Acta Biomaterialia 163 (2023) 78-90

Contentslists availableat ScienceDirect

Acta Biomaterialia

journal homepage:www.elsevier.com/locate/actbio

Full lengtharticle

Understanding thanelasticresponseof collagenubrils: A
viscoelastic-plasticonstitutivemodel”

Check for
updates

FernandaF. FonteneleNikolaos Bouklas

Sibley School of Mechanical and Aerospace Engineering, Cornell University, NY 14853, USA

article info abstract

Article history:

Received 30 March 2022
Revised 1 July 2022
Accepted 5 July 2022
Available online 12 July 2022

Collagennbrils, which are the lowest level ubrillar unit of organizationof collagen,are thus of primary

interesttowardsunderstandinghe mechanicalbehaviorof load-bearingsoft tissues.The deformationof

collagenubrils shows unique mechanicalfeatures;namely their high energydissipationis evensuperior
comparedto most engineeringmaterials.Additionally,there are indicationsthat cyclic loading can fur-

ther improvethe toughnessof collagenubrils. Recentexperimentsfrom Liu at al. (2018)focusedon the

responseof typel collagenubrils to uniaxialcyclicloading,revealingsomeinterestingresultsregarding
their rate-dependentand inelasticresponse.n this work, we aim to developa model that allows inter-

pretingthe complexnonlinearand inelasticresponseof collagenubrils undercyclicloading.We propose
a constitutivemodel that accountsfor viscoelastiadeformationsthrougha decoupledstrain-energyden-

sity function (into an elasticand a viscousparts),and for plasticdeformationsthrough plasticevolution
laws. The stress-stretchresponseresults obtained using this constitutivelaw showed good agreement
with experimentaldataover complexloadingpaths.Ultimatelywe use the model to gain more insights
on how cyclicloadingand rate effectscontrol the interplaybetweenviscoelasti@nd plasticdeformation
in collagenubrils, and to extrapolatethe resultsfrom experimentaldata,analyzinghow complexcyclic

load intuences energydissipationand deformationmechanisms.
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Statementof signifbcance

In this work, we developa viscoelastic-plasticonstitutivemodel for collagenubrils with the aim of an-
alyzingthe effectsof inelasticityand energydissipationin this material,and more speciucallythe com-
petition betweenviscoelasticityand plasticityin the contextof cyclicloadingand overload.Experimen-
tal and theoreticalapproachesso far have not fully clariued the interplay betweenviscousand plastic
deformationsduring cyclic loading of collagenubrils. Here, we aim to interpretthe complexnonlinear
responseof collagenubrils and, ultimately suggestpredictivecapabilitiesthat can inform tissue-levelre-
sponseand injury.To validateour model,we compareour resultsagainstthe stress-stretcldataobtained
from experimentf cyclicloadedsingleubrils performedby Liu et al. (2018).

© 2022Acta Materialialnc. Publishedby ElsevierLtd. All rightsreserved.

1. Introduction

Many soft biological tissuesthat servea load-bearingfunction,
such as tendon,ligamentand cartilage,are composedof hierarchi-
cally assembledcollagen proteins.Fibrillar collagenis usually the
main load-carryingcomponentof thesetissuesand the way that
it is connected,distributed and aligned determinesthe mechani-

“ Part of the Special Issue on the Mechanics of Cells and Fibers, guest-edited by
Professors Amrinder S. Nain, Derrick Dean, and Guy M. Genin.
* Corresponding author.
E-mail address: nb589@cornell.edu (N. Bouklas) .

https://doi.org/10.1016/j.actbio.2022.07.011
1742-7061/© 2022 Acta Materialia IRublished by Elsevier LtdAll rights reserved.

cal propertiesof the tissuesthroughoutlength scales[1-4]. Col-
lagen ubrils (up to 1cm in length, and 500m in diameter[5])
are the lowest level of ubrillar organizationof collagenabovethe
molecular level. They are composedby the ordered assembly of
tropocollagen(TC) molecules (approx.300nm in length,and 2nm
in diameter)and are D-periodic with D = 67nm, as the length of a
TC monomeris not an exactmultiple of D but L = 4.46D,creating
gapsof 0.54Dand overlapsof 0.46D[6,7]

The structureand the mechanicsof collagenubrils, in the con-
text of monotonic and quasistaticloading, have been extensively
studied [8-101 Yet, understandingthe cyclic responseof collage-
neous tissues throughout scales is also highly relevantfor both
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physiologicalloading and overload-inducedinjury. However,even
though signincantinvestigationshave been performed at the tis-
sue level [11-15] the cyclic responseat the ubril level and below
has not been explored as widely. In fact, it is known that some
mechanicalproperties of collageneoustissues may vary substan-
tially acrosslength scales.Studieshavereportedthat collagenub-
rils havemuch smallerYoung’smodulus and much largerviscosity
than collagenmolecules[16] and that the fracture strain signiu-
cantly decreasedrom collagenubrils to the tissuelevel [17]

Studies at different levels of tissue hierarchy (molecule, ubril,
uber, fascicleand tissue) have shown that the level of applied de-
formation affects collagen degradation,which in turn, intuences
the mechanicalpropertiesof the tissue [18-20] Additionally,the
mechanismsunderlying the rate-dependentdeformation of colla-
genubrils are not clearly understoodand are bound to havea sig-
niucant effect on their degradationRegarding the deformation of
a single collagenubril, viscoelastic21,22]Jand plasticdeformations
[23] as well as the presenceof back stress[21] have been pre-
viously identiued. The elastic deformation has been attributed to
the stretchingof the collagenmolecules[24] The viscousdeforma-
tion, on the other hand, has been attributedto the rearrangement
of collagenmoleculesand other mechanismsbeyondthe collagen
molecule,such as the rearrangemenbf the water moleculesinside
the ubrils [21,22,25]and to the dynamicsof hydrogenbonds be-
tween molecules[22]. As a mode of plastic deformation,discrete
plasticity has beenidentiued in ubrils in an experimentalsetting
[23,26-29] pointing to the sliding of sub-ubril constituentsas the
causeto inelasticdeformationsand energydissipation.Somestud-
ies suggestthat the origin of plastic deformationin ubrils is due
to the slip betweentwo tropocollagenmolecules with the rup-
ture of covalentbonds[30,31] The presenceof hardeningand back
stressassociatedwith plastic deformationhas also beenidentined
in some experimentalstudies[21,25]

Nevertheless,accuratemodeling predictions of experimentally
observedrate-dependentesponsesat the ubril level are still chal-
lenging. Coarse-grainedsimulations have been performedto ana-
lyze the mechanicsof collagenubrils at the nanoscalelevel allow-
ing sub-ubril resolution [16,32] These models were extendedby
Tanget al. [2] in a multiscale setting that employed continuum
formulationsin a rate-independentsetting.There, a strain-energy
density function was formulated to characterizethe hyperelastic
responseof collagenubrils, in addition to a plastic evolution law
to characterizethe permanentdeformationof ubrils, as part of a
multiscaleinformed model for collageneoustissue. They carefully
connectedthe mechanismsof deformationobservedat molecular
level to the changein stiffnessof ubrils, and selectedfunctionsfor
the model that could capturethese featuresvery well, however,
the study was limited to monotonicloading without accountingfor
rate effects.

