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Abstract—The wavelength used for illumination dictates the
scale of the mechanisms that interact with the incident electro-
magnetic (EM) energy. We model the synthetic Aperture Radar
Image of a target as a superposition of the returns from scattering
mechanisms that depend on the wavelength of the illuminating
waveform and the viewing angle. In this work, we present a
method to jointly model the scattering responses of the target over
a wide aperture of measurements and a wide swath of frequencies
spanning the C to X Band. Specifically, we estimate the location
of the scattering centers and their azimuth-dependent responses
normalized by the wavelength, jointly for low and high bands. We
verify the validity of the proposed model using simulated data
from a backhoe and Civilian vehicle data domes dataset over
two non-overlapping frequency bands centered at 7GHz and 12
GHz.

Index  Terms—Frequency band extrapolation, data-
augmentation, wide-band scattering model

I. INTRODUCTION

This paper presents a method to learn compressed models
for complex targets, such that phase-history measurements
from a synthetic aperture radar (SAR) sensor can be synthe-
sized for a desired frequency band. The compressed model
of the target includes the spatial locations of the scattering
centers and their view-dependent scattering coefficients and is
estimated using the measurements from two disjoint frequency
bands of fixed bandwidth. SAR imaging achieves high cross-
range resolution as compared to real aperture radar [1]-[3]
by integrating over a larger aperture. The integration over the
azimuth domain increases the cross-range resolution but is
constrained by the limited persistence of the scattering mech-
anism [4] as a function of the viewing angle. Alternatively,
the scattering coefficients exhibit anisotropic behavior because
of the monostatic geometry of the radar collection and the
limited persistence of the scattering mechanism over a wide-
angle aperture [4]-[6].

Furthermore, the scattering behavior of the target depends
on the wavelength of the illuminating waveform. The wave-
length determines the minimum scale of the scattering mech-
anism that interacts with the electromagnetic energy. The
cross-range resolution is directly proportional to the wave-
length corresponding to the band’s center frequency. At higher
frequency bands, finer scattering mechanisms are prominent;
therefore, the scattering center’s persistence reduces as the
band’s center frequency increases. The scattering coefficients
exhibit anisotropic scattering in the azimuth-angle and the
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Fig. 1: Estimating a joint model over different frequency bands
Fy =[TGH=z,7.64GHz] and F; = [12GHz,12.64GHz].

frequency domain [5], [7]. We hypothesize that the scattering
response of an object at a waveform with the center frequency
F; is equivalent to the scattering response of the scaled object
with a factor of S illuminated with a waveform with a center
frequency % This setup is particularly useful in simulating
the scattering behavior of complex targets using scaled-down
models with 0 < S < 1 at higher frequencies [8] in a
compact range. The measurement setup can be miniaturized by
utilizing millimeter wave radar, which enables the collection
of measurements on scaled-down target models.

A. Contributions

We present a model that represents the wideband scattering
behavior of a complex target over the entire circular azimuth
aperture. This representation succinctly captures the scattering
mechanism as a function of the viewing angle and center
frequency. We formulate a regularized inversion approach to
jointly estimate the scattering center locations and coefficients
over disjoint frequency bands.

B. Notations

The observed frequency bands that are used to estimate
the model are F; and Fy with center frequencies denoted
by fr and fg, respectively. The center frequencies of the
bands where the model is evaluated and used for validation are
denoted by F; such that fr, < F; < fg. The bandwidth of the
illuminating signals are B Hz. The azimuth angles observed
over Np pulses across the circular aperture is denoted by
© = 61,0,,--- 0y, and the elevation angle is denoted by
¢ and the N frequency samples in the band centered at FT,
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are denoted by fL fE ...

, fﬁF and the frequency samples
centered around Fy are denoted by fH, fH ...

TN
C. Related Work

Azimuth dependent parametric models for scattering centers
have been proposed in [6], [9], [10] that utilize the per-
sistence of these scattering centers in the azimuth domain.
Frequency dependent models inspired from geometric theory
of diffraction have been proposed in [11], [12]. We previously
proposed regularization based approaches for imaging in 2D
and 3D for monostatic [4], [13], [14], and bistatic SAR [15],
[15], [16]. The frequency extrapolation problem has recently
been analyzed using Generative adversarial network for the
case of missing frequency band measurements due to interfer-
ence [17], [18].

