured power sources

so that V" = 0.
Let (I ;k, j—ke E) be the branch current through the

series admittance matrix y;, € C3*3 so that the receiving
current at bus j from its parent ¢ := i(j) is (Ifj - ;’}V]) €
C3. Figure 3 summarizes the variables in the three-phase

BFS. The current balance equation and the Ohm’s law are:

Fig. 3. Notation for BFS on unbalanced three-phase radial networks.

L+ (I —ypve) = Y (In+yiV;), GeN
k:j—k
ViV = 2zl

R ]EN

where zj; := (yfj)_l are the series impedances. Eliminat-
ing I; by substituting I; = (diag Vj)_l 5; and rearrang-
ing, we obtain the following power flow model in terms
of branch variables (I ;k, j — k € E) and nodal variables

(V. § < N

k:j—k
(11a)
Vi = Vi = 215, jJEN
(11b)
where i := i(j) denotes the parent of j, y7% = yji +

> k:jsk Yk are the total shunt admittances incident on j,
and for any vector x, T denotes its component-wise complex
conjugate. This power flow model is proposed in [26]. It
leads naturally to a three-phase BFS algorithm for solving
for a fixed point (V},j € N, It,i — j € E) (power flow
solution) of (11), which is a three-phase extension of the
single-phase BFS algorithm in [27].

The paper [26] only considers primary distribution circuits
and therefore assumes that the terminal power s; are fixed
and given. We now show how to extend the model to allow
secondary distribution circuits where it is not the terminal
powers s; or currents I; that are directly controllable, but
the end devices. We hence assume only their internal powers

Y/A _ Y/A .
s; =0, are fixed and given, not s;.
Identify lines j — k € E by the non-root buses k € N.

Given Vj and o := (O’;-// A7 JEN ), the BFS will compute



the following branch and nodal variables respectively:

v = (I, jJEN), y == (Vj,Ij,If/A, jeN)

. - . Y/A 3
All other variables, such as injections Io, 59,55’ ", 55 € C°,
branch flow matrices S;; € C**3, and (v;,5;) € C?
of power sources O'J-A, can be computed once (z,y) are
determined. The forward sweep to update y iteratively is

based on device models as well as the Ohm’s law:

I¥ = (diag V;)'aY, L =-IY, jeN
(12a)

A = (diag (I'V})) 62, I = -I''I*, jeN
(12b)

V, = Vi — 2L, jeN (12c)

where v denotes the componentwise complex conjugate of
a vector v. The update equations for the internal currents
I;// 4 use the device model JJY = diag (V}I JY H) for power
sources in Y configuration (since V" := 0 by assumption)
and 02 = diag (I'V;I2") in A configuration. Here, we
have used, for vectors v, w € C", diag(vw") = diag(v)w =
diag(w)v € C™ where diag(v) is the diagonal matrix whose
diagonal is the vector v. The backward sweep to update x

iteratively is based on the current balance equation above:

Ly = > L= (L—yjVi), JEN (3
k:j—k
Hence, for a non-root bus j € N, the given internal
power 0‘;-// A determines, through its internal current I;.// A, its
terminal voltage and current (V}, ;) according to (12a)(12b).
These terminal variables interact across the network accord-
ing to the network equations (12c)(13).
BFS defined by (12)(13) proceeds as follows.
0) Input: voltage Vp pu and internal
0;-// A, jEN).
1) Initialization.
o I3 (t) := 0 for all leaf nodes j for iterations ¢ =
1,2,....
o Vo(t) := VW for all iterations t = 0,1, ...
o V;(0) :=1; at all buses j € N.
« For all devices j € N in Y configuration:

power

IY(0) = (diag V;(0) " o
1;(0) = —1(0)

For all devices j € N in A configuration:
. - -1 _
I7(0) = (diag (I'V;(0)))" o7
L;(0) = ~I'"I:(0)

2) Backward forward sweep. Iterate fort = 1,2, ...
a stopping criterion (see below) is satisfied:

until

a) Backward sweep. Starting from the leaf nodes and
iterating towards bus 0, compute for ¢ —+ j € N

L)« Y L)

k:j—k

= (Lt = 1) —y; Vit = 1))

where 7% =y + 30, L Y
b) Forward sweep. Starting from bus 0 and iterating
towards the leaf nodes, compute for j € N
Vi(t) < Vi(t) — =25 I5(t)

ij “ij

Y IX(t) « (diag V;(1) &Y
Ii(t) « —I)(t)

A: IR « (diag (I'V;(1)) " 2
Ii(t) < =TIt

where z5; := (yfj)_l.