Rheologicalmodelshavealso beenlargelyused as a way to cre-
ate and interpret constitutivemodels for elastic,viscousand plas-
tic natureof biological[33]and other soft materials[34-37] Some
models are not continuous and make use of Heavisidefunctions
to describethe differencebetweenloading and unloading curves
[33] As it is more challengingfor models that employ discontin-
uous functions for loading and unloading to havea clear physical
interpretation Silbersteinand Boyce[34] investigatedhe response
of Nauon, and introduced continuous functions to representthe
deformationof polymersin cyclic loading.Even though the mate-
rial systemis differentthan collagenubrils, the phenomenologyof
the responseis similar, involving elastic, viscous and plastic com-
ponentsalong with the presenceof back-stress.

To better understand how collagen ubrils respond to cyclic
loading and at the same time be able to predict more complex
loading paths, a constitutivemodel has to be formulatedthat can
capturethe complexinteraction of viscoelasticand plastic defor-
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mation mechanismspresentin this type of material.In this work
we propose a constitutive formulation that aims to capture the
rate-dependentresponseof collagenubrils. More speciucally,we
intend to connect how cycling at different strain levels impacts
the apparentstiffness,inelastic deformationsand energy dissipa-
tion in collagenubrils. To the best of our knowledge,no constitu-
tive model has been developedthat can captureboth viscoelastic
and elastoplasticeffectsin the responseof collagenubrils to non-
monotonicloading. We use the experimentaldata providedin the
work by Liu et al. [38] to validateour model.

This paper is divided as follows. In Section 2, we survey the
mechanicalresponseof type | collagenubrils subjectedto cyclic
uniaxial tensile load as observedfrom experiments.We postulate
that a viscoelastic-plasticmodel is suAcient to capture the ob-
servedresponses.In Section 3, we specify the componentsof our
constitutive modelWe urst review the kinematics of elastoplastic
deformation,and outline the strain-energydensity function which
characterizesthe viscoelasticbehavior of the material. Next, we
specify the elastic and the viscoelasticmodels. Finally, we spec-
ify the models for rate-independentplasticity, which include the
plasticiow rule, yield criterion as well as isotropic and kinematic
hardening.In Section 4, we wurst calibratethe constitutivemodel
againstthe experimentaldata from the work by Liu et al. [38]
Then, we use the constitutivemodel to uncoverthe relationship
betweencyclic loading and so-called overload.In Appendix A, we
outline the equationsused to calculatethe stressfor the speciuc
constitutivemodel in this work, and in Appendix B, we detail the
numerical integrationof the viscoelasticand plastic equations.In
Appendix C we show resultsfor an alternativeset of parameters.

2. Collagen fbbril response under cyclic load

The response of collagen ubrils to uniaxial tension is highly
nonlinear. Undeformed collagen ubrils are usually found in a
crimped (wavy) state, deviating from a perfectly straight conug-
uration. Becauseof that, the ubrils carry little load in the ini-
tial bending-dominatedegimeof the deformation.As the crimped
ubrils approacha straightconugurationthe deformationbecomes
stretching-dominatedFollowing the nomenclaturefrom the work
by Liu et al. [38] this initial stiffening processis denominated
“regimel”. The nextstage,“regimell”, is characterizecby a soften-
ing in the material.Finally, the last stage,“post-regimell” deunes
the region in which the material has a secondarystiffening, pre-
cedingfailure.

When the collagen ubril is subjected to cyclic loading, the
stress-strain response becomes signiacantly more complex. The
unloadingof the materialis nonlinear,as we can verifyin Fig.2 in
Liu etal.[38] In that work, Liu et al. investigatethe responseof re-
constitutedcollagenubrils to cyclic loading. The ubrils, composed
of type-I collagen,are extractedfrom calf skin under partially hy-
drated conditions of 60% humidityThey subjectedthe ubrils indi-
vidually to a urst series of cyclic uniaxial tests within the limits
of eachregime-“regimel”, “regimell”, “post-regimell”- (termed
series-1), let the material rest for 60 minutes and repeatedthe
load for each regime after the recoverytime (termed series-2).
The reloading curves of the cyclesevolve showing some possible
ratchetingeffectas the averagestrain increaseswith cyclesuntil it
reachesa stablevalue[39] This equilibrationis evidentas curves
that belongto the unal cyclesof the same seriesare overlapping.
Additionally,we note that the inelasticstrain is partially recovered
as the ubrils are allowed to rest, showing evidenceof viscoelastic
deformation.However,part of the inelasticstrain is not recovered
which point to plasticdeformation.We canobservethatin Fig.3 in
Liu et al. [38], as the urst cycle of series1 does not overlapwith
the urst cycle of series2.
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Fig. 1. Engineering stress-stretch curve obtained from experiments on four distinct collagen ubrils subjected to uniaxial stress load, for monotonic loading and for a number
Nc of cycles of loading at different strain levels (regime I, Il and post-regime Il), whege=NLO for regime | and post-regime I, andN= 20 for regime Il. For regimes with

. =10, only curves 1, 9 and 10 are shown, and for regimes with N= 20 , only curves 1, 2, 8 and 10 are shown, reporting the available experimental data, which was
provided by Liu et al. [38] . Each ubril is only subjected to one level of loading. (a) shows the original stress-stretch data found in [38] . (b) shows the stress-stretch curves
from the data adjusted for the updated values of diameters of the ubrils. The curve for regime Il is the reference curve and the diameters of the ubrils for the other curves

were multiplied by the following factors:sf= 0 . 89 for the monotonic curvg,# 0 . 91 for Regime | and £ 1 . 14 for Post-Regime II.

In Fig. 1a, we show data from four separateexperiments,each
correspondingto a distinct collagenubril specimen,as presented
in the work by Liu et al. [38] These data points correspondto
series-1cyclicloading from regimel, regimell, post-regimell, and
a monotonicuniaxialtensionexperimentsin this order,eachcyclic
regime correspondsto an increasingvalue of maximum applied
stretch in the loading direction. To clarify, each of the four ub-
rils was testedonly on one regime.The ubril diametersare very
small and each measurementof the diameterfrom imaging data
comes with signiacant uncertainty.This uncertaintyin the mea-
surement of the diameter,when squaredto calculatethe stress
values from the measuredforce, has a signiucant effect on the
stressvalues,and, consequentlywe hypothesizethat it may have
resultedin the lack of overlapbetweenthe curvesin Fig. 1a. The
authorsof [38] providedus with measurement$rom imagingdata
that showedthat there were uncertaintieswith the measurements
from the collagenubril diameterscorrespondingto the specimens
used in the monotonic,regimel and post-regimell experiments.
Adjustingin line with the updatedimagingmeasurementsand cal-
culating from the raw data of the measuredforce that the au-
thors of [38] provided (updating the ubril diameters),we obtain
the stress-stretchresponsefor these four separatetests that we
compile in Fig. 1b. The curve for regime ll is taken as the ref-
erence curve, since the specimentestedin this regime had the
most accuratelyreporteddiameter.Indeed, this hypothesisis vali-
dated as,after adjusting the ubrildiameters,we observe a signiu-
cant overlapof the stress-stretchcurvesfor the monotonictensile
loading portion of the four experiments.We note that the slight
deviation of the initial portions of the four curves could be due
to experimentalsetup leadingto differentinitial curvaturesof the
ubrils.

