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Connectivity-Preserving Distributed Informative Path
Planning for Mobile Robot Networks

Binh Nguyen , Truong X. Nghiem , Linh Nguyen , Hung M. La , and Thang Nguyen , Member, IEEE

Abstract—This letter addresses the distributed informative path
planning (IPP) problem for a mobile robot network to optimally
explore a spatial field. Each robot is able to gather noisy envi-
ronmental measurements while navigating the environment and
build its own model of a spatial phenomenon using the Gaussian
process and local data. The IPP optimization problem is formulated
in an informative way through a multi-step prediction scheme
constrained by connectivity preservation and collision avoidance.
The shared hyperparameters of the local Gaussian process models
are also arranged to be optimally computed in the path planning
optimization problem. By the use of the proximal alternating di-
rection method of multiplier, the optimization problem can be
effectively solved in a distributed manner. It theoretically proves
that the connectivity in the network is maintained over time whilst
the solution of the optimization problem converges to a stationary
point. The effectiveness of the proposed approach is verified in
synthetic experiments by utilizing a real-world dataset.

Index Terms—Path planning for multiple mobile robots or age-
nts, integrated planning and learning, distributed robot systems,
distributed learning, informative path planning.

I. INTRODUCTION

OVER the past decades, mobile robot networks have been
widely used to perform tasks in many applications, in-

cluding exploring oceanic and terrestrial ecosystems, tracking
wildfires and toxic pollutants, and assessing conditions of criti-
cal infrastructures [1], [2], [3]. By taking advantage of mobility
and wireless communication, they are practically useful for
exploring an unknown environment, especially for monitoring a
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spatial phenomenon. More importantly, given the environmental
measurements the robots have gathered along their way, if a
model of the spatial field is learned, the network can predict the
field at any unobserved locations in the environment.

However, the fundamental challenge is how to drive the mo-
bile robots to the most informative positions in the environment
so that the additional information gained by the spatial field
measurements in the network is maximal. This challenge is often
known as an informative path planning (IPP) problem. In prac-
tice, this problem is usually coupled with network constraints
such as battery limitation, wireless communication range, and
obstacle avoidance. In a large-scale network, it is highly ex-
pected that each robot should have its own informative path
planner, which allows it to decide where to move in the next
steps in a distributed manner.

In the literature, the centralized IPP problem has been exten-
sively investigated, e.g., in [4], [5], [6]. Several works have also
been dedicated to investigating the IPP problem in a distributed
fashion. For instance, the author of [7] proposed the Kriged
Kalman filter-based dynamic average consensus protocol to
compute the common parameters for a spatial field model in
each robot. It is noted that in a distributed scheme, each robot
can only access its historical data and possibly the data locally
exchanged with its neighbors, which it can use to build its own
model of the spatial field. The robot then exploits its own spatial
field model to not only predict the spatial phenomenon in the
whole environment but also decide where to move in the next
step. Still using the average consensus technique, the work in [2]
presents a distributed Gaussian process (GP) learning algorithm
for unmanned aerial vehicles to map an environmental quantity.
In a recent work [8], the authors made use of the average
consensus scheme to synchronize all local GP models in the
robots. The motions of the robots were then proposed to be
derived from a central unit, which is analogous to [9]. It can
be observed that in distributed schemes, most of the existing
works use the average consensus protocol to obtain common
parameters for a local model in each robot, which can be better
optimized. Furthermore, state-of-the-art methods for distributed
IPP usually assume that the robot network is always connected;
however, no specific attempts have been made by these methods
to preserve the connectivity of the robot network. Without a
connectivity-preserving mechanism, this assumption could be
unrealistic, since robots may attempt to move far away from
each other to gain more informative measurements.

To address the aforementioned shortcomings of existing
methods, in this work, we propose to address the distributed
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IPP problem while incorporating these issues into our design.
Specifically, the robot network is required to actively maintain
connectivity whilst the robots are exploring the environment.
To this end, a distributed connectivity-preserving mechanism is
proposed and incorporated into the planning optimization prob-
lem, which ensures that the network is always fully connected
when the robots move to the next positions. In addition, the
shared parameters of the local models of the spatial phenomenon
in the robots are optimized instead of being computed by a
simple average calculation. To solve the optimization problem
in a distributed manner, a distributed optimization scheme is
proposed based on a proximal alternating direction method
of multiplier (proximal-ADMM). Our algorithm enables the
network to not only optimally find the most informative next
locations for the robots but also compute the optimal hyper-
parameters of each robot’s spatial field model. We prove that
the connectivity in the network is always maintained over time
whilst the solution of the IPP optimization problem converges
to a stationary point. We also verify the effectiveness of our
proposed approach in synthetic experiments using a real-world
dataset.

Notations: N is the set of natural numbers and R is the set
of real numbers. diag(·) stands for a block-diagonal matrix;
⊗ denotes the Kronecker product; 1n ∈ Rn is a vector whose
elements are 1. For an index set S = {i1, i2, . . . , in | ij ∈ N},
[Qi]i∈S = [Q⊤

i1 . . . Q⊤
in ]⊤ is the vertically concatenated

matrix or vector of indexed real matrices of appropriate dimen-
sions or scalars Qi. For a vector v, the notation v ≻ 0 implies
that all elements of v are greater than 0.

