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Generalization Bounds for Neural Belief

Propagation Decoders
Sudarshan Adiga, Xin Xiao, Ravi Tandon, Bane VasiÂc, Tamal Bose

AbstractÐMachine learning based approaches are being
increasingly used for designing decoders for next genera-
tion communication systems. One widely used framework is
neural belief propagation (NBP), which unfolds the belief prop-
agation (BP) iterations into a deep neural network and the
parameters are trained in a data-driven manner. NBP decoders
have been shown to improve upon classical decoding algorithms.
In this paper, we investigate the generalization capabilities of
NBP decoders. Specifically, the generalization gap of a decoder is
the difference between empirical and expected bit-error-rate(s).
We present new theoretical results which bound this gap and
show the dependence on the decoder complexity, in terms of
code parameters (blocklength, message length, variable/check
node degrees), decoding iterations, and the training dataset size.
Results are presented for both regular and irregular parity-
check matrices. To the best of our knowledge, this is the first
set of theoretical results on generalization performance of neural
network based decoders. We present experimental results to show
the dependence of generalization gap on the training dataset size,
and decoding iterations for different codes.

Index TermsÐMachine Learning, neural belief propagation,
generalization gap, decoder complexity, code parameters, regular
and irregular parity-check matrices.

I. INTRODUCTION

DEEP neural networks have emerged as an important tool

in 5G and beyond for hybrid beamforming [2]±[4], chan-

nel encoding, decoding, and estimation [5]±[19], modulation

classification [20]±[22], and physical layer algorithms [23]±

[25]. Within the context of channel decoding, prior works

have demonstrated that deep neural network based decoders

achieve lower bit/frame error rates than conventional iterative

decoding algorithms such as belief propagation in several

signal-to-noise ratio (SNR) regimes [5], [6], [9], [14]±[16].

In another line of works [26]±[28], deep neural networks have

been used to jointly design both encoder and decoder. Given

the expansive applicability of deep neural networks for channel
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encoding and decoding, we note here that determining neural

network architectures that generalize well to large block length

codewords is an active area of research.

Iterative decoding algorithms (such as belief propagation

(BP)) are commonly deployed for decoding linear codes; and

are known to be equivalent to maximum aposteriori (MAP)

decoding when the Tanner graph does not contain short cycles

[29]. However, if the Tanner graph contains short cycles, then

BP can be sub-optimal i.e., the messages passed between the

variable nodes and parity check nodes cannot correctly recover

the transmitted codeword [5], [30], [31]. One approach to

mitigate the effect of short cycles is by generalizing the BP

algorithm by means of a deep learning based approach [5]±

[13]. It is shown that the weights learnt by optimizing over

the training data ensure that any message repetition between

the variable nodes and parity check nodes do not adversely

impact the performance of BP based decoders [5], [6]. We

refer to this class of belief propagation decoders as Neural

Belief Propagation (NBP) decoders. The salient aspect of

NBP decoders is that its structure is determined from the

corresponding Tanner graph, and therefore its architecture is a

function of the code parameters itself. Several variants of NBP

decoders have been a subject of recent study [7]±[13]. In [7],

the authors propose a hardware efficient implementation of the

NBP decoder by reducing the number of matrix multiplica-

tions. The authors in [9] implement message passing on graph

neural networks wherein the output of each variable node is

computed using a sub-network. An interesting variant of NBP

decoder was proposed in [11] in which the unimportant check

nodes were pruned in each decoding iteration thereby resulting

in a architecture that corresponds to a different parity check

matrix at each iteration. The authors in [12] propose correcting

the output of conventional decoding algorithms using a NBP

decoder thereby combining the desirable features of both

conventional and NBP decoders. A knowledge distillation

based technique to learn the node activations in NBP decoder

was proposed in [13].

Post-training, it is important that the NBP decoder achieves

low bit-error-rate (BER) on unseen noisy codewords. Prior

works on NBP decoders [7]±[13] are empirical; to the best of

our knowledge there are no theoretical guarantees on the per-

formance of NBP decoders on unseen data. To this end, given

a NBP decoder, our goal is to understand how its architecture

impacts its generalization gap [32], defined as the difference

between empirical and expected BER(s). Motivated by the

above discussion, we ask the following fundamental question:

Given a NBP decoder, what is the expected performance on

unseen noisy codewords? And how is the generalization gap
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related to code parameters, neural decoder architecture and

training dataset size?

There are several approaches to obtaining generalization

gap bounds in the theoretical machine learning literature,

which can be classified into two primary categories. The first

category comprises data-independent approaches, such as VC-

dimension, Rademacher complexity of the function class, and

PAC-Bayes [32]±[41]. The second category focuses on data-

dependent approaches, which analyze the mutual information

between the input dataset and the algorithm output [42], [43].

VC-dimension is a measure of the number of samples required

to find a probably approximately correct (PAC) hypothesis

from the entire hypothesis class [44]±[46]. Rademacher com-

plexity measures the correlation between the function class

and the random labels [32]; it is known that generalization

bounds obtained via Rademacher complexity (and it’s variants)

are tighter than the bounds obtained using the VC-dimension

approach [37]. Another method is the PAC-Bayes analysis,

where generalization gap is bounded by the Kullback-Leibler

divergence between the prior and the posterior on the learned

weights. The prior is chosen to be a multi-variate normal

distribution centred around the initial weights [35], [47]±[49].

In [50], the authors propose the measuring the change in

the training error with respect to perturbations in the model

weights as a measure of its generalizability. Recent literature

has increasingly focused on analyzing machine learning-based

communication systems, particularly in terms of the gener-

alization gap. For instance, [51] investigates generalization

bounds in the context of codebook design and decoder se-

lection in both uncoded and coded communication systems.

This paper specifically examines a setting where the encoder

and decoder are learned in a data-driven manner. In uncoded

systems, the authors consider minimum distance decoders,

while in coded systems, they focus on learning decoders by

maximizing the mutual information between the input and the

channel output. The study highlights how the generalization

gap scales with codebook size, the number of noise samples,

and input dimensionality. Additionally, [52] addresses the

learning of decoders for predetermined codebooks. Drawing

inspiration from the support vector machine paradigm, the

authors propose a nearest neighbor decoder, the parameters

of which are learned in a data-driven manner. The paper

also derives bounds for the generalization gap of this learned

decoder. For the scope of this paper, we adopt the PAC learning

framework and use Rademacher Complexity to understand the

generalization gap of NBP decoders. The notations introduced

throughout the paper are summarized in Table I. We next

summarize our main contributions.

Main Contributions:

1) Generalization gap as a function of the covering number

of the NBP decoder: In this paper, we first upper bound

the generalization gap of a generic deep learning decoder

as a function of the Rademacher complexity of the

individual bits of the decoder output (which we denote as

the bit-wise Rademacher complexity). We next consider

NBP decoders which belong to the class of belief

propagation decoders whose architecture is a function

of the code parameters. We upper bound the bit-wise

Rademacher complexity as a function of the covering

number of the NBP decoder, which is the cardinality of

the set of all decoders that can closely approximate the

NBP decoder. The covering number analysis provides

an upper bound with a linear dependence of the gener-

alization gap on spectral norm of the weight matrices

and polynomial dependence on the decoding iterations.

The bound we obtain is tighter than the other approaches

such as VC-dimension and PAC-Bayes approaches in

which the upper bound exponentially depends on the

decoding iterations.

2) Upper bounds on bit-wise Rademacher complexity for

regular and irregular parity check matrices: We upper

bound the covering number of NBP decoder in terms of

the code-parameters (blocklength, variable node degree,

check node degree), and the training dataset size for

both regular and irregular parity check matrices. From

our results, we show that the generalization gap scales

with the inverse of the square root of the dataset size,

linearly with the variable node degree and the decoding

iterations, and the square-root of the blocklength. To

the best of our knowledge, this is the first result that

determines upper bounds on the generalization gap as a

function of the code-parameters.

3) Experimental evaluation of the generalization gap

bounds: We also present simulation results to validate

our theoretical findings. To the best of our knowledge,

this is the first work that empirically studies the gen-

eralization gap of NBP decoders. In the experimental

results, we consider binary phase shift keying (BPSK)

modulation and additive white Gaussian noise (AWGN)

channel. We use Tanner code to illustrate the dependence

of the generalization gap on the decoding iterations, and

training dataset size. To study the dependence of the

generalization gap on the blocklength, we consider two

QC-LDPC parent codes, and generate descendent codes

with smaller blocklengths by puncturing the parent code.

We assume that all-zero codewords are transmitted, and

the NBP decoder is trained on the noisy realizations gen-

erated for a given channel signal-to-noise ratio (SNR). In

our empirical results, we observe that the generalization

gap has a linear dependence on the decoding iterations,

and it increases with the blocklength, thereby agreeing

with the theoretically derived bounds.

II. PRELIMINARIES AND PROBLEM STATEMENT

In Fig. 1, we consider a linear block code denoted by C of

blocklength n and message length k. Let the code C be charac-

terized by a regular parity check matrix H ∈ {0, 1}(n−k)×n,

and we denote the Tanner graph as G = (V,P, E); where V =
{v1, · · · , vn} is the set of variable nodes, P = {p1, · · · , pn−k}
is the set of parity check nodes, and E = {e1, · · · , endv}
is the set of edges. Here, dv represents the variable node

degree, i.e., the number of parity checks a variable node

participates in. Let {vi, pj} denote the edge in the Tanner

graph G connecting variable node vi to parity check node

pj . V (vj) = {pi|H[i, j] = 1} denote the set of parity check
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<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="TF+DhKMdoc9PK4BPvojjNMmrJAw=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g0VwVRIraV2IRTcuK1hbaEKZTCft0MmDmUmxhP6JGxEFces/uHcj/o2TtBRfBwYO59zLPXO8mFEhTfNTKywsLi2vFFf1tfWNzS1je+dGRAnHpIkjFvG2hwRhNCRNSSUj7ZgTFHiMtLzhRea3RoQLGoXXchwTN0D9kPoUI6mkrmE4AyRTJ0By4Pnp7WTSNUpm2cwB/xJrRkpnb/pp/PChN7rGu9OLcBKQUGKGhOhYZizdFHFJMSMT3UkEiREeoj7pKBqigAg3zZNP4IFSetCPuHqhhLn6fSNFgRDjwFOTWUTx28vE/7xOIv2am9IwTiQJ8fSQnzAoI5jVAHuUEyzZWBGEOVVZIR4gjrBUZel5CSdV267Z8y/DTKlU7MpcaR2VreOyZV2Zpfo5mKII9sA+OAQWqII6uAQN0AQYjMAdeARPWqrda8/ay3S0oM12dsEPaK9fdIiX1w==</latexit>

x̂

<latexit sha1_base64="Yya174lFKXa1ouYQ5T1CDjSbnr4=">AAACAXicbVDLSsNAFJ3UV62vqAsXbgaL4KoktqR1V3TjsoK1hSSUyWTSDp08mJkIJXTjr7hxoSBu/Qt3/o2TNBRfF4Y5nHMP997jJYwKaRifWmVldW19o7pZ29re2d3T9w/uRJxyTPo4ZjEfekgQRiPSl1QyMkw4QaHHyMCbXuX64J5wQePoVs4S4oZoHNGAYiQVNdKPHC9mvpiF6sscpow+mtumO9LrRsMoCv4FZgnqoKzeSP9w/BinIYkkZkgI2zQS6WaIS4oZmdecVJAE4SkaE1vBCIVEuFlxwByeKsaHQczViyQs2O+ODIUi31F1hkhOxG8tJ//T7FQGHTejUZJKEuHFoCBlUMYwTwP6lBMs2UwBhDlVu0I8QRxhqTKrFSFctC2rYy1PhjnTbFrNJTM4b5ithmnetOrdyzKPKjgGJ+AMmKANuuAa9EAfYDAHj+AZvGgP2pP2qr0tWita6TkEP0p7/wLr9JdC</latexit>

λ[1]

<latexit sha1_base64="5lfbNGY8rR2Q2paKY8zBYa4/jmA=">AAACAXicbVDLSsNAFJ3UV62vqgsXbgaL4KoktqR1V3TjsoK1hSSUyWTSDp1MwsxEKKEbf8WNCwVx61+482+ctKH4ujDM4Zx7uPceP2FUKtP8NEorq2vrG+XNytb2zu5edf/gTsapwKSHYxaLgY8kYZSTnqKKkUEiCIp8Rvr+5CrX+/dESBrzWzVNiBehEachxUhpalg9cv2YBXIa6S9zmTYGaOZwb1itmXVzXvAvsApQA0V1h9UPN4hxGhGuMENSOpaZKC9DQlHMyKzippIkCE/QiDgachQR6WXzA2bwVDMBDGOhH1dwzn53ZCiS+Y66M0JqLH9rOfmf5qQqbHsZ5UmqCMeLQWHKoIphngYMqCBYsakGCAuqd4V4jATCSmdWmYdw0bLttr08GeZMo2E3lkz/vG4165Z106x1Los8yuAYnIAzYIEW6IBr0AU9gMEMPIJn8GI8GE/Gq/G2aC0ZhecQ/Cjj/QtI8Zd/</latexit>

λ[n]

<latexit sha1_base64="l9AfQHf06NDtp2GFUwACcPe03V4=">AAAB/nicbVDNS8MwHE39nPOrfty8BIfgabRudPM29OJxgnODtYw0zbawtClJKswy/Fe8eFAQr/4d3vxvTLsy/PpByOO93yMvz48ZlcqyPo2l5ZXVtfXSRnlza3tn19zbv5U8EZh0MGdc9HwkCaMR6SiqGOnFgqDQZ6TrTy4zvXtHhKQ8ulHTmHghGkV0SDFSmhqYh67PWSCnob5Sl2ljgGYDs2JVrXzgX2AXoAKKaQ/MDzfgOAlJpDBDUvZtK1ZeioSimJFZ2U0kiRGeoBHpaxihkEgvzdPP4IlmAjjkQp9IwZz97khRKLOAejNEaix/axn5n9ZP1LDppTSKE0UiPH9omDCoOMyqgAEVBCs21QBhQXVWiMdIIKx0YeW8hPOG4zSdxZdhxtRqTm3BdM+qdr1q29f1Suui6KMEjsAxOAU2aIAWuAJt0AEY3INH8AxejAfjyXg13uarS0bhOQA/xnj/AgCVljs=</latexit>

λ

<latexit sha1_base64="yy0O6fB03wBZfzFoBcCPFl31Mk4=">AAAB/HicbVDLSsNAFJ34rPUV69LNYBHqpmRsSeuu6MZlBWsKbSyT6aQdOnkwMxFLyK+4caEgbv0Qd/6NSRqKrwMDh3Pu5Z45TsiZVIbxqa2srq1vbJa2yts7u3v7+kHlVgaRILRHAh6IvoMl5cynPcUUp/1QUOw5nFrO7DLzrXsqJAv8GzUPqe3hic9cRrBKpZFeGXpYTR03tpIRuotr6DQZ6VWjbuSAfwkqSBUU6I70j+E4IJFHfUU4lnKAjFDZMRaKEU6T8jCSNMRkhid0kFIfe1TacZ49gSepMoZuINLnK5ir3zdi7Ek595x0Mksqf3uZ+J83iJTbtmPmh5GiPlkcciMOVQCzIuCYCUoUn6cEE8HSrJBMscBEpXWV8xLOW6bZNpdfhpnSaJiNpWKd1VGzjtB1s9q5KPoogSNwDGoAgRbogCvQBT1AwAN4BM/gRUu0J+1Ve1uMrmjFziH4Ae39C/XYlGQ=</latexit>

W
(1)
1

<latexit sha1_base64="vaj0M/E3aZ08mn6sXXiAFioTEBk=">AAAB+nicbZDLSsNAFIYn9VbrLerSzWARXJWklbTuirpwWcFaoS1lMjlph04yYWZSKaFv4saFgrj1Sdz5NiZtKN4OzPDz/ecwZ3434kxpy/o0Ciura+sbxc3S1vbO7p65f3CnRCwptKngQt67RAFnIbQ10xzuIwkkcDl03PFl5ncmIBUT4a2eRtAPyDBkPqNEp2hgmldAhQcezu4HIb2BWbYq1rzwX2Hnoozyag3Mj54naBxAqCknSnVtK9L9hEjNKIdZqRcriAgdkyF0UxmSAFQ/mW8+wycp8bAvZHpCjef0+0RCAqWmgZt2BkSP1G8vg/953Vj7jX7CwijWENLFQ37MsRY4iwF7TALVfJoKQiVLd8V0RCShOg2rNA/hvO44DWf5ZZyRWs2pLUmnWrHPKrZ9Uy03L/I8iugIHaNTZKM6aqJr1EJtRNEEPaJn9GIkxpPxarwtWgtGPnOIfpTx/gUAgZPo</latexit>

Decoded
<latexit sha1_base64="vaj0M/E3aZ08mn6sXXiAFioTEBk=">AAAB+nicbZDLSsNAFIYn9VbrLerSzWARXJWklbTuirpwWcFaoS1lMjlph04yYWZSKaFv4saFgrj1Sdz5NiZtKN4OzPDz/ecwZ3434kxpy/o0Ciura+sbxc3S1vbO7p65f3CnRCwptKngQt67RAFnIbQ10xzuIwkkcDl03PFl5ncmIBUT4a2eRtAPyDBkPqNEp2hgmldAhQcezu4HIb2BWbYq1rzwX2Hnoozyag3Mj54naBxAqCknSnVtK9L9hEjNKIdZqRcriAgdkyF0UxmSAFQ/mW8+wycp8bAvZHpCjef0+0RCAqWmgZt2BkSP1G8vg/953Vj7jX7CwijWENLFQ37MsRY4iwF7TALVfJoKQiVLd8V0RCShOg2rNA/hvO44DWf5ZZyRWs2pLUmnWrHPKrZ9Uy03L/I8iugIHaNTZKM6aqJr1EJtRNEEPaJn9GIkxpPxarwtWgtGPnOIfpTx/gUAgZPo</latexit>

d codeword

<latexit sha1_base64="KaSq27O4jXJQi6b3Z86zKNuEAiQ=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJK2ndFbtx0UUVawttKJPppB06mYSZiVBCX8ONCwVx68O4821M01C8/TDw851zOGd+N+RMadP8NHJr6xubW/ntws7u3v5B8fDoXgWRJLRDAh7InosV5UzQjmaa014oKfZdTrvutLmodx+oVCwQd3oWUsfHY8E8RrBO0KA5wUJQjlqtWzUslsyymQr9NVZmSpCpPSx+DEYBiXwqNOFYqb5lhtqJsdSMcDovDCJFQ0ymeEz7iRXYp8qJ05vn6CwhI+QFMnlCo5R+n4ixr9TMd5NOH+uJ+l1bwP9q/Uh7dSdmIow0FWS5yIs40gFaBIBGTFKi+SwxmEiW3IrIBEtMdBJTIQ3hsmbbdXv1ZbQg1apdXZFupWxdlC3rplJqXGV55OEETuEcLKhBA66hDR0gEMIjPMOLERlPxqvxtmzNGdnMMfyQ8f4F+MeRpg==</latexit>

Channel
<latexit sha1_base64="KaSq27O4jXJQi6b3Z86zKNuEAiQ=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJK2ndFbtx0UUVawttKJPppB06mYSZiVBCX8ONCwVx68O4821M01C8/TDw851zOGd+N+RMadP8NHJr6xubW/ntws7u3v5B8fDoXgWRJLRDAh7InosV5UzQjmaa014oKfZdTrvutLmodx+oVCwQd3oWUsfHY8E8RrBO0KA5wUJQjlqtWzUslsyymQr9NVZmSpCpPSx+DEYBiXwqNOFYqb5lhtqJsdSMcDovDCJFQ0ymeEz7iRXYp8qJ05vn6CwhI+QFMnlCo5R+n4ixr9TMd5NOH+uJ+l1bwP9q/Uh7dSdmIow0FWS5yIs40gFaBIBGTFKi+SwxmEiW3IrIBEtMdBJTIQ3hsmbbdXv1ZbQg1apdXZFupWxdlC3rplJqXGV55OEETuEcLKhBA66hDR0gEMIjPMOLERlPxqvxtmzNGdnMMfyQ8f4F+MeRpg==</latexit>

el LLRs

<latexit sha1_base64="VGqWYMNuUzrkulZiscJT4Z8lw6U=">AAAB/HicbVDLSsNAFJ3UV62vWJduBotQNyVpS1p3RTcuK1hTaGOYTCft0MmDmYlYQn7FjQsFceuHuPNvTNJQfB0YOJxzL/fMcUJGhdS0T6W0tr6xuVXeruzs7u0fqIfVWxFEHJMBDljAhw4ShFGfDCSVjAxDTpDnMGI688vMN+8JFzTwb+QiJJaHpj51KUYylWy1OvaQnDlubCZ28y6uN88SW61pDS0H/Ev0gtRAgb6tfownAY484kvMkBAjXQulFSMuKWYkqYwjQUKE52hKRin1kUeEFefZE3iaKhPoBjx9voS5+n0jRp4QC89JJ7Ok4reXif95o0i6XSumfhhJ4uPlITdiUAYwKwJOKCdYskVKEOY0zQrxDHGEZVpXJS/hvGMYXWP1ZZgprZbRWilms6G3G7p+3a71Loo+yuAYnIA60EEH9MAV6IMBwOABPIJn8KIkypPyqrwtR0tKsXMEfkB5/wL46pRm</latexit>

W
(2)
2

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

. . .

<latexit sha1_base64="vsE/ARsgDjgvNNcsoNQfsL7LC3g=">AAAB/XicbZDLSsNAFIYn9VbrLdqlm8FWcFWSVtK6K7pxWcFaoQ1lMp22QyeTMDMphFBfxY0LBXHre7jzbZykoXj7YeDnO+dwzvxeyKhUlvVpFNbWNza3itulnd29/QPz8OhOBpHApIsDFoh7D0nCKCddRRUj96EgyPcY6Xmzq7TemxMhacBvVRwS10cTTscUI6XR0CxXBwrxaRUirOg8g3BoVqyalQn+NXZuKiBXZ2h+DEYBjnzCFWZIyr5thcpNkFAUM7IoDSJJQoRnaEL62nLkE+km2fELeKrJCI4DoR9XMKPfJxLkSxn7nu70kZrK37UU/lfrR2rcchPKw0gRjpeLxhGDKoBpEnBEBcGKxdogLKi+FeIpEjoInVcpC+Gi6TgtZ/VlmJJGw2msSK9es89rtn1Tr7Qv8zyK4BicgDNggyZog2vQAV2AQQwewTN4MR6MJ+PVeFu2Fox8pgx+yHj/AnTOlKg=</latexit>

tanh activation

<latexit sha1_base64="DZ5ctfSSY1j7YJNKFJ1+pNJjMPg=">AAAB83icbZDLSsNAFIYnXmu9VV26GSyCq5K0ktZd0Y3uKlhbSEOZTCft0MlMmJkIJfQx3LhQELe+jDvfxkkaircfBn6+cw5zzh/EjCpt25/Wyura+sZmaau8vbO7t185OLxXIpGYdLFgQvYDpAijnHQ11Yz0Y0lQFDDSC6ZXWb33QKSigt/pWUz8CI05DSlG2iDvRhOZO+gMK1W7ZueCf41TmCoo1BlWPgYjgZOIcI0ZUspz7Fj7KZKaYkbm5UGiSIzwFI2JZyxHEVF+mq88h6eGjGAopHlcw5x+n0hRpNQsCkxnhPRE/a5l8L+al+iw5aeUx4kmHC8+ChMGtYDZ/XBEJcGazYxBWFKzK8QTJBE2SahyHsJF03Vb7vJkmJFGw20sSa9ec85rjnNbr7YvizxK4BicgDPggCZog2vQAV2AgQCP4Bm8WNp6sl6tt0XrilXMHIEfst6/AH/XkWY=</latexit>

Iteration 1
<latexit sha1_base64="e1ZXTC3RZG8GzCE8ewjDtmSb0uQ=">AAAB83icbZDLSsNAFIYnXmu9VV26GSyCq5K0ktZd0Y3uKlhbSEOZTCft0MlMmJkIJfQx3LhQELe+jDvfxkkaircfBn6+cw5zzh/EjCpt25/Wyura+sZmaau8vbO7t185OLxXIpGYdLFgQvYDpAijnHQ11Yz0Y0lQFDDSC6ZXWb33QKSigt/pWUz8CI05DSlG2iDvRhOZO1gfVqp2zc4F/xqnMFVQqDOsfAxGAicR4RozpJTn2LH2UyQ1xYzMy4NEkRjhKRoTz1iOIqL8NF95Dk8NGcFQSPO4hjn9PpGiSKlZFJjOCOmJ+l3L4H81L9Fhy08pjxNNOF58FCYMagGz++GISoI1mxmDsKRmV4gnSCJsklDlPISLpuu23OXJMCONhttYkl695pzXHOe2Xm1fFnmUwDE4AWfAAU3QBtegA7oAAwEewTN4sbT1ZL1ab4vWFauYOQI/ZL1/AYFckWc=</latexit>

Iteration 2
<latexit sha1_base64="zI7DlB63XDw9kd+Cc0FDykNezrY=">AAAB9XicbZDLTsJAFIaneEO8oS7dTAQTV6QFU3BHdKM7TEBIoCHTYQoTptM6MyUhDc/hxoUmxq3v4s63cVoa4u1PJvnznXNyzvxuyKhUpvlp5NbWNza38tuFnd29/YPi4dG9DCKBSQcHLBA9F0nCKCcdRRUjvVAQ5LuMdN3pdVLvzoiQNOBtNQ+J46Mxpx7FSGnk3CoiUgfL7fKwWDIrZir411iZKYFMrWHxYzAKcOQTrjBDUvYtM1ROjISimJFFYRBJEiI8RWPS15Yjn0gnTo9ewDNNRtALhH5cwZR+n4iRL+Xcd3Wnj9RE/q4l8L9aP1Jew4kpDyNFOF4u8iIGVQCTBOCICoIVm2uDsKD6VognSCCss5CFNITLum037NWXYUJqNbu2It1qxbqoWNZdtdS8yvLIgxNwCs6BBeqgCW5AC3QABg/gETyDF2NmPBmvxtuyNWdkM8fgh4z3L3SrkeU=</latexit>

Iteration T

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>
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Fig. 1: (a) End-to-End block diagram for communication using neural belief propagation (NBP) decoders for linear block

codes; (b) Architecture of the NBP decoder for T decoding iterations where each decoding iteration corresponds to 2 hidden

layers: (1) variable node layer, (2) parity check node layer.

nodes adjacent to the variable node vj in the Tanner graph G.

Similarly, P (pi) = {vj |H[i, j] = 1} denote the set of variable

nodes adjacent to the parity check node pi in G.

Let Y ⊆ R
n be the space of n dimensional channel outputs,

X ⊆ {0, 1}n be the space of n dimensional codewords, U ⊆
{0, 1}k be the space of k dimensional messages, and Z ⊆ R

n

be the space of n dimensional channel noise. The message

u = [u[1], · · · ,u[k]]⊤ ∈ U is encoded to the codeword

x = [x[1], · · · ,x[n]]⊤ ∈ X . The channel is assumed to be

memoryless, described by Pr(y|x) =∏n
i=1 Pr(y[i]|x[i]). The

receiver receives the channel output y = [y[1], · · · ,y[n]]⊤ ∈
Y; which is the codeword x modulated, and corrupted with

independently and identically distributed (i.i.d.) additive noise

z = [z[1], · · · , z[n]]⊤ ∈ Z . The goal of the decoder is

to recover the message u from the channel output y. The

input to the decoder is the log-likelihood ratio (LLR) of the

posterior probabilities denoted by λ ∈ R
n×1 and is given as

λ[i] = log Pr(x[i]=0|y[i])
Pr(x[i]=1|y[i]) , for 1 ≤ i ≤ n. Denote the output

of the NBP decoder with T decoding iterations as x̂ = f(λ),
where f(·) denotes the decoding function.

The architecture of the NBP decoder is derived from the

trellis representation of G and illustrated in Fig. 1(b). Each

decoding iteration t (where, 1 ≤ t ≤ T ) corresponds to two

hidden layers each of width |E| = ndv , namely: (1) variable

layer vt, (2) parity check layer pt. The hidden nodes in layers

vt and pt correspond to the messages passed along the edges

of the Tanner graph G. For instance, the output of the node

vt[{l,m}] in the NBP decoder corresponds to the message

passed from variable node vl to parity check node pm in the

t-th iteration, and is given as,

vt[{l,m}] = W
(t)
1 [{l,m}, l]λ[l]

+
∑

m′∈V(l)\m
W

(t)
2 [{l,m}, {l,m′}]pt−1[{l,m′}], (1)

where, pt−1[{l,m′}] corresponds to the message passed from

the parity check node pm′ to the variable node vl in the (t−1)-

th iteration. For t = 1, we have p0 = [0, · · · , 0]⊤. W
(t)
1 ∈

R
ndv×n, and W

(t)
2 ∈ R

ndv×ndv are sparse weight matrices

trained using backpropagation in the t-th decoding iteration.

W
(t)
1 is strictly a lower triangular matrix with exactly dv non-

zero entries in every column, and one non-zero entry in every

row. W
(t)
2 has exactly dv−1 non-zero entries in every row, and

dv−1 non-zero entries in every column. We consider that the t-

th decoding iteration is characterized by weight matrices W
(t)
1 ,

and W
(t)
2 , where t can take integer values t ∈ {1, · · · , T}.

