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1 | INTRODUCTION

In this paper we study the dynamics of a two-dimensional incompressible fluid permeating a
homogeneous porous medium. This physical phenomenon is modeled by the classical Darcy law
[37]

uu(x,y,t) = =V, ,p(x,y,t) — p(0,1), W
Viy-u(x,y,t)=0, (x,y)€Q, CR*®teR,. '

Here u is the fluid velocity, p is the fluid pressure, and the positive constants u and p are respec-
tively the dynamic viscosity and fluid density. The permeability of the media and the gravitational
acceleration have been normalized for the sake of notational simplicity. This problem is known
as the one-phase Muskat problem [63] and, interestingly, is mathematically equivalent to the ver-
tical Hele-Shaw problem driven by gravity. It is a fundamental parabolic free boundary problem
in fluid mechanics. We should point out that the horizontal Hele-Shaw problem driven by fluid
injection or suction has a different nature and has been studied extensively.
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The fluid occupies a time-dependent domain Q; C R? whose boundary Z; moves with the fluid
VE)=u-n onZX, =0Q, (1.2)

where n is the outward pointing unit normal to X,. Neglecting surface tension, the pressure is
continuous across the free boundary

ply, =0. (1.3)

One is interested in the geometry and regularity of the free boundary Z, as time evolves. Regarding
the geometry, there are two distinguished cases: graph and non-graph boundary. For both kinds of
geometry, the existence and uniqueness of strong solution for a short time have been established
even for much more general settings, including multi-phase, with rigid boundaries, with surface
tension, nonconstant permeability. See for example [20, 42, 45], and more recent developments
in [2-7, 21, 28-30, 47, 61, 64, 65].

In this paper we are concerned with long-term dynamics of the Muskat problem. Global exis-
tence and uniqueness of solutions have been obtained either when the initial free boundary is
the graph of a small function (in certain function spaces) [21, 26, 30, 44, 66] or is close to a circle
[20, 27, 49]. There are many recent developments for the former in the direction of low regularity
solutions. These include “medium data” in the Wiener algebra [24, 25, 50, 51], “medium data”
in the Lipschitz norm [12, 13], small data in critical Sobolev spaces allowing for arbitrarily large
slopes [4, 33, 52] and even infinite slope [5]. We note that these norms are scaling invariant for the
setting considered.

The geometry has an interesting interplay with the regularity. It is known that for the two-
phase problem (two fluids separated by a free interface), some initial graph interfaces with large
slopes can turn over, passing from a stable regime to an unstable one [16]. Subsequently the solu-
tions lose regularity in finite time [14]. On the other hand, there exist solutions that shift stability
regime from stable to unstable and then return back to stable [32]. Particles on the free boundary
cannot collide along a smooth curve (splat singularity) for both the two-phase [31] and one-phase
problems [34]. However, the one-phase problem is more singular in the sense that it can develop
splash singularity [15] from some non-graph initial boundary, while the two-phase problem can-
not [53]. Here, splash singularity occurs when two particles collide at a single point on the free
boundary while the boundary remains regular. The remaining less well-understood scenario is
the one-phase problem starting from graph initial boundaries. Then, it is known that in stark con-
trast to its two-phase counterpart, the free boundary of the one-phase problem cannot turn over.
Two fundamental questions for this scenario are: (1) Does there exist a unique global solution? (2)
If yes, what is its long-term regularity?

In this paper we affirmatively answer the first question. More precisely, we prove that if the
initial free boundary is the graph of a periodic Lipschitz function, then there exists a global Lips-
chitz solution in the strong Lf"Li sense, and hence almost everywhere. Moreover, it is the unique
viscosity solution [36]. In order to establish this result, we first show that the graph free boundary
of the one-phase Muskat problem obeys a nonlinear integro-differential equation.

Proposition 1.1. Assume that the fluid domain is given by

Q ={(x,y) R, y< flx,0)}
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3914 | DONG ET AL.

for some function f(x,t) : Rx[0,T] — R that is 27 periodic in x. Then, f obeys the equation
_ _P
o,f = —xG(f)f, x= 7 (1.4)

Here, for f,g : T =R/2nZ — R the Dirichlet-Neumann operator G(f)g is given by

sin(x—x)+sinh(f(x)— f(x'))3, f(x)
cosh(f(x)—f(x"))—cos(x—x")

G(glx) = %p.v. / 0(x')dx’, (15)
T

where 0 : T — R satisfies

0(x")dx' = 3,g(x). (1.6)

1 1 sinh(f(x)—f(x"))—sin(x—x")d, f(x)
2000+ 3P '”'/T cosh(f (x)— f (x/))—cos(x ')

We shall prove using deep results from layer potential theory for C! and Lipschitz domains [46,
68] that G(f)g is well-defined in L?(T) with a quantitative bound, provided that f € W (T) and
g € H'(T). Our main result is stated as follows.

Theorem 1.2. Forall f, € W'®(T), there exists
f € C(T x[0,0)) NL*([0,00); W-(T)),  3,f € L=([0, 00); L*(T))
such that f|,—o = fo. f satisfies (1.4) in L®L%, and

If Ollwreomy < Nfollwreor) aet>0.
Moreover, f is the unique viscosity solution of (1.4) and is stable in L*°(T).

We note that the stability in the theorem above is in the sense of Corollary 6.4. See also
Proposition 5.2.

Remark 1.3. We shall prove in Theorem 6.3 that viscosity solutions of (1.4) obey the comparison
principle. Consequently, every modulus of continuity of f, is preserved by f(t) for all t > 0.

It turns out that sufficiently smooth solutions of the one-phase Muskat problem obey the com-
parison principle. See Proposition 5.1 and [3]. As a consequence, so long as the free boundary
remains to be a graph, its slope is bounded by the initial slope. Thus starting from a Lipschitz
graph, any sufficiently smooth solution must be a graph.

The comparison principle has been discovered for other free boundary problems including the
Stefan problem [8, 58, 59] and the horizontal Hele-Shaw problem [11, 19, 58]. Motivated by the
fact that these models may develop singularities in finite time, the notion of viscosity solutions,
introduced by Crandall and Lions [36], has been employed to construct global solutions past sin-
gularities. In the aforementioned works, viscosity solutions for the unknown scalars are merely
continuous and so are their zero level sets-the free boundary. Consequently, the dynamics of the
free boundary is not satisfied in the classical sense (pointwise). This is also the case for varia-
tional weak solutions constructed in [43, 57]. Higher regularity of weak (viscosity or variational)
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solutions to these problems has been studied in [8, 22, 23]. In particular, for the horizontal one-
phase Hele-Shaw problem, the authors in [22] proved that if the initial Lipschitz norm of the free
boundary is small, then for a short time the unique viscosity solution satisfies the equations point-
wise. We also mention that by using the methodology of convex integration, non-unique weak
solutions have been constructed in the purely unstable [17, 48, 62] and partially unstable scenarios
[18].

As far as the Muskat problem is concerned, to the best of our knowledge there has not been any
global well-posedness result for initial data of arbitrary size, either for weak or strong solutions.
We should point out that for the two-phase problem, the authors in [39] proved the existence
(without uniqueness) of global weak solutions that are monotone in R. In order to obtain viscosity
solutions that satisfy the equation almost everywhere, one cannot appeal to the Perron method as
in the aforementioned works. Instead, we construct solutions by the vanishing viscosity approach.
More precisely, for small € > 0 we consider the approximate equation

0, f¢ = —xG(f¢)f¢ + €32 f*. @.7)

The added viscous term €82 f¢ retains the comparison principle for smooth solutions. The first
difficulty is to establish global regularity for (1.7) with large data. This is done in Proposition 5.3
via the layer potential representation (1.5)-(1.6) of the Dirichlet-Neumann operator G(f)g and a
careful decomposition of its singular and non-singular parts. An important ingredient in its proof
is the L? bound

NG(gllrzr < CA + ”f”Lip(T))z”axg”Lz(TT)a (1.8)

where the slope || f || Lip(T) is conltrolled for all time. The proof of (1.8) relies on a quantitative bound
for the inverse GI —K*[f ]) , where K[ f] is the boundary double layer potential for the fluid
domain {y < f(x)}. This is established in Section 4. Under the C*>“ regularity condition for the
boundary, a similar bound was obtained [28]. The quantitative bound is also crucial to the uniform
L? bound for the solution &¢ of (1.6) with f = f¢. Finally, from the uniform Lipschitz bound for
f¢ and the uniform L? bound for 6, we are able to pass to the limit ¢ — 0 in Equations (1.4)-(1.5)
and (1.6) using a decomposition into small and large scales inspired by [24, 25]. We thus obtain a
global Lipschitz solution in the strong L;"’L)ZC sense.

An advantage of the viscosity regularization (1.7) is that one can show, in a direct manner, that
the constructed solution f is also a viscosity solution (see Definition 6.1). The proof of this makes
use of the contraction estimate for the Dirichlet-Neumann operator associated to two different
domains [65]. In order to obtain the uniqueness of viscosity solutions we prove that they obey
the comparison principle. By the sup and inf-convolution technique, this reduces to proving the
consistency of viscosity solutions. That is, if a viscosity solution is smooth (C**!) at a point (x,, t,)
then it satisfies Equation (1.4) classically at the same point. It is known that the harmonic exten-
sion ¢ of f to the domain {y < f(x)}is C! at the boundary point (x,, f(x,)) in all nontangential
directions (see, for instance, [9, Lemma 11.17]), so that G(f)f is classically well-defined at x,.
However, without min-max formulas available at hand as in [10, 19, 67], the ct regularity seems
insufficient. Here, we prove that in two dimensions, the harmonic extension ¢ is in fact Cla at
(x0, f(x,)) with quantitative estimates (see Theorem 2.12 and Corollary 2.14). This pointwise C1%
regularity for harmonic functions in Lipschitz domains is of independent interest. It allows us to
reduce to the Dirichlet-Neumann operator for an interior disk tangent to {y = f(x)} at (xg, f(xo)),
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3916 | DONG ET AL.

so that an explicit integral formula can be used (see Proposition B.1) to conclude the consistency
of viscosity solutions.

2 | THE DIRICHLET-NEUMANN OPERATOR

Notation 2.1. For any set O € Rd, we denote

. lg(x) — gl
Lip(O) = {g tO->R ||g||Lip((9) = sup 8x) = &Yl < o0 p.

X,yEO,x#y [x =yl

For a € (0,1] we say that g is C1% at x, € O if there exists v € R¢ and positive numbers M and y
such that

180) — g(xg) — v+ (x — xp)| < Mlx —xo[**  Vx € Q, |x — x| <7. @1
If x, is an interior point of @ then (2.1) implies that Vg(x) exists and equals v.

Notation 2.2. For f : T¢ — R we denote

Qp ={(x, f)) : x €T, y < f(X)}, Z={(x,f(x)): x €T, (22)
. _ N(x)
N(x) = (=0,f(x),1), n(x)= NGOl (23)
For ¢ : Qy — R and z, € ¥ we denote by
lim ¢(z) 2.4)

Z—NZo
the limit of  when Q; 5 z — z in the direction of N.
Notation 2.3. For x, € R™, m > 1 we denote the ball of radius r centered at x, by B,(x,). When
Xo = 0, we shall write B, = B,.(0).
2.1 | Definition and global properties

Definition 2.4. For f : T¢ - R, the Dirichlet-Neumann operator G(f) is defined by
(GUIRE) = o9, f() 1= lim TIH(Cx, O +ANG) =G, fGD], 23)

where ¢(x, y) solves the elliptic problem

Ax,y¢ =0 in Qf’ (26)
$(x, f(x)) = g(x), Vi, €LXQy).
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When f and g are time-dependent, we write

(G(g) (x,1) = (G(f (1)) g (1)) (x). 2.7)

The one-phase Muskat problem has a compact reformulation in terms of the Dirichlet-Neumann
operator.

Proposition 2.5. Ifthe fluid domain is given by Qy for some f : R X (0,T) — R such that
f € C(T x[0,00)) NLX([0, c0); WH(T)),  8,f € L*([0, 00); L*(T)),

then f satisfies

6.f =-xG(f)f on(0,T), (28)
wherex = p/ .
This reformulation has been exploited in [3, 47, 64, 65]. We recall its proof for completeness.
Proof. Let q = p + py denote the ‘hydraulic head’. From Darcy’s law (1.1) we have uu = -V, ,q

and A, ,g = 0in Q7. Moreover, (1.3) implies g(x, f(x)) = pf(x). By the definition of the Dirichlet-
Neumann operator, at any fixed time we have

P(GUNHE) = CUARMX) = NG - Vs qlx, f()) = —uN(X) - ulx, f(x)).
For graph boundary, (1.2) yields
0S5, 1) = Ns, ) - u(f (3,0, 0) = =GN0,
which finishes the proof of (2.8). O

In order to define G(f)g we first study the well-posedness of the elliptic problem (2.6). It was
proved in Proposition 3.6 [65] that (2.6) has a unique variational solution when f € Lip(R?) and
1

g € H2(R%). Of course, this is only nonstandard when the domain is unbounded. Adaption to
horizontally periodic domains is straightforward. To fix notation for later purposes, we prove

1
Proposition 2.6. Let f € Lip(T%) and g € H2(T<). Then there exists a unique variational solution
¢ € H'(Qy) to (2.6), where

H Q) ={uelL, (Q) : V,ueLQ)}/R (2.9)
is endowed with the norm ||u||H1(Qf) = ||Vu||Lz(Q,.). Moreover, ¢ satisfies

Il (a, < CA+ ”f”Lip(‘I]'d))”g”H%(Td)- (2.10)

We shall refer to the solution ¢ of (2.6) as the harmonic extension of g to Q.
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3918 | DONG ET AL.

