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Abstract

The properties of multicomponent fluids are governed by the interplay of
phase behavior, fluid dynamics, and interfacial thermodynamics. A mixture
formulation that leverages this interplay is an important aspect in many
fabrication processes based on emulsion templating. The lattice Boltzmann
method (LBM) has become a popular approach for simulating hydrodynamic
effects in complex fluids and soft matter. Here we present an implementa-
tion of a ternary lattice Boltzmann model that allows to simulate a mixture
of three immiscible fluids. We build on the LATBOLTZ extension of the
open-source package LAMMPS and implement a ternary free energy model
recently introduced by Semprebon et al. [Phys. Rev. E 93, 033305 (2016)].
We validate the static and dynamic properties by simulating liquid lenses,
double emulsions, and ternary mixtures. From the simulations, we obtain
the complete morphology diagram of the ternary mixture in composition
space. We further discuss an application of the method to phase segrega-
tion of ternary films. The implementation of the ternary LBM in LAMMPS
opens vast opportunities for mesoscale simulations of interfacial phenomena
and non-equilibrium transport processes in multicomponent fluid mixtures.
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PROGRAM SUMMARY
Program Title: fix 1b/multicomponent
CPC Library link to program files: (to be added by Technical Editor)
Developer’s repository link: https://github.com/uschille /lammps/tree/ternary-lbm
Licensing provisions(please choose one): GPLv2
Programming language: C++
Supplementary material:
Journal reference of previous version: C. Denniston, N. Afrasiabian, M.G. Cole-
André, F.E. Mackay, S.T.T Ollila, T. Whitehead. LAMMPS Ib/fluid fix version 2:
Improved hydrodynamics forces implemented into LAMMPS through a lattice-
Boltzmann fluid. Comput. Phys. Commun. 275, 108318 (2022).
Does the new version supersede the previous version? No
Reasons for the new version: The 1b/multicomponent fix provides new capabilities
for simulating ternary fluid mixtures.
Summary of revisions: An implementation of the ternary free-energy lattice Boltz-
mann model [1] has been added to the LATBOLTZ extension of LAMMPS. The
new functionality is available through the script command fiz Ib/multicomponent.
Nature of problem: Multicomponent fluids involve non-local interactions that give
rise to fluid-fluid surface tension and a non-ideal pressure tensor. This requires a
modification of the standard lattice Boltzmann method.
Solution method: The implementation extends the existing lattice Boltzmann code
in LAMMPS [2] and introduces data structures and methods for the ternary al-
gorithm introduced in [1]. The code carries out the streaming and collision steps
for three fluid components using the appropriate equilibrium distributions. The
equilibrium distribution is calculated based on thermodynamic quantities derived
from the free energy.
Additional comments including restrictions and unusual features: The current ver-
sion of the 1b/multicomponent fix is restricted to the D3Q19 lattice.
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1. Introduction

Demixing of multicomponent solutions plays an important role in phase
formation and microstructure evolution in a range of materials including
alloys [Il, 2], polymer blends [3H5], and liquid emulsions [6H8]. Emulsion sys-
tems are extensively used in applications such as food [9], cosmetic [10], and
pharmaceutical products [I1]. Multicomponent fluid mixtures involving oil,
water, and surfactant or gaseous phases are further relevant for advanced oil
recovery [12] and mitigation of environmental pollution [I3], [14]. In all these
areas, mixture formulation and thermodynamics are key to the development
of enhanced products and processing techniques.

In the biophysical domain, it has been noted that phase separation and
interface formation play an important role in the organization and function
of biological cells [15]. For instance, liquid-liquid phase separation of intrinsi-
cally disordered proteins underlies the structure and function of membrane-
less organelles, i.e., liquid compartments that are associated with regulation
of biochemical processes in cells [16]. Accordingly, there is growing interest
in leveraging phase separation mechanisms to design living materials and
tissues that exhibit stimuli responsiveness or self-healing.

One particular area that has attracted considerable interest is the fabrica-
tion of porous membranes by solvent /non-solvent induced phase separation.
Among the commercially relevant methods, emulsion templating continues
to be an active research area for enhanced fabrication of polymeric porous
media [I7]. Emulsion templates are formed by phase separation, where a
matrix of pores is introduced by segregation of sacrificial components. For
example, polymer membranes can be fabricated by nonsolvent induced phase
separation (NIPS) [18420], where a polymer-lean phase forms pores in a
polymer-rich film that is then crystallized or vitrified to create a porous mi-
crostructure.

Another recent development is the fabrication of hierarchical and asym-
metric bijels (bicontinuous interfacially stabilized emulsion gels) based on
solvent-transfer-induced phase separation (STRIPS) [21], 22]. In this tech-
nique, spinodal phase separation is initiated by solvent extraction from a
ternary mixture, leading to bicontinuous oil-water domains. These domains
can be stabilized by introducing nanoparticles that lead to interfacial jam-
ming. The resulting bijels have mechanical and transport properties that are
determined by the morphology arising during the separation and jamming
process.