With all these featuresin mind, we seek for a constitu-
tive model that captures the stretch-stressresponse of type |
collagen ubrils under uniaxial tensile load, for monotonic load
as well as cyclic load within all three regimes of deforma-
tion. Thus, we formulate a phenomenologicalmodel which ac-
countsfor viscoelasticand elastoplastiaesponseat unite deforma-
tions.

3. A viscoelastic-plastic constitutive model for collagen fbbrils

In this section,we presenta brief discussionon kinematics,fol-
lowed by the description of our choices of models for the elas-
tic, viscous and plastic responseof collagenubrils based on the
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observationsfrom cyclic loading of collagen ubrils discussedin
Section2.

3.1.Kinematics

Considera homogeneousbody with referenceconugurationfg
at some uxed time ty. Let X be the position vector of a material
pointin Ao and x be the position vectorof a materialpoint in the
currentconugurationd attimet .The deformationof the material
from {g to & is deanedby the motion

x=X(X,t) =X +u(X,t), (1)

where u correspondsto the displacementof the material point.
The deformationgradientin { is deanedas

F=Vyx=2XX0, (2)

with components F; = 9X;/8X;, where Vx(+) =9(¢)/dX is the
gradientoperatorin the referenceconuguration.In the contextof
elastoplasticity, we assumea standard multiplicative decomposi-
tion of the deformationgradient[40] i.e.

F = FeFP, 3)

where F€ and FP representthe elasticand plastic parts of the de-
formationgradient,respectivelyNote that we make) = J€, with | =
detF and J€ = detF®, which follows from the assumptionof plastic
incompressibilityof the material,i.e. )P = def{(FP) = 1. The decom-
position in (3) introducesan intermediateconuguration,which we
denote as A;. The plastic part of the deformation gradientmaps
the material point from ¢ to the &;, and the elastic part maps
the materialpoint from 4; to . We takethe intermediateconug-
uration to beisoclinic[41] so as the symmetryaxis of the material
in {); coincidesat all times with the initial symmetryaxisin 4.
Becauseof the decompositionof F in (3), we candenneelasticand
plastic strain measuresseparatelyin terms of F® and FP, respec-
tively.Here, we use the elasticGreenstrain tensor
1
EE=Z(C°— 1), (4)
2
where C® = F€TFe is the elastic Cauchy-Greendeformationtensor,
and | is the second-orderidentity tensor.

Finally, we denne the rates of deformation of the material.
The velocity gradienttensorin 4 is deaned as L = dv/dx, where
v =) (X, t) is the velocity neld. We note that hereona dot overa
tensordenotesthe materialtime derivativeof the tensor.In what
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follows, the velocity gradienttakesthe form L = FF~1, and by em-
ploying the decompositionin (3), it is also expressedas

L =Fe-Fe + FeLPFeY,  LP = FPFPY, (5)

where Lip is the velocitygradientin the intermediateconuguration.
3.2.Strainenergydensityconsiderations

Consideringthe nanostructureof collagenubrils [7,8,10]known
mechanismsfor inelastic deformations[21,22,25,30land features
of the responseof cyclically loaded collagen ubrils discussedin
Section2, we chooseto model this materialin the contextof cou-
pled viscoelasticityand elastoplasticityat unite deformations.

We consider that the viscoelasticconstitutivebehavior of the
material can follow a speciued strain energy density function 4+
that accountsfor the preferentialdirection of alignmentof the mi-
crostructureof collagenubrils, in the direction of the ubril itself
[7,8,30,42]We assumethat the energy-function¥> can be addi-
tively decomposedinto an elasticpart #&F% that considersthe equi-
librium responseand a viscoelasticpart ¥ that accountsfor rate-
dependenceas follows

=5+ . (6)

The elastoplastiaesponseof the materialis formulatedassum-
ing a rate-independentapproach; we effectivelyassumethat all
rate effectsare accountedfor by viscoelasticity The yield surface
is deunedfrom a yield function = consideringisotropic and kine-
matic hardening,and the direction of the plastic iow is deuned
basedon an associativetow rule.

3.2.1Elasticequilibriumresponse

The elastic equilibrium responseof the material, deaned with
respectto the isoclinic intermediateconaguration,is assumedto
comply with a strain-energydensity function »€€) = 8»(°). It
follows that the symmetric(second)Piola-Kirchoff stressis
S— iR =3

OEe’

In this work, we assumethat the strain-energydensity function
25 characterizingthe purely elastic deformationis a transversely
isotropic invariantof C® with symmetryaxis ag, which is the unit
vectorin the referenceconugurationthat representsthe axial di-
rection of the collagenubrils. Thus, we can write the function 2
in the form Ericksenand Rivlin [43], Spencer{44]

25(C) = (Iy, I, I3, Ig, Is), (8)

where |} =trC®, I, = (trC®)2 — tr(Ce)zx,%b = detC®, 14 = ag - Cay,
and Is = ag - (C®)2a, are the set of principal scalar invariants of
C® and pseudo-invariantsof C® and ap & ag, where the symbol
A represents the dyadic product between tensors of any order.
Consequently,to und the elastic equilibrium part of stress in
the ubrils, we use (7) and (8) and calculateS® = 9 %5(E®)/JE® =
20%5(Ce)/dCe.

We choosea speciucenergy-functionfor (8) to characterizethe
purely elastic equilibrium deformationof the material, which we
denote as ¥5. We select a function that is able to capture the
main aspectsof the recoverablerate-independentdeformation of
the collagenubrils, as describedin Section?2. Following the work
by Tanget al. [2], we use a Neo-Hookeanmodel with the shear
modulus dependingon the axial direction of the ubrils ag through
the fourth invariantl,. Here we take the compressibleform of the
Neo-Hookeanmodel as follows

=, - 3-21n)) + B - 1)2, (9)

where U = o f(l4) is the varyingshearmodulus, 1 is a constant
and] = detF. The parameterf3 representsthe bulk modulus,which

(7)

81

Acta Biomaterialia 163 (2023) 78-90

is assignedto a large value (B >> [g) in this work, in order to
approachincompressibility The function f(l,) is deanedas

b)), (10)

where a;, a,, a3 and a; are materialconstantsto be utted, and |y is
a material constantthat representsthe secondarystiffness of the
wbril in the stageof deformationprecedingfailure. The hyperbolic
functionin f capturesthe evolution of the stiffnessas the ubrils
are stretchedfrom the crimped state,characterizingthe “toe” re-
gion [2].