The output of the parity check node layer in the t-th decoding

iteration for the NBP decoder is,

pt[{l,m}] = 2 tanh−1




∏

l′∈P(m)\l
tanh

(
vt[{l′,m}]

2

)


 (2)

Implementing (2) is computationally expensive in hardware

due to the multiplicative operations and hyperbolic functions.

For practical implementation, (2) can be made computationally

feasible by using the min-sum operation, which is described

as follows:

pt[{l,m}] =
∏

l′∈P(m)\l
sign(vt[{l′,m}]) min

l′∈P(m)\l
|vt[{l′,m}]|. (3)

We note that learnable parameters can be incorporated into

the min-sum operations. Specifically, the output of the parity

check node layer can be scaled with weights as follows:

pt[{l,m}] = βt[{l,m}]
∏

l′∈P(m)\l
sign(vt[{l′,m}]) p̃t[{l,m}].

(4)

The parameter vector βt is learned in a data-driven manner.

Alternatively, the output of the parity check node layer can be

offset using the parameter βt as follows:

pt[{l,m}] =
∏

l′∈P(m)\l
sign(vt[{l′,m}])

×ReLu (p̃t[{l,m}]− βt[{l,m}]) . (5)

In this paper, we concentrate on the scenario where the

learnable parameters are used solely for computing the output

of the variable node layer. The estimated codeword after T
decoding iterations in the NBP decoder is given as,

x̂[l]=s(W
(T )
4 [l, l]λ[l] +

∑

m′∈V(l)

W
(T )
3 [l, {l,m′}]pT[{l,m′}]) (6)

where, W3 ∈ R
n×ndv , W4 ∈ R

n×n, and s(·) is the sigmoid

activation. W3 is strictly an upper triangular matrix with

exactly dv non-zero entries in every row, while W4 is a

diagonal matrix.
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y[i] → i-th index in y H[i, j] → i-th row and j-th column entry in H

n→ Blocklength C → Linear block code of length n and dimension k
k → Dimension of the code f(λ)[j] → j-th output bit of NBP decoder for input λ

dv → Variable node degree S = {(λj ,xj)}mj=1 → Dataset to train NBP decoder f
k → Message vector x, y, z → Channel input, output, and noise, respectively

κ→ Code rate λ, x̂ → Decoder input, decoder output, respectively

T → Decoding iterations FT → Function class of NBP decoders with T iterations

lBER(·) → BER loss N (FT , ϵ, ∥ · ∥k) → Covering number of FT with respect to kth norm

FL,T → Hypothesis class M(FT , ϵ, ∥ · ∥k) → Packing number of FT with respect to kth norm

H → Parity check matrix P(FT , ϵ, ∥ · ∥k) → Packing of FT with respect to the kth norm

G → Tanner graph RBER(f) → True risk of NBP decoder f

V → Variable nodes set R̂BER(f) → Empirical risk of NBP decoder f
P → Parity check nodes set Rm(FL,T ) → Empirical Rademacher complexity

E → Edge set in graph G Rm(FT [j]) → Bit-wise Rademacher complexity

Wi → Weight matrices {vi, pj} → Edge connecting variable node vi, parity check node pj
B → Norm bounds vt → Output of variable node hidden layer in t-th iteration

b→ Absolute value bound pt → Output of parity-check node hidden layer in t-th iteration

bλ → Bit-wise bound on λ vt[{l,m}] → Message from variable node vl to parity node pm
w → Bound on weights pt[{l,m}] → Message from parity node pm to variable node vl
|| · ||2 → Spectral norm W1[{l,m}, l] → Weight between l-th input λ[l] and node vt[{l,m}]
|| · ||F → Frobenius norm W2[{l,m}, {l,m′}] → Weight between nodes vt[{l,m}],pt[{l,m′}]
|| · ||1 → Max. column sum W3[l, {l,m}] → Weight between vT[{l,m}] and l-th output x̂[l]
|| · ||∞ → Max. row sum W4[l, l] → Weight between λ[l] and x̂[l]
BWi

→ Bound on ∥Wi∥2 Bwi
→ L2 norm bounds of rows in Wi, where i ∈ {1, 2, 3, 4}

TABLE I: Notations used in the paper.

The NBP decoder (denoted by f(·)) is characterized by the

following four sparse weight matrices: (a) W
(t)
1 , where t =

1, · · · , T , (b) W
(t)
2 , where t = 1, · · · , T , (c) W3, and (d) W4.

The weight matrices are learnt by training the NBP decoder

to minimize the bit error rate (BER) loss that is defined as,

lBER(f(λ),x) =
dH(f(λ),x)

n
=

∑n
j=1 1 (f(λ)[j] ̸= x[j])

n
.

(7)

Here, dH(·, ·) denotes the Hamming distance, and 1(·) denotes

the indicator function. In practice, we train the NBP decoder

to minimize the BER loss over the dataset S = {(λj ,xj)}mj=1

comprising of pairs of log-likelihood ratio and its correspond-

ing codeword. Then, we define the empirical risk of f as

R̂BER(f) = 1
m

m∑

j=1

lBER(f(λj),xj). The true risk of f is

defined as RBER(f) = Eλ,x[lBER(f(λ),x)].

Problem Statement. The generalization gap is defined as

the difference RBER(f) − R̂BER(f). The main goal of this

paper is to understand the behavior of the generalization gap

(specifically upper bounds) as a function of a) training dataset

size, m, b) the complexity of the NBP decoder, in terms of the

number of decoding iterations T and c) code parameters, such

as message length k, blocklength n, variable node degree dv ,

parity check node degree dc.

III. MAIN RESULTS

In this section, we present our main results on the general-

ization gap for NBP decoders. Let S = {(λj ,xj)}mj=1 be

the training dataset, and we assume that the dataset is i.i.d

from a fixed distribution. Let FT be a class of NBP decoders

with T decoding iterations. For the scope of this paper, we

focus on the family of NBP decoders whose non-zero weight

entries are bounded by a constant w. Specifically, we assume

that for every (i, j) and 1 ≤ t ≤ T , |W(t)
1 [i, j]| ≤ w,

|W(t)
2 [i, j]| ≤ w, |W3[i, j]| ≤ w and |W4[i, j]| ≤ w, i.e.,

the maximum absolute value of the (i, j) coordinates for all

the weight matrices are bounded by a non-negative constant

w. In addition, we also assume that input log-likelihood ratio

|λ[i]| ≤ bλ for all i = 1, . . . , n.

We define the hypothesis class FL,T , derived from the class

FT of NBP decoders as follows:

FL,T = {(λ,x) 7→ lBER(f(λ),x) : f ∈ FT } . (8)

Intuitively, for each f ∈ FT , the output of the corresponding

function in FL,T is the BER loss of the decoder f . We next

define the empirical Rademacher complexity of FL,T .

Definition 1. (Rademacher complexity of FL,T ) The empirical

Rademacher complexity of FL,T is defined as

Rm(FL,T ) ≜ E
σ

[

sup
f∈FT

1

m

m∑

i=1

σilBER(f(λi),xi)

]

, (9)

where σi’s are i.i.d. Rademacher random variables, i.e.,

Pr(σi = 1) = Pr(σi = −1) = 1
2 .

We note that the loss function lBER takes the values between

[0, 1]; and consequently using a standard result from PAC

learning literature (Theorem 3.3 in [32]), one can bound the
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generalization gap in terms of Rm(FL,T ). Specifically, for any

δ ∈ (0, 1), with probability at least 1 − δ, the generalization

gap for any f ∈ FT is bounded as follows:

RBER(f)− R̂BER(f) ≤ 2Rm(FL,T ) +
√

log(1/δ)

2m
. (10)

To proceed further, we introduce bit-wise Rademacher com-

plexity of FT ; which is a new notion and captures the

correlation between j-th channel output of the NBP decoder

and a random decision (Rademacher random variable).

Definition 2. (Bit-wise Rademacher complexity of FT ) For a

NBP decoder class FT , the empirical bit-wise Rademacher

complexity corresponding to its j-th output bit is defined as:

Rm(FT [j]) ≜ E
σ

[

sup
f∈FT

1

m

m∑

i=1

σi · f(λi)[j]
]

. (11)

We next present Proposition 1 in which we upper bound

the generalization gap as a function of the empirical bit-wise

Rademacher complexity Rm(FT [j]).
Proposition 1. For any δ ∈ (0, 1), with probability at least

1 − δ, the generalization gap for any NBP decoder f ∈ FT
can be upper bounded as follows,

RBER(f)− R̂BER(f) ≤
1

n

n∑

j=1

Rm(FT [j]) +
√

log(1/δ)

2m
, (12)

where Rm(FT [j]) denotes the bit-wise Rademacher complex-

ity for the jth output bit.

The proof of Proposition 1 is presented in Appendix A.

We now present Theorem 1 which is the main result of

this paper. The main technical challenge is to bound the bit-

wise Rademacher complexity Rm(FT [j]) as a function of the

number of decoding iterations T , training dataset size m and

code parameters (blocklength n and variable node degree dv).

Theorem 1. For any δ ∈ (0, 1), with probability at least 1−δ,

the generalization gap for any NBP decoder f ∈ FT can be

upper bounded as follows,

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m
+

12

√

(nd2vT + 1)(T + 1)

m
log
(
8
√
mnwdvbλ

)
, (13)

where n denotes the blocklength, dv is the variable node

degree, T is the number of decoding iterations (number of

layers in NBP), m is the training dataset size; w and bλ are

upper bounds on the weights in the NBP decoder and input

log-likelihood ratio, respectively.

Proof-sketch of Theorem 1: The detailed proof of Theorem

1 is presented in Appendix B and here we briefly describe the

main ideas. We first upper bound the bit-wise Rademacher

complexity in terms of Dudley entropy integral (specifically,

leveraging Massart’s Lemma in [39] and adapting it to our

problem). The resulting bound is expressed in terms of the

covering number of the NBP decoder class, i.e., the smallest

cardinality of the set of functions in FT that can closely

approximate the NBP decoding function f . To further bound

the covering number, we first show that the NBP decoder is

Lipschitz in its weight matrices which is proved in Lemma 1

(see Appendix B). In other words, for a given input, the output

of the NBP decoder remains invariant to small perturbations

in its weight matrices. Using this fact, we obtain a bound on

the covering number of the NBP decoder class in terms of a

product of covering numbers (each corresponding to a weight

matrix). We then observe that the weight matrices for the NBP

decoder are sparse, where the structure and number of non-

zero entries is determined by the parity check matrix and the

code parameters (such as blocklength n, variable node degree

dv etc.). We then use the fact that the covering number of

a sparse weight matrix is always smaller than that of a non-

sparse vector (of the same size as the total non-zero entries in

the original sparse matrix). Using our result in Lemma 3, we

can finally upper bound the bit-wise Rademacher complexity

as a function of the code parameters to deduce the result in

Theorem 1.

Remark 1 (Representation in Terms of Code-rate and

Parity Check Node Degree). The result in Theorem 1 can

also be expressed as follows:

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m
+

12

√

(nd2c(1− κ)2T + 1)(T + 1)

m
log
(
8
√
mnwdvbλ

)
. (14)

We use the fact that the blocklength, message length, variable

node degree, and parity check node degree are related as

ndv = (n− k)dc. Using this relation in Theorem 1 we obtain

(14). From the result in (14) we note that the generalization

gap reduces for codes with a high code-rate κ.

Remark 2 (Impact of the Code-parameters). We plot the

generalization gap bound obtained in Theorem 1 in Fig. 2

for blocklength n = 100, variable node degree dv = 10,

decoding iterations T = 10, and dataset size m = 106. To

understand the dependence of the generalization gap on a

parameter, we vary that parameter while keeping the values of

the remaining parameters fixed. Smaller training dataset size

results in overfitting, and therefore corresponds to a larger

generalization gap. We observe this in Fig. 2(a), wherein the

generalization gap decays as O( 1√
m
). While more decoding

iterations (i.e., more hidden layers) are expected to improve

decoding performance, it can also overfit the training data.

Therefore, we expect the generalization gap to increase with

the number of decoding iterations. As seen from Fig. 2(b), we

note that the generalization gap of the NBP decoder scales

linearly as O(T ). Our theoretical result in Theorem 1 tells

us that the generalization gap scales with the blocklength as

O(
√
n) as shown in Fig. 2(c). However, the generalization

gap scales linearly with the variable node degree as O(dv)
as shown in Fig. 2(d).

Remark 3 (Comparison with Other Approaches for Bound-

ing the Generalization Gap). Vapnik-Chervonenkis (VC)
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w = 1
<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20
<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

<latexit sha1_base64="AqKodo2sYHJ4JFivrdURUd948Xw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2ljmUwndehMEmYmQil9CjcuFMStb+POt3HShuLth4Gf75zDnPP7MWdK2/anlVtaXlldy68XNja3tneKu3s3KkokoS0S8Uh2fKwoZyFtaaY57cSSYuFz2vZHF2m9/UClYlF4rccx9QQehixgBGuDbgU6Q4595xb6xZJdtmdCf42TmRJkavaLH71BRBJBQ004Vqrr2LH2JlhqRjidFnqJojEmIzykXWNDLKjyJrOFp+jIkAEKImleqNGMfp+YYKHUWPimU2B9r37XUvhfrZvooO5NWBgnmoZk/lGQcKQjlF6PBkxSovnYGEwkM7sico8lJtpkNA/htOa6dXdxMkpJpeJWFqR9UnaqZce5qpYa51keeTiAQzgGB2rQgEtoQgsICHiEZ3ixpPVkvVpv89aclc3sww9Z71/8TY89</latexit>

m = 10
6

<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1
<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20
<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

<latexit sha1_base64="AqKodo2sYHJ4JFivrdURUd948Xw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2ljmUwndehMEmYmQil9CjcuFMStb+POt3HShuLth4Gf75zDnPP7MWdK2/anlVtaXlldy68XNja3tneKu3s3KkokoS0S8Uh2fKwoZyFtaaY57cSSYuFz2vZHF2m9/UClYlF4rccx9QQehixgBGuDbgU6Q4595xb6xZJdtmdCf42TmRJkavaLH71BRBJBQ004Vqrr2LH2JlhqRjidFnqJojEmIzykXWNDLKjyJrOFp+jIkAEKImleqNGMfp+YYKHUWPimU2B9r37XUvhfrZvooO5NWBgnmoZk/lGQcKQjlF6PBkxSovnYGEwkM7sico8lJtpkNA/htOa6dXdxMkpJpeJWFqR9UnaqZce5qpYa51keeTiAQzgGB2rQgEtoQgsICHiEZ3ixpPVkvVpv89aclc3sww9Z71/8TY89</latexit>

m = 10
6

<latexit sha1_base64="gvMY0we8COgsmi+k3+1T/fZQ5DA=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegSWaY5rFTNmpkL/TVWYapQqDOsfAxGIYkDKjThWKm+ZUbaTbDUjHA6Lw9iRSNMpnhM+6kVOKDKTfJ15+g0JSPkhzJ9QqOcfp9IcKDULPDSzgDrifpdy+B/tX6s/ZabMBHFmgqy+MiPOdIhym5HIyYp0XyWGkwkS3dFZIIlJjpNqJyHcNG07Za9PBllpF6360vinNesRs2ybhvV9lWRRwmO4QTOwIImtOEGOtAFAlN4hGd4MSLjyXg13hatK0YxcwQ/ZLx/AQlGjrw=</latexit>

n = 100

<latexit sha1_base64="bst5nQe9etTrxOfcAINrmMBKzcQ=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2hDmUwm7dDJJM5MCqX0Jdy4UBC3Po4738YkDeLth4Gf75zDnPO7EWdKm+aHUVhZXVvfKG6WtrZ3dvfK+wd3KowloR0S8lD2XKwoZ4J2NNOc9iJJceBy2nUnV2m9O6VSsVDc6llEnQCPBPMZwTpBPW84RRfIMoflilk1M6G/xspNBXK1h+X3gReSOKBCE46V6ltmpJ05lpoRThelQaxohMkEj2g/sQIHVDnzbN8FOkmIh/xQJk9olNHvE3McKDUL3KQzwHqsftdS+F+tH2u/6cyZiGJNBVl+5Mcc6RClxyOPSUo0nyUGE8mSXREZY4mJTiIqZSGcN2y7aX+djFJSq9m1L9I9q1r1qmXd1CutyzyPIhzBMZyCBQ1owTW0oQMEODzAEzwb98aj8WK8LlsLRj5zCD9kvH0CHZ+PYQ==</latexit>

dv = 10

<latexit sha1_base64="bst5nQe9etTrxOfcAINrmMBKzcQ=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2hDmUwm7dDJJM5MCqX0Jdy4UBC3Po4738YkDeLth4Gf75zDnPO7EWdKm+aHUVhZXVvfKG6WtrZ3dvfK+wd3KowloR0S8lD2XKwoZ4J2NNOc9iJJceBy2nUnV2m9O6VSsVDc6llEnQCPBPMZwTpBPW84RRfIMoflilk1M6G/xspNBXK1h+X3gReSOKBCE46V6ltmpJ05lpoRThelQaxohMkEj2g/sQIHVDnzbN8FOkmIh/xQJk9olNHvE3McKDUL3KQzwHqsftdS+F+tH2u/6cyZiGJNBVl+5Mcc6RClxyOPSUo0nyUGE8mSXREZY4mJTiIqZSGcN2y7aX+djFJSq9m1L9I9q1r1qmXd1CutyzyPIhzBMZyCBQ1owTW0oQMEODzAEzwb98aj8WK8LlsLRj5zCD9kvH0CHZ+PYQ==</latexit>

dv = 10

<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1
<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20
<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

<latexit sha1_base64="AqKodo2sYHJ4JFivrdURUd948Xw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2ljmUwndehMEmYmQil9CjcuFMStb+POt3HShuLth4Gf75zDnPP7MWdK2/anlVtaXlldy68XNja3tneKu3s3KkokoS0S8Uh2fKwoZyFtaaY57cSSYuFz2vZHF2m9/UClYlF4rccx9QQehixgBGuDbgU6Q4595xb6xZJdtmdCf42TmRJkavaLH71BRBJBQ004Vqrr2LH2JlhqRjidFnqJojEmIzykXWNDLKjyJrOFp+jIkAEKImleqNGMfp+YYKHUWPimU2B9r37XUvhfrZvooO5NWBgnmoZk/lGQcKQjlF6PBkxSovnYGEwkM7sico8lJtpkNA/htOa6dXdxMkpJpeJWFqR9UnaqZce5qpYa51keeTiAQzgGB2rQgEtoQgsICHiEZ3ixpPVkvVpv89aclc3sww9Z71/8TY89</latexit>

m = 10
6

<latexit sha1_base64="gvMY0we8COgsmi+k3+1T/fZQ5DA=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegSWaY5rFTNmpkL/TVWYapQqDOsfAxGIYkDKjThWKm+ZUbaTbDUjHA6Lw9iRSNMpnhM+6kVOKDKTfJ15+g0JSPkhzJ9QqOcfp9IcKDULPDSzgDrifpdy+B/tX6s/ZabMBHFmgqy+MiPOdIhym5HIyYp0XyWGkwkS3dFZIIlJjpNqJyHcNG07Za9PBllpF6360vinNesRs2ybhvV9lWRRwmO4QTOwIImtOEGOtAFAlN4hGd4MSLjyXg13hatK0YxcwQ/ZLx/AQlGjrw=</latexit>

n = 100
<latexit sha1_base64="XH7H1ucMwNSMOJRvdu0pFCEcfOY=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJrWldCEU3Lis0ttCGMplO2sHJJMxMhBL6DG5cKIhb38edb2OahuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSh7HlaUM0EdzTSnvUhSHHicdr3763m9+0ClYqHo6GlE3QCPBfMZwTpFTgddovNhuWJWzUzor7FyU4Fc7WH5YzAKSRxQoQnHSvUtM9JugqVmhNNZaRArGmFyj8e0n1qBA6rcJFt2hk5SMkJ+KNMnNMro94kEB0pNAy/tDLCeqN+1Ofyv1o+133QTJqJYU0EWH/kxRzpE88vRiElKNJ+mBhPJ0l0RmWCJiU7zKWUhXDRsu2kvT0ZzUqvZtSXpnlWtetWybuuV1lWeRxGO4BhOwYIGtOAG2uAAAQaP8AwvhjCejFfjbdFaMPKZQ/gh4/0LCT2OMg==</latexit>

T = 5

<latexit sha1_base64="gvMY0we8COgsmi+k3+1T/fZQ5DA=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegSWaY5rFTNmpkL/TVWYapQqDOsfAxGIYkDKjThWKm+ZUbaTbDUjHA6Lw9iRSNMpnhM+6kVOKDKTfJ15+g0JSPkhzJ9QqOcfp9IcKDULPDSzgDrifpdy+B/tX6s/ZabMBHFmgqy+MiPOdIhym5HIyYp0XyWGkwkS3dFZIIlJjpNqJyHcNG07Za9PBllpF6360vinNesRs2ybhvV9lWRRwmO4QTOwIImtOEGOtAFAlN4hGd4MSLjyXg13hatK0YxcwQ/ZLx/AQlGjrw=</latexit>

n = 100

<latexit sha1_base64="XH7H1ucMwNSMOJRvdu0pFCEcfOY=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJrWldCEU3Lis0ttCGMplO2sHJJMxMhBL6DG5cKIhb38edb2OahuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSh7HlaUM0EdzTSnvUhSHHicdr3763m9+0ClYqHo6GlE3QCPBfMZwTpFTgddovNhuWJWzUzor7FyU4Fc7WH5YzAKSRxQoQnHSvUtM9JugqVmhNNZaRArGmFyj8e0n1qBA6rcJFt2hk5SMkJ+KNMnNMro94kEB0pNAy/tDLCeqN+1Ofyv1o+133QTJqJYU0EWH/kxRzpE88vRiElKNJ+mBhPJ0l0RmWCJiU7zKWUhXDRsu2kvT0ZzUqvZtSXpnlWtetWybuuV1lWeRxGO4BhOwYIGtOAG2uAAAQaP8AwvhjCejFfjbdFaMPKZQ/gh4/0LCT2OMg==</latexit>

T = 5
<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1
<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20
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Fig. 2: (a) RHS in Theorem 1 vs Dataset size (m), (b) RHS in

Theorem 1 vs Decoding iterations (T ), (c) RHS in Theorem 1

vs Blocklength (n), (d) RHS in Theorem 1 vs Variable node

degree (dv).

dimension bounds [33], [34], PAC-Bayes analysis [35], [36],

[49] are other techniques to upper bound the generalization

gap. While VC-dimension approach yields a bound indepen-

dent of the data distribution, it is found that these bounds are

vacuous [35], [53] and scales exponentially with the number

of parameters of the neural network. To obtain tighter and

non vacuous generalization bounds, prior works [35], [54],

[55] have proposed the use of PAC-Bayes analysis. For any

δ ∈ (0, 1), with probability at least 1 − δ, the general-

ization gap using PAC-Bayes analysis is upper bounded as,

RBER(f) − R̂BER(f) ≤
√

KL(ζ||Γ)+log
√
m+log(2/δ)

2m . The PAC-

Bayes prior on the space of neural network decoders ζ is

chosen independent of the training data [54], [56]. The KL

divergence term between the PAC-Bayes prior ζ and posterior

Γ is typically the dominant term in the bound for the general-

ization gap. While the posterior Γ achieves minimal empirical

risk, and is data-dependent; the KL divergence term can be

large as the data-independent priors are chosen arbitrarily

causing the bound to be vacuous [56]. In [49], the PAC-

Bayes framework is utilized to establish an upper bound on the

generalization gap as a function of the network’s sharpness,

where sharpness is defined as the change in network output

relative to the perturbation of the weight matrices. The result-

ing bound is a function of the spectral and Frobenius norms

of the weight matrices, assuming that both the perturbation

and the prior are from a Gaussian distribution. Exploring

PAC-Bayes analysis for the NBP (Neural Belief Propagation)

decoder paradigm, and understanding how the bound scales

with different priors, is an interesting future direction. PAC-

Learning approach used in this paper leads to a cleaner

analysis (inspired by recent results on generalization bounds

for graph neural networks and recurrent neural networks [57],

[58]), and the bound obtained has a closed-form expression

with explicit dependence on code parameters, decoding itera-

tions, and the training dataset size.

We next show that Theorem 1 can be readily generalized

to irregular parity check matrices. Specifically, consider an

irregular parity check matrix H ∈ {0, 1}(n−k)×n where dvi
is the variable node degree of the i-th bit in the codeword,

and dcj is the parity check node degree of the j-th parity

check equation. The NBP decoder corresponding to such this

irregular parity check matrix is characterized by the weight

matrices {W(t)
1 |1 ≤ t ≤ T}, {W(t)

2 |1 ≤ t ≤ T}, W3, W4.

Here, for every 1 ≤ t ≤ T , and θ =
n∑

i=1

dvi , we have that

W
(t)
1 ∈ R

θ×n, W
(t)
2 ∈ R

θ×θ, W3 ∈ R
n×θ, and W4 ∈ R

n×n.

For any value of t, the weight matrix W
(t)
1 has one non-zero

entry in every row, and dvi non-zero entries in the i-th column.

In the weight matrix W
(t)
2 , the i-th bit in the codeword with

variable node degree dvi corresponds to dvi rows and dvi
columns, and these rows and columns each have exactly dvi−1
non-zero entries.

Theorem 2. For any δ ∈ (0, 1), with probability at least

1 − δ, the generalization gap for any NBP decoder f ∈ FT
corresponding to irregular parity check matrix can be upper

bounded as follows,

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m
+

12

√
√
√
√
√

n∑

j=1

d2vj (T + 1)2

m
log
(

8
√
mnwmax

i
dvibλ

)

. (15)

The proof of Theorem 2 follows similar steps used to prove

Theorem 1, and is presented in Appendix E.

In Theorem 1, we assumed that the log-likelihood ratios are

bounded and this result does not take the channel SNR into

account. We study the impact of the bound on input log-

likelihood ratios and the channel SNR in Theorem 3 which

is presented next.

Theorem 3. For any δ ∈ (0, 1), with probability at least 1−δ,

the generalization gap for any NBP decoder f ∈ FT with

unbounded log-likelihood ratios is upper bounded as follows,

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m
+min

bλ
ϕ(n, dv, T,m,w, bλ). (16)

where, ϕ(n, dv, T,m,w, bλ) = Pr (∃i ∈ [n],s.t.|λ[i]| > bλ) +

12

√
(nd2vT+1)(T+1)

m log (8
√
mnwdvbλ). Suppose the

symbols are modulated using binary phase shift keying

(BPSK) modulation, and the channel is AWGN with

variance β2, then Pr (∃i ∈ [n] s.t. |λ[i]| > bλ) =
(

1−Q
(
β2bλ+2

2β

)

−Q
(
β2bλ−2

2β

))n

.

The proof of Theorem 3 is presented in Appendix F. To

take the unbounded input log-likelihood ratio into account for

analysis, we use the law of total expectations, and condition

the true risk with the event that the input log-likelihood

ratio is not bounded, i.e., |λ[i]| > bλ for any i ∈ [n].
We bound the probability that log-likelihood ratio is un-
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bounded assuming BPSK modulation, and AWGN channel.

In addition, we have the true risk conditioned on the event

that the input log-likelihood ratio is bounded which directly

follows from Theorem 1 in this paper. In (16), the term

12

√
(nd2vT+1)(T+1)

m log (8
√
mnwdvbλ) is an increasing func-

tion of bλ, and Pr (∃i ∈ [n],s.t.|λ[i]| > bλ) is a decreasing

function of bλ. Therefore, minimizing the two terms over bλ
provides the upper bound on the generalization gap.

Remark 4 (Minimizing the generalization gap by selecting

the bound on LLR (bλ) based on Channel SNR). The

generalization gap in Theorem 3 comprises of two terms: (a)

12

√
(nd2vT+1)(T+1)

m log (8
√
mnwdvbλ), which increases with

bλ; (b) Pr (∃i ∈ [n],s.t.|λ[i]| > bλ), which is a decreasing

function of bλ, β. The choice of bλ to minimize the total

generalization gap is a function of β. To illustrate this, we

plot the generalization gap bound obtained in Theorem 3,

the generalization gap bound obtained in Theorem 1 for

bounded input LLR, and the probability that the input LLR

is unbounded in Fig. 3(a). We set blocklength n = 100,

variable node degree dv = 10, decoding iterations T = 10,

and dataset size m = 106. As seen in Fig. 3(a), the gen-

eralization gap terms obtained in Theorem 1 are minimized

in region R1 that corresponds to smaller values of β (or

large channel SNR). This behavior is attributed to lower

values of bλ (i.e., bλ = 10) as observed in Fig. 3(b). As

the β is increased (or reducing the channel SNR) in region

R2 in Fig. 3(a), the minimum generalization gap is obtained

for larger values of bλ. The term Pr (∃i ∈ [n],s.t.|λ[i]| > bλ)
also decreases with increase in β (or lower channel

SNR values). In other words, there is a trade-off be-

tween the terms 12

√
(nd2vT+1)(T+1)

m log (8
√
mnwdvbλ), and

Pr (∃i ∈ [n],s.t.|λ[i]| > bλ) based on the channel SNR. We

adopt this approach to establish a dependency on the channel

SNR, considering that our method for bounding the gener-

alization gap was previously data-independent. In contrast,

data-dependent bounds create a direct link between the gen-

eralization gap and the mutual information involving the input

dataset and the algorithm output [42], [43]. This methodology

implicitly accounts for various factors, including the dataset,

hypothesis set, learning algorithm, and the loss function em-

ployed. Consequently, the integration of mutual information-

based approaches could be crucial in demonstrating a direct

correlation between the generalization gap and the channel

SNR.