These processes exploit the fluid morphology that emerges during solvent /
non-solvent induced phase separation, and the resulting pore size is linked to
the segregation of fluid domains. An understanding of the kinetics of domain
growth is thus essential for the controlled and economically viable fabrication
of emulsion templates. However, our quantitative understanding of kinetics
of phase segregation of ternary mixtures remains limited, and experimental
investigation of the phase behavior and mass-transfer kinetics is laborious
and time consuming.

Theoretical models for demixing of multicomponent solutions involve the
treatment of interfaces and can be divided into sharp and diffuse interface
models. In the latter, the interface emerges intrinsically from the thermo-
dynamic formulation such that no explicit interface tracking is necessary.
Diffuse interface models can deal with the inhomogeneous distribution of
species and are commonly based on a phase-field formulation; the classical
case is the Cahn-Hilliard model [23] that describes the mass balance and
diffusion of species in a mixture. The original Cahn-Hilliard equation can
be coupled to fluid dynamics by introducing advection with fluid flow, where
the fluid velocity is governed by the Navier-Stokes equation.

Various computational approaches are available to solve the hydrody-
namic and diffusive transport equations for multicomponent mixtures, in-
cluding coarse-grained molecular dynamics [24], Monte Carlo [25, 26], dis-
sipative particle dynamics [27], finite difference and finite element methods
[28, 29], and lattice Boltzmann (LB) methods [30-34]. Several flavors of lat-
tice Boltzmann methods for binary fluid mixtures have been introduced, such
as the Shan-Chen model [30, B1], the color gradient model [35] [36], and free-
energy models [32 33]. However, most of these models have focused on the
case of binary fluids, even though approaches like fluctuating hydrodynamics
can in principle be formulated for an arbitrary number of components. An
extension of the Shan-Chen lattice Boltzmann method to ternary mixtures
has been introduced by Chen et al., but treated the third component ex-
clusively as a surfactant. A specific multi-fluid model for ternary polymer
solution was put forward by Tree et al. [37, 38] and solved numerically using
a semi-implicit time stepping scheme. Recently, Semprebon et al. [39] have
presented a free-energy LB model based on a general multicomponent for-
mulation. This approach allows to independently tune the surface tensions
between species by means of an appropriately parameterized free-energy func-
tional.

Lattice Boltzmann methods are appealing for simulations of systems with



complex boundaries. They also can be coupled to molecular dynamics to sim-
ulate the behavior of colloidal and polymeric systems in a multiscale fashion.
In addition, the LB algorithm is embarrassingly parallel and thus suitable
for high-performance computing. The lattice Boltzmann method has thus
found its way into several popular open-source software packages including
LAMMPS [40], ESPResSo and wal.Berla |41} [42], LB3D [43], PALABOS [44],
and OpenLB [45]. Among these packages, ESPResSo and LAMMPS were the
first to offer a hybrid coupling of LB and molecular dynamics [46H49]. The
coupling in LAMMPS has further been extended to a dynamic coupling that
allows to resolve dynamical changes in interfaces [50]. However, the more
widely adopted open-source LB implementations remain focused on single-
component fluids.

In this work, we present an implementation of the ternary free-energy
lattice Boltzmann method in the LAMMPS software package. We adopt the
free-energy formulation by Semprebon et al. [39] and extend the current LB
implementation by Denniston, Karttunen, and co-workers [51], 52]. We vali-
dated the implementation by simulating liquid lenses and double emulsions
and verifying that the imposed surface tensions and the measured angles at
the three-phase contact line are in agreement with the Neumann triangle
relation. We further verified the scaling of domain growth with time for de-
composition of a symmetric ternary mixture. We demonstrate the use of the
new implementation for simulations of phase separation in ternary films. Our
implementation of the multicomponent-fluid model in LAMMPS can be the
basis for future extensions including particle couplings with solvation interac-
tions [53] or the incorporation of thermal fluctuations in the multicomponent
LB, which will enable investigations of phase behavior and capillarity in a
wide range of complex multicomponent mixtures.

2. Theoretical Formulation

2.1. Ternary Fluid Mixture

Following Semprebon et al. [39], we consider a ternary fluid mixture
whose composition is specified by the (mass) concentrations of three com-
ponents C;, ¢ = 1,2,3. Since the lattice Boltzmann method recovers the
equations of motion of an incompressible fluid, we further assume the con-
straint C 4+ Cy + C5 = py = constant. In this case, it is convenient to replace



the concentrations C; by the density p and two order parameters ¢ and ¥
p201+02+03, (;5201—02, w:(]g. (1)

The fluid motion is then described by the continuity and Navier-Stokes equa-
tions

p+V - (pii) =0,
9 (pti) + V- (putd) = =Vp+ V- [Vi + (VI)T] = pV i, — ¢V g — OV iy,
2)
where the pressure p and the chemical potential ji,, 114, and p, are ther-
modynamic variables that will be derived from a free energy discussed in
section 2.2. The advection-diffusion of the order parameters is described by
the Cahn-Hilliard equations

O+ V - (¢il) = DV pg,

O + ¥ - (1) = Dy Vi, ®)

where Dy and D, are the diffusion coefficients of the order parameters.