We note that the formulation of the elastic equilibrium part of
the stress S®, calculatedusing the energy-functionin (9) can be
found in AppendixA.

f(l4) = a1 tanh[ax(ls — 1)] + asexplas(ls —

3.2.2.Non-equilibriunresponse

The model for the viscoelasticresponseof the material,similar
to the model for the elastic equilibrium response,is dexned with
respectto the isoclinic intermediateconugurationthrougha strain-
energydensity function Y basedon the decompositionfrom (6).
We follow the work by Linder et al. [45]and Wanget al. [46] and
adopt a viscoelasticmodel urst introducedfor rubber-like materi-
als. We takea strain-energydensity function of the type #Y(Ce, A),
where we include an internalvariableA to accountfor the dissipa-
tive viscousoverstresgelatedto the viscoelasticdeformationsThe
speciucviscoelasticstrain-energydensity function is given by

2 =

where A is a symmetrictensorial quantity [45]. Here,the bar over
the tensor C® denotesthat we are using the volume-preserving
(distortional) part of the elastic right Cauchy-Greerntensor,which
is givenby C° = F° F°, where F* = Je-V3Fe,

The evolution of tensorA in (11)is givenby

_ 1(Ee -1
T

1 = —e
§|JV (A:C = 3) - In(detA) , (11)

—A), A(X t) =1, (12)

with T being a single relaxation timescaleand | is the second-
order identity tensor.When C& ~1= A, the systemis expectedto
reach equilibrium and be fully relaxed.We note that the viscous
overstressSY can also be calculatedusing (7), along with (11)
i.e. SV = dxY(ES A)/JES = 20%Y(Ce, A)/ACe. This calculation can
be found in the AppendixA.

3.2.3.Plasticresponse

We choose a rate-independentplasticity model based on the
ideathatthe slip systemsin the collagenubrils lie on the direction
of the symmetry axis ag [47] of the nanostructureof the wubrils,
following observationsof discreteplasticity from experimentsand
coarse-grainedsimulations,as discussedin the introduction.Thus,
the yield function is deuned as the deviatoric part of the elastic
Mandel stress(«#= C®S®) projectedonto the slip direction ag

=( )= "T——T=0—
—=a=te% B)%a0,
where the superscriptd denotes the deviatoric part of the ten-
sor to which it refers. The tensor B is the back-stresswhich is
included by meansof a kinematic hardeninglaw, and ~yshe—
yield stressgiven as a function of the accumulatedplastic strain
—P{isotropic hardening).We assumethat the material obeys the
associativerow rule

LP=1MP, MP=2

(13)

= = (a0 & @)%, (14)

wherel{ = 0is the plastlc multiplier.

We add isotropic and kinematic hardeningmodels in order to
accountfor a possibleevolution of the yield surface.As discussed
in Section2, the unloadingof the ubril becomessigniucantlynon-
linear as it approachesa stress-freestate.This can be causedby
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a back-stresswhich is accumulatedby the pile-up of dislocations
during plasticdeformation[48], and which assiststhe deformation
of the ubril in the reversedirection during unloading [34] Con-
sequently,the yield stressis reducedin the reversedeformation,
what is known as the Bauschingereffect.In the contextof collagen
ubrils, dislocationscan be interpretedas sliding defectsbetween
sub-ubril blocks[30,49]

To characterizethe evolution of the back-stress,we use the
kinematichardeningArmstrong-Fredericknodel [50]

L A= — c® X3
B=1,f =B, =+ B= H( M- 1B,
where b is a material constant.We selectthis model becauseit is
nonlinear,and nonlinear kinematichardeninglaws can allow cap-
turing ratchetingeffectsduring cyclic loading. The term b3 in the
aboveequationis there to accountfor the saturationof the back

stress,and (*) represents theJaumann rate of a tensor, which is
an objectiverate deunedas

B =P -5 +PBsS, (16)

for the back-stresswhere %5 = R°R® T and R® is the rotation ten-
sor resultingfrom the polar decompositionof the elasticdeforma-
tion gradient,i.e. F¢ = R®U®. We choosethe following function for

H(-—
H=Hy+ kLJLFkE eXp(kp%

where Hg, k., ke and kp are parametersto be utted.

In what follows, we choose to model the isotropic harden-
ing with a linear-exponentialfunction proposed by Gasser and
Holzapfel [47]

—=trexp — 2, (18)

where ~gs—thetritial yielding stress,h., hg and —are other ma-
terial parameters.The addition of an isotropic hardening model,

such as (18), to the plasticity model may be very importantto the
constitutivemodel as it helps balancethe amountof ratchetingin-
duced by the kinematic hardeningthroughoutthe cycles,until it
possiblyreachesa constantvalue.

We note that the evolution of the plastic strain s given by
2=1, where the plastic multiplier I, is assumed to follow the
Karush-Kuhn-Tuckerloading/unloadingconditions and the consis-
tency condition, given the irreversibility of the plastic iow [47].
For more detailson the plasticity model, referto [471]

(15)

(17)

4. Results and discussions

In this section, using the constitutivemodel developedin the
previous section, we urst ut the experimentaldata by Liu et al.
[38] correspondingto cyclic loading at different loading regimes.
Second,we use the constitutivemodel, with the calibratedmate-
rial parametersto investigatethe responseof collagenubrils sub-
ject to more complex loading paths. This exerciseis performed
as a meansto provideinsightsinto the interplay betweenplastic
and viscoelasticdeformationsas ubril loading transitionsbetween
physiologicalcyclic loading to overload.

4.1.Modelcalibration

To calibratethe proposed material model we utilized the data
from Liu et al. [38] with the adjustmentsdiscussedin Section 2.
The datathat we usedin the optimization consistsof four distinct
experiments- as we discussin Section2 -, namely

* monotonicloading,

* seriesl in regimel (20 cycles),

* seriesl in regimell (10cycles),

* seriesl in post-regimell (10 cycles),
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presentedin Figs. 1a, 2b (or 3b), 4b and 5b, respectivelyin Liu
et al. [38] Note that not all cyclesare shown in these plots; e.g.
when there are 10 cycles only the urst, ninth and tenth cycles
are shown; this choice is to showcasethe level of cyclic loading
where the responsehas almost stabilized.Here we chooseto work
only with data from “series1” (following the nomenclaturefrom
Liu et al. [38]), to avoid experimentalerrors of manually stopping
and restartingthe loading which was necessaryfor obtaining “se-
ries 2” cycles. We note that the ubrils are assumedto reach an
equilibratedunloadedstateafter series1 loading cycles,and prior
to initializing loading cyclesfor series 2. This loading scenariois
similar to what we will examinein the next section.

The detailson the stresscalculationsfor the proposedconstitu-
tive model, and necessaryfor the optimization procedure,are in-
cludedin the Appendix A. The parametersof the model were op-
timized using the fminsearch function on Matlab.The fminsearch
function is based on an algorithm that follows the Nelder-Mead
methodfor function minimization [51] This method calculatesthe
valuesof a function of n variablesat n + 1 edgesof a simplexand
replacesthe highestvalue [52] The inputs for fminsearchare the
function to be optimized (fun) and the initial guessfor the param-
eters(xg). We denne fun as a function of a vectorcontainingthe
error betweenthe valuesof the urst Piola-Kirchhoff stress (P, as
deunedin Eq. (A.5)) obtainedfrom the data points and the values
of the urst Piola-Kirchhoff stress calculatedfrom the constitutive
model. More speciucally,we take fun to be a weightedsum of the
Maximum Differenceand Mean SquareError (MSE), i.e. the maxi-
mum valuein the error vectorand the squareroot of the average
value of the squaredentries of the error vector,respectivelyThe
initial guessfor the parametersis selectedby following a multi-
start proceduremanually.