II. DISTRIBUTED MODELLING

A. Informative Model

This section presents the fundamental preliminary on a spatial
field model used in the paper. Let us define a bounded convex set
in ℓ-dimensional space Q ∈ Rℓ as the space where the robots
operate. The spatial field of interest is represented by a latent
relationship m : Q → R that maps a robot location in Q to a
spatial phenomenon at the location. At each time step t, the
robot i takes a noisy measurement yi,t ∈ R of the spatial field
at its current location. In this paper, we assume that each robot
has its own measurement model described as

yi,t = mi(pi,t) + ω(pi,t), (1)

where pi,t ∈ Rℓ is the robot location, ω(pi,t) ∼ N (0,σ2
ω,i)

is an independent and identically distributed zero-mean Gaus-
sian noise with standard deviation σω,i > 0, and mi(pi,t) ∼
GP(µi,κ(pi,t,p′

i,t)) is a GP with covariance function
κ(pi,t,p′

i,t) : Rℓ × Rℓ → R and a mean function µi. Let Di =
(pi,yi) be a training dataset of robot i including D ∈ N mea-
surements yi ∈ RD gathered at D positions pi ∈ RDℓ. At the
locations of robot i over horizon H ∈ N,

ˆ̄pi =
[
p̂i,t+h ∈ Rℓ

]
h∈H (H = {1, . . . , H}),

the predictions ŷi,H = [ŷi,t+h ∈ R]h∈H is a multivariate Gaus-
sian distribution with the posterior covariance matrix

Σŷi,H|Di
=Ki,ˆ̄pi,ˆ̄pi

−Ki,ˆ̄pi,pi

(
Ki,pi,pi+σ2

ω,iI
)−1

Ki,pi,ˆ̄pi

(2)
where Ki,ˆ̄pi,ˆ̄pi

=κi(ˆ̄pi, ˆ̄pi) ∈ RH×H , Ki,pi,pi =κi(pi,pi) ∈
RD×D, Ki,ˆ̄pi,pi

= K⊤
i,pi,ˆ̄pi

= κi(ˆ̄pi,pi) ∈ RH×D, and I is a
D ×D identity matrix. It is noted that 2 will be used to design
a distributed informative planner for the robot network.

B. Distributed Training

Consider M robots operating in Q, where the communication
space of each robot i at time t is assumed to be a sphere (or a
circle in 2D) centered at pi,t with radius Ri.

Definition 2.1: Robots i and j are said to be connected and
neighbors of each other if they are in the communication range
of each other, i.e. ∥pi,t − pj,t∥2 ≤ min(Ri, Rj).

Assumption 2.2: Each robot can exchange information with
all of its neighbors.

Let Ni,t = {j ∈ V|∥pi,t − pj,t∥2 ≤ min(Ri, Rj)} define
the set of neighbors of the robot i at step t, where V =
{1, 2, . . . ,M}. The vectors of positions and measurements that
can be transferred to the robot i from its neighbors at time step
t are indicated by pi,Ni,t = [[p⊤

j,t, p̃
⊤
j,t−1]

⊤]j∈Ni,t and yi,Ni,t =

[[y⊤
j,t, ỹ

⊤
j,t−1]

⊤]j∈Ni,t , where p̃j,t−1 and ỹj,t−1 stand for vectors
of historical (stored) positions and measurements in robot j but
not in robot i up to time t− 1. In addition, we define Di,t =
(pi,D,yi,D) as the total data the robot i can have up to t, where
pi,D = [p⊤

i,t,p
⊤
i,Ni,k

]⊤k=1,...,t and yi,D = [y⊤
i,t,y

⊤
i,Ni,k

]k=1,...,t.
To maintain a distributed manner in the network, we adopt the
following assumption. At each time step t, each robot collects
new data and uses them to improve the accuracy of the model
by optimizing a cost function of the hyperparameter vectorθi,t.
The local hyperparameter can be obtained by optimizing a local
log-marginal likelihood

Li(θi,t) = −1

2
y⊤
i,DC

−1
θ,iyi,D − logdet Cθ,i

where Cθ,i = κ(pi,D,pi,D) + σ2
ω,iI is a matrix function of

θi,t, κ(pi,D,pi,D) is chosen as a stationary covariance func-
tion [10]. Although this optimization can be implemented locally
in each robot, the hyperparameters obtained in each robot are
different. To alleviate the issue, the work in [8] presents a
decentralized training formulated by the distributed optimiza-
tion: min0≺θi,t

∑M
i=1 Li(θi,t) subject to θi,t = θj,t∀i ∈ V =

{1, 2, . . . ,M}, j ∈ Ni,t. If the robots are connected while they
move, the optimization problem can be solved by an inexact
distributed consensus ADMM [11] or proximal-ADMM [12],
which leads to the common hyperparameter values in all local
GP models. However, ADMM-based algorithms need to solve
suboptimizations repeatedly that directly increase computation
and communication burdens. A less computationally expensive
way is to minimize Li(θi,t), and dynamic average consen-
sus [13] is used to synchronize all the local hyperparameters
obtained.
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III. INFORMATIVE PATH PLANNING WITH CONNECTIVITY

PRESERVATION

In this section, we first introduce multistep predictions based
on informative path planning, which helps to find optimal sam-
pling paths. Then, a mechanism is proposed to select important
neighbors of a robot, which will be used to maintain the con-
nectivity of the robot network. This will alleviate the constraints
and computational costs. Lastly, the IPP optimization problem
is formulated for the robot system subject to connectivity and
collision avoidance constraints.

