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Abstract—Entropic Uncertainty relations are powerful tools,
especially in quantum cryptography. They typically bound the
amount of uncertainty a third-party adversary may hold on a
measurement outcome as a result of the measurement overlap.
However, when the two measurement bases are biased towards
one another, standard entropic uncertainty relations do not
always provide optimal lower bounds on the entropy. Here, we
derive a new entropic uncertainty relation, for certain quantum
states, which can provide a significantly higher bound even if
the two measurement bases are no longer mutually unbiased.
We evaluate our bound on two different quantum cryptographic
protocols, including BB84 with faulty/biased measurement de-
vices, and show that our new bound can produce substantially
higher key-rates under several scenarios when compared with
prior work using standard entropic uncertainty relations.

I. INTRODUCTION

Quantum entropic uncertainty relations are a powerful tool
in quantum information theory and quantum cryptography.
Such relations typically bound the amount of uncertainty in
the outcome of two different measurements as a function only
of the measurements themselves. For instance, the famous
Maassen and Uffink inequality [?] states that if a quantum state
is measured in one of two bases Z or X, then H(Z)+H (X) >
¢, where H(Z) is the entropy in the Z basis outcome (similar
for H(X)), and c is a function of the “measurement overlaps”
between the X and Z bases and is maximal whenever Z and X
are mutually unbiased bases. By now there are a large variety
of different entropic uncertainty relations [?], [?], [?], [?]; see
[?] for a general survey.

One very useful entropic uncertainty relation was introduced
in [?] which bounds the quantum min entropy - a quantity we
define formally later, but denote by H.,(A|E). Min entropy
is a very useful resource to measure as it is directly related to
how many uniform random secret bits may be extracted from
a quantum state [?]. In a little detail, let’s assume papp is a
quantum state where the A and B registers consist of n qubits
each and let Z = {|0),|1)} be the standard computational
basis for qubits and X = {|xg),|x1)} be some other basis
with |zg) = \/1/2+ b and |z1) = \/1/2 — b for some “bias”
parameter b € [0,.5] (e.g., this may be the Hadamard basis
if b = 0). Note the results will be symmetric if we have b €
[—.5,0]. Assume a measurement is made on the A system in
either the Z basis (resulting in some random variable Ayz) or
the X basis (yielding random variable Ax); similar for the B
system. Then, the relation defined in [?] roughly states (when

restricted to basis measurements of this form), that:

HalA21) + Hpoo (Ax|Bx) 2 = -togs (3 4) . 1)
Note that the lower-bound is maximal when b = 0 and one gets
Hy(Az|E)+Hpar(Ax|Bx) > n. This relation is used many
times in various quantum cryptographic proofs of security as
it allows one to bound the quantum min entropy between
Alice and an adversary system Eve, simply as a function of
the measurements performed and H,,..(Ax|Bx), the latter
of which may be easily bounded through standard classical
sampling arguments and is generally a function of the “error”
induced in the quantum communication line.

The above expression, as stated, is not only highly useful,
but also widely applied. However, when b # 0, it is not
difficult to see that the lower bound on H..(A|FE) begins
to drop rapidly. In this work, we derive a new entropic
uncertainty relation for cases when there is non-zero bias in the
measurement bases. Our new relation, though stated formally
in Theorem 2, roughly takes the form:

Hoo(Az|E) +n-h(Qx +4b* +€) > n, )

where h(z) is the binary entropy, Qx is the relative number
of errors in Alice and Bob’s X basis measurement, and € is a
function of the number of qubits that were measured in the X
basis (and which goes to zero in the asymptotic limit). Note,
the above is only true if Qx + 4b% 4+ € < 1/2 which can be
checked by the users of the protocol before continuing. This
already puts an upper-bound on b of \/1% ~ 0.3535 (unlike
Equation 1 which has an upper bound of < 1/2). Thus, when
there is bias but no noise (Qx = 0 and H,,..(Ax|Bx) = 0),
our result performs worse; however, importantly, when there
is both noise and bias, our bound often outperforms Equation
1, sometimes substantially so as our later evaluations show.
Thus, it can be immediately applied to cryptographic proofs
of protocols where measurements are biased and there is noise
in the channel (either natural noise or adversarial noise) and
used to show that higher bit generation rates are possible
under these circumstances. We comment that our proof in
this paper requires a particular (though arguably minimal,
and even enforceable by the users, as we comment later)
assumption on the quantum state under investigation. However,
this assumption is only needed in one part of the proof and we
suspect our methods can be suitably extended to work, with
the same result, even without this assumption. However, this
we leave as future work.



Our relation is a so-called sampling-based entropic uncer-
tainty relation, which is a class of entropic uncertainty rela-
tions introduced in [?], [?]. These relations utilize a quantum
sampling framework of Bouman and Fehr introduced in [?]
for their proof. Such relations, though still relatively new,
have shown to hold numerous benefits in several applications
including higher bit generation rates for random number gener-
ation [?] (only shown there for un-biased measurements) along
with new applications and easier proofs for high-dimensional
systems [?]. They have been shown to be useful in proving
security of quantum cryptographic protocols where standard
relations such as Equation 1 actually fail (i.e., prior relations
show a trivial bound of 0 whereas sampling based entropic
uncertainty methods show a positive bound) [?], [?].

In this work, we use the sampling-based approach to derive
a novel entropic uncertainty relation for cases where user mea-
surements are biased. This can occur due to faulty measure-
ment devices for example or, perhaps, “cheaper” measurement
devices are used which cannot perform an exact measurement
in a mutually unbiased basis. It is also interesting from a
theoretical point of view as we prove, here, that better bounds
on min entropy are possible even if the two measurement
bases are ‘“close” to one another. Finally, it shows even
more advantages to the sampling-based approach to entropic
uncertainty and we suspect our proof methods here may be
highly beneficial to other scenarios where measurement or
source devices are imperfect.