3) Output: branch variable x := (I5(t), j € N) and
nodal variable y := (Vj(t),fj(t), 0An e N).

The stopping criterion in [26] is based on the discrepancy
between the given internal powers 0‘;-// 4 and those implied
by the nodal variable <Vj(t)7 I(t), I]Y/A(t), JjEN
iteration ¢. Specifically, from the device model in (12), let
R [ diag (V;(¢)IY"(t))  for Y configuration
o;(t) = { diag (I'V; (tinAH(t)) for A configuration
Then the stopping criterion in [26] is

Z(&j(t)—a;//Af < €

JEN

in each

lo(t) — o213

for a given tolerance € > 0.

VII. APPLICATION 2: OPTIMAL POWER FLOW

In this section we illustrate the network model of Section
V by formulating a three-phase optimal power flow (OPF)
problem. We assume for simplicity that all devices are in A
configuration (see [3] for devices in Y configuration.

We assume without loss of generality that there is ex-
actly one device at each bus. Our formulation includes, as
optimization variables, some internal variables u; of the
devices at buses j and the terminal voltages and power
injections (Vj,s;) at buses j. The internal variables u;
represent quantities that can be controlled, e.g., the charging
current of electric vehicle chargers. Their values affect the
terminal variables (V},s;) through the conversion rule (5).
This is described by the external models of Section II-D.

A. Network constraints

The power balance equation (10) imposes equality con-
straints between the terminal variables (Vj, s;). The opera-
tional constraints on (V,s) are: for all j € N, (4,k) € E,

injection limits: s?‘i“ < s < s}“a" (15a)
voltage limits: o™ < diag (V;V}') < o™ (15b)
line limits: diag (Ijk(V)Iij(V)) < O (15¢)

diag (I; (V) I;;(V)) < £ (15d)

where (I;1(V),I;(V)) are given by (8a). The constraint
(15a) can be due to limits on the busbar to which the three-
phase device is connected. The constraints (15a)(15b) are
local at each bus j but (15¢)(15d) are global.



B. Device constraints

There are two types of device constraints, both being local
at each bus j. The conversion between internal variables u;
and terminal variables (V;, s;) imposes equality constraints.
Operational limits impose inequality constraints on ;.

1) Voltage source (EJ-A,sz): uj = EJ-A € C3. Applying

Theorem 1 to s; = diag(V; 1. ;*) yields

sj = diag (V! (7°7) = V;VFYAY)  (l6a)

The operational constraint is:
VAN < diag (wjul) < oM (16b)
2) Current source (JjA,yjA): u; = JjA € C3. The

relation between internal variable u; and the terminal
variable (V}, s;) is, from (6b),

s; = —diag (Vju;'f' + VJVJH YJ-AH) (16c)
The operational constraint is:
diag (ujujH) < KJ-A max (16d)

3) Power source ajA: The internal variables are the inter-

nal power u; := ng € C3 and current i = [jA c 3

across the single-phase devices. The relation between
(uj, ;) and (V}, s;) is, from (7),

s; = —diag (V;a}'I) (16e)
u; = diag (I'V;a}) (161)
The operational constraints are:
SjArnin < uj < SjAmax (16g)
diag (@; @) < £5m (16h)

4) Impedance sz: We assume sz is not adjustable but

it imposes a constraint on the terminal voltage V; and
current /; according to Theorem 2:

s; = diag (V;I}') = —diag (V;V'Y2M) (160

C. OPF

Let Co(u,V,s) be the cost function. It may represent
generation cost, real power loss, estimation error, voltage
deviations, or user disutility, depending on applications. Then
a simple OPF formulation in the three-phase setting is

(m‘i/n) Co(u,V,s) s.t. (10)(15)(16) (17)
D. OPF as QCQP
We now express OPF as a standard form QCQP:
min C(x)
s.t. xHAk:L'—I—a',;'x +aMa, < by, k= 1,....K

by eliminating s using (10) and then writing (15)(16) as
quadratic forms in z := (u, V).