A. Multi-Step Predictions Based Informative Path Planning

IPP aims to find the next locations of the robots to maximize
the information gain for the spatial field GP model. A commonly
used optimal IPP method is maximizing the conditional entropy
of the spatial field values at the next sampling locations given
the current GP [4], [5]. The previous work [6] proposed a
multi-step IPP method that looks ahead several steps to find
optimal sampling paths, instead of finding only the next optimal
locations.

Let ˆ̄pi = (p̂i,t+1, . . . , p̂i,t+h, . . . , p̂i,t+H) stand for the opti-
mal path the robot i computed at time step t where p̂i,t+h ∈ Rℓ

represents the predicted locations in the h step ahead and H
denotes a predictive horizon. Note that the conditional entropy
of the informative model with respect to the optimal path and
dataset Di,t up to current time t is given by logdetΣŷi,H|Di,t

(ˆ̄pi)
[6], where logdet stands for the log-determinant function and
Σŷi,H|Di,t

(ˆ̄pi) is defined by (2). Accordingly, the multi-step IPP
is simply formulated by the following optimization problem

maximize
p̂i,t+1,...,p̂i,t+H∈Q

logdet Σŷi,H|Di,t
(ˆ̄pi). (3)

Note that the optimization problem (3) is for one robot. To
distributively deploy a group of robots, we can modify (3) as
maximizing a summation of all conditional entropy in each
robot, i.e. maximize

∑M
i=1 logdetΣŷi,H|Di,t

(ˆ̄pi). In addition,
possible constraints for robot movement can be added, such
as the maximum distance between two consecutive steps and
collision avoidance.

B. Connectivity Preservation

This section presents a simple distributed mechanism to help
each robot find necessary connections between its neighbors
to preserve connections in the next step. Accordingly, if these
connections can be maintained in the next step with regard to
robot movements, the connectivity of the network graph induced
by robots is preserved. To begin with, let us consider a model of
robot movement described as

pi,t+1 = pi,t + ui,t (4)

where ui,t stands for the displacement between two consecutive
time steps, which is bounded as ∥ui,t∥2 ≤ δi with δi being
the maximum distance robot i can travel in one-time step. To
facilitate the construction of our mechanism to maintain the

connectivity of the robot network, we introduce the following
definition.

Definition 3.1: Robots i and j are said to be robustly con-
nected at step t if ∥pi,t − pj,t∥2 ≤ min(Ri, Rj)− δi − δj .

Proposition 3.2: If robots i and j are robustly connected at
t, then they will be connected at t+ 1 for any displacements
∥ui,t∥2 ≤ δi and ∥uj,t∥2 ≤ δj .

Proof: From Definition 3.1, we have ∥pi,t+1−pj,t+1∥2 ≤
∥pi,t−pj,t∥2+∥ui,t − uj,t∥2 ≤ min(Ri, Rj). This completes
the proof according to Definition 2.1. !

Proposition 3.2 guarantees the connectivity between robots
i and j at the next time step under a certain condition. Here,
we assume that communication ranges are significantly larger
than the maximum traveled distances in one time step to ensure
min(Ri, Rj) > δi + δj for all i, j ∈ V .

Let Et be the set of all (i, j), i ̸= j, at time step t such that
robots i and j are connected, i.e.,Et = {(i, j) ∈ V × V : ∥pi,t −
pj,t∥2 ≤ min(Ri, Rj)}. Denote Gt = (V, Et) as an undirected
graph of all robots, which may vary over time t, where V =
{1, 2, . . . ,M} and Et are the vertex and edge sets, respectively.
The graph Gt is said to be connected if there exists at least a path
from i to j for all i ̸= j. In addition, let G̃i,t+1 = (N̊i,t, Ẽi,t+1) be
the sub-graph defined by neighbors of robot i at step t and their
connections at the next time step t+ 1 where N̊i,t = Ni,t ∪ {i}
and

Ẽi,t+1 =
{
(v, n) ∈ N̊i,t × N̊i,t, v ̸= n

∣∣

∥pv,t+1 − pn,t+1∥2 ≤ min(Rv, Rn)
}
.

Assumption 3.3: At the initial time t = 0, the group of robots
is collision-free and the graph G0 is connected.

Lemma 3.4: Suppose that Gt is connected. If G̃i,t+1 is con-
nected for all i ∈ V then Gt+1 is also connected.

Proof: This result is proved by contradiction. Assume that
G̃i,t+1 is connected andGt+1 is not connected. Then, at time step
t+ 1, there exist two disjoint setsS1 andS2, whereS1 ∪ S2 = V
and S1 ∩ S2 = ∅, such that there is no path between any pair of
robots in S1 and S2. Since Gt is connected, there exist i ∈ S1

and j ∈ S2 such that there is a connection between i and j at
time t. Thus j ∈ Ni,t. As G̃i,t+1 is connected, there exists a path
between i and j, which is a contradiction to the fact that S1 and
S2 are disjoint. !

To simplify the presentation of our method, let us define two
connectivity-indicator functions

ct(i, j) =

{
1 if min(Ri, Rj)−∥pi,t−pj,t∥2 ≥ 0,
0 otherwise,

cδ,t(i, j) =

{
1 if min(Ri, Rj)−∥pi,t−pj,t∥2−δi−δj ≥ 0,
0 otherwise.