We note that, while the main contribution of this paper
is our new entropic uncertainty bound, we also make other
contributions along the way. We prove an interesting result
(Lemma 3), that may be independently useful, which bounds
the min entropy of a particular superposition state. We also
prove that higher bit generation rates are possible for BB84
with faulty source and measurement devices and higher bit
generation rates are possible for a particular quantum random
number generation (QRNG) protocol. Finally, our main results
can be easily incorporated into other quantum cryptographic
protocols.

II. PRELIMINARIES

We begin by introducing some notation that we use through-
out this paper. We denote by Ay to be a d-character al-
phabet; without loss of generality we simply assume A; =
{0,1,--- ,d — 1}. Given a word ¢ € A%, and some subset
t C {1,2,---,n}, we write ¢; to mean the substring of ¢
indexed by ¢, that is ¢; = q¢,q¢, - - - g¢, - We write ¢_; to mean
the substring of ¢ indexed by the complement of ¢. Finally,
fori=1,2,--- ,n, we write ¢; to mean the i’th character of
q.

Let a,b € Al}. We write #;(a) to be the number of times the
character ¢ appears in a. Formally #;(a) = [{¢ : a¢ = i}|.
We extend this to multiple counts in the obvious way, for
example #; ;(a) is the number of times the character ¢ and
J appear in a, or #;;(a) = |{¢ ag = iorag = j}.
For a bit string x € {0,1}, we denote by w(x) to be the
relative Hamming weight, namely w(z) = #1(x)/|z|. Finally,

we denote by A (a,b) to be the Hamming distance of words
a and b, namely: Ag(a,b) = [{€ : ap # be}.

Given a random variable X, we denote by H(X) to be the
Shannon entropy of X. If X takes outcome x; with probability
pi, then H(X) = — )", p;log, p;. Note that all logarithms in
this paper are base two unless otherwise specified. If X is a
two outcome random variable taking x; with probability p,
then we use h(p) to denote the binary entropy and H(X) =
h(p) = —plogp — (1 — p)log(l — p). We also define the
bounded binary entropy function h(x), where h(z) = h(x)
whenever 2 < 1/2 and h(z) = 1 otherwise.

A density operator p is a Hermitian positive semi-definite
operator of unit trace acting on some Hilbert space H. If pag
acts on Hilbert space H4 ® Hp, we write p4 to mean the
state resulting from tracing out the E system, namely p4q =
trppag. This is similar for multiple systems. Given a pure
state |¢)) we write [¢)] to mean [¢)] = |¢) (1b]. We also define
P(]z)) to be P(]z)) = [z]. Given an orthonormal basis B =
{lvo), - ,|va—1)}, we write i)~ to mean |v;). Given i €

", we write [¢)” to mean |v;,,--- ,v;, ), namely the word ¢
represented in the 3 basis. If the basis is not specified, then it
is assumed to be the computational basis {|0),---,|d — 1)}.
Finally, we use |¢;) to denote the Bell states:

|¢0) =
|p2) =

(|00> +11) o) = (|00> 11))

(|01> +[10)  |¢s) = (|01> 10))

S\ 3\
S\ S\

Given py we write H(A), to mean the von Neumann
entropy of pa4, namely H(A), = —tr(palogpa). Given
par, we write H(A|E), to be the conditional von Neumann
entropy, namely H(A|E), = H(AE), — H(E),. We write

~(A|E), to be the conditional quantum min entropy defined
to be [?]:

27 MNA®0E — pap > 0},
3)

where A > 0 is used to denote that A is positive semi-definite.
The smooth conditional min entropy is denoted HS (A|E),
and is defined to be: HS (A[E), = sup,,, Ho(AlE),,
where the supremum is over all density operators o4 such
that ||car — pag|| < e. Here we use ||A|| to mean the frace
distance of operator A.

Quantum min entropy is a very important quantity to
measure in quantum cryptography as it relates directly to
how many uniform random secret bits may be extracted from
a quantum state [?]. In detail, assume pap is a classical-
quantum state (or cq-state). That is, the A register is classical
while the E portion is potentially quantum, thus psrp =
Y opla)la] ® p%. Assume the A register is N-bits in size
(.., a € {0,1}¥ in the sum). Then privacy amplification is
a process of picking a random two-universal hash function
f:{0,1}" — {0,1}* and disclosing the choice to Eve, then

Hy(A|E), =supmax {A € R :
oE



hashing the A register to f(A) yielding cq-state ox . The
state o g satisfies the following inequality as proven in [?]:

loxe — Uy @ opr|| < 272 HEAIEL=0 L oe (&)

where Uy, = 1/2% is a uniform random string of size /-bits
independent of Eve. Thus, to determine how large ¢ can be, one
requires a bound on the quantum min entropy before privacy
amplification.

A. Properties of Quantum Min Entropy

Min entropy has several properties that we will utilize
later. In particular, given a cqc-state or qqc-state of the form

pagc =y, p(c)[c] ® pif)E, then:

Hoo(A|E), > Hoo(A|EC), > min Hy(A[E) 0. (5)

The above is easily shown using the definition of min entropy.
Informally it says that, conditioning on certain events C
happening, the min entropy is the “worst-case” min entropy
of each individual sub-event.

The following lemma from [?] lets us bound the min entropy
in a superposition as a function of the min entropy of a mixed
state, assuming the superposition does not have “too many”
terms:

Lemma 1. (From [?], based on a lemma in [?]): Given
two orthonormal bases Z and X of some Hilbert space
Ha, let |¥) . be some pure state of the form |¢) 4. =
Y icy @i |i)” @ |E;) where the |E;) states are arbitrary, but
normalized. Then, if we define the mixed state psp =
ey lail?[i)” @ [Ej], it holds that:

Hoo(X|E)y 2 Hoo(X|E), —log, |J],

where the X registers, above, are produced by measuring the
A register (originally written in the Z basis above), in the X
basis.