We urst deanerangeswhere we expectto und the most funda-
mental parametersbeing optimized.For instance the shearmoduli
(Mo and My, respectively)were expected tobe inside an interval
betweenzero and the initial Young’'smoduli (E;) reportedin [38]
and the initial yielding stress (Tg#Was—expectedto be between
zero and the maximum stressin the datain the direction deuned
in the yield criterion. Other additional parametersin the model,
such as constantsin the hardeninglaws, were deuned in ranges
near zero. We then selectdifferent sets of valuesof xg within the
rangesdeuned and calculatethe initial error that each of these
sets yields. Next, we take the set that yields the smallest error
to initialize the optimization procedurewith fminsearchWe per-
formed a sensitivity analysison a subsetof the parameters(Hp,
ki, ke, kp, hy, hg, -that allowed us to identify some parameters
that could be removedfrom the model without signiacantlyiniu-
encingthe error.Finally,we run the optimizationprocessagainfor
this smaller set of parametersand determinedthe unal values of
the parameters.

First, we optimized the material parametersusing all four ex-
perimentaldatasets(correspondingto series-1cyclesfrom the four
experiments)simultaneously.The optimized parametersfor this
case are reportedin Table 1. The strain rate is consideredto be
4e— X1, following the experimentsin [38] and the increment
of the stretch imposed during loading is of I?A = 1.5e— 4 con-
sequently, It = 0.375%. The ut for the stress-stretchresponseof
the collagenubrils from our proposedmodel and the experimental
data are presentedin Fig. 2. The black dots representthe experi-
mentaldatafrom Liu et al. [38] and the dashedorangelines repre-
sentthe valuescalculatedusing the constitutivemodel formulated
in this work for the optimized parameterssummarizedin Table 1.
We observe from these plots that the optimized set of material
parametersfor the constitutivemodel leadsto a satisfactorynt to-
wards the experimentaldata for all four experiments(Fig. 2a-d)for
the monotonic, regimel, regimell and post-regimell cases.No-
tably,not only the ut for the urst cyclein eachexperimentis satis-
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Fig. 2. Engineering stress-stretch curve of the ubrils subjected to uniaxial tensile load. The black circles represent the experimental data and the dashed orange line repre-
sents the results calculated from the constitutive model developed in this work. In this set of plots, the parameters are utted for all regimes simultaneously. a) shows the
response of the ubril subjected to monotonic load with data provided in Fig. 1 in the work [38] . b) shows the response of the ubril subjected to 20 cycles of uniaxial load in
series 1 (only cycles 1, 2, 8 and 20 are plotted) in regime I, following the data provided in Fig. 2 b in the work [38] . c) shows the response of the ubril subjected to 10 cycles
of load in series 1 (only cycles 1, 9 and 10 are plotted) in regime I, following the data provided in Fig. 4 b in the work [38] . b) shows the response of the ubril subjected to
10 cycles of load in series 1 (only cycles 1, 9 and 10 are plotted) in post-regime Il, following the data provided in Fig. 5 b in the work [38] . The parameters used to ut this

curve are provided in Table C.1 .
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load follows the general sequence of load: cycle series 1, relaxation, cycle series 2 and overload, as shown in Fig. 3 . The top plot shows the evolution of plastic stretch for
cycles in regime |, the middle plot shows the evolution of plastic stretch for cycles in regime Il and the bottom plot shows the evolution of plastic stretch for cycles in
post-regime Il.
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Table 1

Parameters used to ut the experimental data of the uniaxial tension test provided in [38] to the constitutive model developed in this work. Here,
we ut all tests (monotonic, and cycles in series 1 in regime |, Il and post-regime Il) simultaneously. The bulk modulus is keBt=atl e 8 MPa. The
parameters not speciued in this table were assigned to a value of zero.

Parameters optimized for all experiments

Ho b Ity T Mw(MPa)  Mo(MPa)  ~otMPar——h:(MPa) T ap ) as ay lo
1.96e4 8160.0 0.0009 980.0 1740.0 10.0 0 0.0004 1.7344 0.2106 0.4408 -3.3313 0.9993
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factory,but also the unal cyclesin Fig. 2b-d are also approximated
well, especiallyconsideringthe characterof the responseat that
state,giventhat viscoelasticitydominatesand leadsto the hystere-
sis loop. On the other hand, yielding is not observedduring the u-

nal cycles.We note that the value of the Young’smodulus of the
ubrils calculatedfrom the shear moduli in the constitutivemodel
(assumingincompressibility,E = 2 *%(ly + Mo)(1 + 0.5) = 8GPa) is

consistentwith the data [38] and rangesreported in the litera-
ture [9]. However,we observethat, at the sametime, the yielding
stress parameter —gistew—Felative to the maximum stressin all

the regimes,indicating that yielding starts early on and the elas-
tic deformation happensfor only a small range of stretchvalues
during loading in the urst cycle. This observationdoes not apply
for later cyclesbecauseas the yield surfaceevolves,following the
hardeninglaws.

Nevertheless,the data of each experimentis collected from
different ubril specimens,and we expectto encountervariability
in some propertiesbetweenubrils such as the cross-link density
and defect distribution [25,53] that can iniuence the deforma-
tion mechanisms describedand eventually the optimized model
parametersFor this reason,we also utted eachof the experiments
individually and report the resultsin Appendix C. The optimized
parametersin this case are outlined in Table C.1 and the stress-
stretchplots are shown in Fig. C.1 The ut is slightly improvedfor
this case,but consideringthat we havefour distinct setsof param-
eters, this approachis not useful for predictivecalculations.Thus,
we will proceedwith the former option of calibratingall available
data concurrently,leadingto one set of parameterswhich as dis-
cussed previously yielded acceptableresults. We note that as we
optimize the model parametersand calibrateon the adjusteddata
of all experimentsijt is straightforwardto obtainthe set of param-
etersthat correspondto the original experimentalkurvessimply by
normalizing the stress-valuedparametersof the model according
to the adjusteduber cross-sectionalareas(as reportedin Fig. 1).

4.2. Physiologicaloadingand overloadresponse

Overload of load-bearing orthopedic soft tissues such as ten-
don and ligament,commonly resultsfrom athleticactivity [54,55]
but the load sharing,dissipationand deformation,at differentlev-
els of hierarchybelow the tissue level is not as transparent.Prob-
ing the tissue to cyclic loading does not directly provide informa-
tion about deformationmechanismsand damageat lower scales.
In this sectionwe probe the effectof overloadon the deformation
mechanismsof collagenubrils. Here, we deune overloadas an in-
creasedappliedstretchfollowing physiologicalactivity (cyclicload-
ing at a signiucantlylower maximum applied stretch).The consti-
tutive model formulatedin Section 3 allows us to assessresults
on the inelastic deformation for the overload responseof colla-
gen ubrils subjectedto cyclic load in the three different regimes
of deformation (regime |, Il and post-regimell as describedin
Section2). We discussthe contribution of plasticity and viscoelas-
ticity to the inelastic deformationof ubrils, how plastic deforma-
tion evolves throughout the load cycles and how this evolution
changesin differentregimes.Additionally, we discussthe general
aspectsof overloadof the ubrils, and how the overloadresponseis
intuenced by the prior sequenceof load applied.