Here, ct(i, j) = 1 indicates that robots i and j are connected at
time t, i.e., (i, j) ∈ Et; and cδ,t(i, j) = 1 implies that robots i
and j are robustly connected at time t, i.e., by Proposition 3.2,
robots i and j are connected at both times t and t+ 1, regardless
of their movements. When robot i and robot j are not neighbors,
where robot i does not have the information pj,t and δj of robot
j, these connectivity indicator functions computed by robot i are
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Fig. 1. Illustrations of the cases C1–C4. Here, δi = δj = δ, Ri = Rj = R.
The blue circles represent robust connection areas, that is, if robot j is inside
a blue circle centered at robot i, they are robustly connected. C1: robots i and
j are robustly connected. C2: robots i and j are not robustly connected, and
robot k is robustly connected to robots i and j. C3: robots i and j are not
robustly connected, and there does not exist a neighbor of robot i that is robustly
connected to j (three possibilities are illustrated in Fig. 1(d)). C4: robots i and j
are not robustly connected, and there exists a robot k that is robustly connected
to robot j but not to robot i.

set to 0. On the basis of these definitions, we have that Ni,t =
{j ∈ V|ct(i, j) = 1}. For a neighbor j ∈ Ni,t of robot i, let

Sij,t = {k ∈ Ni,t\{j}|cδ,t(i, k) = 0 ∧ cδ,t(k, j) = 1}.

be the set of neighbors of robots i and j that are robustly
connected to j but not to i.

For a robot i at time t, there are four possible (disjoint) cases
for any robot j ∈ Ni,t:

C1 cδ,t(i, j) = 1,
C2 cδ,t(i, j) = 0 ∧ (∃k ∈ Ni,t \ {j} : cδ,t(k, i) = 1 ∧

cδ,t(k, j) = 1),
C3 cδ,t(i, j) = 0 ∧ ( ̸ ∃k ∈ Ni,t \ {j} : cδ,t(k, j) = 1),
C4 cδ,t(i, j) = 0 ∧ Sij,t ̸= ∅.

These cases are illustrated in Fig. 1 , where Sij,t = {∅} and
Sij,t = {l, k} in Fig. 1(c)–(d).

Based on these cases, letSi,t be a set that represents neighbors
of robot i determined at step t so that robot i attempts to maintain
its connections with all robots in Si,t at step t+ 1. Accordingly,
the following actions are taken corresponding to each case from
C1 to C4. In C1, by Proposition 3.2, robots i and j are still
connected at step t+ 1 for all admissible movements of robots
i and j from step t to t+ 1, so we do not need to add j to Si,t.
In C2, by the same arguments, there are connections (i, k) and
(k, j) at step t+ 1, so j does not need to be added to Si,t. In C3
and C4, we first determine the set Sij,t at step t. If there does not
exist a neighbor of robot i( ̸= j) robustly connected to j, robot
j is added to Si,t. If Sij,t ̸= ∅ (C4), robot j is added to Si,t if
j < minSij,t. We note here that the combination of C2 and C3
is a set of neighbor robots of robot i such that Sij,t = ∅. Based

Algorithm 1: Distributed Connectivity Preservation.
Input Set of neighbors Ni,t, their positions pj,t, com-
munication radius Ri and δi.

Output Set of robots Si,t(⊂ Ni,t) to be preserved.
1: Initiate: Si,t = ∅
2: for j ∈ Ni,t do
3: if cδ,t(i, j) = 0 then ◃ C1
4: Let Sij,t = ∅
5: for k ∈ Ni,t \ {j} do
6: if cδ,t(k, j) = 1 then
7: if cδ,t(i, k) = 0 then Sij,t := Sij,t ∪ {j}
8: else Jump to 15 ◃ C2
9: end if

10: end if
11: end for
12: if Sij,t = ∅ then Si,t := Si,t ∪ {j} ◃ C3
13: else if j < minSij,t then
14: Si,t := Si,t ∪ {j} ◃ C4
15: end if
16: end if
17: end for

on these actions, Algorithm 1 is proposed to determine the set
of connections to be preserved.

Remark 3.5: As mentioned in Proposition 3.2, two robustly
connected robots are still connected in the next time step regard-
less of their movements. Thus, a robot does not have to maintain
all its robust connections. Only selected neighbors of it are
considered, provided that they satisfy certain conditions. Here,
the introduction of Si,t, which identifies these neighbors, helps
reduce the constraints and computational costs when solving
the optimization problem introduced later. This is of signifi-
cant importance when dealing with distributed computation for
large-scale multi-agent systems.

The following lemma presents the main result of the dis-
tributed connectivity-preserving mechanism.

Lemma 3.6: Suppose that: (i)Gt is connected; (ii) no collision
occurs in the group of robots; (iii) at time step t+ 1, robot i is
connected with robots in Si,t determined by Algorithm 1 for all
i ∈ V . Then Gt+1 is connected.