The next lemma we need is from [?] and shows how one
may compute the min entropy in a state that is initially close
to another (in trace distance) but after conditioning on an
outcome (after which, the states may no longer be close and,
thus, smooth min entropy by itself cannot be used):

Lemma 2. (From [?]): Let p,o, and 7, be three quantum
states with p and o acting on the same Hilbert space (7 may
be arbitrary or trivial). Also, let & be a CPTP map with the
property that:

Flrop) = p)x o)

Flreo) = qx)x e ol
Then, if §||p — o|| < e, it holds that:

1/3

Pr (H§;+36 (A|E) o > HOO(A\E)U(m) >1— 23,

where the probability is over the random outcome X in the
above states.

Finally, we prove the following lemma below in this work
which may be of independent interest. It bounds the min
entropy of a quantum state that is a superposition of Bell states
on which we have some, but not all, information on (and, thus,
Lemma 1 could not be used directly as that lemma requires
full information on the superposition size which our lemma
below does not require):

Lemma 3. Given |[¢) = >, ;a;|¢;)|E;), where J =
{ie A} : L4, 5(i) < Q}, let pap be the result of measur-
ing the first particle of each Bell pair in the Z basis (resulting
in register A) and tracing out the second particle of each Bell
pair. Then it holds that:

Hoo(A|E), > n (1 —h (Q)) . ©6)

Proof. We may rewrite |¢)) by permuting subspaces such that
the second particle of each Bell pair is “pushed” to the left-
most subspace while the first particle of each pair is pushed
to the middle register (the right-most register will remain FE).
Noting that |¢g) and |¢3) are of the form %(H, +)x|—,-))
while |¢;) and |¢3) are of the form %(H—, —) 4+ |—,+)), the
state, after this permutation of subspaces, can be written in the
form:

[¥)

Il

Yo B e Bapp |a)S | Eap) . (D)

be{0,1}"

>

a€e{0,1}"
L Au(a,b)<Q

Above, X is the usual Hadamard basis. From this, we trace
out the left-most register (which was originally the second
particle of each Bell pair) - this, of course, is equivalent to
first measuring the system and then tracing it out - yielding
the state:

PRE = Z |By|> P Balb la)™ |Eap) |, (&)
b

>

a€{0,1}"
L An(a,b)<Q

b
PRE

where, recall, P(|z)) = [z].

The R system is now measured in the Z basis yielding
> 18620% p- From Equation 5, we have H..(A|E), >
min, Hoo (A|E) 5. From Lemma 1, we have:

Hoo(A|E),» > n—log

1
{aG{O,l}” : nAH(a,b)SQH.
Noting that, for any b, the size of the set

{ae{0,1}" : LAy (a,b) < Q} can be bounded using the
well-known bound on the size of a Hamming ball, namely

Hae{o,l}“ : iAHm,MQH < onh(@),

completes the proof. [



B. Quantum Sampling

Our new entropic uncertainty relation is a so-called sam-
pling based entropic uncertainty relation [?] which relies, for
its proof, on the quantum sampling framework introduced by
Bouman and Fehr in [?]. Since we use this framework to prove
our main result, we highlight some of the main concepts here.
For more information, the reader is referred to the original
sampling paper [?] from which all information in this section
is derived.

A classical sampling strategy over ALY is a triple (Pr, g,7),
where Pr is a probability distribution over subsets of
{1,2,--- ,N}; g is a “guess function,” g : A} — R; and
r is a “target function,” r : A, — R. Given a word ¢q € Aév R
the strategy will first sample ¢ according to Pr, observe g¢;
and compute g(g:) (or, equivalently, simply observe g(g:)),
and use this as a guess for the value of 7(¢_;). That is, given
an observed portion of ¢, the strategy should use that to guess
at the target value of an unobserved portion of the string.

Let § > 0, then we define the set of ideal words to be:

Gi={qe A} : gla) ~sr(q-0)},

where we write 2 ~s y to mean |x — y| < 4. Then, the error
probability of the sampling strategy is defined to be:

el = max Pr(q ¢ Gi), 9)
qe AY

where the above probability is over the choice of subset ¢. It is
clear from this definition that, for any ¢ € A%, the probability
that the given sampling strategy fails to give a J-close guess of
the target value is at most €. Note that the “cl” superscript
is used here as a reminder that this is the classical failure
probability.

A sampling strategy as above may be promoted to a
quantum one. Let B be a d-dimensional orthonormal basis and
let |¢) 4, be some quantum state where the A portion lives in
a d" dimensional Hilbert space. Note that the state |)) may
be arbitrary. Then the sampling strategy will first choose a
subset ¢ according to Pr, and then measure those systems in
A indexed by t using basis B to produce outcome ¢; € A‘dt‘.
The unmeasured portion collapses to some state |¢Z>~ Bouman
and Fehr’s main result is to give a rigorous analysis of this
post measured state.

Formally, we define a space of ideal states for subset t with
respect to basis B (or simply ideal states when the context is
clear) as follows:
>B

span (G;) ® Hp = spanf{[q)” : ¢ € G} ® Hp.

Note that the definition depends on the chosen basis B. An
“ideal state for subset ¢t (with respect to basis B) is one that
lives in this space. In general, if a B basis measurement is
performed on subset ¢ of an ideal state, yielding outcome gq,
then it is guaranteed that the post-measured state is of the
form:

o) = aili)? ® |E),

=

where J, = {i € Ailvf‘tl g(q) ~s r(i)}. Bouman and
Fehr’s main result is stated in the Theorem below:

Theorem 1. (From [?], though we reword it here for our
application): Given a classical sampling strategy with error
probability € for a given § > 0, it holds that for any [¢) €
Ha ® Hp (where H, is a dV dimensional Hilbert space)
and any d-dimensional orthonormal basis B, that there exists
a collection of ideal states {|¢)}, indexed by every possible
subset choice ¢, such that |¢") are ideal states for subset ¢ with
respect to basis B, and it holds that:

< Ve, (10)

1
2

> Pr)le® ([] - [¢])

The proof of the above theorem is actually by construction
where the ideal states are defined by projecting onto the ideal
subspace and a subspace orthogonal to it. In particular, given
a fixed t and an input state 1)) = >, i)? @ | E;), then the
ideal states are defined by:

) = (") [6) + (9'14) |6")
=ad [P eIE)+8Y )7 e|E).

i€Gy i€Gt

Thus, given some property of Eve’s ancilla in the real state,
those properties may translate also to the ideal system, a point
that will be important in the proof of our main theorem.