Following the experimentin Liu et al. [38] we apply uniaxial
tension in the axial direction of the ubrils. In these results, we
take the direction e; to coincide with the axial direction of the
ubrils (e; = ay). We imposethe load by controllingthe component
of the deformationgradientin the directione; 4 e;, i.e. Fj1:= A.
The generalform of the sequenceof load cyclesapplied, as inves-
tigatedin this section,is shown in Fig. 3, following the nomen-
clatureintroducedby Liu et al. [38] The urst sequenceof loading
cyclesis denotedhereas series 1. For the urst cyclein series1, we
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start from the undeformedconugurationF =1, and incrementally
increaseA to a maximumA™2X then we decreaseA until we reach
a stress-freeconuguration(S;; = 0). We repeatthis procedureun-

til we completel0 cycles.After 10 cyclesin series1, we start the

relaxationprocess,in which we switch to a load-controlledsetup.
We keep the material at a stress-freestateand calculatethe cor-

respondingstretch.As we impose a stress-freestate,the stretchA

starts decreasingdue to viscoelasticrecovery,until we eventually
no longer observea signiucant changein the stretch value. Fol-

lowing, we impose the next sequenceof loading cycles, referred
to as series2, which consistsof 10 strain-controlledloading cycles
applied similar to those in series 1. After the 10 cyclesin series
2, we apply the so-called overloadby incrementallyincreasingthe

stretch until we reach A = 1.4, The maximum stretchin series 1

and 2 is AM@% = 1.10 for cyclesin regimel, AM@* = 1.25 in regime
Il and AM2X = 1.30 in post-regime Il. This choice of the overload
stretchvalue A = 1.4 is just taken to recapitulatean acuteloading
that follows cyclicloadingactivity that the tissuewould experience
(e.g.tendonor ligament).

We impose the general loading sequence showcased in
Fig. 3 for all the threeregimesby controllingthe maximumstretch
in the cycles(AM2%), and use the optimized model parametergout-
lined in Table 1). We note that the relaxation time (or time to
equilibration) following the series1 cyclesis different depending
on the regimeof loading that we are probing (for regimel, Il and
post-regimell). In Fig. 4, we plot the Flp1 componentof the plastic
stretchthroughoutthe loading. The model predictsthat the plas-
tic stretchinitially increasesduring the urst loading cycle of series
1, and does not evolvesigniucantlyup until the overload.Similar
observationshold for regime Il and post-regimell, but for these
regimes,slightly larger values of plastic stretch are reachedprior
to the overload.We note that for post-regimell, thereis a step-
type responsefor the plastic stretchin the urst cycle of series1
and 2. This happensbecausekinematic hardening (controlled by
parametersb, Hg, k., kg and kp) shifts the yield surfaceof the ma-
terial signincantly and, during reverseloading, the material starts
yielding while it is still beingunloaded.

During cyclesin series1 and 2, the amountof plastic deforma-
tion during loadingis higherif we cyclein higherregimes,as one
would expect.For instance,Flp1 =~ 1.006 afterloading the arst cycle
for regimel, F1p1 =~ 1.012 after loading the urst cycle for regimell,
and Flp1 =~ 1.015for post-regimell, as can be seenin Fig. 4. As se-
ries 1 loadingis identicalto the loadingfrom Fig. 2 for all regimes
equivalently,we observethat the apparentinelastic stretch (vis-
coelasticand plastic) observedat the end of those experimentsis
signincantly larger comparedto just the plastic stretch Flpl, high-
lighting the signiucanceof the viscoelasticresponse.Notably,in
Fig. 2 we observean inelastic stretch,after the urst cycle, of ap-
proximately1.02for regimel, 1.08for regimell and 1.1in post-
regimell. This higher inelastic strain at higher levels of deforma-
tion is consistentwith observationsthat molecularsliding occurs
more signiaucantlyin regime Il and post-regimell, and mostly in
the mrst cycle of loading [38,56] In contrast,in regimel, most of
the deformationin the initial cycleof loadingis due to the uncoil-
ing of tropocollagenmolecules[16] showing low levels of molec-
ular sliding.

It is interestingthat, overloadleads to lower levels of plastic
deformationas the ubrils were exposedto a higher stretchlevel
during cyclic loading in series 1 and 2. For instance,after over-
load up to A=1.4,the plastic stretchis Flp1 = 1.0225 for regimel,
Ff = 10217 for regimell and F} = 1.0214in post-regimell. We
postulatethat this is the effectof the inelastic strains due to vis-
coelasticity,which we have already shown are not negligibleand
are increasingas higher stretch levels are obtained during cyclic
loadingin series1 and 2. To verify this, we modify our cyclic load
proule and introducea relaxationstep afterseries2 (the load pro-
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ule is describedin Fig. 5). From that, we can anticipatethat re-

laxation will intuence the overloadresponseby diminishing the

viscoelasticcontributions to the inelastic stretch.To observethis

intuence more clearly, we plot in Fig. 6a the stress-stretchre-

sponse including the overload curve for a ubril subjectedto the

generalloading (describedin Fig. 3), and in Fig. 6b, the stress-
stretchresponseincluding the overloadcurvefor a ubril subjected
to the alternativeloading with an extrarelaxationstep (described
in Fig.5). Both series1 and 2 load cyclesare in regimell for the

generalloading and the alternativeloading proule. We note that

the overloadresponsefollowing immediatelyseries2 cyclesis dif-

ferentthan the overloadresponseafter relaxation,not only in the

tangentmodulus, here deuned as the slope of the stress-stretch
ratio curve, but also in the unal stressat A = 1.4 (P;; = 900MPa

in Fig. 6a and P;; = 950MPa in Fig. 6b). This veriues that the vis-

coelasticcontributionof the inelasticstretchhas a signiacanteffect
on various aspectsof the material response,which are eventually
eliminatedthroughadditionalrelaxation.When the value of plastic
deformationafter the cyclic loading is low, the overloadcurve for

the material after relaxationis very close to the initial monotonic
responsein Fig. 2a.

In Fig. 7a we plot only the stress-stretchcurve for the overload
part of the loading,for monotonicloading and the overloadcurves
for the generalloading (seeFig. 3) for cyclesin eachregime(con-
sistentwith the loadingin Fig. 6a). In Fig. 7b, we plot the plastic
stretchversusthe applied stretchfor just the overload portion of
the loadingin Fig. 7a.

We can observethat series1 and 2 cyclingin differentstretch
regimesiniuence substantiallythe overloadresponseand the ac-
cumulation of plastic deformations.From Fig. 7a, we note that if
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we cycle the materialin regimesof higher deformations,such as
in post-regimell, the unal stressvaluesin the material will be
lower for the maximum overload stretch of A = 1.4. And, equiv-
alently, from Fig. 7b, that the munal values of plastic stretch in
the material will be lower for the maximum overload stretch of
A=14.

In what follows, we analyzethe overloadresponsefor the al-
ternativeapplied loading (see Fig. 5). In Fig. 8a we plot only the
stress-stretchcurvefor the overloadpart of the loading,for mono-
tonic loading and the overload curves for the alternativeloading
(consistentwith the loadingin Fig. 6b).In Fig.7b, we plot the plas-
tic stretch-appliedstretchcurve for the overloadcurvesin Fig. 7a.
By comparingthe plots in Fig. 7 to the plots in Fig. 8, we note
that the trendin the overloadresponsein the materialchangesas
we add an additional relaxation step before overload.In Fig. 8a,
we observethat the unal values of stressare very close for all
curves,with cyclesin higherregimesyieldingslightly higherstress
valuesat A = 1.4. And, in Fig. 8b, we observethat the unal val-
ues of plastic stretch are very close for all curves,with cyclesin
higher regimesalso yielding slightly higher plastic stretch values
at A= 14,

In the work by Liu et al. [38] they pointed out that, because
signincant molecular sliding causesinelastic deformationin the
ubrils, cycling in higher strains improves some mechanicalprop-
ertiesin the ubrils such as the tensile strengthand toughness,as
it increasesthe stiffness of the stress-stretchcurve in regimell,
ie. E;. Given that, some questionsthat arise from the analysisof
the experimentaldata on the cyclic responseof collagenubrils re-
portedin their work are: Is all the inelasticstrain observedin the
ubrils coming only from viscoelasticdeformations?If mechanisms
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of plastic deformationare also present,are they intuenced by the
amountof viscoelasticrecoverabledeformation?