Proof: Using Lemma 3.4, we only need to prove that G̃i,t+1

is connected for all i, by showing that ∀j ∈ Ni,t there exists
a path between j and i at the next step t+ 1. Consider each of
the cases C1–C4. In C1, i.e., cδ,t(i, j) = 1, Proposition 3.2 gives
ct+1(i, j) = 1, implying that the connection (i, j) is maintained.
In C2, because ct+1(i, k) = 1 and ct+1(k, j) = 1 for some k ∈
Ni,t \ j, there is a path between i and j through k. In C3, the con-
nection (i, j) is preserved at time t+ 1 by Algorithm 1. Finally,
consider C4. Let j′ = mink∈Sij,t k. Note that j /∈ Sij,t. If j < j′,
the connection (i, j) will be preserved by Algorithm 1 at time
t+ 1. If j′ < j, it has already cδ,t(i, j) = 0 and cδ,t(j ′, j) = 1,
therefore, j ′ is also in C4, which implies that (j′, j) is con-
nected. By the same argument, either (i, j ′) is preserved by
Algorithm 1 (i.e. i ↔ j ′ ↔ j) or (i, j ′) is not connected. If not
connected, ∃j′′ : j ′′ = mink∈Sij′,t k < j ′, which implies (j ′′, j ′)
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is connected; hence, there is a path j ′′ ↔ j ′ ↔ j where j ′′ <
j′ < j. Repetitively, either (j′...′, i) is connected, or (j′...′, i) is
not connected at t+ 1 and j′...′ ↔ · · · ↔ j ′ ↔ j where j′...′ <
. . . < j′′ < j ′ < j. Because j ′...′, . . . , j ′′, j ′, j ∈ V (a finite set),
there always exists a path i ↔ j′...′ ↔ · · · ↔ j ′ ↔ j. !

Remark 3.7: It should be noted that our proposed algorithm
aims to preserve connectivity in the robot network, where the
index order is used as discussed in Algorithm 1. Comparison of
the index at line 13 of Algorithm 1 is a shorthand of comparison
in other criteria, such as the distance traveled or the value of the
cost function in the last step. In practice, we can use different
criteria to obtain better navigation performance.

C. Optimization Formulation

The IPP problem with connectivity preservation can be for-
mulated as an optimization problem described below. Here,
each robot is represented by a circle with safety radius ri
centered at pi,t, for i ∈ V . The collision avoidance constraint
∥pi,t − pj,t∥2 ≥ ri + rj for each pair of robots i and j, where
j ∈ Ni,t, is non-convex for all t. The following result will
allow us to rewrite the collision avoidance constraints as convex
constraints.

Lemma 3.8 ([14]): For vector functions f1, f2 : t → Rℓ, if
there exists a unit vector e : t → Rℓ(∥e∥2 = 1) such that

(f1 − f2)
⊤e ≥ ri + rj , (5)

then ∥f1 − f2∥2 ≥ ri + rj for all t.
With the help of Lemma 3.8, the collision avoidance condition

between robots i and j (j ∈ Ni,t) is given by:

(p̂i,t+h − p̂j,t+h)
⊤ eij,h ≥ ri + rj (6)

where the unit vector eij,h is calculated from the current and
predicted positions p̂i,t−1+h|t−1 at the previous step t− 1 as

eij,1 = (pi,t−pj,t)
∥∥pi,t − pj,t

∥∥−1

2

and eij,h = (p̂i,t−1+h|t−1 − p̂j,t−1+h|t−1)
∥∥p̂i,t−1+h|t−1 −

p̂j,t−1+h|t−1

∥∥−1

2
for h = 2, . . . , H . Given the posterior

covariance matrix Σŷi,H|D in (2) and the total data Di,t,
the IPP problem with collision avoidance and connectivity
preservation can now be formulated as

min
ˆ̄pi

−
M∑

i=1

logdet Σŷi,H|Di,t
(ˆ̄pi) (7a)

s.t. p̂i,t+h ∈ Q, (7b)

∥p̂i,t+h − p̂i,t−1+h∥2 ≤ δi, ∀i ∈ V, (7c)

∥p̂i,t+h − p̂j,t+h∥2 ≤ min(Ri, Rj), ∀j ∈ Si,t, (7d)

(p̂i,t+h−p̂j,t+h)
⊤ eij,h ≥ ri+rj , ∀j ∈ Ni,t, (7e)

for all h ∈ H with p̂i,t = pi,t. In the above optimization prob-
lem, (7b) stands for local constraints of limited movements in
the operating area, (7c) captures the dynamics (4), the control
input constraint (7d) is used to preserve connectivity between
robot i and its neighbors in Si,t in the next time step, and
(7e) denotes the collision avoidance constraints. Because (7d)

and (7e) are coupling constraints, it is challenging to solve the
above optimization problem in a distributed manner. The next
section will present a proximal-ADMM approach to overcome
this challenge.

Theorem 3.9: Suppose that Assumption 3.3 holds an opti-
mization problem (7a) is feasible for at all steps t. Then, the
graph Gt is connected for all t > 0.

Proof: By induction, we assume that Gt is connected at step
t. By the Algorithm 1, we can determine set Si,t. After solving
(7a) at step t, robot i moves to p̂i,t+1 at step t+ 1 for all i ∈ V .
The positions satisfy constraints (7d) and (7e), which implies
that no collision occurs in a group of robots and connections
between robot i and robots in set Si,t are preserved. Thus, by
Lemma 3.6, Gt+1 is connected. !