It is worth noting that, as a consequence of the transformation to the
phase fields p, ¢, and 1, the formulation is not entirely symmetric in the
components C, Cy, and C5 of the mixture. Li and Wagner [54] have argued
that manifest symmetry in the components is a theoretical necessity for an
LB method to retain generality. In practice, however, the lack of symmetry in
the present formulation does not noticeable affect the results (cf. section 4).

2.2. Ternary Free Energy

A common choice for immiscible fluids is a double-well free energy with
bulk terms of the form C?(1 — C;)?, which gives rise to two bulk minima
C; = 0 and C; = 1. In addition, interfacial effects can be incorporated by
gradient terms of the form (VC;)%. Hence a suitable form of the free energy
functional for a ternary fluid mixture is [39] 55]

F= /VZ %O}(l - C)* + %(V(Ji)? dv. (4)

Note that more general forms of the free energy could, in principle, include
cross terms in the derivatives VC; - VC;. However, Boyer and Lapuerta [55]
have pointed out that such cross terms can only enter in the form |V Y C;|?,
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which vanishes in the incompressible limit. It can be shown that for the free
energy (4), the surface tension between two components m and n is given by
139]

\/()\m + /\Té)(lim + Iin)‘ (5)

In terms of the density p and the order parameters ¢ and 1, the free energy
reads
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The chemical potentials can be obtained by variation of the free energy func-
tional
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Finally, the pressure tensor can be obtained from the relation
3
V-P=Vp+Y CiVu=Vp+pVu, + ¢V + 1V, (10)
i=1

where the second equality follows from the linearity of the variable transfor-
mation (1). The bulk pressure p is given by
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With the fields p, ¢, ¢, hydrodynamic velocity u, bulk pressure p, and the
chemical potentials p,, pg, and fi, all necessary thermodynamic quantities
are available.

2.3. Ternary Lattice Boltzmann Model

The lattice Boltzmann method (LBM) is a discrete kinetic scheme for
simulating diffusive and hydrodynamic transport phenomena. The variables
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of the LBM are distribution functions, sometimes termed populations, that
represent the mass density of fluid on a discrete lattice. Each population is
associated with a discrete velocity vector ¢; connecting lattice sites. In the
multicomponent LBM, multiple sets of populations are used to represent the
different fluid species or, alternatively, the corresponding order parameters.
For the case of a ternary fluid mixture, we use the following relation between
distribution functions and macroscopic variables

p(F, t) = Zfz(F7 t)? qb(Fv t) = Z%(Fv t)? 1?(7’: t) - th(Fv t)' (12>

The macroscopic fluid velocity is obtained as the first moment of the distri-
bution functions f; associated with the density p

P(F, t)ﬁ(?v t) = Zfz(ﬁ t)gz (13)

The time-evolution of the distribution functions is described by the standard
Bhatnagar—Gross—Krook (BGK) lattice Boltzmann equation

At

fi(F + Atc;, t + At) = fi(7,t) — — Lfi(F,t) = £, )], (14)
At

gi(7" + Atc;, t + At) = g;(7,t) — — lg:(7, 1) — g5 (7, 1)] (15)
ol

hi(F 4+ Até;, t + At) = h;(7,t) — g [hi(F,t) — hiA(F 1)) (16)
Top

The BGK approximation can be generalized to multiple relaxation times us-
ing a collision matrix instead of the relaxation time 7 [56]. To complete the
specification of the ternary LBM, the local equilibrium distribution functions
need to be chosen. The form of the equilibrium distribution functions de-
pends on the underlying lattice. The equilibrium functions for the D3Q19
lattice are given in appendix Appendix A.

It can be shown via a Chapman-Enskog expansion that in the contin-
uum limit, the above LBM recovers the continuity, Navier-Stokes, and Cahn-
Hilliard equations. The viscosity of the fluid and the diffusion coefficients of
the order parameters are related to the relaxation times:

At At At
77=/)C§(T—7>, D¢:F¢(T¢_7)a Dw:Fw<Tw—7)‘ (17)
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3. Implementation

We have chosen to extend the single-phase lattice Boltzmann implemen-
tation in LAMMPS [51] 52]. LAMMPS (Large-scale Atomic/Molecular Mas-
sively Parallel Simulator) [40] is a widely used open-source code, originally
developed for Molecular Dynamics (MD), that offers the flexibility to extend
the time integrator via calls to user defined functions. While at present,
the ternary LBM model does not include a particle-fluid coupling, contribut-
ing our implementation to LAMMPS paves the way to extending the hy-
brid Molecular Dynamics-Lattice Boltzmann methods that are available for
single-phase fluids [46, [49, (501, 57].