Proof. According to Theorem A.2, there exists g € H'(Q) such that Tr(g) = g and

Iglinia < €O+ lipcrplgl 1 @.1)

Denote

Hy(Qp) ={u e H(Qy) : Tr(u) =0}, (2.12)

1
where the trace operator Tr : H 1(Qf) — H2(T) is given in Theorem A.l. We then define ¢
solution to (2.6) to be

¢p=u+g, 213)

where u is the unique variational solution in Hé(Q ) of the equation —A, yu = A, ,g. That is,
u € H(Qy) satisfies

/ Vit - Vyypdxdy = —/ V8- Viypdxdy Vo € Hi(Qy). (2.14)
Qf Qf

Since Hé(Q ) is a Hilbert space, the existence and uniqueness of u is guaranteed by the Lax-
Milgram theorem. From (2.14) we have

/ Vi,d-Ve,pdxdy =0 Vg€ HXQ)). 215)
Qfp

Moreover, inserting ¢ = u in (2.14) we obtain (2.10) from (2.11). We note that the solution
constructed by (2.13) and (2.14) is independent of the choice of g. O

With Proposition 2.6 at hand, a straightforward adaptation of the results in [1, 38, 65], which
hold for the non-periodic setting, yields

1
Proposition 2.7 [1, Theorem 3.8] and [65, Proposition 3.7]. If f € Lip(T¢) and g € H2(T%), then
1

G(f)g is well-defined in H 2(T%) and there exists a universal constant C such that

IG(el 1 < CA+ Ifllpra)’llgl 1 (2.16)
H 2(Td) HZ2(Td)

In higher Sobolev spaces, the Dirichlet-Neumann operator obeys the following tame estimate.

Proposition 2.8 [38, Proposition 2.13]. Let sy > 1 + g ando > % Then there exists a nondecreasing
function F : Rt — R* such that

IG(gllre-1c1dy < UL Nsocray) (1181 ocray + I ereray I8l zrsoray) (2.17)

forall f, g € H™@{s0.0k(T4),
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Despite its nonlocality with respect to the boundary, the Dirichlet-Neumann operator has the
contraction property given in the next result.

Proposition 2.9 [65, Corollary 3.25]. Let sy > 1 + g ando € [é, So]. Then there exists a nondecreas-
ing function F : RT — R* such that

I1G(f1)g — G(f)gllgo-1cray < FUIS 1 f)llasoa)lf1 = Fallgocrayllgllzsoray

forall f;, g € H(TY).

2.2 | Pointwise properties in two dimensions
2.2.1 | Pointwise C'* estimate for harmonic functions

Suppose that U is a Lipschitz domain in R2. For (x,,y,) € R? and r > 0, we denote U,(xo, y,) =
B,(x9,¥9) N U and U, = U,(0). We also define the half ball as

B} (x0,¥0) = {(x,¥) € B,(x0,¥0) : ¥ > Yo}

We assume that 0 € dU. Suppose that there exists some r, > 0 such that in a coordinate system,
dU N B,,, can be represented by a Lipschitz graph with Lipschitz constant L > 0.
Let u be a harmonic function in U, which vanishes on 6U.

Lemma 2.10. Under the conditions above, there exist ey = £y(L) > 0and M, = M,(L) > 0such that
1
ue C5+£°(U,O) and

3
N
llull 1 <Miry? lulla,,) (218)

2w,

Proof. By scaling, we may assume thatr, = 1and ||u||;2(y,) = 1. By the boundary De Giorgi-Nash-
Moser estimate, we know that

lulleo s,y < M(L). (2.19)

Now we fix a point (xy,y,) € 0U N B;. Since dU N B, can be represented by a Lipschitz graph
with Lipschitz constant L > 0, we may assume that

U1 /2(X0,¥o) € {(x,y) € By 2(x0,¥0) : ¥ — Yo > —L|x — x| }. (2.20)
Let 8 = tan_l(l/L) € (0, %), y=n/Qr—-f) € (%, 1), and define

0(x,y) = llutll sy, Re(=2i[x = x0 + iy = yo)]) (cos((r = B)y)) .

Inview of (2.20), it is also easily seen that v is a harmonic function in U, /5(xo, yo). Moreover, v > 0
on dU N By 5(xg,Y) and v > ||u||Loo(U3/2) on U N dBy 5(xg, o). By the comparison principle, we
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3920 | DONG ET AL.

have [u| < v in Uy /5(xg, yo), which implies that

2 2 L
[u(x, y)I < M|(x = x0)" + (v = o) |2 llull Lo (uy )

in Uy /5(X0,y0)- This together with (2.19) and the interior regularity of harmonic functions

complete the proof with gy =y — % O

We remark that alternatively the above Holder estimate can be obtained by using the W!4+¢
estimate by Jerison-Kenig [56] and the Morrey embedding.

Assumption 2.11. There exist constants M, r, > 0 and function ¥ in (—r(,r) such that in a
coordinate system

Pp(0)=¢'(0)=0, Uy, ={(x,y) €B,, : y>p(0)},

and for any r € (0, ry),
{(x,y) €B, : y>My*}CU,. (2.21)

Moreover, U satisfies the exterior ball condition at 0 with radius 1/M,.
Note that if dU is C!! at 0 € dU, then Assumption 2.11 is satisfied.

Theorem 2.12. Under the conditions above, u is C* at 0, that is, for any (x,y) € U such that

VX2 +y2 < ry, we have

1+a
uCx, ) = (x,9) - Ve yu(0)] < MIx? + 22 g llullzw,, ) (2.22)

where M > 0 is a constant depending only on Myr,, and L, and a € (0,1) is a small constant
depending only on L.

First, by scaling we may assume that ry = 1, so that the new M, becomes M,r,, and ¢, and L
remain the same. Moreover, by dividing u by a constant we may also assume that |lul;2y,) = 1.

Since dU satisfies an exterior ball condition, by using a barrier argument, we know that u is
Lipschitz at 0 and

1
lu(x,y)| < M(x2+y»?2 in U,. (2.23)
By the Caccioppoli inequality, it is easily seen that for r € (0, 1),
IV yullzs, ), < Mr~Hull 2w, < Mr, (2.24)

where we used (2.23) in the second inequality. It follows from the reverse Holder’s inequality (see,
for instance, [54, Ch. V]) and (2.24) that there exists p, = py(L) > 2 such that

2

IVyyullrow,) < Mrro, (2.25)
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Now we take a smooth domain E such that B;/3 CEC B;“/4. For any (x,y,) € R? and r > 0,

denote
E,(x0,¥0) ={(x,y) € R? : r ' (x — x0,y — ¥o) € E},

['(x0,y0) = {(x,y) € 0E.(X0,Y0) : ¥ = Yo}-

Clearly, for r sufficiently small, by (2.21) we have E,.(0, Myr?) C U,.
Take a smooth function 7 = 5(s) on R such that n(s) = 0 in (—o0,1) and n(s) =1 in (2, ).
Denote 7,(s) = 1(s/(Myr?)). A simple calculation reveals that u(x, y)n,(y) satisfies

Ax,y(u(x,y)nr(y)) = 5y(u77£) + 5yu77; in E,(0, MOrz)

and u(x, y)n,(y) = 0 on I',(0, Myr?). Note that the right-hand side is supported in a narrow strip
{(x,y) €U, : Myr? <y < 2Myr?}.
We decompose u, in E,(0, Myr?) as follows. Let w = w, be a weak solution to

Ay yw = 3,(un)) + dyun;,  in E.(0, Mor?)
with the zero Dirichlet boundary condition on dE,(0, Myr?). Then v = v, = uz, — w satisfies
Ay v =0 in E.(0,Myr?)

and v = 0 on T,.(0, Myr?).

Estimates of w. Since E,.(0, Myr?) is smooth, by the WP estimate, we know that for any p <
o0, w € WEP(E,(0, Myr?)). Notice that 7/.(y) < M|y — %(x)|~!. By using Hardy’s inequality and a
duality argument (see the proof of [41, Theorem 3.5]), we have

IV ywllLee, omor2)) < MV yullew, ny<amyrzy- (2.26)

Now we fix p = (2+2—p(’) and let g > 1 be such that =11 Using (2.26), Holder’s inequality,
a9 P Po

and (2.25), we get

3 2,3
— _+_
”Vx,yw”LP(Er(O,MOrZ)) < M”Vx,yu”LPO(Urn{y<2M0r2})rq <Mrro 2, (2-27)

By the zero boundary condition and the Morrey embedding, from (2.27) we obtain

2
1-=
lwllzeo e, omer2y) < MF - Pllw]l |2
7B (B, (0.Myr2)

2
1-=
<Mr  PlIVWllLeE, 0,Mmr2)

1-24 2432 141
<Mr P ro 4 =Mr a, (2.28)

Estimates of v. Since Bj/z(o, Myr?) C E,(0, Myr?), we know that v is harmonic in B:/Z(O, Myr?)
and vanishes on the flat boundary. By the boundary estimate for harmonic functions,

-1
”Vx,yU”LOO(B:'M(O,MOrZ)) <Mr ”v”LOO(B:'/Z(O,MOrZ))’
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3922 | DONG ET AL.

which together with (2.28) and the Lipschitz regularity of u at 0 implies that
||Vx,yU“L°°(B:'/4(O,M0r2)) <M. (2.29)
Moreover, by [40, Lemma 2.5], for any linear function ¢ of y,
||V>2<,yv||Loo(Bj/4(o,M0r2)) <SMr?|lv - €||L°°(Bj/2(0,Mor2))'
Thus by the mean value theorem and because v(0, Myr?) = 0, v(0, Myr?) = 0, forany x € (0,1/4),
llo — (v — Myr?)a,v(0, Morz)”Loo(B,j,(o,MorZ))
< Mi?|v - €”L°°(B;r/2(0,M0r2))- (2.30)
Estimates of u. Recall that un, = w + v in E,(0, Myr?). Combining (2.28) and (2.30) gives
llun, — (y — Mor*)a,v(0, M072)||L°°(B;,(0,M0r2))

1
5 . 14~
< Mx a,ll?efR llun, — (a + by)”Loo(B:/z(O,MOVZ)) +Mr q. (2.31)

1
By the C2 % estimate (2.18), we also have
lu@ = n)llLow,y < sup  Julx, )l

U,n{y<2Mr?}
= sup  Ju(x,y) — u(x,p(x))| < Mrito,
U,n{y<2Myr?}

Combining the above inequality, (2.29), and (2.31) yields that for any x € (0, %),
inf - b © < Mx? inf - b © Mrl+e,
Jnf lu —(a+ by, < Mx ot lu—(a + by)llrew,) + Mr
where a = min{2¢,, l}. By a standard iteration argument, we then get
q
inf ||u—(a+by)|i=y < Mrite,
o llu—( Mrew,) <

that is, for any r € (0, 1), there exist constants a, and b, such that
lu— (a, + boy)lreo(w,) < Mri+e, (2.32)
Lemma 2.13. We have

[u(0) — a,| < Mr'+® (2.33)
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3923

andforany% <s<r<l,
|by — b,| < Mr“. (2.34)

Proof. The inequality (2.33) follows directly from (2.32). For (2.34), by the triangle inequality, for
any (x,y) € Uy,

|(as + bsy) - (ar + bry)l
< |u(X,Y) - (as + bsy)l + |M(X,Y) - (ar + bry)| < Mrl-Hx-
This together with (2.33) implies (2.34). The lemma is proved. O

Proof of Theorem 2.12. From (2.34) we see that b, is convergent as r — 0. Let b* be the limit. Then
again from (2.34), we have

Ib* —b,| < Mre. (2.35)

Combining (2.32), (2.33), and (2.35), we reach

1+a

lu(x, ) = b*y| < M|x* +y*| 2",
which gives (2.22) with d,u(0) = 0 and d,u(0) = b*. The theorem is proved. O

Corollary 2.14. Assume that f € W-(T) is CY! at x, € T. Then the harmonic extension ¢ of f to
Qyis C% at (xy, f(xy)) in the following quantitative sense. Let y € (0,1) and M, > 0 be such that

|f () = f(x0) = 0 f(x0)(x = Xp)| < Molx = Xo|*  V|x — x| <.