As they suggest,after relaxation,the majority of the inelastic
deformationis recoveredTheyimply that the hydrogenbondsbro-
ken during the initial stageof the deformationof the ubrils (un-
coiling) are partly recoveredlt has to be noted that their experi-
ment does not focus on the extentof that recovery,as the plastic
strainsat the equilibratedresponseare not clearly reported.How-
ever, it is evidentfrom the experimentaldata that not all of the
inelastic strain is recoveredafter some relaxationtime. That sug-
geststhat plastic deformationis present.In fact, from the results
presentedin our work, and more speciucallyin Fig. 4, we observe
that not only the total inelastic deformationof the ubrils is more
pronouncedin the urst cycleof loadingand in regimell and post-
regimell, but the plasticdeformationhas also highervaluesin the
urst loading cycle of series 1 and for cyclesat higher strain lev-
els. In addition to these remarks, the results we presentin this
paper show that the amount of viscoelasticdeformation controls
the amount of plasticity in the material.If the materialundergoes
signincantviscoelasticdeformation,the plastic deformationis ex-
pected to be smaller when the material is not allowed to relax.
In this case,the stressvaluesare also expectedto be lower. We
note that the calibration of the model parametersresulting from
the optimization proceduresuggestedhere might not be unique,
which we further discuss.

Theseobservationsindicatethat cyclingat higher stretch levels
immediatelybeforeoverloadcan reducethe amountof plasticde-
formation as well as the stresslevels by the end of the overload
step. This interplay of repeatedloading, relaxation,viscoelasticity
and plasticity, can have a signiucant effect on suggestingloading
proules for exercise-basedreatmentsfor tendinitis, as one might
wish to maximize loading while minimizing permanentdeforma-
tion mechanisms.

In what concernsthe total amount of plastic deformationin-
duced in the material after the cyclic load, we observedthat for
regimel the plastic stretchcalculatedfrom the constitutivemodel
is in line with the plastic stretchin [38] For regimell and post-
regime ll, the amount of plastic deformation from the constitu-
tive model is underestimatedcomparedto the data in [38] We
have to note, that the referencedexperimentalwork focused on
the inelastic strains at the end of each cycle, and did not pro-
vide cleardataon the plastic strain upon viscoelasticequilibration
upon unloadingas that was not the focus of the study.Somedata
was provided upon the end of cycling, as stretchdecreasedwhile
ubrils were stress-free,but it was not clear whether those were
equilibratedstretch values,that could conurm the plastic strains.
Nonethelessjt was not possibleto uniquely determineplastic pa-
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rameters(yield stress,and constantsin the kinematicand isotropic
hardening models) for this constitutive model with great conu-
dencegiven the experimentaldata provided.In fact, the data uts
well when hardeningis introduced to the plastic evolution law,
however,we observedthat the curve uts equally well for differ-
ent ratios of kinematicand isotropic hardeningvariables. And even
though these different sets of parametersyield similar stretch-
stresscurves,the unal amountof plasticstretchvariessigniacantly.

This challengeof determiningthe parametersin the plasticity
model results from the fact that the experimentalloading pro-
ules are complexand involve many consecutivecyclesof loading,
which are very helpful in determiningthe viscoelasticpart of the
response.Additionally, it stemsfrom the fact that the speciuc se-
ries of experimentswere not designedto probe accuratelythe vis-
coelasticrelaxationupon removal of the applied loads. Given the
importance of further exploring the effects of plasticity and the
dissipation of energyin collagen ubrils, we suggestexperimen-
tal studiesfocusingon the determinationof accumulationof plas-
tic deformationswithout the considerationof complexcyclingand
resting loading proules, such as plots of one individual cycle fol-
lowed by relaxation and multiple experimentsof the same cate-
gory (cycleswithin the sameregime)to quantify the uncertainty
by meansof parameterinference.We additionally suggestexperi-
mentsbe performedat differentstrain ratesto investigatethe rate
dependenceof the elastoplasticdeformation.

5. Conclusion

In this work, we developa constitutivemodel for collagenub-
rils that can recapitulatethe complexresponseto cyclic load, con-
sidering the combined effect of viscoelasticand plastic deforma-
tion mechanisms.The responseof collagen ubrils to cyclic load
has not been exploredextensivelyhowever,this type of loadingis
prominentin severalbiologicaltissuesthat provide a load-bearing
function and are subjectto damageaccumulationand failure. The
suggestedviscoelastic-plasticmodel uses the additive decompo-
sition of the equilibrium (elastic) and the non-equilibrium (vis-
coelastic)strain-energydensity functionsto dictatethe elasticand
the viscousdeformationof the material.The plastic deformationis
accountedthrough plastic evolution laws and includes the combi-
nation of isotropicand kinematichardeningmodels.The model al-
lows the continuousobservationof the parametersassociatedwith
the elastic,viscousand plastic deformationmechanismsthat allow
providingmore insighttowardsunderstandingthe responseof col-
lagenubrils including their capacityto dissipateenergy.

We optimize the parametersof our model to ut the data of
four uniaxial tension tests provided by Liu et al. [38], which con-
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sists of one stress-stretchplot for monotonicload, and three other
stress-stretchplots for cyclic loading at different stretch levels.
Even though we expectsigniucant variability in the mechanical
propertiesof differentspecimenof collagenubrils, throughan op-
timization procedurewe were able to ut the the monotonic and
cyclic experimentsat all regimes simultaneously,and the results
arereportedin the resultsand discussionsection.Utilizing the op-
timized constitutive model parameters,we studied the competi-
tion of viscoelasticand plastic deformationthroughoutcycling at
differentregimes,as well as following an overload.We note that
the plastic deformation varies throughout cycles and that relax-
ation following cyclicloading affectshow the materialwill respond
to overload.We found that, when the material is allowed to re-
lax prior to overload,it reacheshigher valuesof stressand plastic
stretch for the same maximum stretchimposed during the over-

load, implying that allowing for relaxation will likely lead to higher

accumulatedplastic deformations.On the other hand, when the
material is subjectedto cyclic load immediately before the over-
load, the amount of plastic deformation induced by overload is
lower.

The proposedmodel allows us to interpretexperimentalresults,
and provides further insight on the rate dependentresponse of
collagenubrils. But additionally, forms the fundamentalbuilding
block on which we plan to developa truly multiscale constitutive
model for tendonthat will incorporateplasticity and viscoelasticity
towardseventuallystudyingthe damagecascadethat spansa hier-
archy of featuresin tendon,and leads to macroscopicphenomena
[57]such as kinking, collagenuber rupture and ultimate failure.
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Appendix A. Stress calculations

In this Appendix, we detail the stress formulations following
the strain-energydensity functions specinedin Section3. We use
theseexpressionsin the optimization algorithm to und the model
parameters.