II. SEMI-PARAMETRIC MODEL AND REGULARIZED
INVERSION

We consider a circular spotlight SAR setup in a monos-
tatic transmit and receive geometry. We specifically consider
two bands of frequencies F; and Fpy centered at f; and
fr with bandwidth B Hz. The phase history measurements
obtained through stretch processing is modeled in the K-
space domain. The measurements are collected over different
frequencies, azimuth and elevation angles. We denote these
measurements by Y(f,0,¢) € C2VNr*Nr  where the fre-
quencies f = [ff, -, fk ,Fi,--- ,Fil ], azimuth angles
© = 61, -+ ,0np, and elevation angles & = ¢1, -, dnp.
The scattering coefficients of the scene is assumed to be
anisotropic as a function of azimuth angle and the wavelength
corresponding to the center-frequency of the band as shown
below

v(5,0.0)= [

9(z,9,2,0, f)x (1)
Y.z
exp (—j (zKy + yKy + 2K.)) dzdyd=.

The K-space spatial frequencies are a function of the azimuth
angle @, illumination frequency f and elevation angle ¢ as
shown below

K, = @C%(&)Siﬂ(é):
K, = @sin(ﬂ)sin(é):
K, = @cm(é)-

Classical methods solve the imaging problem using regulariza-
tion based optimization method [19] and the reconstruction is
made tractable by considering overlapping or non-overlapping
sub-apertures with constant scattering coefficients. The slant-
range resolution is given by AR = 5%, where c is the velocity
of light and B is the bandwidth of the transmitted signal. The
unambiguous range is given by R, = ch, where Ay is the
difference between successive frequency samples. The cross-
range resolution under the assumption of a narrow-band signal

compared to the center-frequency is given by AC, = ﬁ,

where A is the wavelength corresponding to the center fre-
quency and A® is the span of the azimuth angles considered
in the sub-aperture. We consider two disjoint frequency bands
F;, = [TGHz,7.64GHz] and Fy = [12GH=z,12.64GHz] as
shown in Figure 1.

We propose to recover the scattering coefficients of the
scene over the entire azimuth aperture and frequency bands.
We hypothesize that the object comprises of a sparse set of
dominant scattering centers with smooth azimuth and fre-
quency dependent scattering coefficients. We approximate the
scattering coefficients function g(z,y,#, f) described in (1)
using a set of Gaussian basis functions based on the previous
work [20]-[22]. We observe that the cross-range resolution is
proportional to the wavelength of the band corresponding to
the center-frequency. Using this observation, we hypothesize
that as the center-frequency of the illuminating waveform
increases the persistence of the scattering mechanism starts
reducing because finer details of the scattering behavior start
dominating. The scattering coefficient at a location with co-
ordinates (z;,y;) is approximated using a set of Gaussian
basis functions and a frequency-dependent scaling function

a3 g

37,%) if f e Fyor (3}%) if f e Fy. ai(fy) € C
and ¢;(fu) € C represents the complex weighing coefficients
estimated at bands Fr, and Fp, respectively and » represents
the modeling error. The approximation of the scattering coef-