IV. EXPERIMENTAL RESULTS

In this section, we present some numerical results to com-

plement our theoretical bounds. We consider binary phase

shift keying (BPSK) modulation and AWGN channel, and

the received channel output for 1 ≤ i ≤ n is given as

y[i] = (−1)x[i] + z[i]. We focus on Tanner codes with: (i)

n = 155, k = 64, dv = 3, dc = 5; (ii) n = 310, k = 128,

dv = 3, dc = 5 and study the empirical generalization perfor-

mance of NBP decoders whose architecture was proposed in

[5], and also described in Section II of this paper. We adopt the
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<latexit sha1_base64="9Fee4WRsdtBMzLifZRA7MDrTEiY=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpW91C0SpZmdBfY09N8eTNPI5fPsx6t/De6UUkCWioCMdStm0rVu4IC8UIp2Ozk0gaYzLAfdrWNsQBle4om3SM9jTpIT8S+oUKZfR7xwgHUg4DT1cGWN3I31kK/8vaifKr7oiFcaJoSCYf+QlHKkLp2qjHBCWKD7XBRDA9KyI3WGCi9HHM7AhHFcepOrOVUUrKZac8I82Dkn1Ysu0Lq1g7hYnysAO7sA82VKAG51CHBhDw4Q4e4NEYGPfGk/E8Kc0Z055t+CHj9QsAaZCs</latexit>

10

<latexit sha1_base64="KCGXInh4DDwFmA1vDQF7c+gI8ws=">AAAB6nicbZDLSsNAFIYn9VbjrerSzWARXJWklbQuxKIbl1WsLbShTKaTduhkEmYmQgl9AzcuFMSlvot7N+LbOElL8fbDwM/3n8Occ7yIUaks69PILSwuLa/kV8219Y3NrcL2zo0MY4FJE4csFG0PScIoJ01FFSPtSBAUeIy0vNF5mrduiZA05NdqHBE3QANOfYqR0ujKLvcKRatkZYJ/jT0zxdM38yR6+TAbvcJ7tx/iOCBcYYak7NhWpNwECUUxIxOzG0sSITxCA9LRlqOASDfJJp3AA0360A+FflzBjH7vSFAg5TjwdGWA1FD+zlL4X9aJlV9zE8qjWBGOpx/5MYMqhOnasE8FwYqNtUFYUD0rxEMkEFb6OGZ2hOOq49Sc+cowJZWKU5mTVrlkH5Vs+9Iq1s/AVHmwB/bBIbBBFdTBBWiAJsDAB3fgATwaI+PeeDKep6U5Y9azC37IeP0CA3OQrg==</latexit>

12

<latexit sha1_base64="crkyEeiN/GjcjkyLNvyCpm5XPLI=">AAAB6nicbZDLSsNAFIYn9VbjrerSzWARXJXElrQuxKIbl1WsLbShTKaTduhkEmYmQgl9AzcuFMSlvot7N+LbOElL8fbDwM/3n8Occ7yIUaks69PILSwuLa/kV8219Y3NrcL2zo0MY4FJE4csFG0PScIoJ01FFSPtSBAUeIy0vNF5mrduiZA05NdqHBE3QANOfYqR0ujKrvQKRatkZYJ/jT0zxdM38yR6+TAbvcJ7tx/iOCBcYYak7NhWpNwECUUxIxOzG0sSITxCA9LRlqOASDfJJp3AA0360A+FflzBjH7vSFAg5TjwdGWA1FD+zlL4X9aJlV9zE8qjWBGOpx/5MYMqhOnasE8FwYqNtUFYUD0rxEMkEFb6OGZ2hOOq49Sc+cowJeWyU56T1lHJrpRs+9Iq1s/AVHmwB/bBIbBBFdTBBWiAJsDAB3fgATwaI+PeeDKep6U5Y9azC37IeP0CBn2QsA==</latexit>

14

<latexit sha1_base64="KTNFSHCBa4LRvRkgO91fF0KXv6Q=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpO91C0SpZmdBfY09N8eTNPI5fPsx6t/De6UUkCWioCMdStm0rVu4IC8UIp2Ozk0gaYzLAfdrWNsQBle4om3SM9jTpIT8S+oUKZfR7xwgHUg4DT1cGWN3I31kK/8vaifKr7oiFcaJoSCYf+QlHKkLp2qjHBCWKD7XBRDA9KyI3WGCi9HHM7AhHFcepOrOVUUrKZac8I82Dkn1Ysu0Lq1g7hYnysAO7sA82VKAG51CHBhDw4Q4e4NEYGPfGk/E8Kc0Z055t+CHj9QsJh5Cy</latexit>

16

<latexit sha1_base64="j2Rf0PL0/gv0E9IoCrfXkp2Hfkg=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpV7uFolWyMqG/xp6a4smbeRy/fJj1buG904tIEtBQEY6lbNtWrNwRFooRTsdmJ5E0xmSA+7StbYgDKt1RNukY7WnSQ34k9AsVyuj3jhEOpBwGnq4MsLqRv7MU/pe1E+VX3REL40TRkEw+8hOOVITStVGPCUoUH2qDiWB6VkRusMBE6eOY2RGOKo5TdWYro5SUy055RpoHJfuwZNsXVrF2ChPlYQd2YR9sqEANzqEODSDgwx08wKMxMO6NJ+N5Upozpj3b8EPG6xcMkZC0</latexit>

18

<latexit sha1_base64="9TeGkXJyg39jh3bkjDxG73bNyV0=">AAAB6nicbZDLSsNAFIYn9VbjrerSzWARXJWklbQuxKIbl1WsLbShTKaTduhkEmYmQgl9AzcuFMSlvot7N+LbOElL8fbDwM/3n8Occ7yIUaks69PILSwuLa/kV8219Y3NrcL2zo0MY4FJE4csFG0PScIoJ01FFSPtSBAUeIy0vNF5mrduiZA05NdqHBE3QANOfYqR0uiqbPUKRatkZYJ/jT0zxdM38yR6+TAbvcJ7tx/iOCBcYYak7NhWpNwECUUxIxOzG0sSITxCA9LRlqOASDfJJp3AA0360A+FflzBjH7vSFAg5TjwdGWA1FD+zlL4X9aJlV9zE8qjWBGOpx/5MYMqhOnasE8FwYqNtUFYUD0rxEMkEFb6OGZ2hOOq49Sc+cowJZWKU5mTVrlkH5Vs+9Iq1s/AVHmwB/bBIbBBFdTBBWiAJsDAB3fgATwaI+PeeDKep6U5Y9azC37IeP0CAe+QrQ==</latexit>

20

<latexit sha1_base64="DvEuMR7fzJiTRAXXVzuBLJPZDyI=">AAAB6nicbZDLSsNAFIYn9VbjrerSzWARXJWklbQuxKIbl1WsLbShTKaTduhkEmYmQgl9AzcuFMSlvot7N+LbOElL8fbDwM/3n8Occ7yIUaks69PILSwuLa/kV8219Y3NrcL2zo0MY4FJE4csFG0PScIoJ01FFSPtSBAUeIy0vNF5mrduiZA05NdqHBE3QANOfYqR0uiqXO4VilbJygT/Gntmiqdv5kn08mE2eoX3bj/EcUC4wgxJ2bGtSLkJEopiRiZmN5YkQniEBqSjLUcBkW6STTqBB5r0oR8K/biCGf3ekaBAynHg6coAqaH8naXwv6wTK7/mJpRHsSIcTz/yYwZVCNO1YZ8KghUba4OwoHpWiIdIIKz0cczsCMdVx6k585VhSioVpzInrXLJPirZ9qVVrJ+BqfJgD+yDQ2CDKqiDC9AATYCBD+7AA3g0Rsa98WQ8T0tzxqxnF/yQ8foFBPmQrw==</latexit>

22

<latexit sha1_base64="EpF8C8s+ZswBJrA2ZBy3UlBv18U=">AAAB6nicbZDLSsNAFIYn9VbjrerSzWARXJWkLWldiEU3LqtYK7ShTKaTduhkEmYmQgl9AzcuFMSlvot7N+LbOElL8fbDwM/3n8Occ7yIUaks69PILSwuLa/kV8219Y3NrcL2zrUMY4FJC4csFDcekoRRTlqKKkZuIkFQ4DHS9kZnad6+JULSkF+pcUTcAA049SlGSqPLcrVXKFolKxP8a+yZKZ68mcfRy4fZ7BXeu/0QxwHhCjMkZce2IuUmSCiKGZmY3ViSCOERGpCOthwFRLpJNukEHmjSh34o9OMKZvR7R4ICKceBpysDpIbyd5bC/7JOrPy6m1AexYpwPP3IjxlUIUzXhn0qCFZsrA3CgupZIR4igbDSxzGzIxzVHKfuzFeGKalUnMqctMslu1qy7Qur2DgFU+XBHtgHh8AGNdAA56AJWgADH9yBB/BojIx748l4npbmjFnPLvgh4/ULCAOQsQ==</latexit>

24

<latexit sha1_base64="MNZ6KPtgTwqIvIPj7pbQD2VGIaE=">AAAB6nicbZDLSsNAFIYn9VbjrerSzWARXJWklbQuxKIbl1WsLbShTKaTduhkEmYmQgl9AzcuFMSlvot7N+LbOElL8fbDwM/3n8Occ7yIUaks69PILSwuLa/kV8219Y3NrcL2zo0MY4FJE4csFG0PScIoJ01FFSPtSBAUeIy0vNF5mrduiZA05NdqHBE3QANOfYqR0uiq7PQKRatkZYJ/jT0zxdM38yR6+TAbvcJ7tx/iOCBcYYak7NhWpNwECUUxIxOzG0sSITxCA9LRlqOASDfJJp3AA0360A+FflzBjH7vSFAg5TjwdGWA1FD+zlL4X9aJlV9zE8qjWBGOpx/5MYMqhOnasE8FwYqNtUFYUD0rxEMkEFb6OGZ2hOOq49Sc+cowJZWKU5mTVrlkH5Vs+9Iq1s/AVHmwB/bBIbBBFdTBBWiAJsDAB3fgATwaI+PeeDKep6U5Y9azC37IeP0CCw2Qsw==</latexit>

26

<latexit sha1_base64="+xHQAJyfqx6WOoFeM7hF/HBOiGc=">AAAB6nicbZDLSsNAFIYn9VbjrerSzWARXJWklbQuxKIbl1WsLbShTKaTduhkEmYmQgl9AzcuFMSlvot7N+LbOElL8fbDwM/3n8Occ7yIUaks69PILSwuLa/kV8219Y3NrcL2zo0MY4FJE4csFG0PScIoJ01FFSPtSBAUeIy0vNF5mrduiZA05NdqHBE3QANOfYqR0uiqXOsVilbJygT/Gntmiqdv5kn08mE2eoX3bj/EcUC4wgxJ2bGtSLkJEopiRiZmN5YkQniEBqSjLUcBkW6STTqBB5r0oR8K/biCGf3ekaBAynHg6coAqaH8naXwv6wTK7/mJpRHsSIcTz/yYwZVCNO1YZ8KghUba4OwoHpWiIdIIKz0cczsCMdVx6k585VhSioVpzInrXLJPirZ9qVVrJ+BqfJgD+yDQ2CDKqiDC9AATYCBD+7AA3g0Rsa98WQ8T0tzxqxnF/yQ8foFDheQtQ==</latexit>

28

<latexit sha1_base64="ftcdfMLn40Ik4DYK82LwnJcvgMk=">AAAB83icbVDLSgMxFM3UV62vqks3wSK4KjO2TOuu6MZlBWsL06FkMmkbmkmGJCOUoZ/hxoWCuPVn3Pk3ZqZD8XUgcDjnXHLvCWJGlbbtT6u0tr6xuVXeruzs7u0fVA+P7pVIJCY9LJiQgwApwignPU01I4NYEhQFjPSD2XXm9x+IVFTwOz2PiR+hCadjipE2kheM0iEz6RAtRtWaXbdzwL/EKUgNFOiOqh/DUOAkIlxjhpTyHDvWfoqkppiRRWWYKBIjPEMT4hnKUUSUn+YrL+CZUUI4FtI8rmGufp9IUaTUPApMMkJ6qn57mfif5yV63PZTyuNEE46XH40TBrWA2f0wpJJgzeaGICyp2RXiKZIIa9NSJS/hsuW6bXd1MsyURsNtrJT+Rd1p1h3ntlnrXBV9lMEJOAXnwAEt0AE3oAt6AAMBHsEzeLG09WS9Wm/LaMkqZo7BD1jvXzQgkd4=</latexit>

bλ

<latexit sha1_base64="0NJHexKfS92FiQEm4CGpDowNAHY=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBsoQ1lMp20QyeTMDMRSugzuHGhIG59H3e+jUkaircfBn6+cw5zzu9FnCltmp9GaW19Y3OrvF3Z2d3bP6geHt2rMJaEOiTkoex7WFHOBHU005z2I0lx4HHa82bXWb33QKViobjT84i6AZ4I5jOCdYqcoUc1HlVrZt3Mhf4aqzA1KNQdVT+G45DEARWacKzUwDIj7SZYakY4XVSGsaIRJjM8oYPUChxQ5Sb5sgt0lpIx8kOZPqFRTr9PJDhQah54aWeA9VT9rmXwv9og1n7bTZiIYk0FWX7kxxzpEGWXozGTlGg+Tw0mkqW7IjLFEhOd5lPJQ7hs2XbbXp2MMtJo2I0V6V3UrWbdsm6btc5VkUcZTuAUzsGCFnTgBrrgAAEGj/AML4YwnoxX423ZWjKKmWP4IeP9C3qQjyQ=</latexit>

β

<latexit sha1_base64="3RIiV62z0oilFsVFl1kl2kQqEx8=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rMXaQhvKZDpph04mYWYilNA3cONCQdz6RO58G5M0FG8/DPx85xzmnN8NOVPaND+Nwtr6xuZWcbu0s7u3f1A+PLpXQSQJ7ZKAB7LvYkU5E7Srmea0H0qKfZfTnju7Tuu9ByoVC8SdnofU8fFEMI8RrBPU6VijcsWsmpnQX2PlpgK52qPyx3AckMinQhOOlRpYZqidGEvNCKeL0jBSNMRkhid0kFiBfaqcONt0gc4SMkZeIJMnNMro94kY+0rNfTfp9LGeqt+1FP5XG0TaazoxE2GkqSDLj7yIIx2g9Gw0ZpISzeeJwUSyZFdEplhiopNwSlkIlw3bbtqrk1FKajW7tiK9i6pVr1rWbb3SusrzKMIJnMI5WNCAFtxAG7pAwINHeIYXY2Y8Ga/G27K1YOQzx/BDxvsX0V2NkQ==</latexit>

R1
<latexit sha1_base64="36jNSyPiUkuzOFDvIUaU9C8K62M=">AAAB6nicbZDLSsNAFIZPvNZ6q7p0M1gEVyVpS1p3RTcua7G20IYymU7aoZMLMxOhhL6BGxcK4tYncufbOElD8fbDwM93zmHO+d2IM6lM89NYW9/Y3Nou7BR39/YPDktHx/cyjAWhXRLyUPRdLClnAe0qpjjtR4Ji3+W0586u03rvgQrJwuBOzSPq+HgSMI8RrDTqdKqjUtmsmJnQX2Plpgy52qPSx3AcktingSIcSzmwzEg5CRaKEU4XxWEsaYTJDE/oQNsA+1Q6SbbpAp1rMkZeKPQLFMro94kE+1LOfVd3+lhN5e9aCv+rDWLlNZ2EBVGsaECWH3kxRypE6dlozAQlis+1wUQwvSsiUywwUTqcYhbCZcO2m/bqZJSSWs2urUivWrHqFcu6rZdbV3keBTiFM7gACxrQghtoQxcIePAIz/BizIwn49V4W7auGfnMCfyQ8f4F0uKNkg==</latexit>

R2

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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1

1.2

1.4

1.6

<latexit sha1_base64="zBbOADocRuBWHy2PJvhlS8DreFs=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXESloXYtGNy4rWFtpQJtNJHTqZhJmJUEIfwY0LBXEnPot7N+LbOElL8fbDwM/3n8Occ/yYUals+9MozM0vLC4Vl82V1bX1jdLm1rWMEoFJE0csEm0fScIoJ01FFSPtWBAU+oy0/OFZlrduiZA04ldqFBMvRANOA4qR0ujStpxeqWxbdi741zhTUz55M4/jlw+z0Su9d/sRTkLCFWZIyo5jx8pLkVAUMzI2u4kkMcJDNCAdbTkKifTSfNQx3NOkD4NI6McVzOn3jhSFUo5CX1eGSN3I31kG/8s6iQpqXkp5nCjC8eSjIGFQRTDbG/apIFixkTYIC6pnhfgGCYSVvo6ZH+Go6ro1d7YyzEil4lZmpHVgOYeW41zY5fopmKgIdsAu2AcOqII6OAcN0AQYDMAdeACPBjPujSfjeVJaMKY92+CHjNcva5OQ5A==</latexit>

0.1
<latexit sha1_base64="oF3GZ0FGYXNWpEphfG2tZda9Ky0=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIWklbQuxKIblxWtLbShTKbTduhkEmYmQgl9BDcuFMSd+Czu3Yhv4yQtxdsPAz/ffw5zzvEjRqWy7U8jt7C4tLySXzXX1jc2twrbOzcyjAUmDRyyULR8JAmjnDQUVYy0IkFQ4DPS9Efnad68JULSkF+rcUS8AA047VOMlEZXtlXqFoq2ZWeCf40zM8XTN/Mkevkw693Ce6cX4jggXGGGpGw7dqS8BAlFMSMTsxNLEiE8QgPS1pajgEgvyUadwANNerAfCv24ghn93pGgQMpx4OvKAKmh/J2l8L+sHat+1Usoj2JFOJ5+1I8ZVCFM94Y9KghWbKwNwoLqWSEeIoGw0tcxsyMcV1y36s5Xhikpl93ynDRLlnNkOc6lXaydganyYA/sg0PggAqogQtQBw2AwQDcgQfwaDDj3ngynqelOWPWswt+yHj9Am0YkOU=</latexit>

0.2
<latexit sha1_base64="Hd2Lla0B5rYNa9csWTv/vOw2+hQ=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXESloXYtGNy4rWFtpQJtNJHTqZhJmJUEIfwY0LBXEnPot7N+LbOElL8fbDwM/3n8Occ/yYUals+9MozM0vLC4Vl82V1bX1jdLm1rWMEoFJE0csEm0fScIoJ01FFSPtWBAU+oy0/OFZlrduiZA04ldqFBMvRANOA4qR0ujStiq9Utm27Fzwr3GmpnzyZh7HLx9mo1d67/YjnISEK8yQlB3HjpWXIqEoZmRsdhNJYoSHaEA62nIUEuml+ahjuKdJHwaR0I8rmNPvHSkKpRyFvq4MkbqRv7MM/pd1EhXUvJTyOFGE48lHQcKgimC2N+xTQbBiI20QFlTPCvENEggrfR0zP8JR1XVr7mxlmJFKxa3MSOvAcg4tx7mwy/VTMFER7IBdsA8cUAV1cA4aoAkwGIA78AAeDWbcG0/G86S0YEx7tsEPGa9fbp2Q5g==</latexit>

0.3
<latexit sha1_base64="ORjvXSKY5bZ7O7efiP5LB4mAFew=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXElrQuxKIblxWtLbShTKbTduhkEmYmQgl9BDcuFMSd+Czu3Yhv4yQtxdsPAz/ffw5zzvEjRqWy7U8jt7C4tLySXzXX1jc2twrbOzcyjAUmDRyyULR8JAmjnDQUVYy0IkFQ4DPS9Efnad68JULSkF+rcUS8AA047VOMlEZXtlXuFoq2ZWeCf40zM8XTN/Mkevkw693Ce6cX4jggXGGGpGw7dqS8BAlFMSMTsxNLEiE8QgPS1pajgEgvyUadwANNerAfCv24ghn93pGgQMpx4OvKAKmh/J2l8L+sHat+1Usoj2JFOJ5+1I8ZVCFM94Y9KghWbKwNwoLqWSEeIoGw0tcxsyMcV1y36s5XhikpldzSnDSPLKdsOc6lXaydganyYA/sg0PggAqogQtQBw2AwQDcgQfwaDDj3ngynqelOWPWswt+yHj9AnAikOc=</latexit>

0.4
<latexit sha1_base64="5fyNvlbXr9TxUYVSPekP+gKBJbM=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXEaloXYtGNy4rWFtpQJtNJO3QyCTMToZQ+ghsXCuJOfBb3bsS3cZKW4u2HgZ/vP4c55/gxo1LZ9qeRm5tfWFzKL5srq2vrG4XNrRsZJQKTOo5YJJo+koRRTuqKKkaasSAo9Blp+IPzNG/cEiFpxK/VMCZeiHqcBhQjpdGVbR11CkXbsjPBv8aZmuLpm3kSv3yYtU7hvd2NcBISrjBDUrYcO1beCAlFMSNjs51IEiM8QD3S0pajkEhvlI06hnuadGEQCf24ghn93jFCoZTD0NeVIVJ9+TtL4X9ZK1FBxRtRHieKcDz5KEgYVBFM94ZdKghWbKgNwoLqWSHuI4Gw0tcxsyMcl1234s5WhikpldzSjDQOLOfQcpxLu1g9AxPlwQ7YBfvAAWVQBRegBuoAgx64Aw/g0WDGvfFkPE9Kc8a0Zxv8kPH6BXGnkOg=</latexit>

0.5
<latexit sha1_base64="1Oal/nGd520zn2CVHdjGrKSpWYc=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXESloXYtGNy4rWFtpQJtNJHTqZhJmJUEIfwY0LBXEnPot7N+LbOElL8fbDwM/3n8Occ/yYUals+9MozM0vLC4Vl82V1bX1jdLm1rWMEoFJE0csEm0fScIoJ01FFSPtWBAU+oy0/OFZlrduiZA04ldqFBMvRANOA4qR0ujSttxeqWxbdi741zhTUz55M4/jlw+z0Su9d/sRTkLCFWZIyo5jx8pLkVAUMzI2u4kkMcJDNCAdbTkKifTSfNQx3NOkD4NI6McVzOn3jhSFUo5CX1eGSN3I31kG/8s6iQpqXkp5nCjC8eSjIGFQRTDbG/apIFixkTYIC6pnhfgGCYSVvo6ZH+Go6ro1d7YyzEil4lZmpHVgOYeW41zY5fopmKgIdsAu2AcOqII6OAcN0AQYDMAdeACPBjPujSfjeVJaMKY92+CHjNcvcyyQ6Q==</latexit>

0.6
<latexit sha1_base64="CF115V5FrgVOqITF4VxLjTQ2w0g=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXESloXYtGNy4rWFtpQJtNJHTqZhJmJUEIfwY0LBXEnPot7N+LbOElL8fbDwM/3n8Occ/yYUals+9MozM0vLC4Vl82V1bX1jdLm1rWMEoFJE0csEm0fScIoJ01FFSPtWBAU+oy0/OFZlrduiZA04ldqFBMvRANOA4qR0ujStqq9Utm27Fzwr3GmpnzyZh7HLx9mo1d67/YjnISEK8yQlB3HjpWXIqEoZmRsdhNJYoSHaEA62nIUEuml+ahjuKdJHwaR0I8rmNPvHSkKpRyFvq4MkbqRv7MM/pd1EhXUvJTyOFGE48lHQcKgimC2N+xTQbBiI20QFlTPCvENEggrfR0zP8JR1XVr7mxlmJFKxa3MSOvAcg4tx7mwy/VTMFER7IBdsA8cUAV1cA4aoAkwGIA78AAeDWbcG0/G86S0YEx7tsEPGa9fdLGQ6g==</latexit>

0.7
<latexit sha1_base64="v/wm2021r7Ed4tJWOgKbdZNvBBE=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXESloXYtGNy4rWFtpQJtNJHTqZhJmJUEIfwY0LBXEnPot7N+LbOElL8fbDwM/3n8Occ/yYUals+9MozM0vLC4Vl82V1bX1jdLm1rWMEoFJE0csEm0fScIoJ01FFSPtWBAU+oy0/OFZlrduiZA04ldqFBMvRANOA4qR0ujStmq9Utm27Fzwr3GmpnzyZh7HLx9mo1d67/YjnISEK8yQlB3HjpWXIqEoZmRsdhNJYoSHaEA62nIUEuml+ahjuKdJHwaR0I8rmNPvHSkKpRyFvq4MkbqRv7MM/pd1EhXUvJTyOFGE48lHQcKgimC2N+xTQbBiI20QFlTPCvENEggrfR0zP8JR1XVr7mxlmJFKxa3MSOvAcg4tx7mwy/VTMFER7IBdsA8cUAV1cA4aoAkwGIA78AAeDWbcG0/G86S0YEx7tsEPGa9fdjaQ6w==</latexit>

0.8
<latexit sha1_base64="n1P3bmz3ytlDn7990kEWb4vWl7E=">AAAB63icbZDLSsNAFIYn9VbjrerSzWARXIXEStouxKIblxWtLbShTKbTduhkEmYmQgl9BDcuFMSd+Czu3Yhv4yQtxdsPAz/ffw5zzvEjRqWy7U8jt7C4tLySXzXX1jc2twrbOzcyjAUmDRyyULR8JAmjnDQUVYy0IkFQ4DPS9Efnad68JULSkF+rcUS8AA047VOMlEZXtlXtFoq2ZWeCf40zM8XTN/Mkevkw693Ce6cX4jggXGGGpGw7dqS8BAlFMSMTsxNLEiE8QgPS1pajgEgvyUadwANNerAfCv24ghn93pGgQMpx4OvKAKmh/J2l8L+sHat+xUsoj2JFOJ5+1I8ZVCFM94Y9KghWbKwNwoLqWSEeIoGw0tcxsyNUy65bcecrw5SUSm5pTppHlnNsOc6lXaydganyYA/sg0PggDKogQtQBw2AwQDcgQfwaDDj3ngynqelOWPWswt+yHj9Ane7kOw=</latexit>

0.9

<latexit sha1_base64="cuR/IrYNjRm7riNld7ze3xZ1QqM=">AAAB/XicbZDLSsNAFIYn9VbrLdqlm8EiuCpJK2ndFV3osoK1hbaUyfS0HTqZhJmJEEt9FTcuFMSt7+HOtzFJQ/H2w8DPd87hnPndgDOlLevTyK2srq1v5DcLW9s7u3vm/sGt8kNJoUV97suOSxRwJqClmebQCSQQz+XQdqcXSb19B1IxX9zoKIC+R8aCjRglOkYDs3gJAiTh7D4FeEwCPDBLVtlKhf8aOzMllKk5MD96Q5+GHghNOVGqa1uB7s+I1IxymBd6oYKA0CkZQze2gnig+rP0+Dk+jskQj3wZP6FxSr9PzIinVOS5cadH9ET9riXwv1o31KN6f8ZEEGoQdLFoFHKsfZwkgYdMAtU8ig2hksW3YjohklAd51VIQzirOU7dWX4ZJ6RadapL0q6U7dOybV9XSo3zLI88OkRH6ATZqIYa6Ao1UQtRFKFH9IxejAfjyXg13hatOSObKaIfMt6/ACx2lRs=</latexit> G
en

er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="0NJHexKfS92FiQEm4CGpDowNAHY=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBsoQ1lMp20QyeTMDMRSugzuHGhIG59H3e+jUkaircfBn6+cw5zzu9FnCltmp9GaW19Y3OrvF3Z2d3bP6geHt2rMJaEOiTkoex7WFHOBHU005z2I0lx4HHa82bXWb33QKViobjT84i6AZ4I5jOCdYqcoUc1HlVrZt3Mhf4aqzA1KNQdVT+G45DEARWacKzUwDIj7SZYakY4XVSGsaIRJjM8oYPUChxQ5Sb5sgt0lpIx8kOZPqFRTr9PJDhQah54aWeA9VT9rmXwv9og1n7bTZiIYk0FWX7kxxzpEGWXozGTlGg+Tw0mkqW7IjLFEhOd5lPJQ7hs2XbbXp2MMtJo2I0V6V3UrWbdsm6btc5VkUcZTuAUzsGCFnTgBrrgAAEGj/AML4YwnoxX423ZWjKKmWP4IeP9C3qQjyQ=</latexit>

β

<latexit sha1_base64="3RIiV62z0oilFsVFl1kl2kQqEx8=">AAAB6nicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rMXaQhvKZDpph04mYWYilNA3cONCQdz6RO58G5M0FG8/DPx85xzmnN8NOVPaND+Nwtr6xuZWcbu0s7u3f1A+PLpXQSQJ7ZKAB7LvYkU5E7Srmea0H0qKfZfTnju7Tuu9ByoVC8SdnofU8fFEMI8RrBPU6VijcsWsmpnQX2PlpgK52qPyx3AckMinQhOOlRpYZqidGEvNCKeL0jBSNMRkhid0kFiBfaqcONt0gc4SMkZeIJMnNMro94kY+0rNfTfp9LGeqt+1FP5XG0TaazoxE2GkqSDLj7yIIx2g9Gw0ZpISzeeJwUSyZFdEplhiopNwSlkIlw3bbtqrk1FKajW7tiK9i6pVr1rWbb3SusrzKMIJnMI5WNCAFtxAG7pAwINHeIYXY2Y8Ga/G27K1YOQzx/BDxvsX0V2NkQ==</latexit>