We comment on a few things. First, Theorem 1 let’s us
promote classical sampling strategies to quantum ones where
the error (in terms, now, of trace distance) only increases
quadratically. Second, one doesn’t actually have to perform the
sampling strategy in the given basis - the above states exist
regardless. Thus, one may use the existence of these states
but actually perform different measurements on them, yet still
be able to say something about the post-measured state. We
will use this later in our proof. Finally, though our wording
of Theorem 1 is different from how it was worded originally
in [?], their original proof is by construction and readily leads
to the above statement as shown in [?].

Before leaving this section, we discuss a basic sampling
strategy for bit strings (i.e., d = 2). Let Pr be the uniform
distribution on subsets of size m (with m < N/2) and let
g(x) = r(x) = w(x). From this, it is clear that the set of
ideal words is:

gt = {q c {0,1}N :

where n = N — m. Thus, this strategy observes the relative
number of 1’s in the given string ¢; and uses this as a guess
as to the number of 1’s in the unobserved portion ¢_;. Then,
it was proven in [?], that the error probability of this strategy
may be bounded by:

N
d <9 _52m .
‘0 = 2exXP N +2

w(g) ~swlg—¢)},  (11)

(12)

The above equation will be useful later.



III. NEW ENTROPIC UNCERTAINTY RELATION

We now prove our main result. Consider the following
experiment. Let papp be a quantum state where the A and
B registers each consist of N qubits. Also consider two bases
Z and X,, where &, is defined to be spanned by the states

|zo) = a|0) + V1 —a?|1) and |z1) = V1 —a?|0) — «]1)
where o = (/% +b for some bias parameter b € [—.5,.5]
(our methods can be extended to arbitrary complex amplitudes
«, however we restrict to real values for this work as the
presentation is simpler and, already, this gives an interesting
result as shown later in our evaluations). Note that, when
b = 0, the X, basis is the usual Hadamard basis. When
b= +1/2, the X, basis is no different from the Z basis. We
assume b is known or can be bounded by the parties running
the experiment.

Given papg, Alice and Bob will choose a random subset
t of size m < N/2 and measure their qubits, indexed by
t, in basis X,. Let ¢ € {0,1}™ be the result of XOR’ing
their measurement results (i.e., ¢; = 0 if the ¢’th measurement
yielded equal outcomes in the X, basis and it is 1 otherwise).
This causes the remaining n = N — m qubits to collapse to
some state Pg}g)}z- Next, the remaining n qubits are measured
in the Z basis. Our main result is stated in Theorem 2
below, provides a bound on the min entropy in this Z basis
measurement as a function of the bias parameter b, and the
Shannon entropy of the observed parity value g.

Our proof assumes the states under investigation have a spe-
cific form on the adversary/environment system as defined be-
low in Definition III.1. This assumption is needed in only one
part of our proof, though removing the assumption does seem
to greatly complicate the proof. We suspect this assumption is
not actually required, though a full proof remains elusive. That
being said, the assumption below is, in a way, minimal and, in
fact, most quantum states investigated in security proofs satisfy
it. Thus, while we have to make this assumption on the given
quantum state, it is not very problematic towards applications,
including cryptographic ones. In fact, this assumption may
even be enforced if one utilizes mismatched measurements
[?1, [?1, [?], [?] (see also methods in [?]).

Definition IIL1. Let |¢) ;5 be a quantum state with the
A and B portions consisting of N qubits each. Without loss
of generality, we may write |¢) ,pp = Zz‘eAf a; |oi) | By,
where |¢;) is the Bell basis defined earlier. We say ) 4 g is
produced by a depolarizing source if it holds that (E;|E;) =0
whenever i #£ j.

Note that a depolarizing channel produces a state according
to Definition III.1. A state produced by a depolarizing source
also produces, in a way, “symmetric” (though potentially still
biased based on the measurements’ biases) measurement re-
sults and so can even be enforced as mentioned earlier (using,
potentially, mismatched measurements if measurements are
biased [?]).

To prove our main result, we’ll need the following classical
sampling strategy: Given a word ¢ € A}*™, choose a subset

t C {1,---,n+m} of size |t{ = m uniformly at random.
The guess function is the relative number of 1’s and 3’s in
the observed portion, namely f(q;) = %#1,3(%). The target
function is the relative number of 1’s and 3’s in the unobserved
portion, r(g_;) = 2#1 5(q_¢). This induces the set of ideal
words:

1 1
6= {ic A s halio) o paali0) . 03)

The classical error probability of this sampling strategy is
analyzed in the following Lemma:

Lemma 4. Given § > 0 and m < n, the classical error
probability € of the sampling strategy described above is
bounded by:

el < 2exp (_5zm<”+m>) .

n+m+2

Proof. We prove this by, essentially, reducing to the sampling
strategy described at the end of Section II-B and bounded by
Equation 12. Let G; be the set of ideal words for the earlier
defined sampling strategy (see Equation 11). Let ¢ € A} (with
N =n+ m) and consider a fixed subset t of size m < N/2.
Then, define the word ¢ € {0,1}" where ¢; = 0 if ¢; = 0
or 2 and ¢; = 1 otherwise. Thus, w(g;) = - #13(¢;) and,
similarly, for the complement of ¢. In particular, for any ¢, it
holds that ¢ ¢ G; <= ¢ € G;. From this, we conclude:
Pr(q & G:) = Pr (q~€ Qvt) < max Pr (z & th) <€,
1€{0,1}V

where €5 was defined in Equation 12. Since the above is true
for any ¢, the proof is complete. O

We now have all the tools we need to state and prove our
main result:

Theorem 2. Let € > 0, a = 1/1/2 + b for some b € [—.5, .5],
and let |¢)) 4,55 be a state prepared by a depolarizing source
(according to Definition III.1) where the A and B registers
each consist of N qubits. Assume a random subset is chosen
t of size m and a measurement in the X, basis is performed in
the A and B registers, indexed by ¢ and resulting in outcomes
ga,qs € {0,1}™. The remaining qubits in the A and B
portions are measured in the Z basis resulting in state pg}gg
(which depends on ¢ = ga @ ¢qp and t). Then, except with
probability €fq;; = (16€)'/2, it holds that:

Py <H§;+3<26>1/3(A|E)p<t,q) > n(1— h(w(q) + v + 5))) :
) (14)
where h(z) is the bounded binary entropy function and:

§ = wlni (15)
m(m+mn) €
and
1 1
_ A}2 i
v =4b% + — In 5 (16)

The probability is over the choice of subset and the measure-
ment outcome g = g4 D ¢p.



Proof. Let € > 0 be given and set ¢ as in Equation 15. From
Theorem 1, and using the sampling strategy described earlier
in this section and analyzed in Lemma 4, there exist ideal
states {|¢') ,pp}. With respect to the Bell basis, such that
|¢') € span (G;) ® Hp where:

span (G;) = span {|¢q> : %#1,3(%) ~s i#l,S(q—t)}

and:

S Pl © (] - < Vel <,

t

[])

where the latter inequality follows from Lemma 4 and our
choice of 6.

Note that, since these states are constructed by projecting
|t)) into the subspace of ideal states, it is not difficult to see
that, since |¢)) is produced by a depolarizing source, each |¢*)
is also. (See the discussion under Theorem 1.)

We first analyze the ideal states and show the min entropy
there is high, based on the observed X, basis noise.

By permuting subspaces so that those systems indexed by
t are the left-most system, we may write:

69 = > ailgi) ® Y Builde) |Eiy),

i€A teJ;

a7)

[13)

with:
J; = {€ e A} %#1,3(6) ~ ;#1=3(i)} :

Note that we are permuting subspaces only for clarity in
presentation, this is not a required step of the protocol. Now,
if we were able to make a Bell basis measurement on subset
t, observing, say, outcome x € A", we would know, for
certain, that the post measured state must have collapsed to
|¢%) = 22, By |¢x) |Ex) where the number of 1’s and 3’s in
y is d-close to the number of 1’s and 3’s in the observed
x. However, we can only measure in the X, basis leading to
outcomes ¢4 and gp. The idea is that, based on «, the observed
string cannot be too different from the underlying state in the
original Bell basis. To prove this formally, we now consider
the following two-qubit basis based on X, (which we call the
X,-Bell basis):

|65 ) =

—1 | x)—l——l |z1, x1)
\/i 0,40 \/Q 1,41
1 1

X
= — |xg,21) + —= |21,
|97 ) \/5|0 1) \/5|1 0)
1 1
X
= — |xg,x0) — —= |z1,7
|93) \/5|0 0) \/§|1 1)

63 ) = % |o, x1) — % |71, z0)

Note that if « =1/ V2 (thus X, basis is the Hadamard basis),
then it holds |¢X) = |¢;) for i =0,1,2,3.

Changing basis of those systems indexed by ¢ in Equation
17, we have:

0= D> ai| Do (65 1en10) | © i)
€AY JEAT
=Y ey e | Y (el ) (18)
JEAY i€ AT

A measurement is now performed on the A and B registers,
indexed by ¢, in the X, basis. However, the important factor
will be the number of errors in the measurements. Thus,
we equivalently consider Alice and Bob measuring in the
following two-outcome POVM: X = [Xo,Xo] + [X1,X1] and
X1 = [x0,x1] + [X1,X0]- Thus, X; represents an outcome
where Alice and Bob get different measurement outcomes after
measuring in basis X,,. Note that an outcome of X; can only
occur if the underlying state is |¢7<) or |¢5°). Of course, if
a = 1/\/5 and X, is the Hadamard basis, this gives us an
exact count of the number of 1’s and 3’s in the state 7 (needed
to bound the entropy in |u;)). However, we actually only count
the number of 1’s and 3’s in j - from this, we will need to
determine a good bound for the number of 1’s and 3’s in <.
Intuitively, this should follow since, for « close to 1/ V2, the
X,-Bell states are almost the Bell states and, so, any entropy
equation should behave similarly in both bases for small bias
parameter b. We prove this rigorously below.

For a fixed j € AY", and user-defined v > 0, let’s define
“good” and “bad” states as follows:

G, ={ie AT
B;={ic A"

: Ag(i,j) <mv}
s Ag(i,5) > mul.

Note that v will control how likely we are to get a “good” state
as larger ¥ means more states are considered good - though
this will lead to additional uncertainty in ¢ as we also want to
control how far ¢ is from j. We will show later that v may be
made a function of e. Given this, we may rewrite Equation 18
as follows: |¢f) =

STleFy e | D ai (o 10 ) + > i (67 |6a) i)
JEAD i€G i€B;

(19)
Let |gj) = Yieg, @i{0;16:)|n) and [bs)

Dicn,; @i (8] |¢) i) and so [¢7) 2= 37 |67 ) @(lg;) + [bj)).

We now consider an “ideal-ideal” state |¢') defined as:

Z |67) @ |g5)

jG.Am

(20)

where M =3, (g;|g;). By basic properties of trace distance,
we have:
1 ~ =
S0t = [#] || = V1 - 1eetion

2



Since all states are prepared by a depolarizing source, we have:
2

L1 P =1 = | 3 )+ i)

1
=1-+7 > lgilg) | =1-M.

J

We claim that 1—M may be bounded above by an arbitrarily
small value if user parameters are set appropriately. Note that
1—M =37, (bj|b;). This follows from the fact that Equation
19 is normalized and so:

1= (4g5195) + (slb3)) = D (byley) = 1= M.