IV. DISTRIBUTED IMPLEMENTATION

For each robot, let ξij,h ∈ Rℓ be a predicted (or virtual)
position of robot j at predictive step h ∈ H calculated by
robot i for all j ∈ Ni,t. Indeed, robot i creates a replica ξij,h
of predicted positions of its neighbors p̂j,h to handle cou-
pling constraints (7d) and (7e). For simplicity, we will omit
the notation for dependence on t. Also to simplify notations,
define fi(ˆ̄pi) = −logdetΣŷi,H|Di,t

(ˆ̄pi), ξij = [ξij,h]h∈H, ξi =
[ξij ]j∈N̊i,t

, and time-varying convex sets

Ci =
{
z = [zj ] j∈N̊i,t

, zj =
[
zj,h ∈ Rℓ

]
h=1,...,H

∣∣

zi,h ∈ Q, ∥zi,h+1 − zi,h∥2 ≤ δi,

∥zi,h−zj,h∥2 ≤ min(Ri, Rj), j ∈ Si,t,

(zi,h−zj,h)
⊤ eij,h ≥ ri+rj , j ∈ Ni,t.

}

for i ∈ V representing for local constraints. By Assumption 3.3,
the initial position [1H ⊗ pj,1]j∈N̊i,1

∈ Ci for all i. As a result,
Ci is a nonempty set at the initial time step. Thus, (7a) is
feasible at the initial time step, and then [1H ⊗ pj,2]j∈N̊i,2

∈ Ci
at t = 2. Repeatedly, for the next steps, Ci is also nonempty.
It is straightforward to see that Ci is a closed convex set by its
definition. Here, the use of Ci with indicator function ICi(•)
of Ci (ICi(x) = 0 if x ∈ Ci, ICi(x) = ∞ else) is for converting
optimization (7a) into the following consensus form:

min
ˆ̄pi

M∑

i=1

fi(ˆ̄pi)+ICi(ξi), s.t. ˆ̄pi − ξji = 0, j ∈ N̊i,t. (8)

The optimization (8) can be solved by the nonconvex ADMM
in [15] with global convergence proofs. However, solving
the nonconvex problems repeatably results in many heavy
computational costs for each robot even in parallel fashions.
Thus, by taking advantage of proximal ADMM [12], we
take the first-order proximal approximation of fi(ˆ̄pi) at
ˆ̄p
(k)
i as f̄i(ˆ̄pi; ˆ̄p

(k)
i ) = fi(ˆ̄p

(k)
i ) +∇f⊤

i (ˆ̄p
(k)
i )(ˆ̄pi − ˆ̄p

(k)
i ) +

Li
2 ∥ˆ̄pi − ˆ̄p

(k)
i ∥22 where Li > 0 and ˆ̄p

(k)
i is the unique

solution at iteration k. Moreover, let us define an augmented
Lagrangian function: L =

∑M
i=1 Li(ˆ̄pi,λij , ξji), where Li =

f̄i(ˆ̄pi; ˆ̄p
(k)
i )+ICi(ξi)+

∑
j∈N̊i,t

λ⊤
ij(ˆ̄pi−ξji)+

ρ
2∥ˆ̄pi−ξji∥22,
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λij is vector of the dual variable, and ρ > 0 is a regularization
parameter. Let ξ and ˆ̄p be vectors of ξi and ˆ̄pi, then ADMM
for (8) is

ξ(k+1) = arg minL
(
ˆ̄p
(k)

, ξ,λ(k)
)
, (9a)

ˆ̄p
(k+1)

= arg minL
(
ˆ̄p, ξ(k+1),λ(k)

)
, (9b)

λ
(k+1)
ij = λ

(k)
ij + ρ

(
ˆ̄p
(k+1)
i − ξ(k+1)

ji

)
(9c)

where ξ=[ξi]i∈V , ˆ̄p=[ˆ̄pi]i∈V . By rearranging L(ˆ̄p(k)
, ξ,λ(k)),

(9a) can be computed in parallel by the constrained quadratic
programming problem:

ξ(k+1)
i =arg min

∑

j∈N̊i,t

∥∥∥∥ˆ̄p
(k)
j −ξij+

1

ρ
λ
(k)
ji

∥∥∥∥
2

2

+ICi(ξi). (10)

Analogously, (9b) can be split into unconstrained convex
quadratic programming problems yielding:

ˆ̄p
(k+1)
i =

∑
j∈N̊i,t

(
ρξ(k+1)

ji −λ
(k)
ij

)
−∇fi(ˆ̄p

(k)
i )+Liˆ̄p

(k+1)
i

Li+ρ|N̊i,t|
(11)

where |N̊i,t| is the number of elements in N̊i,t. The iteration

will stop when all residual errors
∑

j∈N̊i
∥ξ(k+1)

ij − ˆ̄p
(k+1)
j ∥2

are smaller than a given threshold ϵres > 0. Then, (10), (11) and
(9c) boil down to Algorithm 2.

Remark 4.1: Algorithm 1 and Algorithm 2 represent the
proposed distributed IPP method. These are followed after com-
pleting distributed GP training in Section II-B. The data set Di,t

and the hyperparameter θi,t of each robot are only updated in the
GP training process. Therefore, the convergence of Algorithm 2
at each time step is not affected by training the GP model.