R1
<latexit sha1_base64="36jNSyPiUkuzOFDvIUaU9C8K62M=">AAAB6nicbZDLSsNAFIZPvNZ6q7p0M1gEVyVpS1p3RTcua7G20IYymU7aoZMLMxOhhL6BGxcK4tYncufbOElD8fbDwM93zmHO+d2IM6lM89NYW9/Y3Nou7BR39/YPDktHx/cyjAWhXRLyUPRdLClnAe0qpjjtR4Ji3+W0586u03rvgQrJwuBOzSPq+HgSMI8RrDTqdKqjUtmsmJnQX2Plpgy52qPSx3AcktingSIcSzmwzEg5CRaKEU4XxWEsaYTJDE/oQNsA+1Q6SbbpAp1rMkZeKPQLFMro94kE+1LOfVd3+lhN5e9aCv+rDWLlNZ2EBVGsaECWH3kxRypE6dlozAQlis+1wUQwvSsiUywwUTqcYhbCZcO2m/bqZJSSWs2urUivWrHqFcu6rZdbV3keBTiFM7gACxrQghtoQxcIePAIz/BizIwn49V4W7auGfnMCfyQ8f4F0uKNkg==</latexit>

R2

<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="0QZ6cNjLIDddL76EuMPfJ1GEX7k="></latexit>

1−

(

1−Q

(

β2bλ + 2

2β

)

−Q

(

β2bλ − 2

2β

))

n

<latexit sha1_base64="f5rjkbfEqjYIlW29de1uylk1blI="></latexit>

4

m
+

r

log(1/δ)

2m
+ 12

r

(nd2
v
T + 1)(T + 1)

m
log

(

8
√

mnwdvbλ
)

<latexit sha1_base64="xkmFFPvlseC/G0/WVqCklMoA7Es=">AAACAnicbZDPSwJBFMdn+2n2y+oSdBmSoJPsaqx2k7p0NNAUVOTt+NTB2dllZjYwsUv/SpcOBdG1v6Jb/03rKtKvLwx8+bz3ePO+Xii4Nrb9aS0tr6yurac20ptb2zu7mb39Gx1EimGNBSJQDQ80Ci6xZrgR2AgVgu8JrHvDy2m9fotK80BWzSjEtg99yXucgYlRJ3NYDQwI2keJCgS/SzDtQ9jJZO2cnYj+Nc7cZMlclU7mo9UNWOSjNEyA1k3HDk17DMpwJnCSbkUaQ2BD6GMzthJ81O1xcsGEnsSkS3uBip80NKHfJ8bgaz3yvbjTBzPQv2tT+F+tGZleqT3mMowMSjZb1IsENQGdxkG7XCEzYhQbYIrHf6VsAAqYiUNLJyGcF1235C5OplNSKLiFBannc85ZznGu89nyxTyPFDkix+SUOKRIyuSKVEiNMHJPHskzebEerCfr1XqbtS5Z85kD8kPW+xdOwJdx</latexit>

Total generalization gap

<latexit sha1_base64="2P6fIKW1Ge71fcDMvll4Hb49S7k=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyVpJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegSWaY5rFTNmpkL/TVWYapQqDOsfAxGIYkDKjThWKm+ZUbaTbDUjHA6Lw9iRSNMpnhM+6kVOKDKTfJ15+g0JSPkhzJ9QqOcfp9IcKDULPDSzgDrifpdy+B/tX6s/ZabMBHFmgqy+MiPOdIhym5HIyYp0XyWGkwkS3dFZIIlJjpNqJyHcNG07Za9PBllpNGwG0vi1GvWec2ybuvV9lWRRwmO4QTOwIImtOEGOtAFAlN4hGd4MSLjyXg13hatK0YxcwQ/ZLx/AQimjro=</latexit>

n = 100
<latexit sha1_base64="bst5nQe9etTrxOfcAINrmMBKzcQ=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2hDmUwm7dDJJM5MCqX0Jdy4UBC3Po4738YkDeLth4Gf75zDnPO7EWdKm+aHUVhZXVvfKG6WtrZ3dvfK+wd3KowloR0S8lD2XKwoZ4J2NNOc9iJJceBy2nUnV2m9O6VSsVDc6llEnQCPBPMZwTpBPW84RRfIMoflilk1M6G/xspNBXK1h+X3gReSOKBCE46V6ltmpJ05lpoRThelQaxohMkEj2g/sQIHVDnzbN8FOkmIh/xQJk9olNHvE3McKDUL3KQzwHqsftdS+F+tH2u/6cyZiGJNBVl+5Mcc6RClxyOPSUo0nyUGE8mSXREZY4mJTiIqZSGcN2y7aX+djFJSq9m1L9I9q1r1qmXd1CutyzyPIhzBMZyCBQ1owTW0oQMEODzAEzwb98aj8WK8LlsLRj5zCD9kvH0CHZ+PYQ==</latexit>

dv = 10
<latexit sha1_base64="r3CAhSv/ijlst1PiR0ixaO22tdU=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFboDdqhZNJMG5tJhiQjlNJ3cONCQdz6PO58GzPToXj7IfDznXPIOb8fMaq0bX9aubX1jc2t/HZhZ3dv/6B4eNRRIpaYtLFgQvZ8pAijnLQ11Yz0IklQ6DPS9ac3Sb37QKSigrf0LCJeiMacBhQjbVCnBa+gYw+LJbtsp4J/jZOZEsjUHBY/BiOB45BwjRlSqu/YkfbmSGqKGVkUBrEiEcJTNCZ9YzkKifLm6bYLeGbICAZCmsc1TOn3iTkKlZqFvukMkZ6o37UE/lfrxzqoe3PKo1gTjpcfBTGDWsDkdDiikmDNZsYgLKnZFeIJkghrE1AhDeGy5rp1d3UyTEil4lZWpHtRdqplx7mrlhrXWR55cAJOwTlwQA00wC1ogjbA4B48gmfwYgnryXq13patOSubOQY/ZL1/AXIIjmg=</latexit>

T = 10

<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1

<latexit sha1_base64="305MGv1bnNVraz9jENSksp/9EGE=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni37rBcsat2JvjXOLmpgFztYfljMApxzInQmCGl+o4daS9BUlPMyKw0iBWJEL5DY9I3ViBOlJdk+87gkSEjGITSPKFhRr9PJIgrNeW+6eRIT9TvWgr/q/VjHTS9hIoo1kTg+UdBzKAOYXo8HFFJsGZTYxCW1OwK8QRJhLWJqJSFcNpw3aa7OBmmpFZzawvSPak69arjXNUrrfM8jyI4AIfgGDigAVrgErRBB2DAwCN4Bi/WvfVkvVpv89aClc/sgx+y3r8AxkmPKQ==</latexit>

m = 10
6

<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

Fig. 3: (a) The total generalization gap from Theorem 3,

generalization gap from Theorem 1, and the generalization

gap due to unbounded log-likelihood ratio as a function of

the channel SNR, (b) Selecting the bound on LLR (bλ) to

minimize the generalization gap.

software provided with the papers [6], [7] for our experiments.

We train the weights of the NBP decoder until convergence

by minimizing the cross-entropy loss between the true and

the predicted codeword. We use ADAM optimizer for training

with a learning rate of 0.01. We evaluate the NBP decoder by

measuring the generalization gap (difference between average

BER attained on the test and training datasets). We perform

each experiment for 10 trials, and the distribution of the

generalization gap over these 10 randomized runs are plotted

on a boxplot. We next discuss the impact of the dataset size

(m), and the decoding iterations (T ) on the generalization gap.

a. Impact of training dataset size (m): We consider the NBP

decoder with T = 3 decoding iterations (equivalently, 6 layers)

trained for channel SNR of 2 dB; we vary the training data

set size from m = 103 to m = 104 in steps of 1000. From the

results in Fig. 4(a), (b), we observe that the generalization gap

is the largest for m = 1000, and generally decays with m. For

a smaller dataset size, the overfitting on the training samples

is severe. Therefore, the NBP decoder fails to generalize on

unseen samples in the test data. We also repeated the above

experiment for various values of T as well as by changing

SNR. We found the inverse monotonic dependence on m to

be consistent across different values of T and SNR (plots are

omitted due to lack of space).

b. Impact of decoding iterations (T ): In this experiment, we

study the impact of decoding iterations (which is proportional

to the number of hidden layers) in the NBP decoder on the

generalization gap. Here, we fixed channel SNR of 2 dB, train-

ing dataset size m = 104 and varied T from {2, 3, . . . , 10}.

As seen in Fig. 5 the generalization gap grows linearly with T ,
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<latexit sha1_base64="6VVpm0kcq/9Q5r/2+yCYDXzO/J8=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhBCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF3QuRIA==</latexit>

1000
<latexit sha1_base64="MYMObhlR6o2vZ4AYW2R5swAtYD0=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5JpZVoXYtGNywrWFtqhZNK0DU0yQ5IRytBXcONCQVwJvop7N+LbODMtxdsPgZ/vP4ecc/yQM20Q+rQWFpeWV1Zza/b6xubWdn5n90YHkSK0QQIeqJaPNeVM0oZhhtNWqCgWPqdNf3SR5s1bqjQL5LUZh9QTeCBZnxFsUlRCCHXzBVREmeBf48xM4ezNPg1fPux6N//e6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8TEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmqWic1x0nCtUqJ2DqXJgHxyAI+CACqiBS1AHDUDAENyBB/BoCeveerKep6UL1qxnD/yQ9foF3pORIQ==</latexit>

2000
<latexit sha1_base64="g0ukOjIVbJfgtzhRXv8oIdsvxJI=">AAAB7HicbZDLSsNAFIYn9VbjrerSzWARXJWJkbQuxKIblxWsLbShTKaTduhMEmYmQgl9BTcuFMSV4Ku4dyO+jUlaircfBn6+/xzmnONFnCmN0KdRWFhcWl4prppr6xubW6XtnRsVxpLQJgl5KNseVpSzgDY105y2I0mx8DhteaOLLG/dUqlYGFzrcURdgQcB8xnBOkM2QqhXKqMKygX/Gmtmymdv5mn08mE2eqX3bj8ksaCBJhwr1bFQpN0ES80IpxOzGysaYTLCA9pJbYAFVW6SzzqBBynpQz+U6Qs0zOn3jgQLpcbCSysF1kP1O8vgf1kn1n7NTVgQxZoGZPqRH3OoQ5gtDvtMUqL5ODWYSJbOCskQS0x0eh4zP8JJ1XFqznxlmBHbduw5aR1VrOOKZV2hcv0cTFUEe2AfHAILVEEdXIIGaAIChuAOPIBHQxj3xpPxPC0tGLOeXfBDxusX4BuRIg==</latexit>

3000
<latexit sha1_base64="T2eCTwVUTW5AhA83dVZDQdTnWMs=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMLdO6EItuXFawttAOJZOmbTDJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zrUOIkVokwQ8UG0fa8qZpE3DDKftUFEsfE5b/s15mrduqdIskFdmHFJP4KFkA0awSVEFIdQrFFEJZYJ/jTMzxdM3+yR8+bAbvcJ7tx+QSFBpCMdadxwUGi/GyjDC6cTuRpqGmNzgIe0kVmJBtRdns07gQUL6cBCo5EkDM/q9I8ZC67Hwk0qBzUj/zlL4X9aJzKDmxUyGkaGSTD8aRByaAKaLwz5TlBg+TgwmiiWzQjLCChOTnMfOjnBcdd2aO18ZpqRcdstz0joqOZWS41yiYv0MTJUHe2AfHAIHVEEdXIAGaAICRuAOPIBHS1j31pP1PC3NWbOeXfBD1usX4aORIw==</latexit>

4000
<latexit sha1_base64="UaZXzxWfKnXA23aG1liOl4reg18=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5KxOq0LsejGZQVrC+1QMmnahiaZIckIZegruHGhIK4EX8W9G/FtnJmW4u2HwM/3n0POOX7ImTYIfVpz8wuLS8u5FXt1bX1jM7+1faODSBFaJwEPVNPHmnImad0ww2kzVBQLn9OGP7xI88YtVZoF8tqMQuoJ3Jesxwg2KTpGCHXyBVREmeBf40xN4ezNPg1fPuxaJ//e7gYkElQawrHWLQeFxouxMoxwOrbbkaYhJkPcp63ESiyo9uJs1jHcT0gX9gKVPGlgRr93xFhoPRJ+UimwGejfWQr/y1qR6VW8mMkwMlSSyUe9iEMTwHRx2GWKEsNHicFEsWRWSAZYYWKS89jZEU7KrltxZyvDlJRKbmlGGodF56joOFeoUD0HE+XALtgDB8ABZVAFl6AG6oCAAbgDD+DREta99WQ9T0rnrGnPDvgh6/UL4yuRJA==</latexit>

5000
<latexit sha1_base64="qHkUBAwhy5f2dflCMuiVaHhssXY=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhFCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF5LORJQ==</latexit>

6000
<latexit sha1_base64="V5e2gZr5JnpghNZvfVIQ6JnThmQ=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpKiKEOoWiqiEMsG/xpmZ4tmbfRq+fNj1buG90wtIJKg0hGOt2w4KjRdjZRjhdGJ3Ik1DTEZ4QNuJlVhQ7cXZrBN4kJAe7AcqedLAjH7viLHQeiz8pFJgM9S/sxT+l7Uj0696MZNhZKgk04/6EYcmgOnisMcUJYaPE4OJYsmskAyxwsQk57GzI5xUXLfqzleGKSmX3fKcNI9KznHJca5QsXYOpsqDPbAPDoEDKqAGLkEdNAABQ3AHHsCjJax768l6npbmrFnPLvgh6/UL58ORJw==</latexit>

8000
<latexit sha1_base64="9RTYx/yZUWJciFvcW32NrUC3k1o=">AAAB7XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNywrGFtpQJtNJO3QyCTMToYQ+gxsXCuLGhY/i3o34Nk7SUrz9MPDz/ecw5xw/ZlQqy/o0CguLS8srxVVzbX1jc6u0vXMjo0Rg4uKIRaLtI0kY5cRVVDHSjgVBoc9Iyx9dZHnrlghJI36txjHxQjTgNKAYKY1c29LqlcpWxcoF/xp7Zspnb+Zp/PJhNnul924/wklIuMIMSdmxrVh5KRKKYkYmZjeRJEZ4hAakoy1HIZFemg87gQea9GEQCf24gjn93pGiUMpx6OvKEKmh/J1l8L+sk6ig7qWUx4kiHE8/ChIGVQSzzWGfCoIVG2uDsKB6VoiHSCCs9H3M/AgnNcepO/OVYUaqVac6J62jin1cse0rq9w4B1MVwR7YB4fABjXQAJegCVyAAQV34AE8Gty4N56M52lpwZj17IIfMl6/AEu2kVo=</latexit>

10000
<latexit sha1_base64="kJ1UckoRNqG7MRV5gXzF6ijaGNs=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBtoQ1lMp22Q2cmYWYilNBXcONCQdz6QO58G5M0FG8/DPx85xzmnN8POdPGtj+twtr6xuZWcbu0s7u3f1A+PLrXQaQI7ZCAB6rnY005k7RjmOG0FyqKhc9p159dp/XuA1WaBfLOzEPqCTyRbMwINilq2LY9LFfsqp0J/TVObiqQqz0sfwxGAYkElYZwrHXfsUPjxVgZRjhdlAaRpiEmMzyh/cRKLKj24mzXBTpLyAiNA5U8aVBGv0/EWGg9F37SKbCZ6t+1FP5X60dm3PRiJsPIUEmWH40jjkyA0sPRiClKDJ8nBhPFkl0RmWKFiUniKWUhXDZct+muTkYpqdXc2op0L6pOveo4t/VK6yrPowgncArn4EADWnADbegAgSk8wjO8WMJ6sl6tt2VrwcpnjuGHrPcvg3ON6Q==</latexit>

7000
<latexit sha1_base64="vumdUUin0WlRwPj/C2vV3qyWpZk=">AAAB7HicbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJW13RTcuK1hbaEOZTCft0JlJmJkIpfQV3LhQELc+kDvfxiQNxdsPAz/fOYc55/cjzrSx7U9rbX1jc2u7sFPc3ds/OCwdHd/rMFaEdkjIQ9XzsaacSdoxzHDaixTFwue060+v03r3gSrNQnlnZhH1BB5LFjCCTYqatm0PS2W7YmdCf42TmzLkag9LH4NRSGJBpSEca9137Mh4c6wMI5wuioNY0wiTKR7TfmIlFlR782zXBTpPyAgFoUqeNCij3yfmWGg9E37SKbCZ6N+1FP5X68cmaHhzJqPYUEmWHwUxRyZE6eFoxBQlhs8Sg4liya6ITLDCxCTxFLMQmnXXbbirk1FKqlW3uiLdy4pTqzjOba3cusrzKMApnMEFOFCHFtxAGzpAYAKP8AwvlrCerFfrbdm6ZuUzJ/BD1vsXhoON6w==</latexit>

9000

<latexit sha1_base64="EzezFsDhfINInW0Ve0xiqREbZHA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuAqJrWndFd24rGhtoQ1lMp20QycXZiZCKX0ENy4UxK0v5M63cZKG4u2HgZ/vnMOc83sxZ1JZ1qdRWFldW98obpa2tnd298r7B/cySgShbRLxSHQ9LClnIW0rpjjtxoLiwOO0402u0nrngQrJovBOTWPqBngUMp8RrDS6tczzQblimVYm9NfYualArtag/NEfRiQJaKgIx1L2bCtW7gwLxQin81I/kTTGZIJHtKdtiAMq3Vm26hydaDJEfiT0CxXK6PeJGQ6knAae7gywGsvftRT+V+slym+4MxbGiaIhWXzkJxypCKV3oyETlCg+1QYTwfSuiIyxwETpdEpZCBd1x2k4y5NRSqpVp7oknTPTrpm2fVOrNC/zPIpwBMdwCjbUoQnX0II2EBjBIzzDi8GNJ+PVeFu0Fox85hB+yHj/Ag7fjas=</latexit>

0.5

<latexit sha1_base64="ACpq+ZoefVsvY0oo1dbdG0l3gNY=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJXElrTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAsKXRryUPRdIoGzALqKKQ79SADxXQ49d3ad1nsPICQLg1s1j8DxySRgHqNEadSxRuWKWTUz4b/Gyk0F5WqPyh/DcUhjHwJFOZFyYJmRchIiFKMcFqVhLCEidEYmMNA2ID5IJ8kWXeAzTcbYC4V+gcIZ/T6REF/Kue/qTp+oqfxdS+F/tUGsvKaTsCCKFQR0+ZEXc6xCnF6Nx0wAVXyuDaGC6V0xnRJBqNLZlLIQLhu23bRXJ+OU1Gp2bUV6F1WrXrWsTr3SusrzKKITdIrOkYUaqIVuUBt1EUWAHtEzejHujSfj1XhbthaMfOYY/ZDx/gUvjI01</latexit>

1

<latexit sha1_base64="VV0xE0nSy55rmpud5JJRw++yqYI=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuAqJrWndFd24rGhtoQ1lMp20QycXZiZCKX0ENy4UxK0v5M63cZKG4u2HgZ/vnMOc83sxZ1JZ1qdRWFldW98obpa2tnd298r7B/cySgShbRLxSHQ9LClnIW0rpjjtxoLiwOO0402u0nrngQrJovBOTWPqBngUMp8RrDS6tc3zQblimVYm9NfYualArtag/NEfRiQJaKgIx1L2bCtW7gwLxQin81I/kTTGZIJHtKdtiAMq3Vm26hydaDJEfiT0CxXK6PeJGQ6knAae7gywGsvftRT+V+slym+4MxbGiaIhWXzkJxypCKV3oyETlCg+1QYTwfSuiIyxwETpdEpZCBd1x2k4y5NRSqpVp7oknTPTrpm2fVOrNC/zPIpwBMdwCjbUoQnX0II2EBjBIzzDi8GNJ+PVeFu0Fox85hB+yHj/AhBmjaw=</latexit>

1.5

<latexit sha1_base64="OJ3Q7IPvtpukc7pqF2jWCvY5giw=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJW9K6K7px2YK1hTaUyXTSjk4uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj25lGAtCeyTkoRi4WFLOAtpTTHE6iATFvstp372/Suv9ByokC4MbNY+o4+NpwDxGsNKoWxuXK2bVzIT+Gis3FcjVGZc/RpOQxD4NFOFYyqFlRspJsFCMcLoojWJJI0zu8ZQOtQ2wT6WTZIsu0JkmE+SFQr9AoYx+n0iwL+Xcd3Wnj9VM/q6l8L/aMFZey0lYEMWKBmT5kRdzpEKUXo0mTFCi+FwbTATTuyIywwITpbMpZSFcNG27Za9ORimp1+36ivRrVatRtaxuo9K+zPMowgmcwjlY0IQ2XEMHekCAwiM8w4txZzwZr8bbsrVg5DPH8EPG+xcxEY02</latexit>

2

<latexit sha1_base64="DZf5JRQA2B+nda0CIEhpeLYZ0Cc=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpa1p3RTcuK1pbaEOZTKft0MmFmYlQQh/BjQsFcesLufNtnKShePth4Oc75zDn/F7EmVSW9WmsrK6tb2wWtorbO7t7+6WDw3sZxoLQNgl5KLoelpSzgLYVU5x2I0Gx73Ha8aZXab3zQIVkYXCnZhF1fTwO2IgRrDS6rZjng1LZMq1M6K+xc1OGXK1B6aM/DEns00ARjqXs2Vak3AQLxQin82I/ljTCZIrHtKdtgH0q3SRbdY5ONRmiUSj0CxTK6PeJBPtSznxPd/pYTeTvWgr/q/ViNWq4CQuiWNGALD4axRypEKV3oyETlCg+0wYTwfSuiEywwETpdIpZCBd1x2k4y5NRSqpVp7oknYpp10zbvqmVm5d5HgU4hhM4Axvq0IRraEEbCIzhEZ7hxeDGk/FqvC1aV4x85gh+yHj/AhHtja0=</latexit>

2.5

<latexit sha1_base64="cnwTXFUgJerVQCNY6wqtbXi6qJU=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJXElrTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAsKXRryUPRdIoGzALqKKQ79SADxXQ49d3ad1nsPICQLg1s1j8DxySRgHqNEadSpjcoVs2pmwn+NlZsKytUelT+G45DGPgSKciLlwDIj5SREKEY5LErDWEJE6IxMYKBtQHyQTpItusBnmoyxFwr9AoUz+n0iIb6Uc9/VnT5RU/m7lsL/aoNYeU0nYUEUKwjo8iMv5liFOL0aj5kAqvhcG0IF07tiOiWCUKWzKWUhXDZsu2mvTsYpqdXs2or0LqpWvWpZnXqldZXnUUQn6BSdIws1UAvdoDbqIooAPaJn9GLcG0/Gq/G2bC0Y+cwx+iHj/Qsylo03</latexit>

3

<latexit sha1_base64="+7I8+Zs+DjysLeCvvRU3AK0w51s=">AAAB63icbZDLSsNAFIYn9VbrrerSzWARXIXE1LTuim5cVrS20IYymU7aoZNJmJkIJfQR3LhQELe+kDvfxkkaircfBn6+cw5zzu/HjEplWZ9GaWV1bX2jvFnZ2t7Z3avuH9zLKBGYdHDEItHzkSSMctJRVDHSiwVBoc9I159eZfXuAxGSRvxOzWLihWjMaUAxUhrdOub5sFqzTCsX/GvswtRAofaw+jEYRTgJCVeYISn7thUrL0VCUczIvDJIJIkRnqIx6WvLUUikl+arzuGJJiMYREI/rmBOv0+kKJRyFvq6M0RqIn/XMvhfrZ+ooOmllMeJIhwvPgoSBlUEs7vhiAqCFZtpg7CgeleIJ0ggrHQ6lTyEi4brNt3lyTAjjuM6S9I9M+26ads39VrrssijDI7AMTgFNmiAFrgGbdABGIzBI3gGLwYznoxX423RWjKKmUPwQ8b7FxN0ja4=</latexit>

3.5

<latexit sha1_base64="T3+37tMXVfgZDrhb5WDy+Nbq0gg=">AAAB5XicbZDLSsNAFIYn9Vbjrbp1M1gEVyWxktZd0Y3LCtYW2lAm05N27GQSZiZCKX0CNy4U3PpK7nwbJ2ko3n4Y+PnOOcw5f5BwprTjfFqltfWNza3ytr2zu7d/ULEP71WcSgodGvNY9gKigDMBHc00h14igUQBh24wvc7q3UeQisXiTs8S8CMyFixklGiDbi+GlapTc3Lhv8YtTBUVag8rH4NRTNMIhKacKNV3nUT7cyI1oxwW9iBVkBA6JWPoGytIBMqf54su8KkhIxzG0jyhcU6/T8xJpNQsCkxnRPRE/a5l8L9aP9Vh058zkaQaBF1+FKYc6xhnV+MRk0A1nxlDqGRmV0wnRBKqTTZ2HsJlw/Oa3upknJF63auvSPe85l7UXLfauirSKKNjdILOkIsaqIVuUBt1EEWAntALerUerGfrbdlYsoqJI/RD1vsXx5eMDQ==</latexit>

4

<latexit sha1_base64="+IGrjFxlBlTlKcFqyc9hmYHyyQk=">AAAB9nicbZDLSsNAFIYn9VbrrerSzWAR3FgSU9K6K7pxWcHaQpuWyXTSDp1MwsxEKaHv4caFgrj1Wdz5Nk7SULz9MPDznXM4Z34vYlQq0/w0Ciura+sbxc3S1vbO7l55/+BOhrHApI1DFoquhyRhlJO2ooqRbiQICjxGOt70Kq137omQNOS3ahYRN0BjTn2KkdJo0Fc0IBJa5iA5s+fDcsWsmpngX2PlpgJytYblj/4oxHFAuMIMSdmzzEi5CRKKYkbmpX4sSYTwFI1JT1uO9DI3ya6ewxNNRtAPhX5cwYx+n0hQIOUs8HRngNRE/q6l8L9aL1Z+w00oj2JFOF4s8mMGVQjTCOCICoIVm2mDsKD6VognSCCsdFClLISLuuM0nOWXYUps27GXpHNetWpVy7qpVZqXeR5FcASOwSmwQB00wTVogTbAQIBH8AxejAfjyXg13hatBSOfOQQ/ZLx/AQ1Wkjs=</latexit>

×10
−3

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en

er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="VtFEwgb6vDkHkkgSSytFhyOlpMo=">AAAB/HicbVDLTgIxFO3gC/E14tJNI5jghsyAGXBH1IVLTERIYEI6pUBD55H2jhEn/IobF5oYt36IO//G8gjxdZImJ+fck3t7vEhwBZb1aaRWVtfWN9Kbma3tnd09cz97q8JYUtagoQhlyyOKCR6wBnAQrBVJRnxPsKY3upj6zTsmFQ+DGxhHzPXJIOB9TgloqWtmLwnoOGDFHxgu5P38SdfMWUVrBvyX2AuSQwvUu+ZHpxfS2GcBUEGUattWBG5CJHAq2CTTiRWLCB2RAWtrGhCfKTeZ3T7Bx1rp4X4o9QsAz9TviYT4So19T0/6BIbqtzcV//PaMfSrbsKDKAYW0PmifiwwhHhaBO5xySiIsSaESq5vxXRIJKGg68rMSjirOE7VWX4ZT5Vy2SkvlWapaJ8Wbfu6lKudL/pIo0N0hArIRhVUQ1eojhqIonv0iJ7RizExnoxX420+mjIWmQP0A8b7F9Ajk6Q=</latexit>

Dataset size (m)
<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="XPv7BIURyVsGiEtg7HO6JZodcKQ=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARXJXElLQuhKIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIhb38edb+MkDcXbDwM/3zmHOef3Y0alMs1Po7S2vrG5Vd6u7Ozu7R9UD4/uZZQITFwcsUj0fSQJo5y4iipG+rEgKPQZ6fmzm6zeeyBC0oh31TwmXogmnAYUI6WR24VX0B5Va2bdzAX/GqswNVCoM6p+DMcRTkLCFWZIyoFlxspLkVAUM7KoDBNJYoRnaEIG2nIUEuml+bILeKbJGAaR0I8rmNPvEykKpZyHvu4MkZrK37UM/lcbJCpoeSnlcaIIx8uPgoRBFcHscjimgmDF5togLKjeFeIpEggrnU8lD+Gy6TgtZ3UyzIhtO/aK9C7qVqNuWXeNWvu6yKMMTsApOAcWaII2uAUd4AIMKHgEz+DF4MaT8Wq8LVtLRjFzDH7IeP8CBjOOMA==</latexit>