J

Now, since the state is produced by a depolarizing source, we
find:

Yo blb) = D0 | D el ) I°

JEAY JEAT \i€B;
= il > 16 o) 7 (22)
i€ AP JEB;

For a fixed i € AY", let’s focus on Y. p | (67]¢4) |°. The
following identities can be easily shown for any « € [0, 1]:

65°) = |o) , [63) = |¢3) ,
67) = VD ld2) + Vo),
65) = Va|¢2) — /P lé1)
where:
VD = B%—a? =20, Va = 2ap

From this, we see that, given a fixed i € AJ', and a
particular 7 € B;, then if there exists even a single index
¢e{1,2,--- ,m} such that ¢y = 0 and j, # 0 or iy = 3 and
j¢ # 3, then the entire inner product (¢3|¢;) = 0. Since we
want to upper-bound Equation 22, the only way that expression
can have non-zero terms is if, for a given ¢, j, = 0 whenever
i¢ = 0 and j, = 3 whenever iy = 3. If iy = 1 or 2, then j,
may be either 1 or 2. Of course, since we are summing over
“bad” states, there must be at least mv differences in j.
Considering any fixed i, if #; 2(¢) < mu, it is clear that
ZjeBi | <¢JX\¢1‘> |2 = 0 since at least one index in each j € B;
must differ on an index where ¢ = 0 or 3. The only time the
sum over j can be non-zero is if i satisfies #1 2(i) = k > mv.
For any such i, there exists a j € B; such that Ay (i,5) =d
with my < d < k and where j = 4 everywhere except on
d indices where 7 happens to be 1 (5 will be a 2 on such
an index) or 2 (5 will be a 1 on such an index). This would
lead to a value of | (¢ |¢) > = plgF~¢ = p?(1 — p)*~1,
where we note that ¢ = 1 — p. The p? term comes from
changing the d indices (flipping a 1 to a 2 and a 2 to a 1)
while the ¢"*~¢ term comes from leaving the remaining 1’s
and 2’s in ¢ the same in j. Of course the rest of ¢ are 0’s and

3’s which are kept the same in j. Since there are (%) such
strings 7, it follows that for any ¢ with #12(7) = k > mv,

k -
that e, [ (07 160) P = S, (5)p°(1 = ).
Continuing this logic, we can write Equation 22 in the
following way:

1=M =" > [(6]6:) I

ZGAZ’ JEB;

m k k
< ~ di1 _ . \k—d
< > Bk (d>p (1=p" @3
k=mv d=mv

where:
)= > ol
i #1,2(0)=k

Note that, if mv is not an integer, we take the floor value
and thus the reason for the inequality above. Note also that

doneob(k) = EieAT |a;|? = 1. Thus:

k
k d k—d
1—MS$%<;:<QPO—M )

=mv

< Z (Tg>pd(1—p)m_d~

d=mv

(24)

This can be considered the tail of the CDF of a binomial
distribution with parameter p and m trials. By Hoeffding’s
inequality, we may derive the following bound, for v > p:

1— M <exp (—2m(v —p)?). (25)

1

= In L it holds that /1 — M < € and

By setting v = p + o

thus we have:
b~ 3 < i<

Of course, this is true for any subset ¢ in the ideal system
|¢?) and, so, by the triangle inequality, along with elementary
properties of trace distance, we have:

S Pl @ ([l - [4])

Thus, since the given input state |¢)) is actually 2e close to
these “ideal-ideal” states, we may analyze the entropy there
and use Lemma 2 to promote the analysis to the real state.

Define org = >, Pr(t)[t] ® {(Et} and we analyze the
min entropy in this state, following the conclusion of the
measurements and sampling. Sampling on such a state implies
measuring the subset register 7' causing the state to collapse
to |¢'). After measuring those systems indexed by ¢ in the
POVM X, and X; defined above, observing ¢ € {0,1}™,
then tracing out the measured portion, the state collapses to
|¢4) which may be written in the form:

>

JEAT
#1,3(3)=#1(q)

< 2. (26)

1
2

6!) = piP | > By lwa)

i€G

27)



The above can be seen easily from Equation 20 and simply
re-parameterizing. Note that whenever an observation of X3
is observed, the underlying index of j may be either a 1 or
a 3 and, thus, the state collapses to some j where we have a
bound on the number of 1’s and 3’s based on the observed g.
Let Q = #1(q). Continuing our derivation, we may write the
above state in the following form:

|¢t> = Z p; P Z Bilj Ima)
JEAT i€G;
#1,3(5)=Q
= 2 wmPl X By
JjeEAY €AY
#1,3(7)=Q Ap(3,5)<mv
X Z Yeli,j |e) 1 Eeji )

Le Ay
L 3(0)~s L #1.3(3)

= > pP > Yeij 1¢e) [ Erj)
JEAT Le Ay
#1,3(3)=Q L4 3(0)<w(q)+v+6

(28)

Above, for the last equality, we simply re-parameterized and
changed the order of the summation. Note that some of the
7e; values may be zero. We did this so that we can easily
use Equation 5 along with Lemma 3 to find the following
lower-bound: Heo(A|E) 5 =1 — h(w(q) + v + &), where the
A register is used to store a Z basis measurement of the first
particle of each Bell pair in the above state (the second particle
is traced out).

Of course, this is only the ideal state. However, Equation
26, along with Lemma 2, finishes the proof. In particular, the
X random variable for Lemma 2 is the subset choice ¢ and
measurement outcome g while the CPTP map F is the choice
of subset and the measurement in POVM { X, X3 }.

O

Corollary IIL1. Let pspg be a quantum state where the A
and B registers hold a single qubit. Let o = 1/1/2+ b for
some b € [—.5,.5] and let Q x be the random variable induced
by performing an X, basis measurement on the A and B qubit
and XOR’ing the outcome. Let Q% be the random variable
which takes the value 1 with probability min(1/2, Pr(Qx =
1) + 4b%). Then it follows that:

H(Az|E), + H (Q%) > 1. (29)

where Ay is the random variable induced by Alice’s Z basis
measurement on her particle in papEg.