3.1. Data structures

The data structures are closely aligned with the ideal gas LB implementa-
tion provided in FixLbFluid [51],[52]. The LB populations for the three com-
ponents are stored in 4D arrays that are allocated using memory->create().
The hydrodynamic fields p, ¢, ¢ and u, and the thermodynamic quantities
Dbulk, My, and p1s are stored in similar arrays. In addition, arrays are allocated
for the gradients and Laplacians of p, ¢ and . The LB populations are thus
stored in an array-of-structures. This may not be the most efficient memory
layout, however, it maintains compatibility with related LAMMPS exten-
sions [50H52] and facilitates the adoption of particle-fluid coupling. To avoid
overwriting populations during the streaming operations, the updated popu-
lations are written to a second array for each component, and the pointers to
the primary and secondary array are swapped at the end of the lb_update()
method. More sophisticated streaming algorithms [58] and vectorization are
left as possible future improvements.

3.2. Time stepping structure of the implementation

The implementation extends the previous 1b/fluid fix in LAMMPS by
inheriting from the class FixLbFluid. The initialization of the lattice data
structures and the multicomponent fluid variables takes place during instan-
tiation of the FixLbFluid class. The fix command integrates the lattice
Boltzmann update in the LAMMPS via callback methods that are invoked
in specific stages of a simulation. We have assumed that the timestepping is
structured in terms of the velocity-Verlet method. A flowchart of the inte-
gration of the lattice Boltzmann update in LAMMPS is shown in Fig. 1. The
update of the lattice populations is performed at the beginning of each time
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LAMMPS Multicomponent
execution LEM routines

:_l::'ixLbMuIticomponent::initiaI_integrate(}::—) FixLbMulticomponent::lb_update() 1—‘
L, FixLbMulticomponent::update cube() 1—‘
L, FixLbMulticomponent::update_slab() q—‘

FixLbMulticomponent::update_column() «————

L»( FixLbMulticomponent::calc_moments() ‘

v

‘ FixLbMulticomponent::collide_stream() ‘

v
4 FixLbMulticomponent::end of step() ——»{ FixLbMulticomponent::dump_xdmf()

Figure 1: Flowchart illustrating the integration of fiz Ib/multicomponent into
the LAMMPS time stepping. The lattice Boltzmann update is invoked during
initial_integrate(). File I/O is performed during end _of_step().

step when initial_integrate() is invoked (the details of the 1b_update ()
method are described in more detail in the following section). This order-
ing allows to handle future implementations of fluid-particle couplings in
the post_integrate(), pre_force(), and post_force() methods. Note
that the hydrodynamic variables (density, velocity, pressure) are not calcu-
lated at ¢t + At in 1b_update (), as they are only required when writing to
file. The output method dump_xdmf () is invoked during the end of _step()
method. At configurable intervals, the hydrodynamic variables are calculated
and written to disk in the XDMF file format.

3.3. Pseudo-code of implementation

The update of the lattice Boltzmann variables is implemented as a push
scheme [59] that performs the collisions for a lattice site and then streams the
post-collisional distributions to neighboring lattice sites according to the dis-
crete velocity set (the current implementation supports the D3Q19 lattice).
In contrast to ideal gas LB models, however, the interactions between differ-
ent fluid components require the evaluation of the gradients and Laplacians
of the fields ¢ and v and thus render the collision step non-local. Therefore,
data dependencies need to be considered in both the collision step and the
streaming step. The pseudo-code of the implementation is shown in Algo-
rithm 1. To avoid having to loop over the full lattice more than once, the
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Algorithm 1 Ternary Lattice Boltzmann Algorithm
(xmin; Lmaxs Ymins Ymax) fmin» Zmax) — (07 LJ: + thv O, Ly + tha 07 Lz + th)

for n=1to T do > loop over T' timesteps
HALO_COMM > halo communication between processors
READ_SLAB(Zmin, Ymins Ymax, Zmins Zmax )
READ_SLAB(Zmin + 1, Ymin, Ymax, Zmin, Zmax)

for © = xpin + 2 t0 Thax do > loop over 2D slabs
READ_COLUMN(Z, Ymin, Zmins Zmax )
READ_COLUMN(Z, Ymin + 1, Zmin, Zmax)

for ¥ = Ymin + 2 t0 Ymax do > loop over 1D columns
READ_SITE(Z, ¥, Zmin)
READ_SITE(Z, ¥, Zmin + 1)

for z = 20 + 2 t0 Zpax do > loop over sites
P, Y, ¢, U, p < CALC_MOMENTS(x, ¥, 2)
£, %9, h*d <= CALC_EQUILIBRIUM(z — 1,y — 1,2 — 1)

for i =1to @ do > loop over lattice velocities ¢;
filx =14 cip,y — 1+ ciyy, 2 — 1+ ¢4y)
fi(x_Ly_lvz_l)_% [fz(l‘— lay_ 1,2 - 1) - fieq]
gi(r =1+ cim,y—1+4ciy, 2 — 1+ cyy)
gi('r_lay_laz_l)_% [gl(w_ 17y— 172 - 1> _gfq]
hilfx =14 cigyy — 1+ ¢y 2 — L+ ¢4y) <
hi(x—1,y—1,z—1)— = [hi(x — 1,y — 1,2 — 1) — h{]
end for ’
end for
end for
end for
end for
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Figure 2: Tllustration of the staggered lattice update. When the update loop arrives at site
(z,y), the sites with lower indices (green and purple) have already been read. Once the site
(z,y) (yellow) has been read, site (x — 1,y — 1) (purple) can be streamed to its neighbors.
The illustration shows the situation in 2D; the generalization to 3D is straightforward.