Let
e® :=(1,0,0), €":=(0,1,0), e :=(0,0,1)
e; € {0, 1}V €f € {0,1}°V T 6 € {a,b,c}

where e; has a single 1 in the jth position and ¢? has a
single 1 in the joth position. Let ¢ := e®e?™ ¢ C3%3
and Ef = e?efH € C3NHUX3(N+1) Then V; € C3 and
Vj¢ € C can be written in terms of V € C3(V+1) ag:

V; = (e?@H)V, Vj¢ = efHV, ¢ € {a,b,c}

where I is the identity matrix of size 3. Similarly for other
quantities such as (/;, If)

Let Y € C3(N+Dx3(N+1) denote the admittance matrix
where its 3 x 3 submatrices Yj;, € C3*3 are given by

Yjp = g Y5+ Y Jj=k
0 otherwise

Note that Yj, and Yj; may not be equal, e.g., if (j,k)
models a three-phase transformer. For each bus j € N,
define the matrix de’ = EfY. Define the Hermitian and

skew Hermitian components of }/j¢H:

1
o = 5 (VM4 Yy) (18a)
1
¢ . ¢H v o
v = o (v -v)) (18b)

Then the following quadratic forms are equivalent expres-
sions of (10):

P = Re(sy) = vHalv (18¢)
¢/ = Im(s?) = VMV (18d)

We will abbreviate this by sf(V) =VH (@f + i@f) V. We
next use (18) to write (15)(16) as quadratic forms in (u, V).
For (15):

@ min

injection limits: ~ p ™™ < VMY < pPme
q?min < VHWfV < q;&rnax
voltage limits: PN < YyHE%Y < gmax

J
2
¢ .— yHy? ¢ max
LA A ¢ A

J

line limits:

where )A/Jq,i = f’ﬁl Z9Yj is a 3(N + 1) x 3(N + 1) matrix
and Yjy, is a 3 x 3(N + 1) matrix given by

Vie = ((ej—en)" @y + €] @yik)
2
Similarly for ‘I,‘fj‘ .

To write (16) as quadratic forms in (u, V'), define the
3(N+1) x 3(N +1) matrix A?(E) as a function of matrix
X e 33

H
AY(Z) = (0T (eveM)

We can express (16) as quadratic forms in (u, V):



1) Voltage source (E5, z): u; := E3*. Applying Theo-

rem 1 to s7(V) = V»d’l'-i’H yields !

J
s/(V) = A (A0 V — VAL (YA V
vj’min < M ¢u < vfmax

2) Current source (JJ Y A):uj o= JjA. Applying (6a) to

s (V) = VI yields
s/(V) = —u"AY()V — vHAY (A v
uHéJd)u < E;ﬁmax

3) Power source O'-AZ Uj 1= = o2 and Uj := IA Applying

(5a) to sf(V) V¢I¢H and 0¢> = V¢(IA)¢H yields

¢ _ ~H 7¢
si(V) = —a"AJ(I"V
T
H .
e? u = a (Af(FT)) |4
sjA min < u; < sjA max; ’&Héj)ﬂ < E?max

4) Impedance z: Applying Theorem 2 to sf(V) =
VPI?M yields
sI(V) = —vHA? (A v

VIII. CONCLUSION

In this tutorial we have summarized some results derived
in [3-5] on modeling unbalanced three-phase networks. The
key idea is to explicitly separate a device/transformer model
into an internal model that specifies the characteristics of the
single-phase devices or transformers, and a conversion rule
that maps internal variables to terminal variables based only
on its configuration. This separation provides two benefits.
First it facilitates the modeling of secondary distribution
circuits where only the end devices are directly controllable,
not terminal variables. Second it exploits common structures
across different device/transformer variants, leading to exter-
nal models that are general, unifying, and simple.
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