Proof. This follows immediately from Theorem 2 and by the
asymptotic equipartition property [?] and the law of large
numbers. O

A. Comparison to Standard Entropic Uncertainty in the
Asymptotic Limit

In the next section, we apply our new entropic uncertainty
bound to two particular cryptographic applications, each of
which were proven in previous work, using standard entropic
uncertainty relations for quantum min entropy and we compare
the resulting bit generation rates for various bias parameters
and noise levels in the channel. However, before this, we show
here a comparison in the asymptotic case to the following
standard entropic uncertainty inequality proven in [?] (written
in a form, here, for the particular scenario and measurements
we’re interested in):

H(Az|E) + H(Ax|Bx) > —log, <; + b) ; (30)
for b > 0. Such a comparison gives a general notion of the
improvement that is possible using our new result, since the
asymptotic case will always provide an upper-bound.

For this comparison, we assume the state is produced by
a depolarization channel (which is easily confirmed to satisfy
Definition III.1), and thus have H(Ax|Bx) = h(q), where
q will denote the error rate in the channel. Comparing with
Equation 29, of course when b = 0, the two identities agree
exactly, as expected.

The comparison for b > 0 is shown in Figure 1. There are
several interesting observations to make here; in particular, we
note that, in many settings, our entropic uncertainty relation
produces a strictly better bound on the entropy. However, this
is not always the case. In particular, when the noise and bias
are both small, standard entropic uncertainty produces a better
result. However, in all other tests we performed when the noise
is larger and there is bias, our result produces a strictly better
bound on the entropy. Since both our new result and standard
results are both lower-bounds, one may, in practice, simply
take the maximum of the two and, thus, our work can only
benefit future analyses requiring bounds on quantum entropy
with biased measurements.

IV. APPLICATIONS

We now apply our main theorem to two different crypto-
graphic applications. The first is a quantum random number
generator (QRNG) with a faulty and uncharacterized source.
The second is a QKD protocol where Alice and Bob are not
able to measure in mutually unbiased bases, as is typically
required by BB84 style protocols to maximize key generation
rates. In both instances we show there are several cases where
our new result significantly outperforms prior work using
standard entropic uncertainty relations.

Quantum Random Number Generation: We first con-
sider a source independent (SI) QRNG protocol whereby the
measurement devices are fully characterized, but the source
is unknown, as introduced in [?]. The goal of a QRNG
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Fig. 1. Comparing our new entropic uncertainty relation (Solid lines, Equation
29) to standard entropic uncertainty relations in the asymptotic limit (Dashed
lines, Equation 30). Since these are lower-bounds, higher is better here. Left:
Here we fix the bias at b = .1 and vary the noise parameter g (z-axis)
from 0 to 50%. Right: Here, we fix the noise at 0% (Blue and Yellow) and
20% (Green and Red) as the bias (x-axis) varies from b = 0 to b = 0.5.
Note that our new result produces the same or better results in most settings.
However, when there is no noise, our result tends to perform worse, except
for a certain range of bias b < .2 as shown in the Right figure (Blue and
Yellow comparison). See text for additional discussion.

protocol is to distill a cryptographically secure random bit
string from a quantum source. SI security models offer a
nice “middle ground” between fully trusted devices (which
have weak security guarantees) and fully device independent
models, which offer strong security guarantees [?], [?] but
have low bit generation rates with today’s technology [?], [?].
SI-QRNG protocols have been demonstrated experimentally
to have high bit generation rates reaching in the Gbps range
[?], [?]. For a general survey of QRNG protocols, the reader
is referred to [?].

Typically SI-QRNG protocols operate by having the unchar-
acterized source prepare quantum signals and sending them to
a user. The user measures some of the signals in one basis
to determine the fidelity of the signal. The remaining signals
are measured in an alternative basis leading to a raw random
string. The raw random string may not be truly uniform
random and so needs to be further processed through privacy
amplification. If one can bound the quantum min entropy of
the raw random string, Equation 4 may be used to determine
the number of bits that may be extracted from the source, even
if the source happens to be adversarial.

We analyze the SI-QRNG protocol introduced in [?]. In this
protocol, the source should prepare N copies of the Bell state
|o) and send both particles to Alice. Alice chooses a random
subset and measures both particles in the X, basis (denoting
by ¢ as the outcome of the parity of these measurements;
namely ¢; = 0 if on the ¢’th test, Alice observed the same
outcome, either |zg) or |z1), in both particles). For the
remaining Bell pairs, Alice measures the first particle in the
Z basis, discarding the second particle. Let o = 4/ % + b with
b > 0 (the case when b < 0 turns out to be symmetric with
the equations we use). Using a standard entropic uncertainty
relation from [?], the authors of [?] were able to derive the
following bound on the bit generation rate:

1 1
Tother = N <n IOg <§ + b) -n 10g2 V(w(Q) + 5/)> )
i 31)
(z+V1+a?) (ﬁ) , and &' =

where: y(z) =
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Fig. 2. Evaluating and comparing the QRNG bit generation rates with biased
measurements using our new result (Solid lines, Equation 32) and prior work
using standard entropic uncertainty (Dashed lines, Equation 31) as the number
of signals NV (the x-axes) increases. Left: Assuming 5% noise (thus, w(q) =
.05), Right: Assuming no noise (w(q) = 0). Blue: Our new result with no
bias; Yellow: prior work with no bias; Green: Our new result with b = 0.2;
Red: Prior work with b = 0.2. We note that when there is some noise, our
result clearly produces higher bit generation rates in all comparable cases as
long as the number of signals is large enough. When there is no noise, our
result produces lower rates. As the number of signals increases, our result
converges to prior work when b = 0, but produces worse results when b =
0.2 in the no noise case (right); however in the noisy case (left), our result
surpasses prior work as the number of signals increases. See text for more
discussion.

24/ % In 54—,. Of course, the original work in [?] only con-
sidered the case when b = 0, however since their proof relies
on the standard entropic uncertainty relation from [?], it is not
difficult to see it can be applied to any b.