T = 3
<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB
<latexit sha1_base64="5++Doiy3Va4J5virdlJO5pUs/vc=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegS1S1zWKmaNTMX+muswlShUGdY+RiMQhIHVGjCsVJ9y4y0m2CpGeF0Xh7EikaYTPGY9lMrcECVm+TrztFpSkbID2X6hEY5/T6R4ECpWeClnQHWE/W7lsH/av1Y+y03YSKKNRVk8ZEfc6RDlN2ORkxSovksNZhIlu6KyARLTHSaUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYkTGk/FqvC1aV4xi5gh+yHj/Ag3ajr8=</latexit>

n = 310
<latexit sha1_base64="YtlgY7Vb5Hl7Q00un1Evizka4U0=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTq5MDMRSuhDuHGhIG59HXe+jZM0FG8/DPx85xzmnN+LOZPKND+NldW19Y3N0lZ5e2d3b79ycHgvo0QQ2iURj0TPw5JyFtKuYorTXiwoDjxOHW96ndWdByoki8I7NYupG+BxyHxGsNLImaJLZLXsYaVq1sxc6K+xClOFQp1h5WMwikgS0FARjqXsW2as3BQLxQin8/IgkTTGZIrHtK9tiAMq3TRfd45ONRkhPxL6hQrl9PtEigMpZ4GnOwOsJvJ3LYP/1fqJ8ltuysI4UTQki4/8hCMVoex2NGKCEsVn2mAimN4VkQkWmCidUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYsTGk/FqvC1aV4xi5gh+yHj/Ahnzjsc=</latexit>

k = 186
<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3
<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="AMZuiXL5HFJRfbuhs3gX7HHGSe0=">AAACBHicbVDLSsNAFJ3UV62vqDvdDBbBVUlsSeuu6MZlBWsLTSiT6aQdOnk4MxFKCLjxV9y4UBC3foQ7/8ZJGoqvAwOHc+7lzjluxKiQhvGplZaWV1bXyuuVjc2t7R19d+9GhDHHpItDFvK+iwRhNCBdSSUj/YgT5LuM9NzpReb37ggXNAyu5Swijo/GAfUoRlJJQ/3AjngYyRDaHkc4MdPEFrdcJn6aDvWqUTNywL/ELEgVFOgM9Q97FOLYJ4HEDAkxMI1IOgnikmJG0oodCxIhPEVjMlA0QD4RTpJnSOGxUkbQC7l6gYS5+n0jQb4QM99Vkz6SE/Hby8T/vEEsvZaT0CCKJQnw/JAXM6gyZ4XAEeUESzZTBGFO1V8hniBVhlS1VfISzpqW1bIWkWGm1OtWfaH0Tmtmo2aaV41q+7zoowwOwRE4ASZogja4BB3QBRjcg0fwDF60B+1Je9Xe5qMlrdjZBz+gvX8B2gaY8w==</latexit>
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<latexit sha1_base64="6VVpm0kcq/9Q5r/2+yCYDXzO/J8=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhBCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF3QuRIA==</latexit>

1000
<latexit sha1_base64="MYMObhlR6o2vZ4AYW2R5swAtYD0=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5JpZVoXYtGNywrWFtqhZNK0DU0yQ5IRytBXcONCQVwJvop7N+LbODMtxdsPgZ/vP4ecc/yQM20Q+rQWFpeWV1Zza/b6xubWdn5n90YHkSK0QQIeqJaPNeVM0oZhhtNWqCgWPqdNf3SR5s1bqjQL5LUZh9QTeCBZnxFsUlRCCHXzBVREmeBf48xM4ezNPg1fPux6N//e6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8TEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmqWic1x0nCtUqJ2DqXJgHxyAI+CACqiBS1AHDUDAENyBB/BoCeveerKep6UL1qxnD/yQ9foF3pORIQ==</latexit>

2000
<latexit sha1_base64="g0ukOjIVbJfgtzhRXv8oIdsvxJI=">AAAB7HicbZDLSsNAFIYn9VbjrerSzWARXJWJkbQuxKIblxWsLbShTKaTduhMEmYmQgl9BTcuFMSV4Ku4dyO+jUlaircfBn6+/xzmnONFnCmN0KdRWFhcWl4prppr6xubW6XtnRsVxpLQJgl5KNseVpSzgDY105y2I0mx8DhteaOLLG/dUqlYGFzrcURdgQcB8xnBOkM2QqhXKqMKygX/Gmtmymdv5mn08mE2eqX3bj8ksaCBJhwr1bFQpN0ES80IpxOzGysaYTLCA9pJbYAFVW6SzzqBBynpQz+U6Qs0zOn3jgQLpcbCSysF1kP1O8vgf1kn1n7NTVgQxZoGZPqRH3OoQ5gtDvtMUqL5ODWYSJbOCskQS0x0eh4zP8JJ1XFqznxlmBHbduw5aR1VrOOKZV2hcv0cTFUEe2AfHAILVEEdXIIGaAIChuAOPIBHQxj3xpPxPC0tGLOeXfBDxusX4BuRIg==</latexit>

3000
<latexit sha1_base64="T2eCTwVUTW5AhA83dVZDQdTnWMs=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMLdO6EItuXFawttAOJZOmbTDJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zrUOIkVokwQ8UG0fa8qZpE3DDKftUFEsfE5b/s15mrduqdIskFdmHFJP4KFkA0awSVEFIdQrFFEJZYJ/jTMzxdM3+yR8+bAbvcJ7tx+QSFBpCMdadxwUGi/GyjDC6cTuRpqGmNzgIe0kVmJBtRdns07gQUL6cBCo5EkDM/q9I8ZC67Hwk0qBzUj/zlL4X9aJzKDmxUyGkaGSTD8aRByaAKaLwz5TlBg+TgwmiiWzQjLCChOTnMfOjnBcdd2aO18ZpqRcdstz0joqOZWS41yiYv0MTJUHe2AfHAIHVEEdXIAGaAICRuAOPIBHS1j31pP1PC3NWbOeXfBD1usX4aORIw==</latexit>

4000
<latexit sha1_base64="UaZXzxWfKnXA23aG1liOl4reg18=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5KxOq0LsejGZQVrC+1QMmnahiaZIckIZegruHGhIK4EX8W9G/FtnJmW4u2HwM/3n0POOX7ImTYIfVpz8wuLS8u5FXt1bX1jM7+1faODSBFaJwEPVNPHmnImad0ww2kzVBQLn9OGP7xI88YtVZoF8tqMQuoJ3Jesxwg2KTpGCHXyBVREmeBf40xN4ezNPg1fPuxaJ//e7gYkElQawrHWLQeFxouxMoxwOrbbkaYhJkPcp63ESiyo9uJs1jHcT0gX9gKVPGlgRr93xFhoPRJ+UimwGejfWQr/y1qR6VW8mMkwMlSSyUe9iEMTwHRx2GWKEsNHicFEsWRWSAZYYWKS89jZEU7KrltxZyvDlJRKbmlGGodF56joOFeoUD0HE+XALtgDB8ABZVAFl6AG6oCAAbgDD+DREta99WQ9T0rnrGnPDvgh6/UL4yuRJA==</latexit>

5000
<latexit sha1_base64="qHkUBAwhy5f2dflCMuiVaHhssXY=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhFCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF5LORJQ==</latexit>

6000
<latexit sha1_base64="V5e2gZr5JnpghNZvfVIQ6JnThmQ=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpKiKEOoWiqiEMsG/xpmZ4tmbfRq+fNj1buG90wtIJKg0hGOt2w4KjRdjZRjhdGJ3Ik1DTEZ4QNuJlVhQ7cXZrBN4kJAe7AcqedLAjH7viLHQeiz8pFJgM9S/sxT+l7Uj0696MZNhZKgk04/6EYcmgOnisMcUJYaPE4OJYsmskAyxwsQk57GzI5xUXLfqzleGKSmX3fKcNI9KznHJca5QsXYOpsqDPbAPDoEDKqAGLkEdNAABQ3AHHsCjJax768l6npbmrFnPLvgh6/UL58ORJw==</latexit>

8000
<latexit sha1_base64="9RTYx/yZUWJciFvcW32NrUC3k1o=">AAAB7XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNywrGFtpQJtNJO3QyCTMToYQ+gxsXCuLGhY/i3o34Nk7SUrz9MPDz/ecw5xw/ZlQqy/o0CguLS8srxVVzbX1jc6u0vXMjo0Rg4uKIRaLtI0kY5cRVVDHSjgVBoc9Iyx9dZHnrlghJI36txjHxQjTgNKAYKY1c29LqlcpWxcoF/xp7Zspnb+Zp/PJhNnul924/wklIuMIMSdmxrVh5KRKKYkYmZjeRJEZ4hAakoy1HIZFemg87gQea9GEQCf24gjn93pGiUMpx6OvKEKmh/J1l8L+sk6ig7qWUx4kiHE8/ChIGVQSzzWGfCoIVG2uDsKB6VoiHSCCs9H3M/AgnNcepO/OVYUaqVac6J62jin1cse0rq9w4B1MVwR7YB4fABjXQAJegCVyAAQV34AE8Gty4N56M52lpwZj17IIfMl6/AEu2kVo=</latexit>

10000
<latexit sha1_base64="kJ1UckoRNqG7MRV5gXzF6ijaGNs=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBtoQ1lMp22Q2cmYWYilNBXcONCQdz6QO58G5M0FG8/DPx85xzmnN8POdPGtj+twtr6xuZWcbu0s7u3f1A+PLrXQaQI7ZCAB6rnY005k7RjmOG0FyqKhc9p159dp/XuA1WaBfLOzEPqCTyRbMwINilq2LY9LFfsqp0J/TVObiqQqz0sfwxGAYkElYZwrHXfsUPjxVgZRjhdlAaRpiEmMzyh/cRKLKj24mzXBTpLyAiNA5U8aVBGv0/EWGg9F37SKbCZ6t+1FP5X60dm3PRiJsPIUEmWH40jjkyA0sPRiClKDJ8nBhPFkl0RmWKFiUniKWUhXDZct+muTkYpqdXc2op0L6pOveo4t/VK6yrPowgncArn4EADWnADbegAgSk8wjO8WMJ6sl6tt2VrwcpnjuGHrPcvg3ON6Q==</latexit>

7000
<latexit sha1_base64="vumdUUin0WlRwPj/C2vV3qyWpZk=">AAAB7HicbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJW13RTcuK1hbaEOZTCft0JlJmJkIpfQV3LhQELc+kDvfxiQNxdsPAz/fOYc55/cjzrSx7U9rbX1jc2u7sFPc3ds/OCwdHd/rMFaEdkjIQ9XzsaacSdoxzHDaixTFwue060+v03r3gSrNQnlnZhH1BB5LFjCCTYqatm0PS2W7YmdCf42TmzLkag9LH4NRSGJBpSEca9137Mh4c6wMI5wuioNY0wiTKR7TfmIlFlR782zXBTpPyAgFoUqeNCij3yfmWGg9E37SKbCZ6N+1FP5X68cmaHhzJqPYUEmWHwUxRyZE6eFoxBQlhs8Sg4liya6ITLDCxCTxFLMQmnXXbbirk1FKqlW3uiLdy4pTqzjOba3cusrzKMApnMEFOFCHFtxAGzpAYAKP8AwvlrCerFfrbdm6ZuUzJ/BD1vsXhoON6w==</latexit>

9000

<latexit sha1_base64="n95SsKCRSHdr44pUTEpscGIUMFQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSwe4WiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5JUkHI=</latexit>

1

<latexit sha1_base64="lkf2rcEAJ3q4jDGlbsMkVYgo3JA=">AAAB6XicbZDLSsNAFIYnXmu8VV26GSyCq5K0ktaFWHTjsgVrC20ok+mkHTuZhJmJUEKfwI0LBXHbh3HvRnwbJ2kp3n4Y+Pn+c5hzjhcxKpVlfRpLyyura+u5DXNza3tnN7+3fyvDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3SV5q17IiQN+Y0aR8QN0IBTn2KkNGqUevmCVbQywb/GnpvCxZt5Hk0/zHov/97thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BYkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6RVKtqnRdtuWIXaJZgpBw7BETgBNqiAGrgGddAEGBDwAJ7As3FnPBovxuusdMmY9xyAHzKmX5PZkHM=</latexit>

2

<latexit sha1_base64="T4V5G2C0Oy6Xl84QRKtsoknBbdQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadQo9wpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCVXpB0</latexit>

3

<latexit sha1_base64="bIznD8SLser6gd9PxtT8Ch7xrUc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXElrQuxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz0isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+YmlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwIp1XHqTmLlWFKymWnvCDtk5JdKdl20yrWL8BMeXAADsExsEEV1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGW45B1</latexit>

4

<latexit sha1_base64="PwnutbzkJadFwV4Os6PTaqLTg+Y=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEaloXYtGNyxasLbShTKaTOnYyCTMToYQ+gRsXCuK2D+Pejfg2TtJSvP0w8PP95zDnHC9iVCrL+jRyC4tLyyv5VXNtfWNzq7C9cyPDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3iZ5q17IiQN+bUaRcQN0IBTn2KkNGqc9ApFq2Rlgn+NPTPF8zfzLJp8mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRsdmNJYkQHqIB6WjLUUCkm2SDjuGBJn3oh0I/rmBGv3ckKJByFHi6MkDqVv7OUvhf1omVX3UTyqNYEY6nH/kxgyqE6dawTwXBio20QVhQPSvEt0ggrPRtzOwIpxXHqTrzlWFKymWnPCeto5J9XLLthlWsXYCp8mAP7INDYIMKqIErUAdNgAEBD+AJPBt3xqPxYrxOS3PGrGcX/JAx+QKYaJB2</latexit>

5

<latexit sha1_base64="sC5IzS4ZS3CIFC4G1wpYFUHBCgc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadRweoWiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5ntkHc=</latexit>

6

<latexit sha1_base64="+IGrjFxlBlTlKcFqyc9hmYHyyQk=">AAAB9nicbZDLSsNAFIYn9VbrrerSzWAR3FgSU9K6K7pxWcHaQpuWyXTSDp1MwsxEKaHv4caFgrj1Wdz5Nk7SULz9MPDznXM4Z34vYlQq0/w0Ciura+sbxc3S1vbO7l55/+BOhrHApI1DFoquhyRhlJO2ooqRbiQICjxGOt70Kq137omQNOS3ahYRN0BjTn2KkdJo0Fc0IBJa5iA5s+fDcsWsmpngX2PlpgJytYblj/4oxHFAuMIMSdmzzEi5CRKKYkbmpX4sSYTwFI1JT1uO9DI3ya6ewxNNRtAPhX5cwYx+n0hQIOUs8HRngNRE/q6l8L9aL1Z+w00oj2JFOF4s8mMGVQjTCOCICoIVm2mDsKD6VognSCCsdFClLISLuuM0nOWXYUps27GXpHNetWpVy7qpVZqXeR5FcASOwSmwQB00wTVogTbAQIBH8AxejAfjyXg13hatBSOfOQQ/ZLx/AQ1Wkjs=</latexit>

×10
−3

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en
er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="VtFEwgb6vDkHkkgSSytFhyOlpMo=">AAAB/HicbVDLTgIxFO3gC/E14tJNI5jghsyAGXBH1IVLTERIYEI6pUBD55H2jhEn/IobF5oYt36IO//G8gjxdZImJ+fck3t7vEhwBZb1aaRWVtfWN9Kbma3tnd09cz97q8JYUtagoQhlyyOKCR6wBnAQrBVJRnxPsKY3upj6zTsmFQ+DGxhHzPXJIOB9TgloqWtmLwnoOGDFHxgu5P38SdfMWUVrBvyX2AuSQwvUu+ZHpxfS2GcBUEGUattWBG5CJHAq2CTTiRWLCB2RAWtrGhCfKTeZ3T7Bx1rp4X4o9QsAz9TviYT4So19T0/6BIbqtzcV//PaMfSrbsKDKAYW0PmifiwwhHhaBO5xySiIsSaESq5vxXRIJKGg68rMSjirOE7VWX4ZT5Vy2SkvlWapaJ8Wbfu6lKudL/pIo0N0hArIRhVUQ1eojhqIonv0iJ7RizExnoxX420+mjIWmQP0A8b7F9Ajk6Q=</latexit>

Dataset size (m)
<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="XPv7BIURyVsGiEtg7HO6JZodcKQ=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARXJXElLQuhKIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIhb38edb+MkDcXbDwM/3zmHOef3Y0alMs1Po7S2vrG5Vd6u7Ozu7R9UD4/uZZQITFwcsUj0fSQJo5y4iipG+rEgKPQZ6fmzm6zeeyBC0oh31TwmXogmnAYUI6WR24VX0B5Va2bdzAX/GqswNVCoM6p+DMcRTkLCFWZIyoFlxspLkVAUM7KoDBNJYoRnaEIG2nIUEuml+bILeKbJGAaR0I8rmNPvEykKpZyHvu4MkZrK37UM/lcbJCpoeSnlcaIIx8uPgoRBFcHscjimgmDF5togLKjeFeIpEggrnU8lD+Gy6TgtZ3UyzIhtO/aK9C7qVqNuWXeNWvu6yKMMTsApOAcWaII2uAUd4AIMKHgEz+DF4MaT8Wq8LVtLRjFzDH7IeP8CBjOOMA==</latexit>

T = 3
<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="NGuNKRBFVII5/CUYTRc6fdjICxM=">AAAB7nicbZDLSsNAFIYn9VbrrerSzWARXJXElLRdCEU3LivYC7ShTKaTduwkE2YmQgl9BzcuFMStz+POt3GShuLth4Gf75zDnPN7EaNSmeanUVhb39jcKm6Xdnb39g/Kh0ddyWOBSQdzxkXfQ5IwGpKOooqRfiQICjxGet7sOq33HoiQlId3ah4RN0CTkPoUI6VRdwYvYdMelStm1cwE/xorNxWQqz0qfwzHHMcBCRVmSMqBZUbKTZBQFDOyKA1jSSKEZ2hCBtqGKCDSTbJtF/BMkzH0udAvVDCj3ycSFEg5DzzdGSA1lb9rKfyvNoiV33ATGkaxIiFefuTHDCoO09PhmAqCFZtrg7CgeleIp0ggrHRApSyEZt1xGs7qZJgS23bsFeldVK1a1bJua5XWVZ5HEZyAU3AOLFAHLXAD2qADMLgHj+AZvBjceDJejbdla8HIZ47BDxnvX6Ytjoo=</latexit>

k = 93

<latexit sha1_base64="YpGOiiQIYvF4wgP1HbpwmJT5tPk=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxbVoXQtGNywrWFNpQJtNJO3QyCTMToYQ+hBsXCuLW13Hn25imoXj7YeDnO+cw5/xexJnSpvlprKyurW9sFraK2zu7e/ulg8N7FcaS0A4JeSi7HlaUM0E7mmlOu5GkOPA4dbzJ9bzuPFCpWCju9DSiboBHgvmMYJ0iR6BLZNXrg1LZrJiZ0F9j5aYMudqD0kd/GJI4oEITjpXqWWak3QRLzQins2I/VjTCZIJHtJdagQOq3CRbd4ZOUzJEfijTJzTK6PeJBAdKTQMv7QywHqvftTn8r9aLtd90EyaiWFNBFh/5MUc6RPPb0ZBJSjSfpgYTydJdERljiYlOEypmIVw0bLtpL09Gc1Kt2tUlcc4rVq1iWbe1cusqz6MAx3ACZ2BBA1pwA23oAIEJPMIzvBiR8WS8Gm+L1hUjnzmCHzLevwAYfY7G</latexit>

n = 155

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3
<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="AMZuiXL5HFJRfbuhs3gX7HHGSe0=">AAACBHicbVDLSsNAFJ3UV62vqDvdDBbBVUlsSeuu6MZlBWsLTSiT6aQdOnk4MxFKCLjxV9y4UBC3foQ7/8ZJGoqvAwOHc+7lzjluxKiQhvGplZaWV1bXyuuVjc2t7R19d+9GhDHHpItDFvK+iwRhNCBdSSUj/YgT5LuM9NzpReb37ggXNAyu5Swijo/GAfUoRlJJQ/3AjngYyRDaHkc4MdPEFrdcJn6aDvWqUTNywL/ELEgVFOgM9Q97FOLYJ4HEDAkxMI1IOgnikmJG0oodCxIhPEVjMlA0QD4RTpJnSOGxUkbQC7l6gYS5+n0jQb4QM99Vkz6SE/Hby8T/vEEsvZaT0CCKJQnw/JAXM6gyZ4XAEeUESzZTBGFO1V8hniBVhlS1VfISzpqW1bIWkWGm1OtWfaH0Tmtmo2aaV41q+7zoowwOwRE4ASZogja4BB3QBRjcg0fwDF60B+1Je9Xe5qMlrdjZBz+gvX8B2gaY8w==</latexit>

∝
1

√
m

Fig. 4: Generalization gap as a function of the dataset size m
at channel SNR = 2 dB for (a) Tanner code with n = 155,

and k = 93, (b) Tanner code with n = 310, and k = 186.

<latexit sha1_base64="ZpqNfcWutT9cKUg0LMOxReqCWcQ=">AAACA3icbZBNSwJBGMdnezV72+oUXYY0sIvsaqjdpDp0NNAUVGR2fNTB2dllZjaQRbr0Vbp0KIiufYlufZvWdZHe/jDw5/c8D888f8fnTGnL+jSWlldW19ZTG+nNre2dXXNv/1Z5gaTQoB73ZMshCjgT0NBMc2j5EojrcGg648tZvXkHUjFP1PXEh65LhoINGCU6Qj3z8Aqo12diiJkGGUOFc9l69rRnZqy8FQv/NXZiMihRrWd+dPoeDVwQmnKiVNu2fN0NidSMcpimO4ECn9AxGUI7soK4oLphfMIUn0SkjweejJ7QOKbfJ0LiKjVxnajTJXqkftdm8L9aO9CDSjdkwg80CDpfNAg41h6e5YH7TALVfBIZQiWL/orpiEhCozhUOg7hvFwqVUqLk/GMFIul4oI0C3n7LG/bN4VM9SLJI4WO0DHKIRuVURVdoxpqIIru0SN6Ri/Gg/FkvBpv89YlI5k5QD9kvH8BQxqWrw==</latexit>

Decoding iterations (T )
<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en
er
a
li
za
ti
o
n
g
a
p

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

0.022

<latexit sha1_base64="RcL5LlszqJBU+brD407Jj9UJ8ic=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm3XB+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6lqOHg==</latexit>

0.004

<latexit sha1_base64="+wMWCFovN8YduLZZ4fTzqbdtq1c=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm27g3Il+zOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8dLHsHJ0ZZYhGkTRPaLRQv3ekOFRqFgamMsR6on57mfif10v0qOmnTMSJpoIsB40SjnSEssvRkElKNJ8ZgolkZldEJlhiok0+pUUIlw3Xbbqrk1Gm1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7WSOIA==</latexit>

0.006

<latexit sha1_base64="SLlNCZhv78PH5sPV6bNeQgaYiBs=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm03B+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8G6OIg==</latexit>

0.008

<latexit sha1_base64="ip25H0k5ohty5APr6XMru5PYKnE=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtbd0V3bisYGyhDWUynbRDJ5MwMxFK6De4caEgbv0fd/6NkzYUXweGOZxzL/fe48ecKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT68zv/tApWKRuNOzmHohHgsWMIK1kVy7YjvVYals/gXQX+LkpAw5OsPSx2AUkSSkQhOOleo7dqy9FEvNCKfz4iBRNMZkise0b6jAIVVeulh2js6NMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTXIRw2Ww0Wo3VyShTarVGbaV0qxWnXnGc23q5fZXnUYBTOIMLcKAJbbiBDrhAgMEjPMOLJawn69V6W5auWXnPCfyA9f4F6NaOHQ==</latexit>

0.012

<latexit sha1_base64="y1RQvFxPlXs+LwEZsFkKkFSGmtg=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdupD8oV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6+COHw==</latexit>

0.014

<latexit sha1_base64="HieCld9roy0w+3+aZxVkO7/SGv0=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtxB+WK+TOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8NFt2js6MMkSjSJonNMrU7x0pDpWahYGpDLGeqN/eQvzP6yV61PRTJuJEU0GWg0YJRzpCi8vRkElKNJ8ZgolkZldEJlhiok0+pSyEy4brNt3VyWih1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7uqOIQ==</latexit>

0.016

<latexit sha1_base64="c19/KMtpSF+kOHY1Yday8Ap373A=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtpDsoV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8fSOIw==</latexit>

0.018

<latexit sha1_base64="za1L3UMjjYVKovCtVL1EVE10AOo=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtad0V3bisYGyhDWUynbZDJ5MwMxFK6Te4caEgbv0fd/6NkzQUXweGOZxzL/feE8ScKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgn1SMQj2Q2wopwJ6mmmOe3GkuIw4LQTTK9Tv/NApWKRuNOzmPohHgs2YgRrI3l2xa5WB6Wy+TOgv8TJSRlytAelj/4wIklIhSYcK9Vz7Fj7cyw1I5wuiv1E0RiTKR7TnqECh1T582zZBTo3yhCNImme0ChTv3fMcajULAxMZYj1RP32UvE/r5foUdOfMxEnmgqyHDRKONIRSi9HQyYp0XxmCCaSmV0RmWCJiTb5FLMQLhuu23RXJ6NUqdXc2krpVCtOveI4t/Vy6yrPowCncAYX4EADWnADbfCAAINHeIYXS1hP1qv1tixds/KeE/gB6/0L6lyOHg==</latexit>

0.022

<latexit sha1_base64="YbfHl8vAUhKF0VCP+hc1cVGn2SU=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2tHVXdOOygrGFNpTJdNIOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7jx9zprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkohHsudjRTkT1NVMc9qLJcWhz2nXn15nfveBSsUicadnMfVCPBYsYARrI7l21XbsYbli/gXQX+LkpAI5OsPyx2AUkSSkQhOOleo7dqy9FEvNCKfz0iBRNMZkise0b6jAIVVeulh2js6MMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTWoRw2Ww0Wo3VyShTarVGbaV0L6pOveo4t/VK+yrPowgncArn4EAT2nADHXCBAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F5cyOGw==</latexit>

0.010

<latexit sha1_base64="e6G7OkQWBcURuYkn2Kbn3Ehqykw=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtbd0V3bisYGyhDWUynbRDJ5MwMxFK6De4caEgbv0fd/6NkzYUXweGOZxzL/fe48ecKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT68zv/tApWKRuNOzmHohHgsWMIK1kVy7YlftYals/gXQX+LkpAw5OsPSx2AUkSSkQhOOleo7dqy9FEvNCKfz4iBRNMZkise0b6jAIVVeulh2js6NMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTXIRw2Ww0Wo3VyShTarVGbaV0qxWnXnGc23q5fZXnUYBTOIMLcKAJbbiBDrhAgMEjPMOLJawn69V6W5auWXnPCfyA9f4F51KOHA==</latexit>

0.020

<latexit sha1_base64="lkf2rcEAJ3q4jDGlbsMkVYgo3JA=">AAAB6XicbZDLSsNAFIYnXmu8VV26GSyCq5K0ktaFWHTjsgVrC20ok+mkHTuZhJmJUEKfwI0LBXHbh3HvRnwbJ2kp3n4Y+Pn+c5hzjhcxKpVlfRpLyyura+u5DXNza3tnN7+3fyvDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3SV5q17IiQN+Y0aR8QN0IBTn2KkNGqUevmCVbQywb/GnpvCxZt5Hk0/zHov/97thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BYkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6RVKtqnRdtuWIXaJZgpBw7BETgBNqiAGrgGddAEGBDwAJ7As3FnPBovxuusdMmY9xyAHzKmX5PZkHM=</latexit>

2
<latexit sha1_base64="T4V5G2C0Oy6Xl84QRKtsoknBbdQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadQo9wpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCVXpB0</latexit>

3
<latexit sha1_base64="bIznD8SLser6gd9PxtT8Ch7xrUc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXElrQuxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz0isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+YmlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwIp1XHqTmLlWFKymWnvCDtk5JdKdl20yrWL8BMeXAADsExsEEV1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGW45B1</latexit>

4
<latexit sha1_base64="PwnutbzkJadFwV4Os6PTaqLTg+Y=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEaloXYtGNyxasLbShTKaTOnYyCTMToYQ+gRsXCuK2D+Pejfg2TtJSvP0w8PP95zDnHC9iVCrL+jRyC4tLyyv5VXNtfWNzq7C9cyPDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3iZ5q17IiQN+bUaRcQN0IBTn2KkNGqc9ApFq2Rlgn+NPTPF8zfzLJp8mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRsdmNJYkQHqIB6WjLUUCkm2SDjuGBJn3oh0I/rmBGv3ckKJByFHi6MkDqVv7OUvhf1omVX3UTyqNYEY6nH/kxgyqE6dawTwXBio20QVhQPSvEt0ggrPRtzOwIpxXHqTrzlWFKymWnPCeto5J9XLLthlWsXYCp8mAP7INDYIMKqIErUAdNgAEBD+AJPBt3xqPxYrxOS3PGrGcX/JAx+QKYaJB2</latexit>

5
<latexit sha1_base64="sC5IzS4ZS3CIFC4G1wpYFUHBCgc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadRweoWiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5ntkHc=</latexit>

6
<latexit sha1_base64="Ns0w+nmW/IgaCqJCRffnlfP4GKY=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9ApFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCbcpB4</latexit>

7
<latexit sha1_base64="BnYvbJ1TwqsHdoj/4m7h5QLxmkQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9gpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCc95B5</latexit>

8
<latexit sha1_base64="GfwGjzjxh47Rf0oPHM7vcRSL+BI=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEStouxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz1isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+omlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwItYrjVJ3FyjAl5bJTXpD2Sck+Ldl20yrWL8BMeXAADsExsEEF1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGefJB6</latexit>