First, we calculatethe symmetric Piola-Kirchhoff stressfor the
elasticdeformationsusing (9) in (7), which yields

S = Wof (1) (1 = 3= 2In])a0 & a0 + Hof(la) 1= G~ +BJ(J = DL
(A1)

where

(A.2)

Next, we calculatethe secondPiola-Kirchhoff stressfor the vis-
coelasticdeformations,i.e. the overstressfrom (11)in (7)
hcd 1
S=)py A-3 A c

f'(l4) = ajapsect[ay(la — 1)1 + asas explas(la — b)].

_—"M:r;\,ﬁ
c . (A.3)
Note that we also make use of the dennition of the elastic Green

strain tensorin (4).
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Now, making use of the assumptionof the additivedecomposi-
tion of the strain-energydensity function in (6), we can und that
the total stressin the ubrils can be denotedas

S=5+5. (A.4)

Neverthelessthe stressdataprovidedby Liu et al. [38]is given
in termsof the Engineeringstress(appliedforcedivided by the ini-
tial areaof the specimen),which we denoteas P. For this reason,
we calculatethe urst Piola-Kirchoff stressin the referenceconug-
uration H¢. In the intermediateconuguration); and in the refer-
ence conuguration f, the urst Piola-Kirchoff stressis calculated
from

Pi=F%, P=PF., (A-3)

respectively.
Appendix B. Numerical integration

In this section we describe the numerical integration of the
evolution of the internal variablesrepresentingthe plasticand vis-
coelasticdeformationsof the material. We use an unconditionally
stableimplicit backward-Eulerintegrationscheme.

First, following [50], we denotethe numericalintegrationof the
back-stressas

_ T
Bn+1 = t[‘t",fgnil't",f}st vgﬁB(%ﬁ.‘.l, Bn+1' n+1)' (B.1)
where sl.tb‘;;is the incrementalelasticrotation deaned as
== RoaRY (B.2)

and I pe= lt'L‘gf,I; is the incrementof the plasticparameterThe sub-
script n + 1 indicatesthat the quantity is being calculatedat the
currenttime step while n refersto the previoustime step.

Second,we und an updatefor the elasticdeformationgradient
at the currenttime step.We dennean elasticdeformationgradient
trial as F& ! = Fn,1(FF)~L. Then, we use the row rule in (14) to
und the update

ne1=Foiy I =TogP (B.3)

We unally getto solvea systemof three equationsusing Newton-
Raphson integration method. The three equations consist of the
elastic deformation gradient update, yield criterion function and
Te back-stressupdate,as follows

Eqli FRuy— Py | —TpgM?
. —(F¢& —
Lqu' _—(Fn+1'ﬁ[‘?ﬁ+1)_9_ -
Eq 3: Bn+1 - _:l't‘]‘.‘Bn_%g;;_ L lﬂ’fniHnHMip - kf’n+1 =0,
respectively We note that the accumulatedplastic strain at the
currenttime stepis calculatedas 5= H§+1; iy setting Z5= 0.
Lastly,we outline the integrationof the internal variableA rep-
resentingthe viscoelasticmechanism[45]
® ®
1 Iitffe -1
1+t " T "™

0
(B.4)

Ant1 = (B.5)

Appendix C. Alternate material parameter estimation
procedure

Giventhe variability of the propertiesof specimenubrils, in this
sectionwe presentthe resultsfor the constitutivemodel with pa-
rametersoptimizedfor eachset of dataindividually.The optimized
parametersare outlined in TableC.1

In Fig. C.1, we show the ut for plots optimized individually.In
theseplots, we observethat we can bettercapturethe later curves
in the seriesof cycles,when comparedto the plots optimized si-
multaneously(Fig. 2).
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Table C.1
Parameters used to ut the experimental data of the uniaxial tension test provided in [38] to the constitutive model developed in this work. Here, we

ut each test (monotonic, cycle in regime I, Il and post-regime Il) one by one, allowing the parameters to vary from one test to another. The parameters
used to ut the data from Figs. 2 and 3 representing regime | are the same. The valBeiokept atf = 1 e 8 MPa. The parameters not speciued in this
table were assigned to a value of zero.

Monotonic
Ho b T Mv(MPa)  Ho(MPa)  ~otMPal—he(MPa) T a e as a lo
5.96e4 8.33e4 0.0010 960.0 1730.0 25.9 11.5 3.87e-4 1.7266 0.2089 0.3705 -2.7735 0.9441

Regime | (Fig 2 and 3)

Ho b T Mv(MPa)  Ho(MPa)  ~otMEEI——he(MPa) o— a a a3 a lo
1.02e4 1.34e4 0.0018 1130.0 1860.0 37.8 28.2 2.3le-4 1.2239 0.4129 0.4835 -1.8466 0.9144
Regime Il

Ho b T Mu(MPa)  Ho(MPa) “GiMERE=t(MPa) o— a a a3 a lo
2.17e5 6.72e4 0.0012  930.0 890.0 150.0 130.0 6.33e-4 0.0106 0.4846 0.4161 0.1964 0.1411

Post-Regime Il

Ho b T Mv(MPa)  [o(MPa)  “oiMPEI——hg(MPa) o a e as ay lo
5.02e4 8510.0 8.52e-4 980.0 1860.0  21.7 9.30 3.46e-4 15253 0.2033 0.4423 -3.9665 1.0285
Monotonic Curve Cycles in Regime |
I 1 1 T 300 T 1 1 T
1000 - (a) 5 (b)
250 - -
= 800 1 @
& & 200
) =
o 600 1 o 150
Ry Ry [ 1
g 400r 7 & 100 .
= =
" o
200+~ e Experimental Data | 50 - 3
== = Constitutive Model
0 1 1 1 1 O 1 1 ]
1 1.1 1.2 1.3 1.4 1 1.02 104 106 1.08 1.1
Stretch ratio, A Stretch ratio, A
Cycles in Regime Il Cycles in Post-Regime II
600 - T T .| T T T
700 - -
(c) (d)
500 ___ 600+ 4
& &
= 400 = 300 ‘
- — 400 - 4
A 300/ a;
w w 300+ T
o 75}
S 200! 3
*U-;‘ L*;‘; 200+ +
100 100 - 4
0 0 1 1
1 1.1 1.2 1.3 1 1.1 1.2 1.3
Stretch ratio, A Stretch ratio, A

Fig. C.1. Stress-stretch curve of the ubrils subjected to uniaxial tensile load. The black circles represent the experimental data and the dashed orange line represents the
results calculated from the constitutive model developed in this work. In this set of plots each regime is ntted individually. a) shows the response of the ubril subjected to
monotonic load with data provided in Fig. 1 in the work [38] . b) shows the response of the ubril subjected to cyclic load in regime | with data provided in Fig. 2 in the work
[38] . c) shows the response of the ubril subjected to cyclic load in regime Il with data provided in Fig. 4 in the work [38] . b) shows the response of the ubril subjected to
cyclic load in post-regime Il with data provided in Fig. 5 in the work [38] . The parameters used to ut this curve are provided in Table C.1 .
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