Then there exists a € (0, 1) depending only on || f|ly1.(1), and there exists M > 0 depending only
on | fllw.e(Ty and Myy, such that

|p(x, ¥) = f(x0)—(x = X0,y = f(x0)) - Vp(xo, f(x0))I

<My~ e|(x = xo)* + (v — Fo))] >

1

Jorall (x,y) € Qp satisfying (|x — Xol2 + |y — f(x)?)2 < 7.
Proof. Assume without loss of generality that (x,, f(xy)) = (0,0). Let p = ¢ — y so that p is har-

monic in Qr and vanishes on dQ. Since dQ is a Lipschitz graph globally, Theorem 2.12 implies
that

I+a
IpCx, ») = (x,9) - Vi, PO < MIx* + %172 y >~ *Iplia(asns,,) VX2 +¥2 <7, (2:36)
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3924 | DONG ET AL.

where a and M are as in the statement. Since f € W'®(T), in (2.13) we can take g(x,y) =

fO)x(y — f(x)), where the cutoff y is supported on [—1,0] and identically 1 on [—l 0]. Then

¢ =u+ g, whereu € Hl(Qf) and ||g||H1(Qf) < C(||fllwr.e)- In the bounded strip ny ={f(x) -
2y <y < f(x)}, Poincaré’s inequality yields

lullzza,,) < 27Vl ) < 200958l < YOS llwre)

upon recalling (2.14). In addition, ||g|l2(q /NByy) < Co7 Il f I (), Where Cy is an absolute constant.
It follows that |||l 2o NBy) < yC(lIfllwr.e). Finally, inserting p = ¢ — y into (2.36) we conclude
the proof. O

2.2.2 | Pointwise comparison principle for Dirichlet-Neumann

Proposition 2.15. Let [, f, € WH®(T) be C*! at x,. If f1(x) < f1(x) forallx € T and f(xy) =
fa(xo), then G(f ;) f j are classically well-defined at x, and

(G(fDf1)(x0) = (G(f2)f2)(x0)- (2.37)

Proof. Let ¢; be the harmonic extension of f; to Q; = Q f; as given by Proposition 2.6. Then
j = ¢; —y are harmonic in Q; and identically vanish on 0Q; = {(x,y) : y = f;(x)}. Since x,
is a C™! boundary point, Theorem 2.12 implies that the normal derivatives d N;Djs where N;(x) =

(=0, fj(x), 1), are classically well-defined at x,. Consequently, in view of the definition (2.5), we
have

(GUNSj)(xo) = ON;(x)(Pj + ¥)(X0, f(%0)) = O (x)Pj(X0, f(X0)) + 1 (2.38)

are classically well-defined at (x,, f(x;)). We first claim that
pj(x,y) 20 ae. Q;. (2.39)
If ¢; are smooth then so do p; and (2.39) is a consequence of the maximum principle for harmonic

functions. Here, following Proposition 4.3 [65] we prove (2.39) for variational solutions. Indeed,
recall from (2.15) that

[ Ve Vaypdxdy =0 vo € Hy(@,) (2.40)

Q;
Inserting ¢ = min{¢ — infya f,0} € Hé(Q j) into (2.40) gives

On the other hand, by choosing ¢ = max{¢ — sup, f';, 0} we obtain

sup¢; <sup f;. (2.42)
Qj Td
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM | 3925

It follows from (2.41) that p; > 0 for y < infya f;. Hence, p; = min{p;, 0} identically vanishes in
{(x,y) : y <infya f;} and p; € H(l)(Q ;)- Thus inserting ¢ = p; into (2.40) and replacing ¢; =
pj +y we obtain

/ ViyDj- Vx,ypj_dxdy = —/ 6ypj_dxdy
Q; Q;

—/ 5ypj_dxdy = p]._(x,indf fi)=o.
infrq fj<y<f;(x) B

This implies ‘/Qj [Viy pj_ |? = 0 and thus p j > 0a.e. Q). We obtain the claim (2.39).
Since f1 < f,, we have Q; C Q, and p := p; — p, satisfies

p(x, f1(x)) = —=pa(x, f1(x)) <0

by virtue of (2.39). In addition, noticing p = ¢; — ¢, we find from (2.40) that

/ ViypP - Vyypdxdy =0 Vo € Hi(Q)).
o

1
Then as for (2.42), upon choosing ¢ = max{p — sup, .;.(p(x, f1(x))), 0} we obtain

sup p < sup (p(x, f1(x))) < 0.

O xeTd

Therefore, p attains the zero maximum at the boundary point (x,, f;(xy)). In addition, we have
N1(xp) = N,(xp) since d, f1(xg) = 9, f2(xg) at the maximum point x, of f; — f,. We deduce
that

0< aNl(xo)p(XO!fl (xp)) = aNl(xo)pl (x0, f1(x0)) — aNZ(xO)Pz(xo, Sfa2(xo)).

Then (2.37) follows from this and (2.38). O

Remark 2.16. Proposition 2.15 is valid in all dimensions. Indeed, Theorem 2.12 was only used to
conclude that the normal derivatives 5Nj p; are classically well-defined at (xo, fj(x,)). However,
the same conclusion can be deduced from [9, Lemma 11.17] which is valid in all dimensions. On
the other hand, the stronger C'* regularity obtained in Theorem 2.12 will be crucial in the proof
of the comparison principle for viscosity solutions in Section 6.

3 | CONTOUR DYNAMICS

In this section, we use potential theory to express the Dirichlet-Neumann operator, thereby
obtaining a contour dynamics reformulation of the Muskat problem.
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3926 | DONG ET AL.

The Newtonian kernel for T X R is
N(z) = % In(coshy —cosx), z=(x,y)€TxR. 3.1)

We shall identify functions defined on T to functions defined on the graph = = {(x, f(x)) : x € T}.
Precisely, h : T — R is identified to h : £ — R defined by h(x, f(x)) = h(x). The double layer
potential associated to Q for a functionh : T — Ris

Klflh(z) := - / (BneeyN )z — 2 )h(z")dz'
z

3.2
_ 1 [sin(x - x"a, f(x") — sinh(y — f(x")) 2
"~ 4m [ cosh(y — f(x))) — cos(x — x')

h(x"dx',

where z = (x,y) € (TxR)\ £ and z’ = (x/, f(x')) € Z. Clearly, K[f]h(z) is harmonic on (T x
R) \ Z. A direct calculation using (hyperbolic) trigonometric identities gives

tanh (#) _1sin (x =x") 8, f (x') —sinh (y — f(x"))
tan (x—zx’ ) 2 cosh(y — f(x’)) — cos(x — x') ’

d,/| arctan

where in the above and throughout the paper, we assume that the range of arctan is [0, ), instead
of the usual range (—7 /2, 7/2). Hence,

tanh

y=f(x") )
2

K[f1h(z) = —%/6,(/ arctan h(x")dx'. (3.3)

T tan <x_x, )
2

The single layer potential is

S[f1h(x,y) = % / In (cosh(y — f(x")) — cos(x — x"))h(x")dx’, (x,y) e TXR.  (3.4)
T

Note that the preceding single layer potential differs from the one in [46, 68] by the arc length

element /1 + |3, f(x)|2.

The boundary double layer potential is

K[flh(x) =: p.v.i h(x")dx'

/ sin(x — x")d, f(x") — sinh(f(x) — f(x"))
47 T

cosh(f(x) — f(x’)) — cos(x — x')
. tanh (f(X)—zf(x’) ) (3.5)
=—p.v.— / d,/| arctan - h(x")dx',

27 T tan <x—x )

where z = (x, f(x)) and z’ = (x/, f(x")).
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3927

The adjoint of K[ f] is

) tanh (f(X);f(X’)>
K*[f1h(x) = —p.v.E/GX arctan — h(x")dx'
' tan (5°) (3.6)

— oo L / sinh(f(x) — f(x")) — sin(x — x")d, f (x)
R = 1t cosh(f(x)— f(x)) — cos(x — x’)

h(x")dx'.

If f € Lip(T) and h € LP(T) for some p € (1, o) then the nontangential limit

Q>5z/' >z

lim K[f]h(z') = (%1 +K[ f])h(z) 3.7)

holds a.e. z € T (see Theorem 1.10 [68]). Consequently, the unique solution ¢ of the Dirichlet
problem (2.6) is given by
-1

6= k171(51+K171) & (8)

It was proved in Section 4 [68] that for Lipschitz domains, the mappings

%1 +K[f] : LP(T) > LP(T), p € [2,00), (.9)
%I +K[f] : WhP(T) - WHP(T), pe(d,2], (3.10)
%I —K*[f] s IX(T) > I(T), pe (2] (3.11)

are invertible. Here, L”(T) denotes the space of zero mean functions in L(T).
Proposition 3.1. For f € Lip(T) and g € H'(T), we have for a.e. x € T that

sin(x — x’) + sinh(f(x) — f(x"))3, f(x)
cosh(f(x) — f(x")) — cos(x — x')

G = =po. / o )dx  (312)
T

= %p.v. /1r 3, In (cosh(f(x) — f(x)) — cos(x — x"))6(x")dx’, (3.13)

where
-1

0= <%I—K*[f]> (0x8)- (3.14)

Proof. Applying (3.8) we have that the unique solution ¢ to (2.6) is ¢ = K[f]® with © =
g

GI + K[f]) g. Note that ® € H'(T) in view of (3.10). Setting 6 = 3,0 € L*(T) we deduce from
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3928 | DONG ET AL.

(3.3) that

P(x,y) = 1 / arctan ———————-0(x")dx/, (x,y) e TxR.
2 J+

It follows from (3.5) and (3.6) that
tanh

tan ( X )
2

-1 -1
whence 8 = ax(§1 + K[f]) g= (%1 - K*[f]) d.g.
For (x,y) € (T x R) \ Z, we compute

fO-f ()
( ) 0,0(x")dx" = —K*[f16(x),

3, K[fle(x) :p.v.iféx arctan
2 J+

__1 sinh(y — f(x")) e
Oxp(x,y) = 4 /1r cosh(y — f(x')) — cos(x — x’)e(x )ax’,

_ 1 sin(x — x') o
Fyp(x,y) = A /1r cosh(y — f(x')) — cos(x — x’)e(x yax'.

Set T(x) = (1,0, f(x)) to be the tangent to X. For Q; 3 (X,y) —n (x, f(x)), by the definition (2.5)
and the mean-value theorem, we have

(G(Hg)x) = (f’y)Jlivrgc 1) N(x) - (Vi y$)(X, )
B lim 1 [sinh(y—f (x"))d, f(x) + sin(X — x")
T @)y () AT 1t  cosh(y — f(x")) — cos(X — x’)

T(x) - VS[f16(%, ).

o(x"dx’

= lim
X Y)=nGf(x)

Since f € Lip(T) and 6 € L*(T), Theorem 1.6 [68] asserts that the tangential derivative of S[f]0
is continuous up to the boundary. That is,

apim TG - VSIfI6(, y) = T(x) - VSIf10Cx, £())

for a.e. x € T. Therefore, for a.e. x € T we obtain

(G(NG)(x) = T(x) - VS[f10(x, f(x))

_ 1 sinh(f(x) — f(x"))d, f(x) + sin(x — x’)e( Nax! (3.15)
"’ '”‘/T cosh(f(x) = F¥) —costx —x) o4
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3929

proving (3.12). Finally, since

sin(x — x') + sinh(f(x) = f(x)3, f(x)
cosh(f(x) — f(x")) — cos(x — x') (3.16)

=3, In (cosh(f(x) — f(x")) — cos(x — x")),

we obtain (3.13). O

Proposition 1.1 follows at once from Propositions 2.5 and 3.1.

4 | QUANTITATIVE BOUND FOR INVERSE OF DOUBLE LAYER
POTENTIAL

According to (3.11), %I —K*[f] : L(Z)(T]') - LS(T) is invertible provided that the boundary f of Q
is Lipschitz. This is sufficient to deduce the unique solvability of the Neumann problem in Lip-
schitz domain with L? data [68]. However, in order to obtain uniform bounds for approximate
solutions of the Muskat problem we shall need a quantitative bound for the inverse of %I —K*[f].
This is the content of the next proposition.

Proposition 4.1. Let f € Lip(T). There exists a universal constant C > 0 such that

-1
1
~I+K*

Proof. In order to get this result, we will show that there exists a constant M =
CQA + 18, f o)’ with € > 1 such that

5
< C(L+ I lipery) 2- (4.1)
LA(M)—LE(T)

(31-k1f1) o

.|

L3(T)
— <
"

<M VpeLiD). (4.2)
(51+K-1£1) @

LM

We claim that (4.2) yields

Il 2r) < 2M H (%1 - K*[f])(n) vy € LA(T). 43)

L3(T)

This in turn implies the desired bound (4.1). Indeed, by the triangle inequality, we have
< L I-K* L I+K*
||77||L§ar) < 3= [f] (n)llLS(T) +1 St [f] (77)||Lg(1r)

<AQ+M)| GI — K*[f]) Mllz2r) < 2M| <%I - K*[f])(n)IIL(z)(T),

where in the last inequality we used the fact that M > 1. This finishes the proof of (4.3).
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3930 | DONG ET AL.

Now we prove that

I (%1 - K*[f]><n>||Lgm < M| (%1 + K*[f]><n)||L3m v € L2(T). (4.4)

Recall that the single layer potential given by

Ve

UG = 3= | In (cosh(y = S0 - costx = X’ = H(xy). (49

With Q ={(x,y) : x € T,y < f(x)}, H satisfies (see [68])
AcyH(x,y) =0, (x,y) € QU(R?\ Q),
OnH(x, f(x)) = (—%1 + K f]) mM(x) ae.xeT, (4.6)
B HCx, f00) = (ST +K°If1) D) aexeT,

where dy is the normal derivative from inside the domain Q and 45, is to the normal derivative

from inside the complementary set Q¢ = R?\ Q. By Theorem 1.6 [68], the tangential derivative
0:H is continuous across the Q. Thus we shall not distinguish the tangential derivative of H
when approaching dQ from either side. Since /T ndx = 0 we can write

H(x,y) = /ln (cosh(y — f(x")) — cos(x — x,)>77(x’)dx’
T

coshy — cos x

— n(x")dx’'

/ sinhz(%(x)) + sinz(x_zx )

= [ In

T sinh? 2 +sin® <
2 2

and deduce that as |y| — o0, H(x, y) is bounded and VH decay uniformly in x € T.
We consider a compactly supported vector field V(x, y) given by

V(x,y) = (s * G)(x,y), (4.7)

where the function G(x, y) is given by

(4.8)

n(x), xeT, <2 o) t 2,
SR £.C) ¥ < 20w
0 elsewhere,

and T'5(x, y) is a smooth approximation of the identity with compact support. The parameter § > 0
is taken small enough so that

V(x, f(x))-n(x) > vVx eT. 4.9

N

One could check that
IVlie <1 and ||[VV]« <C=0(571), (4.10)

where C is independent of f.
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3931

Let us recall the Rellich identity for V and H:

/ V-n|VH|2da=/ 2a,,H(V-VH)da+/(V-V)|VH|2dX
Q 0Q Q
(4.11)
- / 2(VVVH) - VHdX,
Q

where VV is a 2 X 2 matrix acting on VH. Using this together with the normal and tangential
decomposition for VH = (9,H)n + (. H)t gives

/ V-nlanH|2d0=—/ ZanHaTHV-rdcr+/ V -n|d.H|?do
oQ oQ oQ

- /(V -V)|VH|*dX + / 2(VVVH) - VHdX.
Q Q
Condition (4.9), Cauchy-Schwarz and Young’s inequalities yield
1
1 / 10, H|*do < (1 + 8|Vl )V I / 0. H|*do + 3||VV || / |VH|?dX.
Elo) 3Q Q
Plugging in the bounds for V' in (4.10) we find that
/ |0,H|*do < 36/ |0.H|*do + 120/ |VH|*dX. (4.12)
Elo) 80 Q
Using the boundedness of H and the decay of VH as |y| — o0, we can integrate by parts to obtain

/|VH|2dX=/VH-V[H—H(—n,f(—n))]dX
Q Q
(4.13)
= [ - Hm g, Hdo.
aQ

By the fundamental theorem of calculus and Cauchy-Schwarz’s inequality,

\H(x, f(x)) = H(=7, f(=7))] = / 8 H(, f( VI T 0o P’

s( / |afH(x’,f<x'))|2¢1+|axf<x')|2dx'>2< / \/1+I5xf(X’)|2dX’>z
< /27Nl 8. H|d )E.
27N (m</m| 2do

It follows from this and Cauchy-Schwarz’s inequality for (4.13) that

1 1
P B
/lVH|2dX§27T||N||Lw(T)(/ |6TH|2dc> (/ |anH|2da> . (4.14)
Q 0Q oQ
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3932 | DONG ET AL.