9
<latexit sha1_base64="9Fee4WRsdtBMzLifZRA7MDrTEiY=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpW91C0SpZmdBfY09N8eTNPI5fPsx6t/De6UUkCWioCMdStm0rVu4IC8UIp2Ozk0gaYzLAfdrWNsQBle4om3SM9jTpIT8S+oUKZfR7xwgHUg4DT1cGWN3I31kK/8vaifKr7oiFcaJoSCYf+QlHKkLp2qjHBCWKD7XBRDA9KyI3WGCi9HHM7AhHFcepOrOVUUrKZac8I82Dkn1Ysu0Lq1g7hYnysAO7sA82VKAG51CHBhDw4Q4e4NEYGPfGk/E8Kc0Z055t+CHj9QsAaZCs</latexit>

10

<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="NGuNKRBFVII5/CUYTRc6fdjICxM=">AAAB7nicbZDLSsNAFIYn9VbrrerSzWARXJXElLRdCEU3LivYC7ShTKaTduwkE2YmQgl9BzcuFMStz+POt3GShuLth4Gf75zDnPN7EaNSmeanUVhb39jcKm6Xdnb39g/Kh0ddyWOBSQdzxkXfQ5IwGpKOooqRfiQICjxGet7sOq33HoiQlId3ah4RN0CTkPoUI6VRdwYvYdMelStm1cwE/xorNxWQqz0qfwzHHMcBCRVmSMqBZUbKTZBQFDOyKA1jSSKEZ2hCBtqGKCDSTbJtF/BMkzH0udAvVDCj3ycSFEg5DzzdGSA1lb9rKfyvNoiV33ATGkaxIiFefuTHDCoO09PhmAqCFZtrg7CgeleIp0ggrHRApSyEZt1xGs7qZJgS23bsFeldVK1a1bJua5XWVZ5HEZyAU3AOLFAHLXAD2qADMLgHj+AZvBjceDJejbdla8HIZ47BDxnvX6Ytjoo=</latexit>

k = 93

<latexit sha1_base64="YpGOiiQIYvF4wgP1HbpwmJT5tPk=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxbVoXQtGNywrWFNpQJtNJO3QyCTMToYQ+hBsXCuLW13Hn25imoXj7YeDnO+cw5/xexJnSpvlprKyurW9sFraK2zu7e/ulg8N7FcaS0A4JeSi7HlaUM0E7mmlOu5GkOPA4dbzJ9bzuPFCpWCju9DSiboBHgvmMYJ0iR6BLZNXrg1LZrJiZ0F9j5aYMudqD0kd/GJI4oEITjpXqWWak3QRLzQins2I/VjTCZIJHtJdagQOq3CRbd4ZOUzJEfijTJzTK6PeJBAdKTQMv7QywHqvftTn8r9aLtd90EyaiWFNBFh/5MUc6RPPb0ZBJSjSfpgYTydJdERljiYlOEypmIVw0bLtpL09Gc1Kt2tUlcc4rVq1iWbe1cusqz6MAx3ACZ2BBA1pwA23oAIEJPMIzvBiR8WS8Gm+L1hUjnzmCHzLevwAYfY7G</latexit>

n = 155

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3
<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

<latexit sha1_base64="ZpqNfcWutT9cKUg0LMOxReqCWcQ=">AAACA3icbZBNSwJBGMdnezV72+oUXYY0sIvsaqjdpDp0NNAUVGR2fNTB2dllZjaQRbr0Vbp0KIiufYlufZvWdZHe/jDw5/c8D888f8fnTGnL+jSWlldW19ZTG+nNre2dXXNv/1Z5gaTQoB73ZMshCjgT0NBMc2j5EojrcGg648tZvXkHUjFP1PXEh65LhoINGCU6Qj3z8Aqo12diiJkGGUOFc9l69rRnZqy8FQv/NXZiMihRrWd+dPoeDVwQmnKiVNu2fN0NidSMcpimO4ECn9AxGUI7soK4oLphfMIUn0SkjweejJ7QOKbfJ0LiKjVxnajTJXqkftdm8L9aO9CDSjdkwg80CDpfNAg41h6e5YH7TALVfBIZQiWL/orpiEhCozhUOg7hvFwqVUqLk/GMFIul4oI0C3n7LG/bN4VM9SLJI4WO0DHKIRuVURVdoxpqIIru0SN6Ri/Gg/FkvBpv89YlI5k5QD9kvH8BQxqWrw==</latexit>

Decoding iterations (T )

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en
er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="lkf2rcEAJ3q4jDGlbsMkVYgo3JA=">AAAB6XicbZDLSsNAFIYnXmu8VV26GSyCq5K0ktaFWHTjsgVrC20ok+mkHTuZhJmJUEKfwI0LBXHbh3HvRnwbJ2kp3n4Y+Pn+c5hzjhcxKpVlfRpLyyura+u5DXNza3tnN7+3fyvDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3SV5q17IiQN+Y0aR8QN0IBTn2KkNGqUevmCVbQywb/GnpvCxZt5Hk0/zHov/97thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BYkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6RVKtqnRdtuWIXaJZgpBw7BETgBNqiAGrgGddAEGBDwAJ7As3FnPBovxuusdMmY9xyAHzKmX5PZkHM=</latexit>

2
<latexit sha1_base64="T4V5G2C0Oy6Xl84QRKtsoknBbdQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadQo9wpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCVXpB0</latexit>

3
<latexit sha1_base64="bIznD8SLser6gd9PxtT8Ch7xrUc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXElrQuxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz0isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+YmlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwIp1XHqTmLlWFKymWnvCDtk5JdKdl20yrWL8BMeXAADsExsEEV1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGW45B1</latexit>

4
<latexit sha1_base64="PwnutbzkJadFwV4Os6PTaqLTg+Y=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEaloXYtGNyxasLbShTKaTOnYyCTMToYQ+gRsXCuK2D+Pejfg2TtJSvP0w8PP95zDnHC9iVCrL+jRyC4tLyyv5VXNtfWNzq7C9cyPDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3iZ5q17IiQN+bUaRcQN0IBTn2KkNGqc9ApFq2Rlgn+NPTPF8zfzLJp8mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRsdmNJYkQHqIB6WjLUUCkm2SDjuGBJn3oh0I/rmBGv3ckKJByFHi6MkDqVv7OUvhf1omVX3UTyqNYEY6nH/kxgyqE6dawTwXBio20QVhQPSvEt0ggrPRtzOwIpxXHqTrzlWFKymWnPCeto5J9XLLthlWsXYCp8mAP7INDYIMKqIErUAdNgAEBD+AJPBt3xqPxYrxOS3PGrGcX/JAx+QKYaJB2</latexit>

5
<latexit sha1_base64="sC5IzS4ZS3CIFC4G1wpYFUHBCgc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadRweoWiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5ntkHc=</latexit>

6
<latexit sha1_base64="Ns0w+nmW/IgaCqJCRffnlfP4GKY=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9ApFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCbcpB4</latexit>

7
<latexit sha1_base64="BnYvbJ1TwqsHdoj/4m7h5QLxmkQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9gpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCc95B5</latexit>

8
<latexit sha1_base64="GfwGjzjxh47Rf0oPHM7vcRSL+BI=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEStouxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz1isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+omlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwItYrjVJ3FyjAl5bJTXpD2Sck+Ldl20yrWL8BMeXAADsExsEEF1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGefJB6</latexit>

9
<latexit sha1_base64="9Fee4WRsdtBMzLifZRA7MDrTEiY=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpW91C0SpZmdBfY09N8eTNPI5fPsx6t/De6UUkCWioCMdStm0rVu4IC8UIp2Ozk0gaYzLAfdrWNsQBle4om3SM9jTpIT8S+oUKZfR7xwgHUg4DT1cGWN3I31kK/8vaifKr7oiFcaJoSCYf+QlHKkLp2qjHBCWKD7XBRDA9KyI3WGCi9HHM7AhHFcepOrOVUUrKZac8I82Dkn1Ysu0Lq1g7hYnysAO7sA82VKAG51CHBhDw4Q4e4NEYGPfGk/E8Kc0Z055t+CHj9QsAaZCs</latexit>

10

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

<latexit sha1_base64="RcL5LlszqJBU+brD407Jj9UJ8ic=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm3XB+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6lqOHg==</latexit>

0.004

<latexit sha1_base64="+wMWCFovN8YduLZZ4fTzqbdtq1c=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm27g3Il+zOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8dLHsHJ0ZZYhGkTRPaLRQv3ekOFRqFgamMsR6on57mfif10v0qOmnTMSJpoIsB40SjnSEssvRkElKNJ8ZgolkZldEJlhiok0+pUUIlw3Xbbqrk1Gm1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7WSOIA==</latexit>

0.006

<latexit sha1_base64="SLlNCZhv78PH5sPV6bNeQgaYiBs=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm03B+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8G6OIg==</latexit>

0.008

<latexit sha1_base64="ip25H0k5ohty5APr6XMru5PYKnE=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtbd0V3bisYGyhDWUynbRDJ5MwMxFK6De4caEgbv0fd/6NkzYUXweGOZxzL/fe48ecKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT68zv/tApWKRuNOzmHohHgsWMIK1kVy7YjvVYals/gXQX+LkpAw5OsPSx2AUkSSkQhOOleo7dqy9FEvNCKfz4iBRNMZkise0b6jAIVVeulh2js6NMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTXIRw2Ww0Wo3VyShTarVGbaV0qxWnXnGc23q5fZXnUYBTOIMLcKAJbbiBDrhAgMEjPMOLJawn69V6W5auWXnPCfyA9f4F6NaOHQ==</latexit>

0.012

<latexit sha1_base64="y1RQvFxPlXs+LwEZsFkKkFSGmtg=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdupD8oV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6+COHw==</latexit>

0.014

<latexit sha1_base64="HieCld9roy0w+3+aZxVkO7/SGv0=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtxB+WK+TOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8NFt2js6MMkSjSJonNMrU7x0pDpWahYGpDLGeqN/eQvzP6yV61PRTJuJEU0GWg0YJRzpCi8vRkElKNJ8ZgolkZldEJlhiok0+pSyEy4brNt3VyWih1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7uqOIQ==</latexit>

0.016

<latexit sha1_base64="c19/KMtpSF+kOHY1Yday8Ap373A=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtpDsoV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8fSOIw==</latexit>

0.018

<latexit sha1_base64="YbfHl8vAUhKF0VCP+hc1cVGn2SU=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2tHVXdOOygrGFNpTJdNIOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7jx9zprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkohHsudjRTkT1NVMc9qLJcWhz2nXn15nfveBSsUicadnMfVCPBYsYARrI7l21XbsYbli/gXQX+LkpAI5OsPyx2AUkSSkQhOOleo7dqy9FEvNCKfz0iBRNMZkise0b6jAIVVeulh2js6MMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTWoRw2Ww0Wo3VyShTarVGbaV0L6pOveo4t/VK+yrPowgncArn4EAT2nADHXCBAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F5cyOGw==</latexit>

0.010

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB
<latexit sha1_base64="5++Doiy3Va4J5virdlJO5pUs/vc=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegS1S1zWKmaNTMX+muswlShUGdY+RiMQhIHVGjCsVJ9y4y0m2CpGeF0Xh7EikaYTPGY9lMrcECVm+TrztFpSkbID2X6hEY5/T6R4ECpWeClnQHWE/W7lsH/av1Y+y03YSKKNRVk8ZEfc6RDlN2ORkxSovksNZhIlu6KyARLTHSaUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYkTGk/FqvC1aV4xi5gh+yHj/Ag3ajr8=</latexit>

n = 310
<latexit sha1_base64="YtlgY7Vb5Hl7Q00un1Evizka4U0=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTq5MDMRSuhDuHGhIG59HXe+jZM0FG8/DPx85xzmnN+LOZPKND+NldW19Y3N0lZ5e2d3b79ycHgvo0QQ2iURj0TPw5JyFtKuYorTXiwoDjxOHW96ndWdByoki8I7NYupG+BxyHxGsNLImaJLZLXsYaVq1sxc6K+xClOFQp1h5WMwikgS0FARjqXsW2as3BQLxQin8/IgkTTGZIrHtK9tiAMq3TRfd45ONRkhPxL6hQrl9PtEigMpZ4GnOwOsJvJ3LYP/1fqJ8ltuysI4UTQki4/8hCMVoex2NGKCEsVn2mAimN4VkQkWmCidUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYsTGk/FqvC1aV4xi5gh+yHj/Ahnzjsc=</latexit>

k = 186
<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3
<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

Fig. 5: Generalization gap as a function of the decoding

iterations T (∝ number of layers) at channel SNR = 2 dB

for (a) Tanner code with n = 155, and k = 93, (b) Tanner

code with n = 310, and k = 186.

which is consistent with Theorem 1 (which behaves as O(T )).
Increasing the number of parameters will cause overfitting of

the NBP decoder resulting in a larger generalization gap. We

note that this observation (i.e., linear dependence on T ) was

consistent for different dataset sizes, and channel SNR values.
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<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en
er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="gbsmidWdPTAQ3PCQf0Q1pfrOgSY=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJq2ndFd24rGhtoQ1lMp22QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+FnCltWZ9GYWV1bX2juFna2t7Z3SvvH9yrIJKEtknAA9n1sKKcCdrWTHPaDSXFvsdpx5tepfXOA5WKBeJOz0Lq+ngs2IgRrBN0a5nng3LFMq1M6K+xc1OBXK1B+aM/DEjkU6EJx0r1bCvUboylZoTTeakfKRpiMsVj2kuswD5VbpytOkcnCRmiUSCTJzTK6PeJGPtKzXwv6fSxnqjftRT+V+tFetRwYybCSFNBFh+NIo50gNK70ZBJSjSfJQYTyZJdEZlgiYlO0illIVzUHafhLE9GKanVnNqSdKqmfWba9k210rzM8yjCERzDKdhQhyZcQwvaQGAMj/AMLwY3noxX423RWjDymUP4IeP9Cw4/jak=</latexit>

0.5
<latexit sha1_base64="JyXEi+NU+FXWn3ilSA+lAb1+qrA=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpuLdMZVqqWaeVCf41dmCoUag8rH4NRSOKACk04VqpvW5F2Eyw1I5zOy4NY0QiTKR7TfmoFDqhyk3zVOTpNyQj5oUyf0Cin3ycSHCg1C7y0M8B6on7XMvhfrR9rv+kmTESxpoIsPvJjjnSIsrvRiElKNJ+lBhPJ0l0RmWCJiU7TKechXDQcp+ksT0YZqded+pJ0a6Z9btr2Ta3auizyKMExnMAZ2NCAFlxDGzpAYAyP8AwvBjeejFfjbdG6YhQzR/BDxvsXD8SNqg==</latexit>

0.6
<latexit sha1_base64="lNaDPa8KiTOeWyHNLD/2wHuW6xY=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpuLbMxrFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvEUmNqw==</latexit>

0.7
<latexit sha1_base64="O67PMghcd4/XpWqWyoPa9YDCpY8=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpuLbM5rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvEs6NrA==</latexit>

0.8
<latexit sha1_base64="kMtWeBRxBH2S/O48arKkniekDmU=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJK2m7K7pxWdHaQhvKZDpph04mYWYilNBHcONCQdz6Qu58G5M2FG8/DPx85xzmnN+LOFPasj6Nwtr6xuZWcbu0s7u3f1A+PLpXYSwJ7ZCQh7LnYUU5E7Sjmea0F0mKA4/Trje9yurdByoVC8WdnkXUDfBYMJ8RrFN0a5nNYblimdZC6K+xc1OBXO1h+WMwCkkcUKEJx0r1bSvSboKlZoTTeWkQKxphMsVj2k+twAFVbrJYdY7OUjJCfijTJzRa0O8TCQ6UmgVe2hlgPVG/axn8r9aPtd9wEyaiWFNBlh/5MUc6RNndaMQkJZrPUoOJZOmuiEywxESn6ZQWITTrjtNwViejjNRqTm1FulXTvjBt+6ZaaV3meRThBE7hHGyoQwuuoQ0dIDCGR3iGF4MbT8ar8bZsLRj5zDH8kPH+BRRTja0=</latexit>

0.9
<latexit sha1_base64="FEds14lbm3rz225u86qtaDjal8E=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubdMaVqqWaeVCf41dmCoUag8rH4NRSOKACk04VqpvW5F2Eyw1I5zOy4NY0QiTKR7TfmoFDqhyk3zVOTpNyQj5oUyf0Cin3ycSHCg1C7y0M8B6on7XMvhfrR9rv+kmTESxpoIsPvJjjnSIsrvRiElKNJ+lBhPJ0l0RmWCJiU7TKechXDQcp+ksT0YZqded+pJ0a6Z9btr2Ta3auizyKMExnMAZ2NCAFlxDGzpAYAyP8AwvBjeejFfjbdG6YhQzR/BDxvsXCC2NpQ==</latexit>

1.0
<latexit sha1_base64="V7upg+jyKclMmcBI3ImB7J1Gwqo=">AAAB63icbZDLSsNAFIYnXmu9VV26GSyCq5BpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63cZKG4u2HgZ/vnMOc8/sxZ0o7zqe1srq2vrFZ2ipv7+zu7VcODu9VlEhCOyTikez5WFHOBO1opjntxZLi0Oe060+vsnr3gUrFInGnZzH1QjwWLGAEa4NukY2GlapjO7ngX4MKUwWF2sPKx2AUkSSkQhOOleojJ9ZeiqVmhNN5eZAoGmMyxWPaN1bgkCovzVedw1NDRjCIpHlCw5x+n0hxqNQs9E1niPVE/a5l8L9aP9FB00uZiBNNBVl8FCQc6ghmd8MRk5RoPjMGE8nMrpBMsMREm3TKeQgXDddtusuTYUbqdbe+JN2ajc5thG5q1dZlkUcJHIMTcAYQaIAWuAZt0AEEjMEjeAYvFreerFfrbdG6YhUzR+CHrPcvCbKNpg==</latexit>

1.1
<latexit sha1_base64="WGuJ5miYv5Xn+ZDYcEVNSCofTmo=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubbM2rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvCzeNpw==</latexit>

1.2
<latexit sha1_base64="pV3islk9ivDDTdYCzpew+c3Zmo0=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJK27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MWlD8fbDwM93zmHO+f2YM6Ut69NYWV1b39gsbZW3d3b39isHh/cqSiShbRLxSHZ9rChngrY105x2Y0lx6HPa8SdXeb3zQKVikbjT05h6IR4JFjCCdYZubdMZVKqWac2F/hq7MFUo1BpUPvrDiCQhFZpwrFTPtmLtpVhqRjidlfuJojEmEzyivcwKHFLlpfNVZ+g0I0MURDJ7QqM5/T6R4lCpaehnnSHWY/W7lsP/ar1EBw0vZSJONBVk8VGQcKQjlN+NhkxSovk0M5hIlu2KyBhLTHSWTnkewkXddRvu8mSUE8dxnSXp1Ez73LTtm1q1eVnkUYJjOIEzsKEOTbiGFrSBwAge4RleDG48Ga/G26J1xShmjuCHjPcvDLyNqA==</latexit>

1.3
<latexit sha1_base64="KPyB+D5tXY1IlAbBJVvD0zOqiqQ=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJW9K6K7pxWdHaQhvKZDpth04uzEyEEvoIblwoiFtfyJ1v4yQNxdsPAz/fOYc55/cizqSyrE+jsLa+sblV3C7t7O7tH5QPj+5lGAtCOyTkoeh5WFLOAtpRTHHaiwTFvsdp15tdpfXuAxWShcGdmkfU9fEkYGNGsNLo1jbrw3LFMq1M6K+xc1OBXO1h+WMwCkns00ARjqXs21ak3AQLxQini9IgljTCZIYntK9tgH0q3SRbdYHONBmhcSj0CxTK6PeJBPtSzn1Pd/pYTeXvWgr/q/VjNW66CQuiWNGALD8axxypEKV3oxETlCg+1wYTwfSuiEyxwETpdEpZCBcNx2k6q5NRSmo1p7Yi3app103bvqlWWpd5HkU4gVM4Bxsa0IJraEMHCEzgEZ7hxeDGk/FqvC1bC0Y+cww/ZLx/AQ5Bjak=</latexit>

1.4
<latexit sha1_base64="qmw3bQutHCDGaZEacb+tjx2ucns=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJq2ndFd24rGhtoQ1lMp22QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+FnCltWZ9GYWV1bX2juFna2t7Z3SvvH9yrIJKEtknAA9n1sKKcCdrWTHPaDSXFvsdpx5tepfXOA5WKBeJOz0Lq+ngs2IgRrBN0a5vng3LFMq1M6K+xc1OBXK1B+aM/DEjkU6EJx0r1bCvUboylZoTTeakfKRpiMsVj2kuswD5VbpytOkcnCRmiUSCTJzTK6PeJGPtKzXwv6fSxnqjftRT+V+tFetRwYybCSFNBFh+NIo50gNK70ZBJSjSfJQYTyZJdEZlgiYlO0illIVzUHafhLE9GKanVnNqSdKqmfWba9k210rzM8yjCERzDKdhQhyZcQwvaQGAMj/AMLwY3noxX423RWjDymUP4IeP9Cw/Gjao=</latexit>

1.5
<latexit sha1_base64="Pmy/ML7iK8luxhO2MLJEONN9GPI=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubdMZVqqWaeVCf41dmCoUag8rH4NRSOKACk04VqpvW5F2Eyw1I5zOy4NY0QiTKR7TfmoFDqhyk3zVOTpNyQj5oUyf0Cin3ycSHCg1C7y0M8B6on7XMvhfrR9rv+kmTESxpoIsPvJjjnSIsrvRiElKNJ+lBhPJ0l0RmWCJiU7TKechXDQcp+ksT0YZqded+pJ0a6Z9btr2Ta3auizyKMExnMAZ2NCAFlxDGzpAYAyP8AwvBjeejFfjbdG6YhQzR/BDxvsXEUuNqw==</latexit>

1.6
<latexit sha1_base64="toDRHmIHgnYhA9X9wmfnnD3+yBk=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubbMxrFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvEtCNrA==</latexit>

1.7
<latexit sha1_base64="NCJ0X+Li8GOJowgqguX6x8dwyng=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubbM5rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvFFWNrQ==</latexit>

1.8
<latexit sha1_base64="Az9L5ljFCb1dOuqV/Vi7JgH+vB8=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJK2m7K7pxWdHaQhvKZDpph04mYWYilNBHcONCQdz6Qu58G5M2FG8/DPx85xzmnN+LOFPasj6Nwtr6xuZWcbu0s7u3f1A+PLpXYSwJ7ZCQh7LnYUU5E7Sjmea0F0mKA4/Trje9yurdByoVC8WdnkXUDfBYMJ8RrFN0a5vNYblimdZC6K+xc1OBXO1h+WMwCkkcUKEJx0r1bSvSboKlZoTTeWkQKxphMsVj2k+twAFVbrJYdY7OUjJCfijTJzRa0O8TCQ6UmgVe2hlgPVG/axn8r9aPtd9wEyaiWFNBlh/5MUc6RNndaMQkJZrPUoOJZOmuiEywxESn6ZQWITTrjtNwViejjNRqTm1FulXTvjBt+6ZaaV3meRThBE7hHGyoQwuuoQ0dIDCGR3iGF4MbT8ar8bZsLRj5zDH8kPH+BRXaja4=</latexit>

1.9
<latexit sha1_base64="FNtDVdJOQsMaHg+7DMRrGhWdO6U=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpua6Y1rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvCbSNpg==</latexit>

2.0

<latexit sha1_base64="EYrZHnYVmqnpH+iSGZfMura6gPE=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJWklbTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAsKXRryUPRdIoGzALqKKQ79SADxXQ49d3ad1nsPICQLg1s1j8DxySRgHqNEadQxR+WKWTUz4b/Gyk0F5WqPyh/DcUhjHwJFOZFyYJmRchIiFKMcFqVhLCEidEYmMNA2ID5IJ8kWXeAzTcbYC4V+gcIZ/T6REF/Kue/qTp+oqfxdS+F/tUGsvKaTsCCKFQR0+ZEXc6xCnF6Nx0wAVXyuDaGC6V0xnRJBqNLZlLIQLhu23bRXJ+OU1Ot2fUV6tap1UbWsTq3SusrzKKITdIrOkYUaqIVuUBt1EUWAHtEzejHujSfj1XhbthaMfOYY/ZDx/gUtZ40y</latexit>

0

<latexit sha1_base64="/vBbQp0TvM8IZmp6cBDBOxVv5rQ=">AAAB5XicbZDLSsNAFIYnXmu8VbduBovgqiStpHVXdOOygrWFNpTJ9KQdO5mEmYlQSp/AjQsFt76SO9/GSRqKtx8Gfr5zDnPOHyScKe04n9ba+sbm1nZpx97d2z84LNtH9ypOJYUOjXksewFRwJmAjmaaQy+RQKKAQzeYXmf17iNIxWJxp2cJ+BEZCxYySrRBt7VhueJUnVz4r3ELU0GF2sPyx2AU0zQCoSknSvVdJ9H+nEjNKIeFPUgVJIROyRj6xgoSgfLn+aILfGbICIexNE9onNPvE3MSKTWLAtMZET1Rv2sZ/K/WT3XY9OdMJKkGQZcfhSnHOsbZ1XjEJFDNZ8YQKpnZFdMJkYRqk42dh3DZ8LymtzoZZ6Re9+or0q1V3Yuq61ZaV0UaJXSCTtE5clEDtdANaqMOogjQE3pBr9aD9Wy9LRvXrGLiGP2Q9f4FxJWMCw==</latexit>

2

<latexit sha1_base64="YXW7+ua+kk3uALIKSPEl5FyHQpQ=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJW9K6K7px2YK1hTaUyXTSjk4uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj25lGAtCeyTkoRi4WFLOAtpTTHE6iATFvstp372/Suv9ByokC4MbNY+o4+NpwDxGsNKo2xiXK2bVzIT+Gis3FcjVGZc/RpOQxD4NFOFYyqFlRspJsFCMcLoojWJJI0zu8ZQOtQ2wT6WTZIsu0JkmE+SFQr9AoYx+n0iwL+Xcd3Wnj9VM/q6l8L/aMFZey0lYEMWKBmT5kRdzpEKUXo0mTFCi+FwbTATTuyIywwITpbMpZSFcNG27Za9ORimp1+36ivRrVatRtaxurdK+zPMowgmcwjlY0IQ2XEMHekCAwiM8w4txZzwZr8bbsrVg5DPH8EPG+xcze402</latexit>

4

<latexit sha1_base64="ZYmS+cc6pZ160QYl3DziC5yojdc=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJWklbTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAsKXRryUPRdIoGzALqKKQ79SADxXQ49d3ad1nsPICQLg1s1j8DxySRgHqNEadSxR+WKWTUz4b/Gyk0F5WqPyh/DcUhjHwJFOZFyYJmRchIiFKMcFqVhLCEidEYmMNA2ID5IJ8kWXeAzTcbYC4V+gcIZ/T6REF/Kue/qTp+oqfxdS+F/tUGsvKaTsCCKFQR0+ZEXc6xCnF6Nx0wAVXyuDaGC6V0xnRJBqNLZlLIQLhu23bRXJ+OU1Ot2fUV6tap1UbWsTq3SusrzKKITdIrOkYUaqIVuUBt1EUWAHtEzejHujSfj1XhbthaMfOYY/ZDx/gU2hY04</latexit>

6

<latexit sha1_base64="YgBkPXM20riHvJkmhZrMlYD8VsI=">AAACBHicbZA9SwNBEIb3/DZ+Re20WUwEq3CXSKKdaGOpaEwgCWFub6JL9vaO3TkhBMHGv2JjoSC2/gg7/42XM4hfLyy8PDPD7Lx+rKQl1313Jianpmdm5+ZzC4tLyyv51bULGyVGYF1EKjJNHywqqbFOkhQ2Y4MQ+gobfv9oVG9co7Ey0uc0iLETwqWWPSmAUtTNb5wR6ABMwAO8lhnkxbaPBMVuvuCW3Ez8r/HGpsDGOunm39pBJJIQNQkF1rY8N6bOEAxJofAm104sxiD6cImt1GoI0XaG2Q03fDslAe9FJn2aeEa/TwwhtHYQ+mlnCHRlf9dG8L9aK6HeXmcodZwQavG5qJcoThEfBcIDaVCQGqQGhJHpX7m4AgOC0thyWQj7tWp1r/p1Mh+RSqVa+SKNcsnbLXneablwcDjOY45tsi22wzxWYwfsmJ2wOhPslt2zR/bk3DkPzrPz8tk64Yxn1tkPOa8f06SXoQ==</latexit>

Standard deviation β
<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="BnYvbJ1TwqsHdoj/4m7h5QLxmkQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9gpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCc95B5</latexit>

8

<latexit sha1_base64="9Fee4WRsdtBMzLifZRA7MDrTEiY=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpW91C0SpZmdBfY09N8eTNPI5fPsx6t/De6UUkCWioCMdStm0rVu4IC8UIp2Ozk0gaYzLAfdrWNsQBle4om3SM9jTpIT8S+oUKZfR7xwgHUg4DT1cGWN3I31kK/8vaifKr7oiFcaJoSCYf+QlHKkLp2qjHBCWKD7XBRDA9KyI3WGCi9HHM7AhHFcepOrOVUUrKZac8I82Dkn1Ysu0Lq1g7hYnysAO7sA82VKAG51CHBhDw4Q4e4NEYGPfGk/E8Kc0Z055t+CHj9QsAaZCs</latexit>