collide-stream update is implemented in a staggered fashion as illustrated in
Fig. 2. Essentially, the fields needed for the gradient calculations are read
ahead at a lattice site (z,y, z), and the collisions are then performed at the
previously visited lattice sites (z — 1,y — 1,2z — 1). We have split the full
3D loop over the lattice into separate methods for reads and updates of a
3D domain (update_cube), a 2D slab (read_slab/update_slab), a 1D col-
umn (read_column/update_column), and a single lattice site (read_site/
write_site). It is important to note that these methods only stream lat-
tice sites in the interior of the passed domain, leaving one lattice layer in
all directions unstreamed and to be handled by boundary conditions. These
lattice layers are part of a halo-region around the inner domain that serves
both the parallelization and periodic boundary conditions. The halo regions
consist of two lattice layers in all directions to facilitate the calculation of
gradients and Laplacians. The halo regions are communicated to neighboring
MPI rank through MPI _ISend and MPI _IRecv calls. Periodic boundary con-
ditions are accounted for during the construction of the MPI rank neighbor
lists in LAMMPS. The design of the loops and the halo regions facilitates
future implementation of other collision models (e.g., multi-relaxation time
models) and enhanced streaming kernels with reduced memory requirements
[58]. The MPI communication routines are designed to allow overlapping
of communication and computation. We have explored the effect of over-
lapping computation and communication on the performance of the current
implementation, however, this did not lead to a significant speedup for the
systems investigated in this work. Therefore, the code distributed with this
paper performs the communication before the lattice update and, by default,
does not overlap communication and computation. A thorough exploration
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init <method> ternary fluid configuration

init droplet binary droplet composed of C; and C3 (C3 = 0)

init liquid_lens liquid lens of component C3 between layers of C; and Ca

init double_emulsion | double emulsion droplet of components C7 and C2 surrounded by C3

init film ternary film of composition C ¢, Ca ¢, C3 ¢ surrounded by bulk mixture
init mixed_droplet ternary droplet of composition Cy g4, C3 4, C3 4 surrounded by bulk mixture

Table 1: The Ib/multicomponent fix provides several initialization methods to set up a
ternary fluid with a specific configuration including liquid lenses, double emulsions, and
ternary films.

of possible performance improvements of the current implementation is left
for future work.

3.4. Installation

The ternary LBM is integrated in LAMMPS as a user package. It can
be installed in an existing LAMMPS instance by downloading the files dis-
tributed with this paper. The source files for the 1b/multicomponent fix and
the patched 1b/f1luid fix should be placed in the directory src/LATBOLTZ
within the LAMMPS source tree. A full version of LAMMPS including the
ternary LBM can also be obtained from the authors’ development branch
on Github at https://github.com/uschille/lammps/tree/ternary-lbm. The
package can be included in the LAMMPS build using either GNU Make (make
yes-latboltz) or CMake (cmake -D PKG_MPI=yes PKG_LATBOLTZ=yes). These
commands copy the package files into the main source tree and LAMMPS
can then be compiled following the steps described in the LAMMPS docu-
mentation.

3.5. Script commands

The ternary lattice Boltzmann method can be invoked using the script
command 1b/multicomponent. The syntax of the command is as follows:
fix id group lb/multicomponent nevery viscosity density

D3Q19 dx 1 dumpxdmf <output_interval> <tag>
kappal <kappal> kappa2 <kappa2> kappa3 <kappa3>
taur <taur> taup <taup> taus <tau s>

C1 <C1> C2 <C2> C3 <C3>

init <init _method>

The first 9 positional arguments of the fix command are parsed in the con-
structor of FixLbFluid. They are required to set the parameters required to
create the LB lattice in the parent constructor and should be given in the form
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compatible with the 1b/f1luid fix. Parameters beyond the 9th positional ar-
gument are optional and are parsed by the new class FixLbMulticomponent.
They can be used to set the surface tensions (kappal, kappa2, kappa3),
viscosity (tau_r) and mobilities of the ternary fluid components (tau_p,
tau_s). In addition, it is possible to specify the bulk composition (C1, C2,
C3) of the ternary mixture. By default, the mixture is initialized with the
bulk concentrations to which a random perturbation is added to initiate
demixing. This can also be explicitly specified with the init mixture argu-
ment. In addition, the fix 1b/multicomponent command provides several
options for initialization of specific fluid configurations (cf. Table 1).