Using our Theorem 2, along with Equation 4, we can,
instead, derive the following bit generation rate:

1 5 1
Tours = N <n(1 - h(w(q) +v+ 6)) + 2log ;) . (32)

In our evaluations, we set a sampling size of 7% (thus m =
0.07N) and we set € = 1072 (for roiper) and € = 10736
(for r4yrs). This implies a failure probability and a security
level on the order of 10~'2 for both equations to make a fair
comparison. Note that in our bound, we require a much smaller
€ to guarantee the same level of security as other work - this is
a disadvantage to our approach caused by the use of Lemma
2. However, we will see that even with this disadvantage, our
result still produces higher rates in many scenarios.

Figures 2 and 3 compare the bit generation rates of this
protocol using our new result (solid lines) and prior work using
standard entropic uncertainty (dashed lines). We note several
things. First, our new bound produces higher bit generation
rates in many of the tested scenarios. There are times, however,
when prior work surpasses ours - in particular when the noise
is low, however this was also observed in the previous section.
We conjecture that our methods may be improved in the low
noise case, however we leave that as interesting future work.
Regardless, our work provides substantially improved results
in many cases and, since these are all lower bounds, users
of these protocols with biased measurements may simply take
the max of both our work and prior work to derive the actual
bit generation rate.

Quantum Key Distribution: Next, we consider QKD.
Here, we derive a key-rate expression for standard BB84 [?]
where, however, instead of using the Z and Hadamard bases
as usual, Alice and Bob measure in either the Z or the A,
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Fig. 3. Evaluating and comparing the QRNG bit generation rates with biased
measurements using our new result (Solid lines, Equation 32) and prior work
using standard entropic uncertainty (Dashed lines, Equation 31) as the bias
parameter b (the x-axes) increases. We fix N = 1010 for these evaluations.
Left: Assuming a high level of noise at 15% (thus, w(q) = .15), Right:
Assuming a low level of noise at 2% (w(q) = 0.02). Blue: Our new result;
Yellow: prior work. Here, again, we see that at high noise our new rate
produces substantially higher bit generation rates and has a higher tolerance
to biased measurements, whereas at lower levels of noise, standard entropic
uncertainty produces a better result in most cases (except for a low level of
bias b < .2).

basis. Equivalently, Alice sends states in either the Z or &,
basis while Bob measures in either basis. Using results from
[?], which depend on standard entropic uncertainty relations,
the following key-rate for this protocol was derived:

1 2
s = 57 (e = hw(@) + ) = dwe ~log 5 ) . G

where Agc is the amount of information leaked during error
correction, ¢ = —log, (3 +b) and: p = % In2. The
above equations were derived using an entropic uncertainty
relation from [?].

On the other hand, our new relation in Theorem 2 can
be used to immediately find the following key-rate for the
protocol:

Trew = % <n(1 — h(w(q) +v +0)) — Apc — log, %) :

(34
Note we are ignoring an additional leakage of logi in
both key-rate expressions caused by a final correctness check
- however such a leakage would apply equally to both key-
rate expressions and, since we are only interested in a direct
comparison, this (small) leakage will not affect the results
presented here.

We set the failure rate and security level, along with the
sampling rate, similar to the QRNG case. Finally, we use
Apc = 1.2h(w(q) + 0) for our new work and Agc =
1.2h(w(q) + p) for previous work (r,;4); note that § is usually
larger than p so this is actually to the advantage of prior work
(as is setting € so small to produce the same failure rate as prior
work - this will actually benefit prior work in our comparison).
Despite this, our new result shows significant improvement
over prior work in several, though not all, settings as shown
in Figures 4 and 5. As shown in Figure 4, in the no noise and
no bias case, prior work surpasses our work. However, as the
bias increases, our new bound surpasses prior work. Figure 5
again shows previous trends in that our bound is best when
there is both bias and significant noise.
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Fig. 4. Evaluating and comparing the QKD key generation rates with biased
measurements using our new result (Solid lines, Equation 34) and prior work
using standard entropic uncertainty (Dashed lines, Equation 33) as the number
of signals NV (the z-axes) increases. Left: Assuming 5% noise (thus, w(q) =
.05), Right: Assuming 1% noise (w(g) = 0.01). Blue Solid: Our new result
with b = 0; Yellow Dashed: prior work with b = 0; Green Solid: Our result
with b = 0.1; Red Dashed: Prior work with b = 0.1.
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Fig. 5. Evaluating and comparing the QKD key generation rates with biased
measurements using our new result (Solid lines, Equation 34) and prior work
using standard entropic uncertainty (Dashed lines, Equation 33) as the bias
parameter b (the z-axes) increases. We fix N = 1010 for these evaluations.
Left: Assuming 5% noise (thus, w(q) = .05), Right: Assuming a lower level
of noise at 1% (w(g) = 0.01). Blue solid: Our new result; Yellow dashed:
prior work.

V. CLOSING REMARKS

In this work, we derived a new entropic uncertainty relation
for biased measurements. We applied our result to QRNG
and QKD protocols and compared to prior work. We also
compared our relation in the asymptotic scenario to standard
entropic uncertainty relations. Our evaluations and compar-
isons showed that there are several cases where our new
relation surpassed prior work, sometimes substantially so. Our
result seems best when there is both noise in the channel and
bias in the measurements. When the noise is very low or non-
existent, prior work produced better results. However, since
our result, along with prior work, all produce lower-bounds
on the min-entropy, users may simply evaluate both and take
the maximum.

Many interesting open questions remain. Most important
would be to remove the need for Definition III.1. We suspect
our method does not actually need this assumption on the state.
It is only used in one part of the proof, to more easily bound
the trace distance of two particular states, and we suspect
other methods may be used for this. Nonetheless, even with
this assumption, our result is still highly practical to quantum
cryptography. Other open questions include extending this
work to higher dimensions beyond qubits, and dealing with
other imperfect measurements beyond bias.
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