10

<latexit sha1_base64="seZUmRFlc0o9knZZSJ1EX2dtzWM=">AAAB9nicbZDLTgIxFIY7eAO8oS7dNBITN5IZIQPuiG5cYiJChIF0SoGGTmfSdlQy4T104UIT41KfxZ1Po52BEG9/0uTPd87JOf3dgFGpTPPDSC0sLi2vpDPZ1bX1jc3c1val9EOBSR37zBdNF0nCKCd1RRUjzUAQ5LmMNNzRaVxvXBMhqc8v1DggjocGnPYpRkqjTltRj0homZ3osDTp5vJmwUwE/xprZvLVTHB/9Xr7Wevm3ts9H4ce4QozJGXLMgPlREgoihmZZNuhJAHCIzQgLW050sucKLl6Avc16cG+L/TjCib0+0SEPCnHnqs7PaSG8ncthv/VWqHqV5yI8iBUhOPpon7IoPJhHAHsUUGwYmNtEBZU3wrxEAmElQ4qm4RwXLbtij3/MoxJsWgX56RxVLBKBcs613GcgKnSYBfsgQNggTKogjNQA3WAgQB34BE8GTfGg/FsvExbU8ZsZgf8kPH2BTHhlgo=</latexit>

×10
−4

<latexit sha1_base64="NGuNKRBFVII5/CUYTRc6fdjICxM=">AAAB7nicbZDLSsNAFIYn9VbrrerSzWARXJXElLRdCEU3LivYC7ShTKaTduwkE2YmQgl9BzcuFMStz+POt3GShuLth4Gf75zDnPN7EaNSmeanUVhb39jcKm6Xdnb39g/Kh0ddyWOBSQdzxkXfQ5IwGpKOooqRfiQICjxGet7sOq33HoiQlId3ah4RN0CTkPoUI6VRdwYvYdMelStm1cwE/xorNxWQqz0qfwzHHMcBCRVmSMqBZUbKTZBQFDOyKA1jSSKEZ2hCBtqGKCDSTbJtF/BMkzH0udAvVDCj3ycSFEg5DzzdGSA1lb9rKfyvNoiV33ATGkaxIiFefuTHDCoO09PhmAqCFZtrg7CgeleIp0ggrHRApSyEZt1xGs7qZJgS23bsFeldVK1a1bJua5XWVZ5HEZyAU3AOLFAHLXAD2qADMLgHj+AZvBjceDJejbdla8HIZ47BDxnvX6Ytjoo=</latexit>

k = 93

<latexit sha1_base64="YpGOiiQIYvF4wgP1HbpwmJT5tPk=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxbVoXQtGNywrWFNpQJtNJO3QyCTMToYQ+hBsXCuLW13Hn25imoXj7YeDnO+cw5/xexJnSpvlprKyurW9sFraK2zu7e/ulg8N7FcaS0A4JeSi7HlaUM0E7mmlOu5GkOPA4dbzJ9bzuPFCpWCju9DSiboBHgvmMYJ0iR6BLZNXrg1LZrJiZ0F9j5aYMudqD0kd/GJI4oEITjpXqWWak3QRLzQins2I/VjTCZIJHtJdagQOq3CRbd4ZOUzJEfijTJzTK6PeJBAdKTQMv7QywHqvftTn8r9aLtd90EyaiWFNBFh/5MUc6RPPb0ZBJSjSfpgYTydJdERljiYlOEypmIVw0bLtpL09Gc1Kt2tUlcc4rVq1iWbe1cusqz6MAx3ACZ2BBA1pwA23oAIEJPMIzvBiR8WS8Gm+L1hUjnzmCHzLevwAYfY7G</latexit>

n = 155

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3
<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

<latexit sha1_base64="PqE6IsJtZipdPWuf4MB7vECmaZU=">AAAB7XicbZDLSsNAFIYn9VbjrerSzWARXJXESFoXxaIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIgbFz6Kezfi25ikpXj7YeDn+89hzjlexKhUhvGpFZaWV1bXiuv6xubW9k5pd+9GhrHAxMEhC0XHQ5IwyomjqGKkEwmCAo+Rtje+zPL2LRGShrylJhFxAzTk1KcYqRQ5LViHVr9UNipGLvjXmHNTPn/T69HLh97sl957gxDHAeEKMyRl1zQi5SZIKIoZmeq9WJII4TEakm5qOQqIdJN82Ck8SskA+qFIH1cwp987EhRIOQm8tDJAaiR/Zxn8L+vGyq+5CeVRrAjHs4/8mEEVwmxzOKCCYMUmqUFY0HRWiEdIIKzS++j5Ec6qtl2zFyvDjFiWbS1I+6RinlZM89ooNy7ATEVwAA7BMTBBFTTAFWgCB2BAwR14AI8a1+61J+15VlrQ5j374Ie01y9o+5Ft</latexit>

T = 3
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<latexit sha1_base64="gbsmidWdPTAQ3PCQf0Q1pfrOgSY=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJq2ndFd24rGhtoQ1lMp22QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+FnCltWZ9GYWV1bX2juFna2t7Z3SvvH9yrIJKEtknAA9n1sKKcCdrWTHPaDSXFvsdpx5tepfXOA5WKBeJOz0Lq+ngs2IgRrBN0a5nng3LFMq1M6K+xc1OBXK1B+aM/DEjkU6EJx0r1bCvUboylZoTTeakfKRpiMsVj2kuswD5VbpytOkcnCRmiUSCTJzTK6PeJGPtKzXwv6fSxnqjftRT+V+tFetRwYybCSFNBFh+NIo50gNK70ZBJSjSfJQYTyZJdEZlgiYlO0illIVzUHafhLE9GKanVnNqSdKqmfWba9k210rzM8yjCERzDKdhQhyZcQwvaQGAMj/AMLwY3noxX423RWjDymUP4IeP9Cw4/jak=</latexit>

0.5
<latexit sha1_base64="JyXEi+NU+FXWn3ilSA+lAb1+qrA=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpuLdMZVqqWaeVCf41dmCoUag8rH4NRSOKACk04VqpvW5F2Eyw1I5zOy4NY0QiTKR7TfmoFDqhyk3zVOTpNyQj5oUyf0Cin3ycSHCg1C7y0M8B6on7XMvhfrR9rv+kmTESxpoIsPvJjjnSIsrvRiElKNJ+lBhPJ0l0RmWCJiU7TKechXDQcp+ksT0YZqded+pJ0a6Z9btr2Ta3auizyKMExnMAZ2NCAFlxDGzpAYAyP8AwvBjeejFfjbdG6YhQzR/BDxvsXD8SNqg==</latexit>

0.6
<latexit sha1_base64="lNaDPa8KiTOeWyHNLD/2wHuW6xY=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpuLbMxrFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvEUmNqw==</latexit>

0.7
<latexit sha1_base64="O67PMghcd4/XpWqWyoPa9YDCpY8=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpuLbM5rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvEs6NrA==</latexit>

0.8
<latexit sha1_base64="kMtWeBRxBH2S/O48arKkniekDmU=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJK2m7K7pxWdHaQhvKZDpph04mYWYilNBHcONCQdz6Qu58G5M2FG8/DPx85xzmnN+LOFPasj6Nwtr6xuZWcbu0s7u3f1A+PLpXYSwJ7ZCQh7LnYUU5E7Sjmea0F0mKA4/Trje9yurdByoVC8WdnkXUDfBYMJ8RrFN0a5nNYblimdZC6K+xc1OBXO1h+WMwCkkcUKEJx0r1bSvSboKlZoTTeWkQKxphMsVj2k+twAFVbrJYdY7OUjJCfijTJzRa0O8TCQ6UmgVe2hlgPVG/axn8r9aPtd9wEyaiWFNBlh/5MUc6RNndaMQkJZrPUoOJZOmuiEywxESn6ZQWITTrjtNwViejjNRqTm1FulXTvjBt+6ZaaV3meRThBE7hHGyoQwuuoQ0dIDCGR3iGF4MbT8ar8bZsLRj5zDH8kPH+BRRTja0=</latexit>

0.9
<latexit sha1_base64="FEds14lbm3rz225u86qtaDjal8E=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubdMaVqqWaeVCf41dmCoUag8rH4NRSOKACk04VqpvW5F2Eyw1I5zOy4NY0QiTKR7TfmoFDqhyk3zVOTpNyQj5oUyf0Cin3ycSHCg1C7y0M8B6on7XMvhfrR9rv+kmTESxpoIsPvJjjnSIsrvRiElKNJ+lBhPJ0l0RmWCJiU7TKechXDQcp+ksT0YZqded+pJ0a6Z9btr2Ta3auizyKMExnMAZ2NCAFlxDGzpAYAyP8AwvBjeejFfjbdG6YhQzR/BDxvsXCC2NpQ==</latexit>

1.0
<latexit sha1_base64="V7upg+jyKclMmcBI3ImB7J1Gwqo=">AAAB63icbZDLSsNAFIYnXmu9VV26GSyCq5BpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63cZKG4u2HgZ/vnMOc8/sxZ0o7zqe1srq2vrFZ2ipv7+zu7VcODu9VlEhCOyTikez5WFHOBO1opjntxZLi0Oe060+vsnr3gUrFInGnZzH1QjwWLGAEa4NukY2GlapjO7ngX4MKUwWF2sPKx2AUkSSkQhOOleojJ9ZeiqVmhNN5eZAoGmMyxWPaN1bgkCovzVedw1NDRjCIpHlCw5x+n0hxqNQs9E1niPVE/a5l8L9aP9FB00uZiBNNBVl8FCQc6ghmd8MRk5RoPjMGE8nMrpBMsMREm3TKeQgXDddtusuTYUbqdbe+JN2ajc5thG5q1dZlkUcJHIMTcAYQaIAWuAZt0AEEjMEjeAYvFreerFfrbdG6YhUzR+CHrPcvCbKNpg==</latexit>

1.1
<latexit sha1_base64="WGuJ5miYv5Xn+ZDYcEVNSCofTmo=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubbM2rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvCzeNpw==</latexit>

1.2
<latexit sha1_base64="pV3islk9ivDDTdYCzpew+c3Zmo0=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJK27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MWlD8fbDwM93zmHO+f2YM6Ut69NYWV1b39gsbZW3d3b39isHh/cqSiShbRLxSHZ9rChngrY105x2Y0lx6HPa8SdXeb3zQKVikbjT05h6IR4JFjCCdYZubdMZVKqWac2F/hq7MFUo1BpUPvrDiCQhFZpwrFTPtmLtpVhqRjidlfuJojEmEzyivcwKHFLlpfNVZ+g0I0MURDJ7QqM5/T6R4lCpaehnnSHWY/W7lsP/ar1EBw0vZSJONBVk8VGQcKQjlN+NhkxSovk0M5hIlu2KyBhLTHSWTnkewkXddRvu8mSUE8dxnSXp1Ez73LTtm1q1eVnkUYJjOIEzsKEOTbiGFrSBwAge4RleDG48Ga/G26J1xShmjuCHjPcvDLyNqA==</latexit>

1.3
<latexit sha1_base64="KPyB+D5tXY1IlAbBJVvD0zOqiqQ=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJW9K6K7pxWdHaQhvKZDpth04uzEyEEvoIblwoiFtfyJ1v4yQNxdsPAz/fOYc55/cizqSyrE+jsLa+sblV3C7t7O7tH5QPj+5lGAtCOyTkoeh5WFLOAtpRTHHaiwTFvsdp15tdpfXuAxWShcGdmkfU9fEkYGNGsNLo1jbrw3LFMq1M6K+xc1OBXO1h+WMwCkns00ARjqXs21ak3AQLxQini9IgljTCZIYntK9tgH0q3SRbdYHONBmhcSj0CxTK6PeJBPtSzn1Pd/pYTeXvWgr/q/VjNW66CQuiWNGALD8axxypEKV3oxETlCg+1wYTwfSuiEyxwETpdEpZCBcNx2k6q5NRSmo1p7Yi3app103bvqlWWpd5HkU4gVM4Bxsa0IJraEMHCEzgEZ7hxeDGk/FqvC1bC0Y+cww/ZLx/AQ5Bjak=</latexit>

1.4
<latexit sha1_base64="qmw3bQutHCDGaZEacb+tjx2ucns=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJq2ndFd24rGhtoQ1lMp22QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+FnCltWZ9GYWV1bX2juFna2t7Z3SvvH9yrIJKEtknAA9n1sKKcCdrWTHPaDSXFvsdpx5tepfXOA5WKBeJOz0Lq+ngs2IgRrBN0a5vng3LFMq1M6K+xc1OBXK1B+aM/DEjkU6EJx0r1bCvUboylZoTTeakfKRpiMsVj2kuswD5VbpytOkcnCRmiUSCTJzTK6PeJGPtKzXwv6fSxnqjftRT+V+tFetRwYybCSFNBFh+NIo50gNK70ZBJSjSfJQYTyZJdEZlgiYlO0illIVzUHafhLE9GKanVnNqSdKqmfWba9k210rzM8yjCERzDKdhQhyZcQwvaQGAMj/AMLwY3noxX423RWjDymUP4IeP9Cw/Gjao=</latexit>

1.5
<latexit sha1_base64="Pmy/ML7iK8luxhO2MLJEONN9GPI=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubdMZVqqWaeVCf41dmCoUag8rH4NRSOKACk04VqpvW5F2Eyw1I5zOy4NY0QiTKR7TfmoFDqhyk3zVOTpNyQj5oUyf0Cin3ycSHCg1C7y0M8B6on7XMvhfrR9rv+kmTESxpoIsPvJjjnSIsrvRiElKNJ+lBhPJ0l0RmWCJiU7TKechXDQcp+ksT0YZqded+pJ0a6Z9btr2Ta3auizyKMExnMAZ2NCAFlxDGzpAYAyP8AwvBjeejFfjbdG6YhQzR/BDxvsXEUuNqw==</latexit>

1.6
<latexit sha1_base64="toDRHmIHgnYhA9X9wmfnnD3+yBk=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubbMxrFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvEtCNrA==</latexit>

1.7
<latexit sha1_base64="NCJ0X+Li8GOJowgqguX6x8dwyng=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpubbM5rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvFFWNrQ==</latexit>

1.8
<latexit sha1_base64="Az9L5ljFCb1dOuqV/Vi7JgH+vB8=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuApJK2m7K7pxWdHaQhvKZDpph04mYWYilNBHcONCQdz6Qu58G5M2FG8/DPx85xzmnN+LOFPasj6Nwtr6xuZWcbu0s7u3f1A+PLpXYSwJ7ZCQh7LnYUU5E7Sjmea0F0mKA4/Trje9yurdByoVC8WdnkXUDfBYMJ8RrFN0a5vNYblimdZC6K+xc1OBXO1h+WMwCkkcUKEJx0r1bSvSboKlZoTTeWkQKxphMsVj2k+twAFVbrJYdY7OUjJCfijTJzRa0O8TCQ6UmgVe2hlgPVG/axn8r9aPtd9wEyaiWFNBlh/5MUc6RNndaMQkJZrPUoOJZOmuiEywxESn6ZQWITTrjtNwViejjNRqTm1FulXTvjBt+6ZaaV3meRThBE7hHGyoQwuuoQ0dIDCGR3iGF4MbT8ar8bZsLRj5zDH8kPH+BRXaja4=</latexit>

1.9
<latexit sha1_base64="FNtDVdJOQsMaHg+7DMRrGhWdO6U=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpJa27ohuXFa0ttKFMppN26GQSZiZCCX0ENy4UxK0v5M63MUlD8fbDwM93zmHO+b2IM6Ut69NYWV1b39gsbZW3d3b39isHh/cqjCWhHRLyUPY8rChngnY005z2Iklx4HHa9aZXWb37QKViobjTs4i6AR4L5jOCdYpua6Y1rFQt08qF/hq7MFUo1B5WPgajkMQBFZpwrFTftiLtJlhqRjidlwexohEmUzym/dQKHFDlJvmqc3SakhHyQ5k+oVFOv08kOFBqFnhpZ4D1RP2uZfC/Wj/WftNNmIhiTQVZfOTHHOkQZXejEZOUaD5LDSaSpbsiMsESE52mU85DuGg4TtNZnowyUq879SXp1kz73LTtm1q1dVnkUYJjOIEzsKEBLbiGNnSAwBge4RleDG48Ga/G26J1xShmjuCHjPcvCbSNpg==</latexit>

2.0

<latexit sha1_base64="YgBkPXM20riHvJkmhZrMlYD8VsI=">AAACBHicbZA9SwNBEIb3/DZ+Re20WUwEq3CXSKKdaGOpaEwgCWFub6JL9vaO3TkhBMHGv2JjoSC2/gg7/42XM4hfLyy8PDPD7Lx+rKQl1313Jianpmdm5+ZzC4tLyyv51bULGyVGYF1EKjJNHywqqbFOkhQ2Y4MQ+gobfv9oVG9co7Ey0uc0iLETwqWWPSmAUtTNb5wR6ABMwAO8lhnkxbaPBMVuvuCW3Ez8r/HGpsDGOunm39pBJJIQNQkF1rY8N6bOEAxJofAm104sxiD6cImt1GoI0XaG2Q03fDslAe9FJn2aeEa/TwwhtHYQ+mlnCHRlf9dG8L9aK6HeXmcodZwQavG5qJcoThEfBcIDaVCQGqQGhJHpX7m4AgOC0thyWQj7tWp1r/p1Mh+RSqVa+SKNcsnbLXneablwcDjOY45tsi22wzxWYwfsmJ2wOhPslt2zR/bk3DkPzrPz8tk64Yxn1tkPOa8f06SXoQ==</latexit>

Standard deviation β

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en

er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="XwfdvEIf8MsAvcQoN8eGImNwTgg=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24bMHaQhvKZDppx04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAtCuyTkoei7WFLOAtpVTHHajwTFvstpz51dp/XeAxWShcGtmkfU8fEkYB4jWGnUMUflilk1M6G/xspNBXK1R+WP4TgksU8DRTiWcmCZkXISLBQjnC5Kw1jSCJMZntCBtgH2qXSSbNEFOtNkjLxQ6BcolNHvEwn2pZz7ru70sZrK37UU/lcbxMprOgkLoljRgCw/8mKOVIjSq9GYCUoUn2uDiWB6V0SmWGCidDalLITLhm037dXJKCW1ml1bkd5F1apXLatTr7Su8jyKcAKncA4WNKAFN9CGLhCg8AjP8GLcG0/Gq/G2bC0Y+cwx/JDx/gUuB400</latexit>

0

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="dVsx8HuVgmkgOpLdPBxXfZ1ouqI=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJK2ndFd24bMHaQhvKZDppx04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAtCuyTkoei7WFLOAtpVTHHajwTFvstpz51dp/XeAxWShcGtmkfU8fEkYB4jWGnUsUblilk1M6G/xspNBXK1R+WP4TgksU8DRTiWcmCZkXISLBQjnC5Kw1jSCJMZntCBtgH2qXSSbNEFOtNkjLxQ6BcolNHvEwn2pZz7ru70sZrK37UU/lcbxMprOgkLoljRgCw/8mKOVIjSq9GYCUoUn2uDiWB6V0SmWGCidDalLITLhm037dXJKCX1ul1fkV6tal1ULatTq7Su8jyKcAKncA4WNKAFN9CGLhCg8AjP8GLcG0/Gq/G2bC0Y+cwx/JDx/gUu7I0z</latexit>

1

<latexit sha1_base64="/vBbQp0TvM8IZmp6cBDBOxVv5rQ=">AAAB5XicbZDLSsNAFIYnXmu8VbduBovgqiStpHVXdOOygrWFNpTJ9KQdO5mEmYlQSp/AjQsFt76SO9/GSRqKtx8Gfr5zDnPOHyScKe04n9ba+sbm1nZpx97d2z84LNtH9ypOJYUOjXksewFRwJmAjmaaQy+RQKKAQzeYXmf17iNIxWJxp2cJ+BEZCxYySrRBt7VhueJUnVz4r3ELU0GF2sPyx2AU0zQCoSknSvVdJ9H+nEjNKIeFPUgVJIROyRj6xgoSgfLn+aILfGbICIexNE9onNPvE3MSKTWLAtMZET1Rv2sZ/K/WT3XY9OdMJKkGQZcfhSnHOsbZ1XjEJFDNZ8YQKpnZFdMJkYRqk42dh3DZ8LymtzoZZ6Re9+or0q1V3Yuq61ZaV0UaJXSCTtE5clEDtdANaqMOogjQE3pBr9aD9Wy9LRvXrGLiGP2Q9f4FxJWMCw==</latexit>

2

<latexit sha1_base64="ha7WrnzGVCFR0vc2+J7F6g+kZnI=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJWklbTuim5ctmBtoQ1lMj1px04mYWYilNAncONCQdz6Ru58G5M0FG8/DPx85xzmnN8NOVPaND+Nwtr6xuZWcbu0s7u3f1A+PLpTQSQpdGnAA9l3iQLOBHQ10xz6oQTiuxx67uw6rfceQCoWiFs9D8HxyUQwj1GiE9Spj8oVs2pmwn+NlZsKytUelT+G44BGPghNOVFqYJmhdmIiNaMcFqVhpCAkdEYmMEisID4oJ84WXeCzhIyxF8jkCY0z+n0iJr5Sc99NOn2ip+p3LYX/1QaR9ppOzEQYaRB0+ZEXcawDnF6Nx0wC1XyeGEIlS3bFdEokoTrJppSFcNmw7aa9OhmnpF636yvSq1Wti6pldWqV1lWeRxGdoFN0jizUQC10g9qoiygC9Iie0YtxbzwZr8bbsrVg5DPH6IeM9y8x9o01</latexit>

3

<latexit sha1_base64="YXW7+ua+kk3uALIKSPEl5FyHQpQ=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJW9K6K7px2YK1hTaUyXTSjk4uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj25lGAtCeyTkoRi4WFLOAtpTTHE6iATFvstp372/Suv9ByokC4MbNY+o4+NpwDxGsNKo2xiXK2bVzIT+Gis3FcjVGZc/RpOQxD4NFOFYyqFlRspJsFCMcLoojWJJI0zu8ZQOtQ2wT6WTZIsu0JkmE+SFQr9AoYx+n0iwL+Xcd3Wnj9VM/q6l8L/aMFZey0lYEMWKBmT5kRdzpEKUXo0mTFCi+FwbTATTuyIywwITpbMpZSFcNG27Za9ORimp1+36ivRrVatRtaxurdK+zPMowgmcwjlY0IQ2XEMHekCAwiM8w4txZzwZr8bbsrVg5DPH8EPG+xcze402</latexit>

4

<latexit sha1_base64="f2uZULB2+xNpHR0YIk17Ba4Z/Uw=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJWk1bTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQN4u2HgZ/vnMOc87sRZ1KZ5odRWFldW98obpa2tnd298r7B7cyjAWFLg15KPoukcBZAF3FFId+JID4LoeeO7tK6717EJKFwY2aR+D4ZBIwj1GiNOqcj8oVs2pmwn+NlZsKytUeld+H45DGPgSKciLlwDIj5SREKEY5LErDWEJE6IxMYKBtQHyQTpItusAnmoyxFwr9AoUz+n0iIb6Uc9/VnT5RU/m7lsL/aoNYeU0nYUEUKwjo8iMv5liFOL0aj5kAqvhcG0IF07tiOiWCUKWzKWUhXDRsu2l/nYxTUq/b9S/Sq1Wts6pldWqV1mWeRxEdoWN0iizUQC10jdqoiygC9ICe0LNxZzwaL8brsrVg5DOH6IeMt081AI03</latexit>

5

<latexit sha1_base64="ZYmS+cc6pZ160QYl3DziC5yojdc=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJWklbTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAsKXRryUPRdIoGzALqKKQ79SADxXQ49d3ad1nsPICQLg1s1j8DxySRgHqNEadSxR+WKWTUz4b/Gyk0F5WqPyh/DcUhjHwJFOZFyYJmRchIiFKMcFqVhLCEidEYmMNA2ID5IJ8kWXeAzTcbYC4V+gcIZ/T6REF/Kue/qTp+oqfxdS+F/tUGsvKaTsCCKFQR0+ZEXc6xCnF6Nx0wAVXyuDaGC6V0xnRJBqNLZlLIQLhu23bRXJ+OU1Ot2fUV6tap1UbWsTq3SusrzKKITdIrOkYUaqIVuUBt1EUWAHtEzejHujSfj1XhbthaMfOYY/ZDx/gU2hY04</latexit>

6

<latexit sha1_base64="ggVGKrxLUzvph9jF6IOI1cwEtJs=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJWklbTuim5ctmBtoQ1lMj1px04mYWYilNAncONCQdz6Ru58G5M0FG8/DPx85xzmnN8NOVPaND+Nwtr6xuZWcbu0s7u3f1A+PLpTQSQpdGnAA9l3iQLOBHQ10xz6oQTiuxx67uw6rfceQCoWiFs9D8HxyUQwj1GiE9RpjMoVs2pmwn+NlZsKytUelT+G44BGPghNOVFqYJmhdmIiNaMcFqVhpCAkdEYmMEisID4oJ84WXeCzhIyxF8jkCY0z+n0iJr5Sc99NOn2ip+p3LYX/1QaR9ppOzEQYaRB0+ZEXcawDnF6Nx0wC1XyeGEIlS3bFdEokoTrJppSFcNmw7aa9OhmnpF636yvSq1Wti6pldWqV1lWeRxGdoFN0jizUQC10g9qoiygC9Iie0YtxbzwZr8bbsrVg5DPH6IeM9y84Co05</latexit>

7

<latexit sha1_base64="GfwGjzjxh47Rf0oPHM7vcRSL+BI=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEStouxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz1isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+omlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwItYrjVJ3FyjAl5bJTXpD2Sck+Ldl20yrWL8BMeXAADsExsEEF1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGefJB6</latexit>

9

<latexit sha1_base64="BnYvbJ1TwqsHdoj/4m7h5QLxmkQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9gpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCc95B5</latexit>

8

<latexit sha1_base64="seZUmRFlc0o9knZZSJ1EX2dtzWM=">AAAB9nicbZDLTgIxFIY7eAO8oS7dNBITN5IZIQPuiG5cYiJChIF0SoGGTmfSdlQy4T104UIT41KfxZ1Po52BEG9/0uTPd87JOf3dgFGpTPPDSC0sLi2vpDPZ1bX1jc3c1val9EOBSR37zBdNF0nCKCd1RRUjzUAQ5LmMNNzRaVxvXBMhqc8v1DggjocGnPYpRkqjTltRj0homZ3osDTp5vJmwUwE/xprZvLVTHB/9Xr7Wevm3ts9H4ce4QozJGXLMgPlREgoihmZZNuhJAHCIzQgLW050sucKLl6Avc16cG+L/TjCib0+0SEPCnHnqs7PaSG8ncthv/VWqHqV5yI8iBUhOPpon7IoPJhHAHsUUGwYmNtEBZU3wrxEAmElQ4qm4RwXLbtij3/MoxJsWgX56RxVLBKBcs613GcgKnSYBfsgQNggTKogjNQA3WAgQB34BE8GTfGg/FsvExbU8ZsZgf8kPH2BTHhlgo=</latexit>

×10
−4

<latexit sha1_base64="5++Doiy3Va4J5virdlJO5pUs/vc=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegS1S1zWKmaNTMX+muswlShUGdY+RiMQhIHVGjCsVJ9y4y0m2CpGeF0Xh7EikaYTPGY9lMrcECVm+TrztFpSkbID2X6hEY5/T6R4ECpWeClnQHWE/W7lsH/av1Y+y03YSKKNRVk8ZEfc6RDlN2ORkxSovksNZhIlu6KyARLTHSaUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYkTGk/FqvC1aV4xi5gh+yHj/Ag3ajr8=</latexit>

n = 310
<latexit sha1_base64="YtlgY7Vb5Hl7Q00un1Evizka4U0=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTq5MDMRSuhDuHGhIG59HXe+jZM0FG8/DPx85xzmnN+LOZPKND+NldW19Y3N0lZ5e2d3b79ycHgvo0QQ2iURj0TPw5JyFtKuYorTXiwoDjxOHW96ndWdByoki8I7NYupG+BxyHxGsNLImaJLZLXsYaVq1sxc6K+xClOFQp1h5WMwikgS0FARjqXsW2as3BQLxQin8/IgkTTGZIrHtK9tiAMq3TRfd45ONRkhPxL6hQrl9PtEigMpZ4GnOwOsJvJ3LYP/1fqJ8ltuysI4UTQki4/8hCMVoex2NGKCEsVn2mAimN4VkQkWmCidUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYsTGk/FqvC1aV4xi5gh+yHj/Ahnzjsc=</latexit>

k = 186
<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3
<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

<latexit sha1_base64="PqE6IsJtZipdPWuf4MB7vECmaZU=">AAAB7XicbZDLSsNAFIYn9VbjrerSzWARXJXESFoXxaIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIgbFz6Kezfi25ikpXj7YeDn+89hzjlexKhUhvGpFZaWV1bXiuv6xubW9k5pd+9GhrHAxMEhC0XHQ5IwyomjqGKkEwmCAo+Rtje+zPL2LRGShrylJhFxAzTk1KcYqRQ5LViHVr9UNipGLvjXmHNTPn/T69HLh97sl957gxDHAeEKMyRl1zQi5SZIKIoZmeq9WJII4TEakm5qOQqIdJN82Ck8SskA+qFIH1cwp987EhRIOQm8tDJAaiR/Zxn8L+vGyq+5CeVRrAjHs4/8mEEVwmxzOKCCYMUmqUFY0HRWiEdIIKzS++j5Ec6qtl2zFyvDjFiWbS1I+6RinlZM89ooNy7ATEVwAA7BMTBBFTTAFWgCB2BAwR14AI8a1+61J+15VlrQ5j374Ie01y9o+5Ft</latexit>

T = 3

Fig. 6: Generalization gap as a function of the standard

deviation of the Gaussian noise β for (a) Tanner code with

n = 155, and k = 93, (b) Tanner code with n = 310, and

k = 186.

c. Impact of standard deviation of the Gaussian noise

(β): In this experiment, we examine the effects of varying the

standard deviation of Gaussian noise, represented by β, on

the generalization gap of NBP decoders. We consider NBP

decoders with T = 3 iterations and trained on a dataset of

size m = 104. According to the results depicted in Fig. 6(a)

and (b), we observe that the generalization gap exhibits non-

monotonic behavior in relation to β. Specifically, for β ≤ 1,

there is an increase in the generalization gap. Conversely, for

β ≥ 1, the generalization gap begins to decrease. When β
is substantially large, the channel output becomes statistically

independent of the input due to the increased channel noise.