Plugging above inequality into (4.12) and using Young’s inequality we get

/ |6nH|2d0'52(12077)2||N||i00m / |0.H|*do. (4.15)
Q oQ

Next, we employ the Rellich identity (4.11) for V and H in Q¢ = R? \ Q to get

l/ \VH|2do
2 oQ

< / 20°H(V - VH)do + / (V-V)|VH|?dX — / 2(VVVH) - VHdX
Q Qc Qc

1 1
p p
sz(/ |a;H|2da> </ |VH|2do> +3c/ |VH|?dX.
oQ oQ Qc

As before, using Young’s inequality and (4.14) for Q¢ we obtain

1
—/ |VH|*do
4 Jsa
1

1

B P

34/ |6fLH|2da+6Cﬂ||N||Lm(T)</ |6TH|2da> (/ |aﬁH|2da> .
aQ aQ aQ

The obvious bound |3, H|?> < |VH|? combined with Young’s inequality yields
/ |0.H|?do < 2(12C)?||IN||? / |0SH |*do. (4.16)
90

Leo(T) 30

The above argument when applied to Q gives
/ 18:H|*do < 2(12C7)*|IN|I?,, @ / |0, H|?*do. (4.17)
o0 8Q

Combining (4.15) and (4.16) allows us to relate both normal derivatives due to the continuity of
the tangential derivative:

/ 10,H|*do < 4(12C7r)4||N||iN(T)/ |0SH|*do, C=0(1).
30 3Q
Thus we obtain (4.4) with M = 2(12C7)*(1 + || f ||Lip(1r))5/ ® The opposite inequality

|| (%I +K*[f]>(n)nLg < M| <§I -K*[f]>(’7>“L3

follows by the same argument, completing the proof. O
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM | 3933

Remark 4.2. The invertibility of (;I —K*)on L(Z) was proved in [68] using the inequalities

1 ) 1
| (51 iK*)(’?)”LZ(T) <C| <§I 1K*>(’7)||L2(1r) +C . (4.18)

/ S[f1(n)dx
g

The inequalities in (4.2) dispense with the second term on the right-hand of (4.18) and hence
allowed us to obtain the quantitative bound (4.1).

As an interesting corollary of the proof of Proposition 4.1, we deduce a quantitative bound for
the tangential derivative of the single layer potential in terms of the double layer potential. This

in turn yields the continuity of G(g) : H' — L? assuming only that the boundary is Lipschitz.

Corollary 4.3. Let f € Lip(T). There exists an absolute constant C > 0 such that for alln € L(z)(T),
we have

IVSLFIG) - (18 Dllacry < €A+ 1 ipery @1 - K*[f])(n)uLz. “19)

Consequently,
2
IG(NEllr2cry < CQA + | fllLipem) 19x&llz2¢) (4.20)

forallg € H'(T).

Proof. Denote H(x,y) = S[f](n)(x, y) the single layer potential as given by (4.5). Now (4.17) allows
us to bound 8, H by 3, H as

IVSLF1®) - (1,0 llrzcry < A+ 1 f Nipcr)I0-H 2T
< CA + 1 ipe) 18, H I 2cr)s

where we recall that 7 and n are respectively the unit tangent and normal to the surface {y = f(x)}.
On the other hand, it follows from the second equation in (4.6) that

1
10, H Il 2y < lONH I L2¢ry = I <—§I+K*[f]>(77)IIL2,

from which (4.19) follows.
By the density of HY(T) in H(T), it suffices to prove (4.20) for g € H'(T). Set 6 =

(%I — K*[f] >_1(6xg). Recall from (3.15) that G(f)g is a tangential derivative of S[f]6:
(G(fg)(x) = VS[f1O)(x, f(x)) - (1,0, f(x)).
Thus (4.20) follows at once from (4.19) and the fact that (éI —K*[f])6 = 0,8 O

Remark 4.4. The inequality (4.20) upgrades the continuity (2.16) by half a derivative without
any additional regularity assumption on the surface f. By interpolating (2.16) and (4.20), we
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3934 | DONG ET AL.

obtain
2
IG(Ngllzo-1ry < CQA + [1f Liper) 181 oy (4.21)

forallo e [%, 1]. For the same range of o, this is an improvement over (2.17) which requires in

addition that f € H%(T) for some s, > 2

Remark 4.5. Proposition 4.1 and Corollary 4.3 are valid for general bounded domains of R"?, n > 2
with Lipschitz boundary.

5 | VISCOSITY REGULARIZATION
We consider the viscosity regularization of the Muskat problem:

3, f¢ = —xG(fo)f< +€d>f, €3> 0. (5.1)

5.1 | Comparison principle for smooth solutions

Proposition 5.1 (Comparison principle). Assume that f; € C([0,T]; C*(T), j = 1,2 are smooth
solutions of (5.1) with € > 0. If f1(:,0) < f5(-,0) then

f10e,0) < fr(x,8) V(x, 1) € TX[0,T]. (5:2)
Proof. Assume by contradiction that My = maxyyo71(f1 — f2) = (f1 — f2)(x0, tp) > 0. We have
to > 0 since f;(:,0) < f,(-,0). Choose 1 > 0 sufficiently small so that (f; — f, — nt)(xg, tg) =

M, —nty > 0, and thus M, = maxy,or)(f1 — f2 —nt) > 0. Moreover, M, is attained at some
point (x,, t,) with t,, > 0 because (f; — f2 — 9t)|;=0 < 0. Then

—fy—nt—M,) =0
Tgllg’);](fl fa—7 )

and is attained at (x,, t,.). Applying Proposition 2.15 gives

(G(fl)fl)(x*’ t>:<) > (G(fZ + 77t + M*)(fZ + 77t + M*))(x*’ t*)-

In addition, at the maximum point (x,, t,) with t,, > 0 we have

0, f10x., ) 2 0,(f5 +nt + M)(x., t.), 93 f1(xu, 1) < 03(f2 + 7t + ML)(x., 1)

It follows that

0,(f2+nt +M,) <0,f1 = —xG(f1)f1 + €33 f1
< —kG(f2 + 0t + M)(f2 +nt + M) + €82 f,

= —xG(f)(f2) + €83 f> =0, f>

at (x,, t, ). But this implies 7 < 0 which is contradictory. O
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM | 3935

Owing to the translation invariance of (5.1), comparison principle implies maximum principles
for the amplitude and the slope of solutions.

Corollary 5.2 (Maximum principles). Let f € C([0,T]; C*(T)) be a smooth solution of (5.1) with
€ > 0. If f(-,0) has the modulus of continuity y : R™ — R* then so does f(-,t) for all t € [0,T].
That is,

1fGe, ) = fF, Ol <y(Ix =) ¥(x,p,t) € T>x [0, T]. (5.3)
In particular, for y(z) = z|| f (-, 0)|lLip(T) we have

I1F G OllLipry < IFCOLipery Ve €0, T, (54)

If f1 and f, are smooth solutions in C([0, T]; C*(T)) of (5.1) with € > 0, then

/G0 = F20 Ollzeocry < N1, 0) = [0, 0oy  VE € [0, T]. (5.5)

Proof. The modulus of continuity y of f(-,0) is equivalent to

f(x,0) < flx+y,00+y(yD

for all x, y € T. For every fixed y, the function f(x + y,t) + y(|y|) is a smooth solution of (5.1)
with initial data f(x +y,0) + y(|y|). The comparison principle in Proposition 5.1 implies that
fO,t) < f(x+y,t)+y(ly|) for all x, y € T and ¢t € [0,T]. Therefore, |f(x,t) — f(x +y,t)| <

y(ly1), proving (5.3).

We turn to prove (5.5). We have f1(-,0) < f5(-,0) + || f1(-,0) = f2(-,0)llzo(r) and f5(-, ) +
I1£1(-,0) = f2(-, 0)llL(T) is @ smooth solution of (5.1). By the comparison principle in Proposi-
tion 5.1,

fl(xa [) < fZ(x’ t) + “fl(ao) - f2("0)“L°°(T) V(X, t) eTx [0’ T]

Thus we can interchange the role of f; and f, to obtain (5.5). O

5.2 | Global well-posedness of smooth solutions

By virtue of Proposition 3.1, in the class of Lipschitz solutions, (5.1) is equivalent to the system

T sinx’ 4 sinh(f¢(x) — f€(x — x"))d, f¢(x)

cosh(fe(x) — fe(x — x)) — cos x’ 6¢(x — x"dx’

0.S) = =po. /

-

+ €03 f4(x),

Locy— L / sinh(f*(x) — f*(x — x')) — sin X6, f*(x)
2T cosh(fe(x) — feé(x — x’)) — cos x’

(5.6)

6¢(x — x)dx’

-

= —Kk0 f4(X).

We prove that (5.6) is globally well-posed for any smooth initial data in Sobolev spaces.
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3936 | DONG ET AL.

Proposition 5.3. Let ¢ > 0 and s > 2. For each f; € H*(T), there exists a unique solution f* €
C([0, T1; H5(T)) n L*([0, T]; HS*(T)) a solution to (5.1) for any time T > 0 with initial data f§. In
particular, f€ obeys the maximum principles

If Oy < Wfollzeocrys NS ONLipery < N fGllipery  VE > 0. (5.7)

Proof. We first note that the dissipative term €92 f° makes the regularized Muskat problem (5.1)
semilinear. Then by the contraction mapping method, it was proved in Section 4.1.5 [65] that for
any s > 3, (5.1) has a unique solution

feecqo, T H) N Ly ([0,T); HY,

loc
where T, is the maximal time. Moreover, if T, < oo then

lim sujp fEC, Dllgs = o0
t—T,

Therefore, to conclude that f* is global in time, it suffices to prove that the H® norm of f* is
bounded on [0, T;). To this end, we shall prove that for any T < T, the C([0, T]; H¥) norm of f*
can be controlled by || f§ ;s and the L*([0, T]; W) norm of f¢, where the latter is uniformly
bounded in time owing to the maximum principles (5.4) and (5.5).

For notational simplicity we shall write f¢ = f. In what follows, 7 : Rt —» R" denotes
continuous nondecreasing functions that may change from line to line but only depend on x.

L? estimate. Using (G(f)f, f) > 0 and (32f, f) < 0, we find at once that

IfOllz < llfoll2 VE>o0. (5.8)

H' estimate. Multiplying (5.1) by —2 f, then integrating by parts and using the estimate (4.20),
we obtain

Eallaxfll < kN6 f N2 IGOf NIz — el oz f 117,

S FUf w8 f 2 10, fllz2 = €lloZ 117,
< e P w0 f1I7, = —||5 fII2,

By a Gronwall argument we find that

6. f1I7 (t)+€/ 62117, (t)dt" < 119, f1I7,(0) exp (7 FUIf llwre)t). (5.9)

H? estimate. We differentiate (5.1) in x, then multiply by —d3 f and integrate by parts to obtain

2dt”a FI2, = %GNS, 03 )12 12 — €GN

where by Cauchy-Schwarz and Young’s inequalities

2
©(0xG()f, 03212 < —Ila FUZ, + 16 [GNAIE,
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3937

We claim that for any v € (0, 1),

16 (G ML2 < VIO Sl + T’(IIfIleoo)(Ila Fllz2 + 16 N17,)- (5.10)

Taking (5.10) for granted, we choose v = 4i so that the above estimates yield
K

53”5 FI2, < eFAUf lwre)@ + 16 FIEINGLS I, — —||5xf|IL2~ (5.11)

Then applying Gronwall’s lemma and (5.9) to bound

t
/ 1+ |62 f|| L@ )dt' <t + Eflllaxflliz(()) exp (e Pl fllwre)t),
0
we arrive at the H? estimate

t
182 £112,(0)+e / 182 £112,(5)ds < CCll foll g 1f s £, €)- (512)
0

The proof of (5.10) requires a careful decomposition of the singular integral representation (3.12)-
(3.14) of G(f) f and is postponed to Lemma 5.4 below.
Higher regularity. In this step we prove that H® regularity with s > 2 can be propagated. To

this end, we use Sobolev estimates for the Dirichlet-Neumann operator with the control norm in
3

S+
LXH; provided by (5.12). Indeed, fixing s, € (%, 2) and applying (2.17) with g = f and o = s, we
have

NGO =1 < FALS Mol f s (5.13)

Then an H energy estimate for (5.1) gives
1d
5 qp I Wi < KGF Przss s = ellOuf I

< KFUF Ol FONs 1 Oll s = ll O, + el FOI, (5.14)

l\.)lR

2(I|f(t)IIH*o)IIf(t)IIH3 - IIf(t)IIHA+1 +ell foll?,

where in the last inequality we used Young’s inequality and the maximum principle for the L2
norm of f. By Gronwall’s lemma, we obtain

1F O + €N o gpzzseny

2 (5.15)
< (L+e)lfollzs exp <t?7"2(IIfIILoo([o,r];HsO))>.
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3938 | DONG ET AL.