To prove the convergence of Algorithm 2, this pa-
per adopts the squared exponential covariance function:
κi(pi,p′

i) = σ2
κ,iexp(−(pi − p′

i)
⊤Φ−2

i (pi − p′
i)) with Φi =

diag(φi,1, . . . ,φi,ℓ) and a hyperparameter vector θi =
[φ−2

i,1, . . . ,φ
−2
i,ℓ ,σ

2
κ,i]

⊤. For other covariance functions such as
linear, rational quadratic, and exponential functions whose
second derivatives are continuous, proofs of convergence are
derived in the same manner. It is stressed that (9a)–(9c) are
analogous to the proximal-ADMM [12, Remark 1]. Thus, we
inherit the conditions in [12] to prove the convergence.

Proposition 4.2: ∇fi(.) is Lipschitz continuous.
Proof: According to (2), for vector s = [sh]h∈H ∈

QH where sh = [shl]1≤l≤ℓ, the gradient ∇fi(s) =
[ ∂fi
∂s11

, . . . , ∂fi
s1ℓ

, . . . , ∂fi
sH1

, . . . , ∂fi
sHℓ

]⊤ is given by ∂fi
∂shl

=

2Tr(Σŷi,H|Di,t
(s)Ki,s,p(Ki,p,p+σ2

i,ωI)
∂K⊤

i,s,p

∂shl
) where

Ki,s,p = κi(s,pi,D) and pi,D is given in Section II-B. Note that
for vectors sh and p = [pl]1≤l≤ℓ ∈ Q, ∂κi(sh,p)

∂shl
= φ−2

i,n(pl −
shl)κi(sh,p). Hence, |∂κi(sh,p)

∂shl
| ≤ σ2

i,κφ
−2
i,n|pl − shl|, then

∂fi
∂shl

and ∇fi(s) are bounded. In the same argument, taking

partial derivatives ∂2κi(sh,p)
∂s2hl

and ∂2κi(sh,p)
∂shl∂shn

(l ̸= n), we can
show that these derivatives are continuous. Therefore, as a sum

Algorithm 2: Proximal ADMM-Based Algorithm.
Input: M , Ri, ri, ρ, residual threshold ϵres and
maximum iteration Nmax

Output: ˆ̄pi = [p̂i,t+h]h∈H

1: Initiate: ˆ̄p(1)
i = 1H ⊗ pi,0 for h ∈ H, λ

(1)
ij = 0

2: for k = 1, 2, . . . , Nmax do
3: Robot i sends ˆ̄p(k)

i + 1
ρλ

(k)
ij to robot j and receives

ˆ̄p
(k)
j + 1

ρλ
(k)
ji from robot j ∈ Ni,t

4: Solve (10) to obtain ξ(k+1)
ij

5: Robot i sends ξ(k)ij to robot j and receives ξ(k)ji from
robot j ∈ Ni,t

6: Calculate ˆ̄p
(k+1)
i by (11)

7: if maxi∈V
∑

j∈N̊i
∥ξ(k+1)

ij − ˆ̄p
(k+1)
j ∥2 < ϵres then

8: return ˆ̄p
(k+1)
i

9: else Calculate λ
(k+1)
ij by (9c).

10: end if
11: end for

of ∂2κi(sh,p)
∂s2hl

, ∂2κi(sh,p)
∂shl∂shn

and ∂fi
∂shl

, ∂2fi
∂shl∂shl

and ∂2fi
∂shl∂shn

is also
continuous. Hence, ∇fi(.) is continuously differentiable. !

Proposition 4.3: Suppose that Assumption 3.3 holds, the
sequence {(ξ(k), ˆ̄p(k)

,λ(k))}k=0,1,... generated by Algorithm 2
converges to a stationary point (ξ⋆, ˆ̄p⋆

,λ⋆), and
∑

i∈V fi(ˆ̄p
⋆
i ) <∑

i∈V fi(ˆ̄p
(0)
i ).

Proof: By Proposition 4.2, (8) is a special case of the problem
addressed in [12] with a non-smooth partICi(ξi). Thus, the proof
of this proposition follows from [12, Theorem 2]. !

For other covariance functions where the second derivative
covariance functions do not exist, the convergence proof of the
proximal-ADMM can be deduced from [15].

V. NUMERICAL RESULTS

To demonstrate the effectiveness of the proposed approach,
we conducted synthetic experiments by using the real-world
dataset of the soil organic matter (SOM) in [4], [16]. The dataset
comprises 1375 data points. For the purposes of evaluation,
we utilized all the datasets to build a model, which was then
employed to create a ground truth of the spatial field, e.g. SOM
in the whole environment. A map of the ground truth is illustrated
in Fig. 2(l). Afterward, we used the ground truth to verify
the accuracy of the predicted results obtained by our planning
algorithms in each robot.

In a nutshell, to informatively explore the spatial field, each
robot in the network was expected to move to a new location and
take a new measurement at each time step. In our simulations, we
assumed that the robots measured SOM in the previously created
ground truth map. Our IPP method aimed to drive the robots to
the most informative locations in the environment given their
constraints of connectivity, collision avoidance, and maximum
travel distance allowance. Eventually, each robot only utilized
its historical data and exchanged it locally with its neighbors to
distributely learn its own GP model of the SOM in the entire
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Fig. 2. Snapshots of all the robot movements at some specific time steps are demonstrated in (a)–(k). The corresponding spatial field in the whole environment
predicted by the robot 1 (black) is also shown in (a)–(h), which, over time, is highly comparable with the ground truth in (i).

environment. Although each robot was expected to navigate
through a limited number of locations, it could still predict the
spatial field in the whole space, similar to the ground truth.