3.6. FExtensibility

The new LBM code was designed such that future enhancements and
variations of the multicomponent model can easily be implemented. This
includes possible optimizations of the data structures through vectorization
and/or loop blocking, and the use of alternative collision models such as
multi-relaxation time (MRT) collision kernels or the entropic lattice Boltz-
mann method [60]. Furthermore, our implementation was designed to mirror
the data structures of the 1b/fluid fix in order to facilitate interoperabil-
ity with the available particle-fluid interactions [48] 49]. For instance, we
anticipate that the 1b/viscous fix can be extended to the multicomponent
LB implementation, although the particles will only interact with the fluid
through viscous drag. A possible future extension is the incorporation of
solvation forces between particles and the three fluid components [53].

4. Results and Discussion

We validated the implementation by analyzing the static and dynamic
properties of ternary fluid mixtures for a few simple test cases. Furthermore,
to demonstrate an application of the method, we present results for the
separation of ternary films surrounded by a bulk solvent phase.

4.1. Validation

One of the advantages of the ternary free energy model is that the sur-
face tensions can be tuned directly through the coefficents x; of the square-
gradient terms. As outlined by Semprebon et al. [39], the expression for the
surface tension between two phases m and n is

V(L 4 EL) (B + kn) @
. = E(/im + Kp). (18)

Ymn =
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Figure 3: Liquid lens: a) Illustration of the tangent lines and Neumann angles at the three
phase contact line. b) Correlation of the measured angles and the analytical solution of
the Neumann triangle relation. The insets show the liquid lens configuration at k3 = 0.05
and k3 = 0.001, respectively.

At the three phase contact line, force balance between the three surface
tensions can be expressed in terms of the Neumann triangle relation

Y12 Y23 781
sinf; sinf; sinfy

(19)

To validate the static properties of the implementation, we have obtained
the angles 6, 65, and 65 for liquid lenses and double emulsion droplets.

4.1.1. Three-phase contact angles for liquid lenses and double emulsions
We performed simulations of liquid lenses and double emulsions in a quasi-
2D simulation box of size L x H x T with H = 120Ax and T" = 6Ax where
Az is the lattice spacing (in our implementation, at least six lattice sites
are required for periodic boundary conditions). The size L of the simula-
tion box was varied to accommodate the length of the stable liquid lenses
(L = 200Az for k3 < 0.0002 and L = 260 for k3 < 0.0002). The surface
tension parameters k; = 0.01 and ko = 0.02 were kept fixed, while the third
parameter k3 was varied to produce different surface tensions and Neumann
angles. For liquid lenses, we set up a droplet of pure component C5 with
its center place at the interface between layers of pure components C and
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Figure 4: Double emulsion: a) Illustration of the tangent lines and Neumann angles at the
three phase contact line. b) Correlation of the measured angles and the analytical solution
of the Neumann triangle relation. The insets show the double emulsion configuration at
k3 = 0.05 and k3 = 0.001, respectiveley.

Cs. For double emulsion droplets, we set up a droplet consisting of one half
of pure component C; and one half of pure component Cs in a bulk fluid of
pure component C3. We ran the simulations until the liquid lens or double
emulsion configuration had equilibrated.

To measure the Neumann angles, we determined the isocontours of the
fields ¢ and ¥ and fitted circles to each segment corresponding to interfaces
between two components. We then calculated the tangent slopes at the
intersection points to calculate the angles as illustrated in Fig. 3a and Fig.
4a.

Fig. 3b and Fig. 4b show the correlation of the measured and predicted
Neumann angles for the liquid lens and double emulsion, respectively. The
results show excellent agreement of the Neumann angles over the range of
simulated k3 values. Only for values that yield a Neumann angle 63 < 10°,
deviations between the measured and predicted become noticeable. This is
due to the diffuse nature of the interface in the LBM [39], which prevents
an accurate measurement of the angle in these configurations. These results
indicate that the implementation produces the correct equilibrium thermo-
dynamics of the ternary free energy (4).
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Figure 5: Domain growth during ternary phase separation. The plots show the domain
size as a function of scaled time (t —t9)?/3, where the offset t is obtained from the fitting
procedure. The domain growth follows the expected hydrodynamic scaling until a domain
network forms that slows down coarsening.

4.1.2. Domain growth

To validate the dynamic behavior of the multicomponent mixture, we
simulated spinodal decomposition of ternary mixtures with equal concen-
trations of the three components C; = Cy = C3 = 1/3 and equal surface
tension parameters k1 = ko = k3 = 0.04. Since the system is governed by
hydrodynamics, we expect to observe the inertial regime of domain growth.
In this case, the characteristic velocity for the length scale L is given by
u = (0/p)"/2L~Y2 which yields the theoretical scaling of the domain size
L ~ ut ~ (a/p)/3t?/3 [61, 62]. In contrast, the theoretical scaling of the
domain size in the viscous regime is L ~ (o/n)t.

To calculate the domain size, we use the fact that for well developed
interfaces, the quantity x,, = (C2 (1 — C,,)?)6V/a represents the area of the
diffuse interfaces that separate component m from the other two components
in the system volume V. We can thus estimate the characteristic domain size
as L =V/xm.