Then using the H? estimate (5.12) together with (5.8), (5.5) and (5.4), we arrive at
I fllzeoqo.ryesy £ CUlfollas, Tre) VT < Te. (5.16)
This concludes the proof of global regularity for (5.1). O
We now prove the claim (5.10).

Lemma 5.4. There exists F : Rt — R* nondecreasing such that for any v € (0, 1),

16 [GUFOSf NNl < VIOZfEllacr) + F(”fE”WIOO(T))(”a Fellez + ”axfglle(-n—)) (5.17)

Proof. We shall write f¢ = f, 6° =0, and 8,/ f(x) = f(x) — f(x — x"). Recall that G(f)f can

be written as on the right-hand side of the first equation in (5.6) with 6 = <lI -K *) (=0,/)-
2
Moreover, by virtue of Proposition 4.1,

3 7
1812 < CQA + 110y fllL)210: fllz2 < V2ACA + (195 f 1) 2. (5.18)

We decompose 470, [G(f)f1(x) = ZJ 1 Gj(x) where

_ cosh(6, f(x))8,/ (9, f)(x)
ix) = 6xf(x)/ cosh(8,/ f(x)) — cos x’

sinh(8, f(x))
cosh(d,s f(x)) — cos x’

0(x — x")dx’,

@@=£ﬂm/ 60x — x')dx,

( - x,)d-x,9

Ga(x) = [sin x" + sinh(8, f(x))d, f(x)] sinh(8,/ f(x))8,+ (8, f)(x)
3(x) = _/ (cosh(8,, f(x)) — cos x')

and

0,6(x — x")dx'dx.

_ [ sinx” +sinh(6, f(x))d, f (x)
Galx) = / cosh(6,/ f(x)) — cos x’

Here and throughout this proof we write / = /_,;
Control of G;. We split G; = 2;21 G,,j where, for § < 1 to be chosen,

B (cosh(8, f(x)) —cosx” + cos x’ — 1), (8, f )(x)
Gra(x) = 6xf(x)/ cosh(8, f(x)) — cos x’

8,/ (9, f)(x)

|x!|>68 cosh(d,/ f(x)) — cos x’

O(x — x")dx’,

G12(x) = 0 f(x) O(x — x")dx’,

Y
Gy = o fery [ GO = XD g g

Ix'|<s €0sh(8yr f(x)) — cosx’
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3939

G1’4(x) = axf(x)a?cf(x)

. / 1 _ 2 X'6(x — x)dx,
/< \ €osh(8y f(x)) — cos x’ 1+ (axf(x))2)(x’)2

and
20 92 —x
Glys(x) — xf(x) xf():) e(x /x )dx,,
1+ (0, f(x)) |x|<8 X
We shall use frequently the facts that
S !
cosh(8,/ f(x)) —cosx’ =2 sinh? < X ];(x)> + 2sin’ <x7> (5.19)
and
!/ /
% < % sin =| Vx' €[-m,7]. (5.20)

Here and in what follows, C denotes a universal constant that may change from line to line. Then
the integral kernel in G, ; is bounded by C||9,, f| ., giving

IG11llz2 < ClIoCf Il / 16 — x")ldx" .2
< 2Cl10, fll7 Bl < FUF w10 f Iz

Using Young’s inequality for convolutions, we bound

16— ')
1G 2l < ClIdLf i 135 F1l 1 / B> Mg
2| 1x>8 |x/|2

L2
16l 1821 II.2
< FUIf w182 f 1l 2 2 < P f e ) 2.
52 52

Next in view of the inequalities
3
180 (8 )() = X'OLf ()| < X' 1211031 1
c2(T)
252 2033
S CIX 203 f I ery < CIX 12183 £l 2emys

[ =y,
[x!|<8

1
|x'|>

we deduce that

G311z < CllOLfllLe= 1193 f 2

L2

1
< PUIf w102 f1l 262
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3940 | DONG ET AL.

To control G, 4, we use Taylor’s expansion to have

IG1all2 £CA+ ||axf”L°°) 103 flleo (102 f Iz + 1)

/ 16(- — x)]dx’
|x!|<8

12
S FUISf Nlwr.o)UZS 708 + N0, f 126,
which in conjunction with Gagliardo-Nirenberg’s inequality implies
G allzz < FALflwreo)NOZF N2 102 11228 + 110, f1I2)-
The integral in G, 5 has a Calderén-Zygmund type kernel, whence
G152 < COZf Nl liBllz < F(Uf lwre) IO 2IIa fII
Gathering the above estimates yields
Gl < f'(llfllwloo)<lla Fll2 11631126 + II5xf||L252
_1
+H103f 11262 + 103 11I; 2|I5 fII ,
where we bounded the ||, f||;> term in the estimates for G, ; and G, 4 by
Cliéz f||22||a fII
For any v € (0, 1), we choose
92
2“7‘(|IfIIWIoo)(1 +1163f112)
with F sufficiently large so that
1
G ll2 < 2791163 f Il + = F(Ilfllwwo)lla Fll2@+ 163 f112)>. (5:21)

Control of G,. We decompose G, = ijl G,,j where

sinh(8,/ f(x)) — &, f(x)
cosh(8,s f(x)) — cos x’

8. f(x) — x,axf(x)
cosh(8,/ f(x)) — cos x’

0(x — x")dx’,

Gr1(x) = 32 (x) /

Grr(x) = 321(x) / 60x — XY,
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3941

Gy5(x) = 33 f(x)d, f (x)

. / ( 1 — 2 > /6( _ /)d !/
cosh(8 f(x)) —cosx’ (1 + (B,f(x))?)(x!)? X O = x)ax,
and

203 f()0f(X) [ B(x —x") dx’
1+ (0 f(x))? x! '

Gya(x) =

The integral kernel in G, ; is bounded by an absolute constant so that

/ |6(- — x")|dx’

I1G2llz2 < FUf llwreo)lI0Xf N2 S FUf w03 fll2

L

The identity

1
X0, f(x) =8 f(x) = (x')? / $02f(x + (s — 1)x")ds (5.22)
0

allows us to get

1
1Gsallzz < 1621112 / s / 12 + (5 = DX)][6( — x)]dx'ds
0

LDO
sds

Vis

where we applied Cauchy-Schwarz’s inequality for the integral in x'.
Using the inequality

<1162 f 1z 62Nz ll6ll> < FAUf lwre)NBS I,

3 3
163 f(x) = X'8, f(X)] < |x,|2”axf”C% < CIX' 121162 f Nz,

we can bound G, ; as

1G23ll2 < FAIfllwre) O FIIZ, I / 8¢ = x")ldx"ll> < F(Ifllwre) 103 S 117,

Finally, G, 4 obeys the same bound as G; s:

1G2,allz2 < 193 fllze 1112 < F (IS lw.)lIOF f”zzllaxf“

Gathering all the above estimates leads to

G2l .2 <7’(IIfIleoo)<II<3 Wl 2|I5 fII +103 1117, + 1163 fIIL2>
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3942 | DONG ET AL.

and thus, for any v € (0, 1), we have
_ 1
1Gsllzz < 2700183 f Nl + SFAUf lwre)USEF 2 + HBLFIZ.). (5.23)

Control of G;. We split G; = 217-:1 G, j where

(x — x")dx'

[ (sinh(8, f(x)) — 8, £ ()3 f (x) sinh(8, £ (%)) (5 f)(x)
G31(x) = / (cosh(8, f(x)) — cos x')? °

+ / O f(x)0,f (x)(sinh(8, f (X)) — 8. f(X))8:: (9 )X

(COSh(5x,f(x)) — COS x/)2 (x - x,)dx,,

(x = x"dx',

_ (sinx” + 8, f(x)0, f(X))8r f (X)8, (0, f)()
Gsa2x) = /,X,,>5 (cosh(d f(x)) — cos x')2 0

x —xNdx’,

_ (sinx’ + 8,1 f ()0 f CN(Bxr f(x) = 8 f ()X )80 (0 f)(x)
Gy3(x) = /|x’|<5 (cosh(6,/ f(x)) — cos x')? %

(62 (%) = 85 f ()x")x" 6, (8. f)(X)

(cosh(8, f(x)) — cos x')? B(x — x’)dx,,

G3’4(x) =0,f(x)

|x'|<é

(sinx’ + (8 f ())*x)x" (8.0 (8 f)(x) = 8 f (X)x") 5

G;5(x) = 0, f(x) s (cosh(3, [ (x)) — cos x)? (x — x")dx',
Gao(x) = 0, f()2F(x) [ (sinx’ + (B f ()X )V A, X )O(x — x')dx’
|x!|<8
with A(x,x') = < ! - 4 >
X\ (cosh@y f()) — cosx)2 (1 + @ f 2R )
and

48, f(0)f(x) sinx’ + (3, £ (X))’ o
G37(x) ~ 0+ G ) s oy O(x — x")dx’.

The integral kernel in G5 ; is smooth enough so that

1G31llz2 < CllOf U7 1012 < FCUf o)1 f Nl

0//:5d1y woxy papeojumoq ‘T “€20¢ ‘TIE0L601
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By brutal force we have

c— !
/ 16( zc )Idx,
|x!'|>8 5

G320l < FAULf w0k fII 1
Cc3
[x'|2 12
llo f||
< P fllwroo) 257
52

For the next two terms, Gagliardo-Nirenberg’s inequality gives

/ 16(- — x)]dx’
|x!|<8&

<P lwrN0Z f 2 193 f 1128

IG33llz2 + 1G5 alle < FAUS Nlwreo)10F f 117

12

The term G; 5 is bounded by

(- —x’
1G5 51122 < FUIfllwre) 102 fIl 1 / de’
Ix'|<8

C2 |x/|§ 12
1
S PUIf w3 fll 262,

As for G, 4, we have

G 6llz2 < FALF w193 f1I7 o

/ 16(- — x/)]dx’
|x!|<8

<P w0 f 21103 1226

L2

Finally, the kernels in G; ; are of Calder6n-Zygmund type in such a way that

1

1
I1G371lz2 < P fllwreo) IS N1, 105 £ 112

Gathering the above estimates we find that

IGsllr2 < 7—‘(||f||W1,oo)<||a fl 2I|a fII + 103 fll2 1165 f 1128

1 1
I3 11282 + II6§fIIL25_z>.

For any v € (0, 1), using Young’s inequality for the first term and choosing

1 v
2

2RI ) + 182£112)
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3944 | DONG ET AL.

we obtain

_ 1
G5ll2 < 27" (|63 f1I2 + ;T’(Ilfllwmo)llaifllm- (5.24)
Control of G,. We first note that

Ga(x) = 4mV(S[f1(6:0))(x, f(x)) - (1,0, f (x)).

In view of the bound (4.19) for tangential derivative of S[ f], we have

1Gall2 < P f o (%I —K*) @Oz

To proceed, we differentiate the second equation in (5.6) with respect to x to have

Gz - K) (0,:6)(x) = k2 F(x) + Gy1 + Gas (5.25)
where
1 cosh(8, f(x))8,/ (8, f)(x) — sin x’a)ch(x) Ny
Caa(x) = 4 / cosh(8, f(x)) — cos x' Ox —xdx’,
and

xNdx'.  (5.26)

Guo(x) = (sinh(8,s f(x)) — sin x'9, f (x)) sinh(8, f (x))d, (O f )(X)
420 = 70 / (cosh(8,/ f(x)) — cos x’)?

Therefore,
IGaliz2 < Pl f w03 fllzz + 1G4 112 + 1G4 llz2) (5.27)

and it remains to bound G, ; and G, ,. A further splitting gives

Gs1 =Gy, +G;, +G;, +Gy,

where

) _ 1 (cosh(8, f(x)) — cosx’ + cos x" — 1)5x/(6xf)(x) gt
() = A _/ cosh(8,/ f(x)) — cos x’ O(x —x)dx’,
02 f(x) x' —sinx’ o
Gi’l(x) T Tax cosh(8,/ f(x)) — cos x’ O(x —x)dx’,
3 1 8, (0 f)(x) — x’azf(x) N,
Gha(0) = ar /|x/|>5 cosh(8,/ f(x)) — cos x’ O = x1dx’,
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and

132
1(X) = / 8,0 f)(x) — x axf(x)e(x — x")dx'.

x| <5 cosh(d,s f(x)) — cos x’
Since the kernel integral in Gil is bounded by C||d, f||;.«, we have
1G4, ll2 < CllOc flie=llBllz < FAUf w0 fll2-
Similarly, the kernel integral in Giz is bounded by an absolute constant, yielding

1G5 1 ll2 < ClOZfllzllellz < FAUIf w03 fll2-

Using convolution properties, we bound

1G5, 12
(- —x' o —x'
SClocfIl 1 / de' +Cl103f Il / %dx’
SE (FARER NI o wi>s X L

3 o
O Lt 44 1 ]

1 1
52 52

82 2
< F(||f||W1w)|l xf iz

52

Similarly, Gi’ , can be controlled as

e¢=x"I ., 3 2
IG; 2 < 103 f1 1 ——ax'|| < FUIfllwre)lloxfllL262.
C2 |x!|<& |x’|5 12

We have proved that

P flwre)lGaalle < FUf w3 fIIL252 + F(If llwr.e)110% fI|L2<5 2+ 1)-

For any v € (0, 1), choosing

Vi
20F(|| fllyre )+ 182F1112)

|

we obtain

FU )Gl < 27V Nz + 7 ) (182112 + 1G22, ).