Our distributed GP training process is performed in two steps:
(i) local training and (ii) consensus in hyperparameter θi,t. In
local training, each robot optimizes a local logarithmic marginal
likelihood Li(θi,t) to obtain its local hyperparameters. The
complexity of this step is O(n3

D), where nD is the number of
data points, but can be reduced to O(nDm2) by techniques
such as subset of datapoints and spare GP, where 0 < m < nD
is the size of the data subset or the inducing points. Here,
we used the subset of datapoints technique [10] to alleviate
computational loads. The consensus algorithm is used to average
the local hyperparameters to obtain a common hyperparameter.
The algorithm is scalable for a large number of robots, and
its complexity in the worst case is O(M2). We evaluated the
computational loads of the proposed IPP method on a computer
with an i5-8700 CPU and 16 Gb RAM. Of the ten experiments
that we conducted, the average computational times at time
steps 10, 20, 30, and 40 are 2.8[s], 4.4[s], 10.5[s], and 16.3[s],
respectively.

In the experiments, we used M = 10 mobile robots operat-
ing in a space of 200[m]× 200[m]. Each robot with a safety
boundary was represented by a circle with a radius of r = 3[m]
while its communication range was defined by R = 40[m]. At
each time step, a robot was allowed to travel up to δi = 10[m].
To run the proposed algorithms, we set H = 3, Nmax = 100,

Li = 0.1 and ϵres = 0.01. Moreover, to preserve connectivity in
the network, we implemented the cases C1-C4, where the cost
function value was used in C4 as mentioned in Remark 3.7.
The horizon length H is the number of predictive steps, and a
larger H leads to better navigation in areas with high entropy,
far from the robot’s current position. However, a long horizon
length causes computational and time requirements between two
consecutive steps. Thus, depending on the specific application,
the horizon lengthH can be chosen appropriately to compromise
between the accuracy of the GP model and the computational
burden.

The regularization parameter ρ was defined in a strictly in-
creasing sequence ρk+1 = 1.2ρk so that the convergence of
Algorithm 2 was accelerated. The starting position of each
robot was randomly selected in a corner of the space provided
that the initial graph of the robot network was connected. The
experiments were implemented in Julia [17] using the Gaussian
Processes package [18]. The code, data, videos, and other results
of the experiments can be found at https://github.com/AACLab/
DSTB-INFO-PP-GP.

To illustrate the results obtained, we took several snapshots
of all the robot movements over time and demonstrated them in
Fig. 2(a)–(k). It is clearly seen that there was no collision among
the robots while they were maintained to be connected to at least
one of their neighbors over time. All robots were driven to the
most informative locations within their maximum travel distance
allowance. To demonstrate that each robot could predict well the
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Fig. 3. (a) RMSE, (b) average residual errors of ADMM over iterations,
(c) proof of connectivity preservation, and (d) proof of no collision: the minimum
distance between any pair of robots is always positive.

spatial field in a distributed manner given its limited dataset at
each time step, we employed the GP model learned by robot
1 and predicted the SOM throughout the space. The prediction
results are also shown in Fig. 2(a)–(k). It can be seen that over
time the predictions gradually approached the ground truth, as
shown in Fig. 2(l). After 40 movements, the SOM estimation in
the whole environment is highly comparable to the ground truth.

To quantify the accuracy of the predictions obtained by each
robot, we computed the mean square errors (RMSE) between
the estimation and the ground truth at each time step. Here, 10
errors in 10 robots at a time step are summarized by a mean and a
standard deviation. And those over time are plotted in Fig. 3(a).
As can be seen, the more data is collected, the smaller the errors
in each robot. At time step 40, the prediction errors in all the
robots are close to zero. We also illustrate the convergence of the
proximal ADMM algorithm used in our planners for 10 robots
in Fig. 3(b). It can be seen that the average residual errors were
significantly reduced over iterations when the algorithm was
run, which proved that the solution of the optimization problem
converged to a stationary point. On the other hand, we calculated
the Fiedler eigenvalue (the second-smallest eigenvalue of the
Laplace matrix induced by the robot network) to demonstrate
the preservation of connectivity in the robot network. It is noted
from [19] that at a particular time if the Fiedler eigenvalue is
positive, all robots are fully connected. In our experiments,
the resulting connectivity-indicator functions as depicted in
Fig. 3(c) demonstrate that the connectivity of the network was
maintained while the robots explored the environment. In ad-
dition, Fig. 3(d) shows the minimum distance between two
agents which demonstrates that there is no collision in the robot
group.

VI. CONCLUDING REMARKS

The paper has presented an efficient distributed IPP approach
for a mobile robot network to explore and simultaneously predict
a spatial environmental field of interest using a GP model in each

robot, whose connectivity is fully maintained throughout its ex-
ploration time. The IPP problem is informatively formulated by
using the multistep prediction scheme given the communication
and collision avoidance constraints, which is effectively solved
by employing the proximal ADMM algorithm in a distributed
manner. The effectiveness of the proposed method was not only
theoretically proved, but also promisingly verified in simulations
using the real-world dataset. Our future work will aim to validate
our technique in real robots in cluttered environments where
communication areas are affected by obstacles. In addition,
noise and uncertainties in robotic systems will be considered.
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