ficients are given by

K
9(z, 9,0, f; fe) = > _ cx(fe) Uk, Uk, ik, 0%, 0, 3 fo) + o

k=1
(2)
‘Ij(xknyknu'k': O 91 f;f(.’.) = 5(1" — Tg, Y — yk)x

o 2
(ji) exp (L‘“‘g\ , 3)
W\
e/ fe
where f. € {fr,fu}, K denotes the number of dominant
scattering centers, W(zg, yk, ik, Ok, 0, f; f-) denotes the ap-
proximation of the scattering coefficient that is decomposed
into a function that depends on the spatial location (zg,yg),
illumination frequency f and the azimuth angle. We decouple
the frequency dependent scattering behavior as two compo-
nents. The first component is encoded in the complex weight
for each scattering center and the second component encodes
the effect of the increased frequency on the persistence of the
scattering center by scaling the width of the Gaussian basis
function with the center frequency of the illuminating band.
This decoupling leads to a common set of parameters denoted
by {X,Y, u, 0, a} independent of the center frequency that
represent the complex target and a frequency dependent scal-
ing coefficient C(f.) = [e1(fe), c2(fe),- -+ ,ex(fe)] € CK.
The set consisting of the coordinate locations of scattering cen-
ters is give by (X,Y) = {(z1,11), (2,%2), -, (zx, yx)}-
The set of Gaussian window centers and widths to model the
azimuth dependent function is given by p = [u1, 2, - , 1x]
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and o = [01,02,--- ,0K]. The effect of lower persistence in
the azimuth domain as the wavelength increases is modeled as
a reduction in the width parameter of the Gaussian basis given
by c‘;"c. The phase-history measurements can be reformulated
as follows

K
Y(fe)= Z ck(fe) ¥ (T, Y, ik, Ok; fo) + 1,

k=1
U (T, Yk, Lk, Ok; fe) = exp (—7 (Kxzr + Kyye)) x

() o (2

where K, K are the spatial frequencies evaluated for all the
observed frequencies and azimuth angles. The inverse problem
for jointly estimating the scattering center locations and the
azimuth and frequency dependent scattering parameters can
be written as

DY () -
2

+ Allelly

“)

; (&)

K

Z Ck(fc)"P (Ik': Ye, Lk, Ok; fC)”%

k=1

min
C, LY, H, 0,0

(6)

We utilize the differentiability of the proposed parametrization
and solve the regularized inverse problem in the continuum us-
ing alternating descent conditional gradient method proposed
by Recht [23]. We denote the search space of the center
frequency independent parameters given by {z,y,pu,o,a} €
Q). We elaborate the method in Algorithm 1. The
advantage of decoupling the parameter sets {X,Y, u, 0, a}
and {C(f.)} is that the fixed parameters independent of f.
can be estimated once using the given observations in the
frequency band Fr, and Fr. We estimate the coefficients C( f;)
for a new frequency bands f; while using the same parameter
set {X,Y,u,0,a}. Given the phase-history measurements
Y'(f;) at a frequency band with center frequency f;, we solve
the problem

C*(fi) = arg ICJEI}J_J}”Y(fﬁ) =" c(£) ¥ (zk, vk, 1k o5 i) [3-
: k=1
©

In the next section, we apply and validate the proposed model
and algorithm on monostatic SAR measurements.

III. EXPERIMENTS

We utilize the Backhoe dataset and the simulated dataset
Civilian vehicle radar data domes [24] to evaluate the perfor-
mance of our modeling approach in the different frequency
bands. The parameters used in the experiments are detailed
in Table I. The measurements are obtained at azimuth angles
[0, 360] degrees at a spacing of 0.0625 degree spacing between
successive pulses. The bandwidth used to illuminate the scene
is 640 MHz, and the corresponding range resolution is 0.22
m. We apply the algorithm 1 to extract the estimate the
model parameters to represent the target using phase-history

Input: Y,7, ¥, V{IEQEFEU,G]EQ\I& Q, and Kmaz.

Return: complex weights c, spatial location of scattering centers,
mean and width of the Gaussian basis function {z, y,u,o,a} € Q.
Initialize £ = 0O, support set S = {0}

while (Convergence condition is not satisfied or k¥ < Kmaz)

k-1
Residual: rj(fe) = Y (fe) = D ¥ (i, Yk» bk, Ok 0, f3 fe) cr(fe),
k=1
)
Gradient of loss function: g (rg) = Vr (Dj E ||rk(fc)||%)
.fC
{zie, Yrs i, O, 0} = (8)

arg max I(‘IJ (mk7yknu‘k7gksak7f)7gk)ls

{z.y.p,0.0}0
S =S| vk i, 0k 0}
while (Convergence condition)

Compute weights: arg 1}'}111 1¥(fe)e(fe) — Y(_fc)||2
lle(fo)lly <

Prune Support: If [cx(f)] =0 S = S\ {Zk, Yk, bk Ok Ok }
Refine support: S =S — Vg (Z [T (fe)e(fe) — Y(fc)HZ)
.fﬂ

end
k=5

end

Algorithm 1: Alternating descent conditional gradient method
for 2D SAR imaging with frequency dependent model [23]

TABLE I: Parameter setup.