(5.28)
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3946 | DONG ET AL.

s .
As for G4, we decompose G4, = ), j=1 Gi , Where

_1 [ (Sinh(8, () = 8, fC)Sinh(8, f()3, B )0,
ho=3 [

(cosh(8/ f(x)) — cos x')2 6(x — x")dx’,

Gi,z(x) _ —6Zf(x) / (x' —sinx’) sinh(éx/f(x))éx/(dxf)(x)e(x .

(cosh(6, f(x)) — cos x’)?

-1 (8 f(x) = x'8, f(x)) sinh(8, f(x))8 s (3 f)(x) o
2( x) = ar /|x,|>5 (cosh(8,/ f(x)) — cos x')2 8(x — x")dx’,
and
-1 (8, f(x) — x'3, f(x)) sinh(8, £ (x))S .+ (O N@), o
2(x) ar /|x,|<5 (cosh(8, f(x)) — cos x')? O(x — x")dx'.

Since the integral kernel in G}1 , is bounded by F (|| fly1.), it follows that

G35l + G352 < FUS lwre)lllzz < FAS w10 f 12

Next we estimate G; , and G} , as

II<9xf||L2

<FAf lwre)

L2

1G22 < Pl Fllwe)

o —
/ 16(- — x )Idx,
Ix!|>6 |x"]

and

1G5, l1z2 < FALf w02 117 o

/ 16(- — x')]dx’
|x!|<8

S FUS w0 fll2 103 1126

L2

We thus obtain

FUfllwielIGaallrz
S FUS w0 f 2103 £ 128 + FULf lwre 0 fll2(6 7" + 1.

For any v € (0, 1), choosing

4
20F(| fllwre )L+ 1621 1122)

gives

1
FUf lwro)liGazllz < 2709183 sz + SFIf lwae)I82f 2. (5.29)
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3947

Then plugging (5.28) and (5.29) into (5.27) we obtain

1
IGallzz < 271193 f Il + ;F(“f”WLw)”a)Zcf”Lz- (5.30)

Finally, combining (5.21), (5.23), (5.24) and (5.30) we conclude that

18IGUS Mz < VIS Fllsz + 5PNl )USES iz + B2,

which finishes the proof. O

6 | VISCOSITY SOLUTIONS AND COMPARISON PRINCIPLE

By virtue of the comparison principle for the Dirichlet-Neumann operator given by Proposi-
tion 2.15 and the fact that G(f + C)(f + C) = G(f)f for any constant C, we have the following
natural definition of viscosity solutions for the Muskat problem (2.8).

Definition 6.1 (Viscosity solutions). A function f : T X [0, T] is called a viscosity subsolution
(resp. supersolution) of (2.8) on (0, T) provided that

(i) f is upper semicontinuous (resp. lower semicontinuous) on T X [0, T], and
(ii) forevery® : T x(0,T) - R with

3,9 € C(Tx(0,T) and 3 € C((0,T);CH(T)),

if f — 1 attains a global maximum (resp. minimum) over T X [t, — 7, to] at(xg, tg) € T x (0, T)
for some r > 0, then

9, (xo, o) < —xk(G(P)P)(xo, tp) (resp. >). (6.1)
A viscosity solution is both a viscosity subsolution and viscosity supersolution.

The next proposition shows that if a viscosity solution is regular (C''!) at a point (x,, t,) then it
satisfies the equation classically at the same point.

Proposition 6.2 (Consistency). Let f be a viscosity subsolution of (2.8) on (0,T). Assume that
feWL®(T x(0,T)) and f is CH! at (xq,ty) € T x (0,T). Then G(f)f is classically well-defined
at (xg, ty) and

9, f (xo, to) < —x(G(f)f)(xo, to)- (6.2)

The corresponding statement for viscosity supersolutions holds true.

Proof. According to Proposition 2.15, G(f)f is classically well-defined at (x, t,). We shall write
X = (x,t)and X, = (X, t,). Since f is C'! at X, for some r,, € (0, 1—10 min{zx, ty, T —ty}) and C > 0,
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3948 | DONG ET AL.

we have
SO < )+ Vi f (o) (X = Xo) + SIX =X 1= §X), X =Xol <rp.  (63)
Let 1 be the tangent parabola with double opening:
P(X) = f(Xo) + Vx [(Xo) - (X = Xo) + CIX = X, > (6.4)
We can find a family of functions ¥, € C*(T X R), r € (0, ry) satisfying

1vbr < 110 in BrO(XO)a

Y. >f onTx][0,T],
V6 € (0,12, % —f inC(Tx[8T 5], ©5)

V& € (0,r),  sup 3 llwico(rxs,r—s) < -
re(0,/8)

The construction of ¢, is postponed to Appendix C. The properties in (6.5) imply that ,(t,)’s are
uniformly C1! at x,, that is, there exists M, > 0 independent of r € (0, r,,) such that

|9, (Xo + x, £0) + b (x0 — X, tg) — 29,(x, o) < M|x|*  V|x| < rq. (6.6)
Since each 1, is a valid test function for the viscosity subsolution f, we have

0:1r(Xo) < —x(G (%), )(Xo). (6.7)

At the maximum point X, of f — 9,, we have 6, f = 9,9,. Thus (6.2) will be a consequence of (6.7)
and

m (G()$r)(Xo) = (G(H)Xo). (6.8)

We shall skip the time variable in the remainder of the proof because ¢ = ¢ is fixed in (6.8). The
proof of (6.8) proceeds in two steps.

Step 1. Let ¢, (resp. ¢) be the harmonic extension of ¢, to Q, = Q,_(resp. Qf).

We claim that

lim ¢,(x,y) = ¢(x,y) V(x,y) € Qp, (6.9)

where we note that Q C Q, for all r. From (2.41), (2.42) and the uniform boundedness of
1% lwr.0(T)> We have

l$rllLeo(a,) < 1PrllLo) <M. (6.10)

Fix a sequence of bounded subsets Q/ € Q satisfying O/ c Q/*! and U;»,Q/ = Q. Let r,, be
an arbitrary sequence of positive numbers converging to 0. We relabel ¢, = ¢, and Q, = Q, .
The uniform bound (6.10) implies that every subsequence of ¢, has a subsequence converging
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM | 3949

weakly-* in L®(Q). For notational simplicity, we write ¢,, — ¢, weakly-* in L®(Qy). We have
the gradient estimate for the harmonic functions ¢;

||Vx,y¢n”L°°(Qf) < Cj”¢n||L°°(Qf) < C'jM-

By virtue of the Arzela-Ascoli theorem, for every j there exists a subsequence of ¢,, converging
to ¢, in C(Q/). Using the Cantor diagonal argument, we can find a subsequence ¢,, — ¢, in
C(QJ) for all j. Thus (6.9) will follow once we can prove that

b0 = ¢. (6.11)

This can be achieved by using the variational characterization of ¢,, and ¢. Indeed, we recall from
(2.13) and (2.14) that ¢,, = u,, + ¥,,, where ¢, € H'(Q,,) with ¥, (x, 9,,(x)) = ¥,(x) (in the trace

sense) and u,, € H,(Q,) satisfies
/ Viyln - Vyypdxdy = —/ Viy¥n - Viypdxdy Vo € Hj(Q,). (6.12)
Q, Q, -

In particular, the uniform bounds

i) < Il < CO+ Wlhipao)ldall 3 <C.

Inllnca, < 2ullm,) < 2C
hold. Since Q; C €, upon passing to a subsequence of n;, we have
Uy, = Uy, INHYQf), ¢y = oo inH'(Qp). (6.13)

As for the convergence of 1,,, we recall from Theorem A.2 that we can choose ¥, (x,y) = z,bg‘ (x,y—
¥,(x)), where gbg‘(x,z) = e?IPxly, (x) for (x,z) € T x R_.Since 9p,, — f in C*(T) forall « € (0,1),
P = fy 1= e?IPxl f(x) in L=(T x R_). Consequently, $,(x,y) = f(x,) := fy(x,y — f(x)) in

L*®(Qy). Then for all 6 € CS"(Q_f), using integration by parts and the dominated convergence
theorem gives

J

Vx,y&-vx,yedxdy = /z,bn(x)aNG(x,f(x))dx —/ ﬁAx,dexdy
T Q

! f

~ [ reoavece s - [ faedxdy
g

Qy

- / Vo, f - Vy,0dxdy,
Qf -

where N = (-9, f,1). As C;"’(Q_f) is dense in H'(Q;), it follows that

o= H'(Qp). (6.14)
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3950 | DONG ET AL.

Recalling that ¢, = u,, + ¥, , we deduce from (6.13) and (6.14) that

Poo = U + (6.15)

On the other hand, since H;(Q/) C H;(Q,), (6.12) implies

/ Vyyln - Vi ypdxdy = —/ Viy¥u - Vaypdxdy Vo e H(Qy).
Qf Qy

By virtue of (6.13) and (6.14), letting n = n;,, — oo in the preceding equality we obtain

/ Vil - Vyypdxdy = —/ Viyf - Viypdxdy Vo€ H(Qp).
Qy Qy

This together with (6.15) proves that ¢, is the harmonic extension of f to Q in the variational
sense. By the uniqueness of variational solutions we conclude that ¢, = ¢, proving (6.11).

Step 2. Recall that f € W1*(T)is C! at x,,. In addition, 3, € C*®(T) is tangent to f from above
at x, so that N,(xy) = N(x,) and there exists an interior disk B tangent to Q at zy = (xo, f(xo))
Clearly, B is also tangent to all Q,. Assume without loss of generality that B = B;(0). In addition,
in view of the uniform C!! property (6.6), Corollary 2.14 implies that ¢,’s are uniformly C1* at
(%9, f(xg)). In particular, there exists M > 0 such that for all r < r,, the trace g, = ¢, | satisfies

18- (xo + x) + g-(xo — x) — 2g,(xp)| < M|x|l+a Vx| < ro. (6.16)
Let g = ¢|. Proposition B.1 then gives

g (xg +x) +g(xg —x) — 2gr(x0)dx

L 2.X
sin (-
B

>

@@ = [

8(xo + x) + g(xg — x) — 28(xo) dx.

. 2,X
sin (E)

G = - [

The convergence (6.9) implies that g.(x) — g(x) for all x € B. The uniform bounds (6.10) and
(6.16) then allow us to apply the dominated convergence theorem to conclude the claim (6.8). []

Using Proposition 6.2, we prove that viscosity solutions obey the comparison principle. An
immediate consequence is the uniqueness of viscosity solutions.

Theorem 6.3 (Comparison principle). Assume that f, g : T x[0,T] — R are respectively a
bounded viscosity subsolution and supersolution of (2.8) on (0, T). If f(x,0) < g(x,0) forall x € T,
then f(x,t) < g(x,t) forall (x,t) € Tx[0,T].

Proof. For classical sub and supersolutions, one can follow the proof of Proposition 5.1. Here the
source difficulty comes from the low regularity of f and g. We employ the regularization using
sup- and inf-convolutions. For small § > 0, let f¢ and g, be respectively the sup-convolution and
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3951

inf-convolution of f and g:

1

fFPeety= sup  f@,8) = 5 (lx =yl + 1t =sP),
(y,8)ETX[0,T]

gs(x, 1) = )lgrlf 8y 9) + > (Ix yIZ+ 1t —sl?)

for(x,t) € T x [0, T].Since f (resp. g) is upper (resp. lower) semicontinuous, the supremum (resp.
infimum) in the definition of f° (resp. gs) is in fact a maximum (resp. minimum). Clearly, f° and
gs are 27r-periodic in x. We record the following standard properties of sup- and inf-convolution

(seee.g., [35]).

(1) f5, 8s € Llp(-”— X [0’ T])
(i) f° (resp. gs) is semiconvex (resp. semiconcave) in the senses that each point has a tangent
paraboloid from below (resp. above) with opening 5.
(iii) The half-relaxed limits

limsup fo(y,s) = f(x,1), liminf gs(y,s) = g(x,t) (6.17)
5§—=0 6—08y,5)—(x,t)
.8)—=(x,0)

hold for all (x,t) € T x [0, T].

The boundedness of f and g is only used in (i).

Next we prove that each f° (resp. gs) is a viscosity subsolution (resp. supersolution) of (2.8). This
follows from the translation invariance of (2.8). Indeed, let 1 be a test function as in Definition 6.1
such that f° — 3 has a global maximum over T X [t, — F, to] at (xo, t,) for somer > 0. Let (3, so) €
T x [0, T] be the point where the maximum in the definition of f°(x,, t,) is attained. We have that

fo(xo,t0) = (o, So) — (|x0 Yol* + Itg — 501?),
1

Fo0x, 1) > fx — Xo + Yo, t = to + 50) — %Uxo —Yol* + Ito _So|2)-
Therefore, the function

7 1 2 2

P(x, 1) = P(x + Xo — Yo, t + 1o — So)+ (|x0 Yol© + lto — 5ol )
is a valid test function for which f — zz has a global maximum over T X [sy — 7, Sy] at (¥, So)-
Therefore, 3,9 (yy, So) < —x(G@W)P)(¥o, So), and hence 8,1(xy, ty) < —x(G(W)Y)(xo, to). Thus each
£? is viscosity subsolution of (2.8). By an analogous argument, each g5 is viscosity supersolution
of (2.8).