Fig. 5 shows the evolution of the domain size in the simulations for three
different surface tensions. In all cases the theoretical scaling L ~ (t — ty)%/3
is observed from the onset of spinodal separation at to (once the diffuse
interfaces have completely formed). After the spinodal stage the coarsening
dynamics changes due to the formation of a foam-like ternary network. The
domain growth continues in a more step-like manner which suggests that
coarsening proceeds by ripening and coalescence of domains. The onset of
different coarsening mechanisms depends on the surface tension x;.
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Figure 6: Examples of ternary morphologies that emerge at different mixture composi-
tions. a) Droplets emerge for nearly binary mixtures. b) Worm-like double emulsions form
when the minority components have equal concentration. ¢) Liquid lenses form when one
minority component is less abundant. d) A foam-like emulsion emerges for nearly sym-
metric composition of the three components.

4.2. Ternary Morphology Diagram

To demonstrate the range of morphologies that can emerge during spin-
odal decomposition of ternary mixtures, we have performed exhaustive sim-
ulations of mixtures with different compositions. Fig. 6 shows examples of
distinct morphologies that emerge at different compositions.

When only a small amount of the third component is present (i.e., the
mixtures is nearly binary), a droplet emulsion is formed as shown in Fig. 6a.
When two minority components are present at equal concentration, a pecu-
liar double-emulsion emerges where the minority components form worm-like
structures as shown in Fig. 6b. In contrast, when two majority components
are present at equal concentration, the third component forms liquid lenses
at the interface between the majority components as shown in Fig. 6¢c. When
the concentrations of the three components are nearly equal, we find a foam-
like network of separated domains as shown in Fig. 6d. The figures shows
that the separated domains are predominantly hexagonal but other shapes
are also present, however, a detailed investigation of the foam structure and
its properties is beyond the scope of this work.

Fig. 7 shows a ternary morphology diagram where the segregated struc-
tures have been labeled with different symbols. The classification of the
structures is based on visual inspection of simulation snapshots as discussed
in the previous paragraph. Since the properties of the three components are
such that the ternary mixture is symmetric, in principle only a third of the
points shown in the ternary diagram need to be simulated. Nevertheless,
simulations were also performed for the symmetric compositions as a fur-
ther validation of the implementation. This is a useful verification since the
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Figure 7: The ternary morphology diagram for the free energy Eq. (4). a) Each compo-
sition has been labeled according to the observed morphology (cf. Fig. 6 (single phase:
blue squares, droplets: green circles, worm-like: yellow hexagons, lenses: purple diamonds,
foam-like: red x-marks). b) Predicted morphologies at additional compositions. The pre-
diction is based on a support vector machine (SVM) that was trained on the data points
shown in a).

algorithm does not treat the three components in a completely symmetric
fashion. The results in Fig. 8 show that, despite the lack of manifest sym-
metry in the formulation, the structure and dynamics of ternary mixtures
remain invariant under permutations of the components.

The ternary diagram in Fig. 7 shows an approximation of the boundaries
between different morphologies. The data was obtained by training a support
vector machine (SVM) on the data points of Fig. 7a, using the assigned labels
for minimization of the classification error. We then used the trained SVM
to determine the labels for a much larger number of compositions as plotted
in Fig. 7b. It is worth noting that this is only a first approximation of the
full ternary diagram of the free energy model. Nevertheless, our approach
demonstrates how the estimated phase boundaries can provide guidance on
what morphologies can be expected for specific mixture formulations.

4.8. Ternary Films

Ternary phase segregation plays a central role in a number of processing
techniques for structured materials systems. To demonstrate a possible appli-
cation of the method, we performed simulations of the separation of ternary
films surrounded by a bulk solvent phase. Similar systems are of interest
for the study of solvent/non-solvent induced phase separation processes in
polymer solutions can be used, e.g., for membrane fabrication [17], 37].
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Figure 9: Phase segregation of a ternary film in contact with a bulk solvent. The subplots
show the ternary film for different initial composition; the columns show snapshots of the
emulsion structure and velocity field at different time steps.
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We set up a ternary film of thickness 0.5L and variable composition
around the center plane of the simulation box that is in contact with a bulk
solution in the remainder of the box. The concentration difference between
the film and the bulk solvent leads to diffusion while the film is separating.
Fig. 9 shows snapshots of the film morphology at different times along with
the fluid flow field. For small enough concentration of the bulk solvent C in
the initially mixed film, the film remains intact as the solvent diffuses into
the bulk phase. Similar to our observation for ternary mixtures, we find that
the minority components Cy and Cj can form liquid lenses (cf. Fig. 9a,c)
and worm-like structures (cf. Fig. 9b). The latter are observed at equal con-
centration of Cy and C3. At equal concentrations of all three components in
the initial film, it segregates into a foam-like structure, where some solvent
domains of C; remain entrapped in the network formed by Cy and C5. It
can be expected that these domains will very slowly diffuse into bulk phase,
which is beyond the simulated time. If the concentration of the solvent 'y in
the initial film is large, the film breaks up to form an emulsion consisting of a
continuous solvent phase and double emulsion droplets. The double emulsion
droplets consist of droplets of the more abundant minority component, while
the less abundant minority component forms liquid lenses at the surface of
the droplets (cf. Fig. 9e and 9f) The size ratio of the droplets and lenses
appears to depend on the concentration ratio of the minority components.