Parameter Value

Bandwidth 640 MHz

Azimuth Angle in sub-aperture | 3.1 to 5 degrees across center
frequencies

Azimuth angle range Backhoe
Azimuth angle range Civilian

—10 to 105 degrees
0 to 360 degrees

domes

Af 0.0625 degrees
Unambiguous Range and | 14.3 m
Cross-range

Center Frequencies Train TGHz,12GH =z
Center Frequencies Test 8,9,10,11GH=z

measurements centered over frequency bands Fr and Fpg.
Using the parameters { X, Y, ut, o, a} estimated over Fy and
Fy,, we estimate the complex weights over other frequency
bands f;. In the next section, we reconstruct the Backhoe
and Civilian vehicle data-domes over the frequencies f;
{7,8,9,10,11,12}GHz by solving the problem described in
(9).

IV. RESULTS

We evaluated the proposed frequency-dependent model on
the Civilian data domes and Backhoe dataset. We estimated the
joint model for each target using measurements in 7GH z and
12GH z. We evaluated the model’s performance operating on
newer bands not utilized in the estimation process. The coeffi-
cients ¢ fe) are re-estimated using Least squares in this current
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work. Table II gives the normalized mean squared error. The
normalized mean square error increases with frequency bands
fi = 8,8,10,11 GHz is higher than f; = 7,12 GHz because
the fixed parameter set was estimated for those frequencies.
This observation suggests that the persistence model has a
more complicated relationship than the linear scaling used in
the proposed semi-parametric model.

Next, we present the scattering coefficient as a function
of the azimuth angle and the center frequency band for
the backhoe dataset in Figure 2. We see that the model
can predict the scattering behavior over frequency bands
fi =17,8,9,10,11,12 GHz and captures the reduction in the
persistence of scattering centers in the azimuth angle domain
as the center frequency increases. The ground-truth scattering
coefficients are computed using back-projected images evalu-
ated using sub-aperture approximation.

Next, we evaluate the behavior of the estimated model as
a function of the center frequency. We find the dominant 5
scattering centers from 7 GHz data and track the variation of
the weights across different center frequencies, as shown in
Figure 3. The magnitude is stable with a decreasing trend,
and the phase also exhibits a linear ramp behavior. We plan
to exploit this structure to perform prediction in a sequel to
this work.

V. CONCLUSION

In this work, we presented a joint model for recovering
scattering center locations and the reflection coefficients as a
function of azimuth angle and center frequency. We provided
quantitative validation of the proposed modeling approach and
parameter estimation algorithm. In our future work, we pro-
pose further solving the problem of predicting the frequency-
dependent scattering mechanism using data-driven methods.
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TABLE II: Performance evaluation.

Vehicle Normalized MSE | Normalized MSE | Normalized MSE | Normalized MSE | Normalized MSE | Normalized MSE
at 7GHz at 8GHz at 9GHz at 10GHz at 11GHz at 12GHz
Backhoe 0.0883 0.1009 0.13 0.16 0.16 0.1422
Camry 0.3522 0.4021 0.377 0.3911 0.3976 0.3893
Maxima 0.3 0.328 0.382 0.348 0.36 0.34
Mitsubishi 0.309 0.36 0.44 0.48 0.45 0.42
Toyota Avalon 0.19 0.21 0.19 0.22 0.25 0.28
Toyota Tacoma 0.31 0.37 0.4 0.41 0.41 0.46
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Fig. 2: Estimating a joint model for Backhoe over different frequency bands F; = [TGHz,7.64GHz| and F; =

[12GH=z,12.64GH z]. The scattering coefficients are estimated over F, = 8GHz,9GH z,10GH zand11GH =.
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Fig. 3: The magnitude and phase of the dominant scattering centers estimated from the model as a function of the center

Frequency is shown.
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