We claim that for very € > 0, there exists §(¢) > 0 such that for all § < §(¢),

fo(x,t) < gs(x,t)+¢ V(x,t) € Tx[0,T]. (6.18)

Taking this for granted, the half-relaxed limits in (6.17) yield f(x,t) < g(x,t) for all (x,t) € T X
[0, T], proving the comparison principle. To prove (6.18), we assume by contradiction that for some
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3952 | DONG ET AL.

€y > 0, there exists a sequence §,, — 0 such that for all n,
M, := max (fo —g5 )= (f" — g5, )(Xp, tx) > €.
Tx[0,T]
Because

Tim (f%(x,0) - g,(x, 0)) < f(x,0) - g(x,0) <0,

we have f(x,0) — gs5,(x,0) < %0 for all n > ny. This implies in particular that ¢, > 0 for all n >
ny. Choose 7 > 0 sufficiently small so that

2¢,
5, _ 0
(f 0 _g5n0 - nt)(xno’tno) = Mno - ntno > T!
and hence
250
M, := max (fm0 — —-nt) > —.
¥ TX[O,TJ(f 85y, = 70) 3

Moreover, M., is attained at some point (x,, t,.) with ¢, > 0 since
max(f® — g5 — 70l < 2.
T -T2
Consequently,

é
max ny — —-nt—M,)=0
Jmax (f70 = g5, =7 )

and is attained at (x,, t,). In what follows we shall write §,,) = § to alleviate the notation. Then
the smooth function 5t + M, touches f° — gs from above at (x,, t,), so that f° — g5 has a tangent
paraboloid from above at (x,, ). On the other hand, both f¢ and —gs have a tangent paraboloid

from below at (x,, t,), hence they are C>! at (x,, t,). Then we can apply Proposition 6.2 to have
that % and g5 are classical sub and supersolutions at (x,, t,):

8 fO(x, 1) < —x(G(fO)f) (s t,), 185 (xs 1) > —1(G(85)85) (X L)
By virtue of Proposition 2.15,
G(f)fO(xints) 2 G(gs + 1t + M.)(gs + 1t + M.)(Xs, 1.).
In addition, since t,, > 0 we have
9,(gs + 1t + M.)(x., 1) < 0, f° (., 1)
It follows that

9,(gs +nt + M,) < 9,f° < —xG(f°)f°
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3953

< —xG(gs +nt + M,)(8s + nt + M..)
= —xG(gs)8s < 085
at (x,, t,). This leads to the contradiction 7 < 0. O

By virtue of Theorem 6.3, we have

Corollary 6.4. Proposition 5.2 is valid for viscosity solutions.

7 | PROOF OF Theorem 1.2

Let f,, be an arbitrary initial surface in W1*(T). We construct a global solution to the contour
dynamics formulation (1.4)-(1.6) by regularizing initial data and the Muskat problem. Precisely,
for e € (0,1), let f§ =T, * fo(x) be the mollification of f, where I, is an approximation of the
identity. Since fj € H*(T) for any s > 0, Proposition 5.3 yields the unique global solution f* to
the regularized Muskat Equation (5.1) with initial data f;j. Moreover, f* is smooth and in view of

(5.7),

IfEOllreocry < N fllzeocry < N follzeo(r)s

(7.1)
If*OllLipry < Wf5lLipery < N follLiper)-
Setting 8¢ = (%I — K*[f*])(—x f*), we deduce from Proposition 4.1 and (7.1) that
5 7
16°llz2cry < CA + IIF ONlLipm))2 10xf Ollr2cry < CA + I follLipr))? V& 2 0. (7.2)

Lete, — Oandrelabel f,, = fé and 6,, = 6%:. From the uniform bounds (7.1) and (7.2), we obtain
the weak* convergences (upon extracting subsequences)

fu = fIL2([0, 00, WER(T)), 6, — 6 in L=([0, 00); LA(T)). (7.3)
In particular, (7.1) implies that

IfOllzery < Wfolley, N OlLipery < W follLiper)- (7.4)

We now prove that f and 6 satisfy (1.4)-(1.6) for all ¢ > 0. Fix an arbitrary time T > 0.
Step 1: Strong convergence in C(T x [0, T]). Combining the L? estimate (4.20) for G(f)g and
the uniform Lipschitz bound (7.1), we have

2
NG f nlleqo,rezcry < CQA + I follLipar) 1 follipm

and

183 fnllzeoorpsm-1) < N0x frllresqorrzy < Clfnllzsoqo.riLipmy) < CllfollLipem-
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3954 | DONG ET AL.

It then follows from (5.1) that d, f€ is uniformly bounded in L*([0, T]; H~!(T)). We have the con-
tinuous embedding W' (T) c C(T) ¢ H~!(T) where the first one is compact by the Azela-Ascoli
theorem. Thus the Aubin-Lions Lemma [60] implies that

fn—=f mC(Tx[0,T). (7.5)

In particular, lim,_,o+ f(-,t) = fo(-).

Step 2: f is the unique viscosity solution. It suffices to prove that f is a viscosity sub-
solution since its uniqueness then follows at once from Theorem 6.3. Indeed, assume that for
P : Tx(0,T) » R with 3,3 € C(T x(0,T)) and % € C((0,T); C*'(T)), f — 3 attains a global
maximum over T X [ty — 1, to] at (xg,ty) € T X (0,T) for some r > 0. Setting E(x, 1) =9(x,t)+
|t —ty|?> we have that f —a attains a strict global maximum over T X [ty —r, ty] at (X, tp)-
By the uniform convergence (7.5), there exists for each sufficiently large n a point (x,,t,) €
T X [ty —r,ty] such that f, —E attains a global maximum at (x,,t,) and (x,,t,) = (X, ty).
Set

¢n=¢+Mn’ M, ;= max (fn_lp_b)

Tx[tg—r.to]

so that f,, — 9, attains a zero global maximum over T X [ty — r, t,] at (x,,, t,,). It follows that

On(Xns tn) < 81 fnCnstn)s  OxPn(Xns 1) = O (s Ln)- (7.6)
The comparison principle in Proposition 2.15 gives

G ), t) 2 (GW)Pr) (s 1)- (7.7)
For any function g € C1!(T), we denote the generalized second order derivative of g at x by
0%*g(x) =1{a : 3x; — x with g twice differentiable at x; and g”(x;) — a}.

Since g € C!(T), g”(x) exists for almost every x € T and |g”(x)| < ||g’llLipr)- Consequently,
8%>*g(x) is nonempty for all x € T and |a| < ||g’||Lip for all a € 8**g(x). If in addition g is twice
differentiable near x and g”’ is continuous at x then 0%*g(x) = {g”(x)}. According to the sec-
ond order optimality condition proved in [55], if g € C1}(T) has a local maximum at x then
there exists a € 8>*g(x) such that a < 0. Applying this with g(x) = f,(x, t,) — ¥,(x,t,) we find
that

32 f (X, ty) < a, forsome a, € 32 P, (X, t,)-

Combining this with (7.6) and (7.7) yields
—~ 1
atlxbn(xna tn) < atfn(xna tn) = _K(G(fn)fn)(xn’ tn) + anchn(xn’ tn)

< ~<(GFIBa) s 1) + 7t
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3955

Consequently,

8.3t 1) < —( G ) (s 1) + -0
Since

sup |, | < sup 18Pl zeo(ty—r.somip() = 18x®llzeo((tg—r.so :Lip()
neN neN

and 6@ € C(T x(0,7)), letting n — oo in the preceding inequality yields
8,p(x0, tg) < —x im () (X 1),
where we used the fact that G(E)E = G(1)1. We claim that

lim (G@)P)(xn, tn) = (GAIP)(x0, Lo)- (7.8)
Taking this for granted and noticing that 6@(x0, ty) = 0,9 (xy, ty) we obtain

91 (x0, tg) < —x(GW)P)(xo, Lp)s

whence f is a viscosity subsolution. Analogously, f is also a viscosity supersolution. To prove the
claim (7.8) we write

(G (xns ) — (G())(xp, L)
= (G ))P(E))(x,) — (G(E0))P(10))(X,)
+ (G (1))P(10))(x) = (G(P(£0))P(10))(X0)
=N +NJ.
For i(ty) € CH1(T), G(1(t))P(ty) € C*(T) foralla € (0,1) and thus N} — 0. As for N7 we apply
the continuity and contraction estimates in Propositions 2.8 and 2.9 to have
INTI < IG@(t))P(tn) — G (L))P(to)llc(T)
< NG@EP(E,) — Gl (T
< NG@EN[D(E) — PUmr) + NG EDP(L) — G (E))Pto) (T

< F (1@, w2y 190(t) = ()l 21y = O
since ¢y € C((0,T); CHL(T)). This finishes the proof of (7.8).

We shall prove in the following steps that f and 6 solve (1.4)—(1.6) by passing to the limit in the
equivalent formulation (5.6) of (5.1).
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3956 | DONG ET AL.

Step 3: Equation (1.6). For any ¢ € C°(T % [0, T)), the second equation in (5.6) together with
(3.6) gives

T T
E / / @(x, 0, (x, t)dxdt — I = —x / / o(x, )0, f(x, t)dxdt, (7.9)
2Jo Ju 0o JT

where

T 1 tanh(fn(x’t)_fn(x,vt))
Iy =/ // Oxp(x, )5 arctan — i, 6,(x', )dx'dxdt.
o JTJT tan( )

The first and the last integrals in (7.9) converge to their corresponding limit in view of the weak*
convergences in (7.3). We show now that as n — oo,

. ) tanh( L0
It =1 :/ //axgo(x,t)— arctan 2/ 0, (x', t)dx'dxdt.
0o JTJ/T 27 tan(Z== x)

We split If -1, = Df + D;‘, where

Dy
T 1 tanh( fn(x“’xl’tz)_fn(x,’t))
=/ /Gn(x’,t)/ d,p(x+x',t)= arctan > dxdx'dt
0o JT Tn{|x|>5} 2 tan(>)
F+x",0—f(0)
L1 tanh(f ,
O(x t) O0,p(x+x,t)=— arctan dxdx’dt
27 x
Tlx|>6} tan(5)
and
Dy
T 1 tanh( fn(x"'x”tz)_fn(x’,t))
=/ /Qn(x/,t)/ 0,p(x+x', )= arctan = dxdx'dt
o JT Tn{|x| <6} 2 tan(>)
T ) tanh( f(x+x’,12)—f(x’,t))
—/ /G(x’,t)/ d,p(x+x',t)=— arctan S dxdx'dt.
o JT Tn{|x| <8} 2 tan(>)

From the uniform bound (7.2) and the obvious inequality | arctan(-)| < % it is readily seen that

7
ID}| < 8CN10,@llLe (X + [l follLipm)?-
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM | 3957

The strong convergence (7.5) of f,, combined with the weak* convergence of 6,, implies that for
any 6§ € (0,1),

lim |D"| = 0.
n—-oo

Thus by sending n — oo and subsequently § — 0, we conclude that I}' — I;. Consequently,

1 /7
—/ /G(x,t)go(x, t)dxdt
2o Jy

1 T tanh >
—p.v.—/ /6 go(x,t)/arctan - o(x’, t)dx’
27 o JT x T X—x )

tan( >

T

= —K/O /Tgo(x,t)axf(x, t)dxdt.

For f € WH®(T) and 6 € L*(T), we have K*[f](8) € L*(T) and hence integrating by parts in the
second integral yields (1.6) in L;’°LJZC.

Step 4: Equation (1.4). We proceed analogously for the f, equation in (5.6). We multiply (5.6)
by ¢ € C*(T % [0, T)) and use (3.13) to integrate by parts, leading to

T
/ / 819, 1)f . Dt + / 9, 0)(T,, * fo)(x)dx
0T ' (7.10)

T
= ISL —&n / / 9, @(x, )0, fn(x, t)dxdt,
0JT
where

L
T
= %/O/T@go(x,t)/wrln (cosh(f,(x, )= fn(x', 1)) —cos(x—x"))6,(x’, )dx'dxdL.

By (7.3), the first integral in (7.10) converges to the same integral with f in place of f,. Since I';
fo = fo in C(T), the second integral in (7.10) converges to fT @(x,0)fo(x)dx. The last integral
tends to zero owing to the uniform Lipschitz bound (7.1). Thus it remains to analyze the nonlinear
term I Using identity (5.19), Fubini theorem and the change of variable in x — x + x’, we rewrite

I} as
T AN ’
Iy = L//en(x’,t)/@x<p(x+x’,t)ln <2sinh2 <f”(x+x D= fnlx ’”)
ar Jo Jv T 2

+ 2sin’ (;))dxdx'dt.
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3958 | DONG ET AL.

Then we split I;‘ = J;‘ + J;l, where

LT sinh? <fn(x+x’,t)—fn(x’,t)>
= o /Gn(x’,t)/dxcp(x+x’,t)ln 1+ — Xz dxdx'dt
T Jo Jr T sin (E)

and

T
= % : /Ten(x’,t)/vaxqo(x+x’,t)ln <2sin2(§))dxdx'dx

T
__i ! ! f ’
= Tan ), /Te”(x’t)/Tq"(x"'X,t)COt(z)dxdx dr

T
_ % /0 /T 6,(x', OH(p)(x', )dx'dt.