The separation of the film is accompanied by the flow patterns shown
in the right columns at different times. The flow fields show curving flow
patterns that correlate with the size of the emulsion domains. This is consis-
tent with the formation of spinodal interfaces that move through the liquid.
While a detailed analysis of the flow patterns is beyond the scope of this
work, it is worth noting that roll cells in the velocity field have been associ-
ated with macrovoid formation [38] and we anticipate that the ternary LB
model is suited to contribute further insight along these lines.

4.4. Performance and Scalability

Finally, we briefly report on the performance of our implementation.
Benchmark simulations were run for phase separation of a symmetric ternary
mixture in a box of size L = 2563. The simulations were run on Clemson Uni-
versity’s Palmetto cluster using Dell R750 nodes equipped with Intel Xeon
8358 processors (64 cores) and interconnected with Infiniband HDR net-
work. The number of allocated cores was varied from 16 to 2048, and for
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Figure 10: Performance benchmark of the ternary lattice Boltzmann implementation.
Speedup and efficiency are shown as a function of the number of MPI processes in the
range from 64 to 2048 cores. The error bars indicate the standard deviation over five
identical runs.

each selection the simulations were repeated five times to account for po-
tential contention on the cluster. Fig. 10 shows the speedup and efficiency.
Speedup was calculated as the ratio of run times (16 - t16)/t, where ¢4 is the
average run time on 16 cores and ¢, the execution time on p cores. Efficiency
was calculated as the ratio (16 - t15)/(p - t,). The results in Fig. 10 show
that worthwhile speedups can be achieved with up to 512 cores. Beyond 512
cores, the efficiency drops below 0.5, and virtually no speedup is gained by
increasing the number of cores from 1024 to 2048. These results are satis-
factory for practical purposes: using 512 cores, for instance, a ternary LB
simulation completes 1 million time steps in 2-3 hours. Nevertheless, there
is room for improvement of the scalability for larger systems and we have
alluded to some opportunities in section 3.

5. Summary

We have introduced an implementation of a multicomponent lattice Boltz-
mann method based on a free energy formulation for ternary fluid mixtures.
The method was implemented in LAMMPS as an extension of the LATBOLTZ
package described elsewhere [52]. We outlined the theoretical formulation of
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the ternary lattice Boltzmann method for a particular free energy and de-
scribed the implementation of the algorithm as a user fix for the LAMMPS
package. The implementation exhibits satisfactory parallel performance for
system sizes that are typically used in soft matter /complex fluids simulations.
We have validated the implementation by checking the Neumann relation for
the three phase contact line of liquid lenses and double emulsion droplets,
and by verifying the correct scaling regime of the domain size with time.
We have used the simulation to map out the morphology diagram of ternary
mixtures over the full range of compositions. In addition, we demonstrated
that the implementation can be used to study the phase morphologies and
velocity patterns that emerge during segregation of ternary films.

We anticipate that the ternary LBM provides an avenue for simulations
of complex phase behavior in a broad range of emulsion systems, including
solvent /non-solvent induced phase separation processes that are relevant for
practical applications in chemical engineering and materials science. The
implementation also paves the way to future extensions of the method such
as particle-fluid coupling for fluid mixtures, thermal fluctuations in multi-
component fluids, or reactive flows. This will open up new possibilities for
mesoscale simulations of interfacial phenomena and non-equilibrium trans-
port processes in multiphase and multicomponent fluid mixtures.
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Appendix A. Equilibrium distributions of the D3Q19 model

The implementation presented in this work uses the D3Q19 model. The
local equilibrium distribution functions for the D3Q19 model are given as [39]
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The above expressions apply for ¢ > 0, and the equilibrium distributions for
i = 0 are computed such that the relations (12) are satisfied.

The weight coefficients w; and w®” (a, 8 € {z,y,z}) also depend on the
chosen lattice model. For the specific ordering of the lattice vectors in the
LAMMPS code, they are given as

1
Wi—-6 = 1_8
1
Wr-18 = %
Wyg = Woy = W55 = 36
xrx _ yy — 2z __ _1
Wy y56 = W1356 — Wi_g = 9
TT _ vy _ zz — _i
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T Yy 2z _ i
Wr_10 = Wi1—14 = Wi5-18 = 36
wy o yz o aw
wilg =wi_g =wij_g =10
wy _yz o oaw i
W70 = Wis18 = Wir,14 =
12
v _yr e L
Wgg = Wig,17 = Wig13 = 12
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The pressure p and the chemical potentials p,, (4, and py,, which enter
the LBM through the equilibrium functions, follow from the thermodynamic
description of the ternary mixture given in section 2.2.

It can be shown that the above choice of equilibrium distributions recovers
the continuity, Navier-Stokes, and Cahn-Hilliard equations. The full pressure
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tensor of the model is given by
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where the mixed coefficients are defined as follows
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