Here H denotes the Hilbert transform on T. The weak* convergence of 9,, in (7.3) implies the
convergence for J}. The estimate

N ’
sinh (fn(x+x )= fn(x ,t))

2 T
< Sfgllze cosh(llfollze)

sin(g)

allows to bound the In function in Ji'. Then the convergence for J' follows along the same lines
as for I''. Therefore, taking n — oo in (7.10) yields

T
/ / 819, 1)/ Cx, dxdt + / o(x,0)fo(x)dx
0JT T

T
= %/O/Wdeqo(x,t)/Tln (cosh(f(x,H)— f(x', £))—cos(x—x"))0(x’, )dx'dxdt.

Finally, the regularity of f and 6 together with integration by parts provide the evolution Equation
(1.4) for f in the Lf"Li sense. The proof of Theorem 1.2 is complete.
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APPENDIX A: TRACES FOR HOMOGENEOUS SOBOLEV SPACES

Let f € Lip(T9) and recall the notation Q; = {(x,y) € T* xR : y < f(x)}. Let H'(Q/) denote
the homogeneous Sobolev space defined by (2.9). We prove the trace and lifting theorems for
functions in H'(Qy).

1
Theorem A.1. There exists a unique bounded linear trace operator Tr : H(Q )= H2(T%) such
that the following hold.

D Tr(u)(x) = u(x, f(x)) forallu € Hl(Qf) N C(Q_f).
(2) For some constant C = C(d),

< . - . .
I Tr(u)IIH%(Td) < CA+ I Muipra el o, (A
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Proof. By the density of C° (Q_f) in H(Q 1), it suffices to prove the estimate (A.1) foru € C¢° (Q_f).

Step I: f =0, that is, Qr = Qg = T¢ x R_. We extend u to T¢ X R by even reflection. That is,
u(x,y) = u(x,—y) for y > 0. Clearly, 1l g rasy < 2Mullgrraxr_y- We have Tr(u)(x) = u(x,0)
and

Trw)(k) = > / ik, &)de, 1k, &) = / u(x,y)e *k=vidydx.
TdxR

By the Cauchy-Schwartz inequality, for k € Z9 \ {0},

/ 0+ E1ale P [ gt

/ (k2 + E)]atk, e,

=Tk
SO
—— 1 .
ITal?, = Y KT P < o~ / (k2 + £2)|ack, §)2dg
H2(TY)  kezd\{o} kezd /R
= C@DINV sy Ul sy < 20D, o

Step 2: f € Lip(T%). Setting v(x,z) = u(x,z + f(x)) for (x,z) € T¢ x R_, we have Tr(u)(x) =
v(x,0)and v € HY(T? x R_) with

ol raxr_y < U+ I lipaa)llullga))-

Using Step 1 we deduce that

ITe@Il 1 =[v(, 0l 1
H2(Td) H2(Td)
L C@DIvllgraxr_y £ C(A)(A + ||f||Lip(1rd))||u||H1(Qf),

thereby finishing the proof. O

1
Theorem A.2. For every g € H2(T?), there exists u € H'(Q 1) such that Tr(u) = g and for some
universal constant C = C(d),

lullgio, < €A+ ”f”Lip('ﬂ'd))”g”H%(Td)- (A2)

Moreover, we can choose u(x,y) = uy(x,y — f(x)), where uy(x,Y) = e¥1Pxlg(x) for (x,Y) € T¢ x
R_.

Proof. Clearly, with the given function u we have u(x, f(x)) = uy(x,0) = g(x). Since

8. us(x, Y) = €' P10, g(x) and  dyuy(x, ¥) = ¥141|D, Jg(x),

:sdpy) suonIpuoy) pue UL, Y1 938 “[$707/20/2] U0 Areiqry auruQ Aip puelley JO ANsioatun £q 1z edo/z001°01/10p/wod Kaim Areiqiaur{uo//:sdny woly papeojumo] ‘z1 ‘€0Z ‘TIEOL60T

19)/Ww0 KoM

asuadI suoto)) aAnear) ajqeandde ay Aq PaLIACS A1k SAPIIE VO 198N JO SA[NI 10§ AIRIGLT AUIUQ AJ[IAL UO (SUOY



GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3963

using the Plancherel Theorem for the x variable one can easily prove that

d
119y, ugll? = C1(d)ligl o I0yugllaraxe_y = C2(Dligl 1 .
Z{ Xl acraxr ) i ray #lL2(TdxR_) PRI

Consequently,

Nl gicap < 200+ 1 NLipara)llugll g raxe_y < C(@)(A + “f”Lip('ﬂ'd))”g”H%(Td)’

which finishes the proof. O

APPENDIX B: THE DIRICHLET-NEUMANN OPERATOR FOR THE DISK

Proposition B.1. Let g € C(T) be C* at x € T. Let u € C(B,) be the unique solution of the
Dirichlet problem

Au=0 inB(0), ulsp ) =8
where e = (cos x, sin x). Then the normal derivative
d,u(e™) := lir{l eX . Vu(re™)
r—1—

is well-defined and

V.4 / /
, +x)+glx—x")-2
3,u(e™) = —— / ghctx) Fgle = x) = 2800 (B.1)
87 J sinz(x—)
2
Proof. Since g is C'% at x, there exist M > 0 and y > 0 such that
1g0x +x') — g(x) — g’ (G)x'| < MIX'|™* Vx| <. (B.2)
Since g € C(T), u is given by the Poisson formula
/ ’ ’ ’ 1- |Z|2 1
u(z) = K(z,z')g(z)ds(z"), K(z,z')= ————5
3B,(0) n o |z-7|
for z € B;(0). Consequently,
z-Vu(z) = / z - V,K(z,z")g(z")ds(z"), (B.3)
dB,(0)
where
2 . _ o/
2 VK@) = - - - e S (B4)
zZ

mlz—z'|4"

Tz —
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3964 | DONG ET AL.
When g = 1 we have u = 1 and thus (B.3) yields
/ z-V,K(z,z")dS(z') =0, 2z e B(0). (B.5)
9B,(0)
Denoting z, = e™* and using (B.5), we write
z-Viu(z) = / 2 V,K(z,2)lg(z)) - g(z)ldS()
9B1(0)
|z 1
=2 _[sz.) - g(@)ldS()
T Japyo) 12— 21 (B.6)
1—|z|2/ z-(z-2")
+— ——— " lg(z.) — g(z"]ds(z")
T om0 12—2'14 *
=Jl +.]2, ZGBl(O)
Step 1. In this step we shall prove that
lim J, = 0. (B.7)
r—1—

Indeed, we first use the equality r> + 1 — 2r cos x = (r — cos x)* + sin” x to have

_1-r T r? —rcos(x — x')

2= T _z (r? +1—2rcos(x —x'))? [g(x) — g(xD]dx’

!
(l—rz)r/ﬂ r—1+2sin2%
27 [

(r —cosx’)? + sin’ x/]

> [2g(x) — g(x + x') — g(x — x")]dx'.

In the integral defining J,, it suffices to consider x’ near 0 because away from 0 the integrand is
uniformly bounded asr — 1. For sufficiently smalla € (0,y), letJ g be the contribution of |x’| < a.

In view of (B.2), we have

0
|J2| < dx’

1 -rdr /“ 1 - r)M|x'|

2 a [(r = cosx')? + sin” x']2

dx' :=1+1L

.2 x 11+a
. (1—r)r /a 2(sin ?)M|x |
2 —a [(r = cos x)? + sin” x/]2
Using the inequalities

|sinx’| < |x'| Vx' and |[sinx'|>c|x/| Vx' € (—a,a)

we estimate

1] < dx’'

!
a-rr [° 2(sin’ %)M|x/|1+“
27 /_

4,
a sin” x
_p2 a 2 a
< 1-rrM 1 dx’ < (1 -rs)rMa .
47e _g Ix/1e 27act
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3965

Hence, IT — 0 asr — 17. On the other hand,

1-— 2 a 1—-rM I 1+a
< r)r/ U=DMILE gy
2 —a [(r —cos x’)? +sin” x’] sin” x/
(B.8)
(1 - rM 1—r ,
— dx’.
2 ¢ J_g [(r — cosx')? + sin” x']|x/ |1«
Writing (r — cos x)? + sin® x’ = A —=r)?+4r sin’ x?’ we deduce that
1-r? - M(1
|II<( r)rM/ > 12r,2 — dx’SC(l—r)“—( +r)r‘
[(1=r)%+re2|x|2]]x |1~ 2¢2(\/re)=
This concludes the proof of (B.7).
Step 2. Combining (B.6) and (B.7) yields
d,u(e™) = lim z - Vu(z) = lim J,(2)
r—1- r—1-
1 1 , ,
= lim — —,lz[g(Z)—g(z )1dS(z")

r=1= 7 Jag 0 |z—2z

1 /” 28(x) —glr +x) —gx —x")
r=1- 27 J_ (r — cos x')? + sin” x’ '

In order to obtain (B.1) we compute

L /71 Zg(x) - g(x + x') - g(x - x’)dx/ 3 % /271 Zg(x) — g(x + x’) _ g(x _ x/)dx/
_r o

.2 i ’
(r —cosx’)2 + sin” x’ sin® =
2

~(1+r—2cosx)dx’.

1—r/ 2g(x) — g(x + x") — g(x — x")

4 7 [(r — cos x')? + sin’ x'] sin® X

As before it suffices to consider |x’| < a for small a. Writing
, .2 X'
1+r—2cosx’ =(r—1)+4sin (?),

we split

= (1 — r) /a Zg(x) - g(x + x’) - g(x _ xl)dx,

(r—cosx’)? + sin” x/

(r—1)dx’ :=L; +L,.
4 ) [(r —cosx’)? + sin’ x'] sin® <

+1—r/a 2g(x) —g(x + x") — g(x —x")

:sdny) SUONIPUOY) PUE SULI | Ay 938 “[70T/20/2C] U0 AIIqUT SIUQ) ASJIAY “PUBIKIEN JO ANSIOAIN Aq $7 127 2d0/Z00101/10p w0 Ko ATeiqiaui[uoy/:sdiy woty papeojumod] ‘Z1 €202 ‘2 1€0L601

19)/Ww0 KoM

asuadI suoto)) aAnear) ajqeandde ay Aq PaLIACS A1k SAPIIE VO 198N JO SA[NI 10§ AIRIGLT AUIUQ AJ[IAL UO (SUOY



3966 | DONG ET AL.

Clearly,
a . 1+a a
2M
Li<a-nv [ P g0 <o pMe
. 2 2
—a sin” x/ cea
On the other hand, L, can be treated as in (B.8). The proof is complete. [

APPENDIX C: CONSTRUCTION OF 1,

Let f € WL(T x (0,T)) be Ch! at X, = (x,t,) € T x (0, T). Recall the definitions (6.3) and (6.4)
of the parabolas z,_b and @ tangent to the graph {y = f(x, t)} from above at (x,, f(xy, t)). We con-
struct a family of functions ¢, € C®(T X R), r € (0, ry) satisfying the properties in (6.5). Assume
without loss of generality that f(X,) = 0 so that

BX) = Vi S KX = Xo) + 51X = Xl

PX) = Vx fF(Xp)X — Xo) + CIX — X/,

and f(X) < J(X) for | X — Xy| <rg < % min{z, ty, T — ty}. We extend f to 0 outside (0, T) and set
M = || f lLiprxco,r))-

Let T, be an approximation of the identity in R? as r — 0 and denote h”) = h * T, for any
h : R? - R.Forany U C R?,

1A = Al o) < rllhllLipw+8,0))-

Forr € (0,rp),letg, = f ) 4 (M + 2)r?,so that g, — f > 2r?. By increasing C if necessary, we
can assume C > 4(M + 2). Then for | X — X,| € [r, 1), we have

P(x) — g,(x) > Vi fF(X)X — Xo) + CIX — Xo|? — [f(X) + Mr? + (M + 2)r?]
_ (C1
>9Pp(X) - f(X) + %,.2 —2(M + 1)r? > 2r%.

Let F(a,b) = min{a, b}. Note that ||F||iipr2) =1 and F©(a,b) = a if a < b —§. In addition,
F®(a,b) < a® = a and likewise F©)(a,b) < b.

Define ¢, = F(rz)(g,,l,b) in B,(X,) and ¥, = g, in R? \ B,(X,). In fact, (C.1) shows that (X) —
g.(X) > r? in an open neighborhood of B,(X,), so that i, = g, in the same neighborhood. It
follows that ¢, is a smooth function on R?. We have ¥, < ¥ in B,(X,)) and in view of (C.1), ,(X) <
P(X) for |X — X,| € [r,ro). Consequently, §, <9 in B, (X,). In B.(X,), when ,(X) < (X), we
must have (X) > g,(X) — r?, whence

$,(X) 2 min{g, (X), pCO} — r? 2 g,(X) - 2r* > f(X).

Therefore, ¥, > f in B,(X).
Let § € (0, r(z)) be arbitrarily small. Clearly,

. 2 . 2
im0 =f in C(OUX[8,T-6D, sup If lLiprxsr—s) <M.
r—0 r2€(0,8)
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GLOBAL WELL-POSEDNESS FOR THE ONE-PHASE MUSKAT PROBLEM 3967

This together with the definition of ¢, yields

y_{% Yp=f in CAXI[ET-36], sup [P lluipuxisr—s) < oo,

r2€(0,6)
where I = [xq — 7, xy + 7] and X = (xg, tp)-
We have proved that 1), satisfies all the properties in (6.5) but with T replaced by I. To finish

the proof, we note that x, is the midpoint of I and ¥, = g, for |X — X| > r. Therefore, since
g, € C®(T X R) and I has length 277, we can periodize ¥, as

Y (x + k2m,t) =P (x,t) V(x,t) eI XR,Vke”Z

and obtain ¥, € C*(T X R).
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