Consequently, this results in higher training and test BER,

which in turn leads to a reduced generalization gap.

d. Impact of blocklength (n): To study the impact of

blocklength keeping the variable node degree fixed, we use

Progressive Edge-Growth (PEG) algorithm [59], [60] to con-

struct two quasi-cyclic LDPC (QC-LDPC) parity check ma-

trices with: (i) n = 680, k = 340, dv = 3, dc = 6; (ii)

n = 1000, k = 500, dv = 3, dc = 7. We use the two codes

as the parent code, and derive the parity check matrices for

varying blocklengths keeping the variable node degree fixed

by masking the columns of the parity-check matrix of the

parent codes. Specifically, in Fig. 7 (a) we consider codes with

blocklengths n = 425, 510, 595 derived from QC-LDPC parity

check matrix with n = 680, k = 340; and in Fig. 7 (b) we con-

sider codes with blocklengths n = 600, 700, 800, 900 derived

from QC-LDPC parity check matrix with n = 1000, k = 500.

We note that in addition to the blocklength, the descendent

codes have different code-rates than the parent QC-LDPC

code. However, this method allows us to generate descendent

codes that have the same structure (or same nature) as that
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(425,340)-QC LDPC code(510,340)-QC LDPC code(595,340)-QC LDPC code(680,340)-QC LDPC code
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<latexit sha1_base64="WZcIfDOqJOjuo6HwYqQ/fyKulw0=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyVpa1p3RTcuK1pbaEOZTCft0MkkzEyEEvoIblwoiFtfyJ1vY5KG4u2HgZ/vnMOc87shZ0qb5qexsrq2vrFZ2Cpu7+zu7ZcODu9VEElCOyTggey5WFHOBO1opjnthZJi3+W0606v0nr3gUrFAnGnZyF1fDwWzGME6wTd1qvnw1LZrJiZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSmo1u7Yk3WrFqlcs66Zebl3meRTgGE7gDCxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9CxsTjbM=</latexit>

425
<latexit sha1_base64="d6UWeO1pD0XzS8InmtuzGP4Y5ko=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJrWndFd24rGhtoQ1lMp20QycXZiZCCX0ENy4UxK0v5M63cZKG4u2HgZ/vnMOc87sRZ1KZ5qdRWFldW98obpa2tnd298r7B/cyjAWhHRLyUPRcLClnAe0opjjtRYJi3+W0606v0nr3gQrJwuBOzSLq+HgcMI8RrDS6PbfMYbliVs1M6K+xclOBXO1h+WMwCkns00ARjqXsW2aknAQLxQin89IgljTCZIrHtK9tgH0qnSRbdY5ONBkhLxT6BQpl9PtEgn0pZ76rO32sJvJ3LYX/1fqx8ppOwoIoVjQgi4+8mCMVovRuNGKCEsVn2mAimN4VkQkWmCidTikL4aJh2017eTJKSa1m15ake1a16lXLuqlXWpd5HkU4gmM4BQsa0IJraEMHCIzhEZ7hxeDGk/FqvC1aC0Y+cwg/ZLx/ARN7ja4=</latexit>

510
<latexit sha1_base64="HgE0LJ2Cvc10aOvRLtB9fX00UUo=">AAAB63icbZDLTsJAFIZP8YZ4Q126mUhMXJFWoMCO6MYlRhESaMh0GGDCdNrMTE1IwyO4caGJcesLufNtbEtDvP3JJH++c07mnN8NOFPaND+N3Nr6xuZWfruws7u3f1A8PLpXfigJ7RCf+7LnYkU5E7Sjmea0F0iKPZfTrju7SurdByoV88WdngfU8fBEsDEjWMfottasDYsls2ymQn+NlZkSZGoPix+DkU9CjwpNOFaqb5mBdiIsNSOcLgqDUNEAkxme0H5sBfaocqJ01QU6i8kIjX0ZP6FRSr9PRNhTau65caeH9VT9riXwv1o/1OOGEzERhJoKsvxoHHKkfZTcjUZMUqL5PDaYSBbvisgUS0x0nE4hDaFZt+2GvToZJaRSsSsr0r0oW9WyZd1US63LLI88nMApnIMFdWjBNbShAwQm8AjP8GJw48l4Nd6WrTkjmzmGHzLevwAnRI27</latexit>

595
<latexit sha1_base64="KIzyAl6PK+H9TDnIwsabyoWodRQ=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGhtoS1lMp20g5NJmJkIJfQR3LhQELe+kDvfxkkaircfBn6+cw5zzu9FnClt259WYWV1bX2juFna2t7Z3SvvH9ypMJaEdkjIQ9nzsKKcCdrRTHPaiyTFgcdp17u/TOvdByoVC8WtnkV0GOCJYD4jWBt04zbtUbliV+1M6K9xclOBXO1R+WMwDkkcUKEJx0r1HTvSwwRLzQin89IgVjTC5B5PaN9YgQOqhkm26hydGDJGfijNExpl9PtEggOlZoFnOgOsp+p3LYX/1fqx9pvDhIko1lSQxUd+zJEOUXo3GjNJieYzYzCRzOyKyBRLTLRJp5SFcN5w3aa7PBmlpFZza0vSPas69arjXNcrrYs8jyIcwTGcggMNaMEVtKEDBCbwCM/wYnHryXq13hatBSufOYQfst6/AB+sjbY=</latexit>

680

<latexit sha1_base64="RHdANzo1l/YS227wyKsEM46kIOE=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrWFNpTJdNoOnUnCzEQoob/gxoWCuPWD3Pk3TtJQfB0Y5nDOvdx7jx9xprRtf1qFtfWNza3idmlnd2//oHx4dK/CWBLaISEPZc/HinIW0I5mmtNeJCkWPqddf3ad+t0HKhULgzs9j6gn8CRgY0awTiW7ateH5Yr5MqC/xMlJBXK0h+WPwSgksaCBJhwr1XfsSHsJlpoRThelQaxohMkMT2jf0AALqrwk23WBzowyQuNQmhdolKnfOxIslJoL31QKrKfqt5eK/3n9WI+bXsKCKNY0IMtB45gjHaL0cDRikhLN54ZgIpnZFZEplphoE08pC+Gy4bpNd3UySpVaza2tlO5F1alXHee2Xmld5XkU4QRO4RwcaEALbqANHSAwhUd4hhdLWE/Wq/W2LC1Yec8x/ID1/gV7wY3k</latexit>

0.04

<latexit sha1_base64="hEzWQUV5NAkA3i4XRZt2f7K0Kpo=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrWFNpTJdNoOnUzCzEQoob/gxoWCuPWD3Pk3TtJQfB0Y5nDOvdx7jx9xprRtf1qFtfWNza3idmlnd2//oHx4dK/CWBLaISEPZc/HinImaEczzWkvkhQHPqddf3ad+t0HKhULxZ2eR9QL8ESwMSNYp5Jdtd1huWK+DOgvcXJSgRztYfljMApJHFChCcdK9R070l6CpWaE00VpECsaYTLDE9o3VOCAKi/Jdl2gM6OM0DiU5gmNMvV7R4IDpeaBbyoDrKfqt5eK/3n9WI+bXsJEFGsqyHLQOOZIhyg9HI2YpETzuSGYSGZ2RWSKJSbaxFPKQrhsuG7TXZ2MUqVWc2srpXtRdepVx7mtV1pXeR5FOIFTOAcHGtCCG2hDBwhM4RGe4cUKrCfr1XpblhasvOcYfsB6/wJ+y43m</latexit>

0.06

<latexit sha1_base64="iYUTPcE1pK6n6LOf85uhpwgWlQ4=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrWFNpTJdNoOnUnCzEQoob/gxoWCuPWD3Pk3TtJQfB0Y5nDOvdx7jx9xprRtf1qFtfWNza3idmlnd2//oHx4dK/CWBLaISEPZc/HinIW0I5mmtNeJCkWPqddf3ad+t0HKhULgzs9j6gn8CRgY0awTiW7ajeH5Yr5MqC/xMlJBXK0h+WPwSgksaCBJhwr1XfsSHsJlpoRThelQaxohMkMT2jf0AALqrwk23WBzowyQuNQmhdolKnfOxIslJoL31QKrKfqt5eK/3n9WI+bXsKCKNY0IMtB45gjHaL0cDRikhLN54ZgIpnZFZEplphoE08pC+Gy4bpNd3UySpVaza2tlO5F1alXHee2Xmld5XkU4QRO4RwcaEALbqANHSAwhUd4hhdLWE/Wq/W2LC1Yec8x/ID1/gWB1Y3o</latexit>

0.08

<latexit sha1_base64="xg6te20IRxv5UjNKPJpdK1HVMRU=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJLWndFd24rGBtoQ1lMp20QyeTMDMRSugruHGhIG59IHe+jUkaircfBn6+cw5zzu9FnCltWZ9GaW19Y3OrvF3Z2d3bP6geHt2rMJaEdknIQ9n3sKKcCdrVTHPajyTFgcdpz5tdZ/XeA5WKheJOzyPqBngimM8I1hmyTNsaVWuWaeVCf41dmBoU6oyqH8NxSOKACk04VmpgW5F2Eyw1I5wuKsNY0QiTGZ7QQWoFDqhyk3zXBTpLyRj5oUyf0Cin3ycSHCg1D7y0M8B6qn7XMvhfbRBrv+UmTESxpoIsP/JjjnSIssPRmElKNJ+nBhPJ0l0RmWKJiU7jqeQhXDYdp+WsTkYZqded+or0Lky7Ydr2baPWviryKMMJnMI52NCENtxAB7pAYAqP8AwvRmA8Ga/G27K1ZBQzx/BDxvsXdzON4Q==</latexit>

0.10

<latexit sha1_base64="1Unxy0Qn6DUXRM3Ed4WcOTuj4J0=">AAAB7HicbZDLSsNAFIZPvNZ6q7p0M1gEVyFpS1p3RTcuK1hbaEOZTCft0MkkzEyEEvoKblwoiFsfyJ1vY5KG4u2HgZ/vnMOc83sRZ0pb1qextr6xubVd2inv7u0fHFaOju9VGEtCuyTkoex7WFHOBO1qpjntR5LiwOO0582us3rvgUrFQnGn5xF1AzwRzGcE6wxZpl0bVaqWaeVCf41dmCoU6owqH8NxSOKACk04VmpgW5F2Eyw1I5wuysNY0QiTGZ7QQWoFDqhyk3zXBTpPyRj5oUyf0Cin3ycSHCg1D7y0M8B6qn7XMvhfbRBrv+UmTESxpoIsP/JjjnSIssPRmElKNJ+nBhPJ0l0RmWKJiU7jKechXDYdp+WsTkYZqded+or0aqbdMG37tlFtXxV5lOAUzuACbGhCG26gA10gMIVHeIYXIzCejFfjbdm6ZhQzJ/BDxvsXej2N4w==</latexit>

0.12

<latexit sha1_base64="cJ72n93Iut+1ijYunLGxcGRwqZ0=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBtoQ1lMp22QyeTMDMRSugruHGhIG59IHe+jZM0FG8/DPx85xzmnN+POFPatj+twtr6xuZWcbu0s7u3f1A+PLpXYSwJ7ZCQh7LnY0U5E7Sjmea0F0mKA5/Trj+7TuvdByoVC8WdnkfUC/BEsDEjWKfIrjr1YbliV+1M6K9xclOBXO1h+WMwCkkcUKEJx0r1HTvSXoKlZoTTRWkQKxphMsMT2jdW4IAqL8l2XaAzQ0ZoHErzhEYZ/T6R4ECpeeCbzgDrqfpdS+F/tX6sx00vYSKKNRVk+dE45kiHKD0cjZikRPO5MZhIZnZFZIolJtrEU8pCuGy4btNdnYxSUqu5tRXpXpi8qo5zW6+0rvI8inACp3AODjSgBTfQhg4QmMIjPMOLFVhP1qv1tmwtWPnMMfyQ9f4FfUeN5Q==</latexit>

0.14

<latexit sha1_base64="lZ498ZCjBgFR9ospxv5atc94K50=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJLWndFd24rGBtoQ1lMp20QyeTMDMRSugruHGhIG59IHe+jUkaircfBn6+cw5zzu9FnCltWZ9GaW19Y3OrvF3Z2d3bP6geHt2rMJaEdknIQ9n3sKKcCdrVTHPajyTFgcdpz5tdZ/XeA5WKheJOzyPqBngimM8I1hmyTNsZVWuWaeVCf41dmBoU6oyqH8NxSOKACk04VmpgW5F2Eyw1I5wuKsNY0QiTGZ7QQWoFDqhyk3zXBTpLyRj5oUyf0Cin3ycSHCg1D7y0M8B6qn7XMvhfbRBrv+UmTESxpoIsP/JjjnSIssPRmElKNJ+nBhPJ0l0RmWKJiU7jqeQhXDYdp+WsTkYZqded+or0Lky7Ydr2baPWviryKMMJnMI52NCENtxAB7pAYAqP8AwvRmA8Ga/G27K1ZBQzx/BDxvsXgFGN5w==</latexit>

0.16

<latexit sha1_base64="XPv7BIURyVsGiEtg7HO6JZodcKQ=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARXJXElLQuhKIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIhb38edb+MkDcXbDwM/3zmHOef3Y0alMs1Po7S2vrG5Vd6u7Ozu7R9UD4/uZZQITFwcsUj0fSQJo5y4iipG+rEgKPQZ6fmzm6zeeyBC0oh31TwmXogmnAYUI6WR24VX0B5Va2bdzAX/GqswNVCoM6p+DMcRTkLCFWZIyoFlxspLkVAUM7KoDBNJYoRnaEIG2nIUEuml+bILeKbJGAaR0I8rmNPvEykKpZyHvu4MkZrK37UM/lcbJCpoeSnlcaIIx8uPgoRBFcHscjimgmDF5togLKjeFeIpEggrnU8lD+Gy6TgtZ3UyzIhtO/aK9C7qVqNuWXeNWvu6yKMMTsApOAcWaII2uAUd4AIMKHgEz+DF4MaT8Wq8LVtLRjFzDH7IeP8CBjOOMA==</latexit>

T = 3
<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

<latexit sha1_base64="4Md7/wEjcunYdmeZnjwpSS6lVbs=">AAAB73icbZDLSsNAFIYnXmu9VV26GSyCq5KYktaFUHTjsoI1hTaUyXTSDplMwsxEKKEP4caFgrj1ddz5Nk7SULz9MPDznXOYc34/YVQq0/w0VlbX1jc2K1vV7Z3dvf3aweG9jFOBSQ/HLBZ9H0nCKCc9RRUj/UQQFPmMuH54ndfdByIkjfmdmiXEi9CE04BipDRyQ3gJ7aY5qtXNhlkI/jVWaeqgVHdU+xiOY5xGhCvMkJQDy0yUlyGhKGZkXh2mkiQIh2hCBtpyFBHpZcW6c3iqyRgGsdCPK1jQ7xMZiqScRb7ujJCayt+1HP5XG6QqaHsZ5UmqCMeLj4KUQRXD/HY4poJgxWbaICyo3hXiKRIIK51QtQjhouU4bWd5MsyJbTv2krjnDavZsKzbZr1zVeZRAcfgBJwBC7RAB9yALugBDELwCJ7Bi5EYT8ar8bZoXTHKmSPwQ8b7Fw3Ljr8=</latexit>

k = 340

<latexit sha1_base64="xOh90Pp33vnqEOiFA5hgSY5rZKI=">AAAB+3icbZDLTgIxFIY7eEO8gS7dNBITV2QGDOCO6MYlJiAkQEinHKCh007ajoaMPIobF5oYt76IO9/GAhPi7SRN/nz/Oe3p74ecaeO6n05qbX1jcyu9ndnZ3ds/yOYOb7WMFIUmlVyqtk80cCagaZjh0A4VkMDn0PInV3O/dQdKMykaZhpCLyAjwYaMEmNRP5trjEEqMBZw7MtIDPrZvFtwF4X/Ci8ReZRUvZ/96A4kjQIQhnKidcdzQ9OLibKXcphlupGGkNAJGUHHSkEC0L14sfoMn1oywEOp7BEGL+j3iZgEWk8D33YGxIz1b28O//M6kRlWezETYWRA0OVDw4hjI/E8BzxgCqjhUysIVczuiumYKEKNTSuzCOGiUi5Xy6sv4zkplcqlFWkVC955wfNuivnaZZJHGh2jE3SGPFRBNXSN6qiJKLpHj+gZvTgPzpPz6rwtW1NOMnOEfpTz/gUFZZR/</latexit>

Theoretical bound

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en
er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="9Qpz8qKtxTHc0Xya0j+Kek3rD5s=">AAAB+3icbZDLTsJAFIaneEO8FV26mQgmuCEtmII7ghuXmIiQQEOmwxQmTKfNzFRDKo/ixoUmxq0v4s63sS0N8fYnk/z5zjk5Z34nYFQqw/jUcmvrG5tb+e3Czu7e/oFePLyVfigw6WKf+aLvIEkY5aSrqGKkHwiCPIeRnjO7TOq9OyIk9fmNmgfE9tCEU5dipGI00ott5uMZI3yiprBS5uWzkV4yqkYq+NeYmSmBTJ2R/jEc+zj0CFeYISkHphEoO0JCUczIojAMJQkQnqEJGcSWI49IO0pPX8DTmIyh64v4cQVT+n0iQp6Uc8+JOz2kpvJ3LYH/1Qahcpt2RHkQKsLxcpEbMqh8mOQAx1QQrNg8NggLGt8K8RQJhFWcViEN4aJhWU1r9WWYkHrdqq9Ir1Y1z6umeV0rtdpZHnlwDE5ABZigAVrgCnRAF2BwDx7BM3jRHrQn7VV7W7bmtGzmCPyQ9v4FWNeTZw==</latexit>

Blocklength (n)
<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

(600,500)-QC LDPC code(700,500)-QC LDPC code(800,500)-QC LDPC code(900,500)-QC LDPC code(1000,500)-QC LDPC code
0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

<latexit sha1_base64="9TwVq6oX99R+EPFolMsaf4byhHw=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuCoTW9K6K7pxWcHaQhvKZDpth04mYWYilNBXcONCQdz6QO58G5M0FG8/DPx85xzmnN8LBdcG40+rsLa+sblV3C7t7O7tH5QPj+51ECnKOjQQgep5RDPBJesYbgTrhYoR3xOs682u03r3gSnNA3ln5iFzfTKRfMwpMSmyMcbDcgVXcSb019i5qUCu9rD8MRgFNPKZNFQQrfs2Do0bE2U4FWxRGkSahYTOyIT1EyuJz7QbZ7su0FlCRmgcqORJgzL6fSImvtZz30s6fWKm+ncthf/V+pEZN92YyzAyTNLlR+NIIBOg9HA04opRI+aJIVTxZFdEp0QRapJ4SlkIlw3HaTqrk1FKajWntiLdi6pdr9r2bb3SusrzKMIJnMI52NCAFtxAGzpAYQqP8Awvlm89Wa/W27K1YOUzx/BD1vsXekON4w==</latexit>

1000
<latexit sha1_base64="aoaNRTcz1NYdvee1WO2nBZby8qs=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWm7K7pxWdHaQhvKZDpph04uzEyEEvoIblwoiFtfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5lGAtCuyTkoei7WFLOAtpVTHHajwTFvstpz51dpfXeAxWShcGdmkfU8fEkYB4jWGl02zLNUbliVs1M6K+xclOBXJ1R+WM4Dkns00ARjqUcWGaknAQLxQini9IwljTCZIYndKBtgH0qnSRbdYHONBkjLxT6BQpl9PtEgn0p576rO32spvJ3LYX/1Qax8ppOwoIoVjQgy4+8mCMVovRuNGaCEsXn2mAimN4VkSkWmCidTikLodWw7aa9OhmlpFazayvSu6ha9apl3dQr7cs8jyKcwCmcgwUNaMM1dKALBCbwCM/wYnDjyXg13patBSOfOYYfMt6/ABgRjbE=</latexit>

900
<latexit sha1_base64="H3sUVBMisRx1IaY5UFveWV5OHjM=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGhtoS1lMp20g5NJmJkIJfQR3LhQELe+kDvfxkkaircfBn6+cw5zzu9FnClt259WYWV1bX2juFna2t7Z3SvvH9ypMJaEdkjIQ9nzsKKcCdrRTHPaiyTFgcdp17u/TOvdByoVC8WtnkV0GOCJYD4jWBt007TtUbliV+1M6K9xclOBXO1R+WMwDkkcUKEJx0r1HTvSwwRLzQin89IgVjTC5B5PaN9YgQOqhkm26hydGDJGfijNExpl9PtEggOlZoFnOgOsp+p3LYX/1fqx9pvDhIko1lSQxUd+zJEOUXo3GjNJieYzYzCRzOyKyBRLTLRJp5SFcN5w3aa7PBmlpFZza0vSPas69arjXNcrrYs8jyIcwTGcggMNaMEVtKEDBCbwCM/wYnHryXq13hatBSufOYQfst6/ABaKjbA=</latexit>

800
<latexit sha1_base64="MDm9mk5zKlRJQQ5CqB8fpkWW9/8=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGhtoS1lMp20g5NJmJkIJfQR3LhQELe+kDvfxkkaircfBn6+cw5zzu9FnClt259WYWV1bX2juFna2t7Z3SvvH9ypMJaEdkjIQ9nzsKKcCdrRTHPaiyTFgcdp17u/TOvdByoVC8WtnkV0GOCJYD4jWBt007DtUbliV+1M6K9xclOBXO1R+WMwDkkcUKEJx0r1HTvSwwRLzQin89IgVjTC5B5PaN9YgQOqhkm26hydGDJGfijNExpl9PtEggOlZoFnOgOsp+p3LYX/1fqx9pvDhIko1lSQxUd+zJEOUXo3GjNJieYzYzCRzOyKyBRLTLRJp5SFcN5w3aa7PBmlpFZza0vSPas69arjXNcrrYs8jyIcwTGcggMNaMEVtKEDBCbwCM/wYnHryXq13hatBSufOYQfst6/ABUDja8=</latexit>

700
<latexit sha1_base64="seTl15Jb1ef3vcpsFoQAje4FUmE=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGhtoS1lMp20g5NJmJkIJfQR3LhQELe+kDvfxkkaircfBn6+cw5zzu9FnClt259WYWV1bX2juFna2t7Z3SvvH9ypMJaEdkjIQ9nzsKKcCdrRTHPaiyTFgcdp17u/TOvdByoVC8WtnkV0GOCJYD4jWBt049r2qFyxq3Ym9Nc4ualArvao/DEYhyQOqNCEY6X6jh3pYYKlZoTTeWkQKxphco8ntG+swAFVwyRbdY5ODBkjP5TmCY0y+n0iwYFSs8AznQHWU/W7lsL/av1Y+81hwkQUayrI4iM/5kiHKL0bjZmkRPOZMZhIZnZFZIolJtqkU8pCOG+4btNdnoxSUqu5tSXpnlWdetVxruuV1kWeRxGO4BhOwYEGtOAK2tABAhN4hGd4sbj1ZL1ab4vWgpXPHMIPWe9fE3yNrg==</latexit>

600

<latexit sha1_base64="RHdANzo1l/YS227wyKsEM46kIOE=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrWFNpTJdNoOnUnCzEQoob/gxoWCuPWD3Pk3TtJQfB0Y5nDOvdx7jx9xprRtf1qFtfWNza3idmlnd2//oHx4dK/CWBLaISEPZc/HinIW0I5mmtNeJCkWPqddf3ad+t0HKhULgzs9j6gn8CRgY0awTiW7ateH5Yr5MqC/xMlJBXK0h+WPwSgksaCBJhwr1XfsSHsJlpoRThelQaxohMkMT2jf0AALqrwk23WBzowyQuNQmhdolKnfOxIslJoL31QKrKfqt5eK/3n9WI+bXsKCKNY0IMtB45gjHaL0cDRikhLN54ZgIpnZFZEplphoE08pC+Gy4bpNd3UySpVaza2tlO5F1alXHee2Xmld5XkU4QRO4RwcaEALbqANHSAwhUd4hhdLWE/Wq/W2LC1Yec8x/ID1/gV7wY3k</latexit>

0.04

<latexit sha1_base64="hEzWQUV5NAkA3i4XRZt2f7K0Kpo=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrWFNpTJdNoOnUzCzEQoob/gxoWCuPWD3Pk3TtJQfB0Y5nDOvdx7jx9xprRtf1qFtfWNza3idmlnd2//oHx4dK/CWBLaISEPZc/HinImaEczzWkvkhQHPqddf3ad+t0HKhULxZ2eR9QL8ESwMSNYp5Jdtd1huWK+DOgvcXJSgRztYfljMApJHFChCcdK9R070l6CpWaE00VpECsaYTLDE9o3VOCAKi/Jdl2gM6OM0DiU5gmNMvV7R4IDpeaBbyoDrKfqt5eK/3n9WI+bXsJEFGsqyHLQOOZIhyg9HI2YpETzuSGYSGZ2RWSKJSbaxFPKQrhsuG7TXZ2MUqVWc2srpXtRdepVx7mtV1pXeR5FOIFTOAcHGtCCG2hDBwhM4RGe4cUKrCfr1XpblhasvOcYfsB6/wJ+y43m</latexit>

0.06

<latexit sha1_base64="iYUTPcE1pK6n6LOf85uhpwgWlQ4=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrWFNpTJdNoOnUnCzEQoob/gxoWCuPWD3Pk3TtJQfB0Y5nDOvdx7jx9xprRtf1qFtfWNza3idmlnd2//oHx4dK/CWBLaISEPZc/HinIW0I5mmtNeJCkWPqddf3ad+t0HKhULgzs9j6gn8CRgY0awTiW7ajeH5Yr5MqC/xMlJBXK0h+WPwSgksaCBJhwr1XfsSHsJlpoRThelQaxohMkMT2jf0AALqrwk23WBzowyQuNQmhdolKnfOxIslJoL31QKrKfqt5eK/3n9WI+bXsKCKNY0IMtB45gjHaL0cDRikhLN54ZgIpnZFZEplphoE08pC+Gy4bpNd3UySpVaza2tlO5F1alXHee2Xmld5XkU4QRO4RwcaEALbqANHSAwhUd4hhdLWE/Wq/W2LC1Yec8x/ID1/gWB1Y3o</latexit>

0.08

<latexit sha1_base64="xg6te20IRxv5UjNKPJpdK1HVMRU=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuAqJLWndFd24rGBtoQ1lMp20QyeTMDMRSugruHGhIG59IHe+jUkaircfBn6+cw5zzu9FnCltWZ9GaW19Y3OrvF3Z2d3bP6geHt2rMJaEdknIQ9n3sKKcCdrVTHPajyTFgcdpz5tdZ/XeA5WKheJOzyPqBngimM8I1hmyTNsaVWuWaeVCf41dmBoU6oyqH8NxSOKACk04VmpgW5F2Eyw1I5wuKsNY0QiTGZ7QQWoFDqhyk3zXBTpLyRj5oUyf0Cin3ycSHCg1D7y0M8B6qn7XMvhfbRBrv+UmTESxpoIsP/JjjnSIssPRmElKNJ+nBhPJ0l0RmWKJiU7jqeQhXDYdp+WsTkYZqded+or0Lky7Ydr2baPWviryKMMJnMI52NCENtxAB7pAYAqP8AwvRmA8Ga/G27K1ZBQzx/BDxvsXdzON4Q==</latexit>

0.10

<latexit sha1_base64="F3AI9AfVLpkY9DrA5PnLdaqmbo8=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBtoQ1lMp22QyeTMDMRSugruHGhIG59IHe+jZM0FG8/DPx85xzmnN+POFPatj+twtr6xuZWcbu0s7u3f1A+PLpXYSwJ7ZCQh7LnY0U5E7Sjmea0F0mKA5/Trj+7TuvdByoVC8WdnkfUC/BEsDEjWKfIrjrOsFyxq3Ym9Nc4ualArvaw/DEYhSQOqNCEY6X6jh1pL8FSM8LpojSIFY0wmeEJ7RsrcECVl2S7LtCZISM0DqV5QqOMfp9IcKDUPPBNZ4D1VP2upfC/Wj/W46aXMBHFmgqy/Ggcc6RDlB6ORkxSovncGEwkM7siMsUSE23iKWUhXDZct+muTkYpqdXc2op0L6pO3UR2W6+0rvI8inACp3AODjSgBTfQhg4QmMIjPMOLFVhP1qv1tmwtWPnMMfyQ9f4FeLiN4g==</latexit>

0.11

<latexit sha1_base64="Or411kXs7kP0XZEcbPFEfH0VxlM=">AAAB7HicbVDLSsNAFL3xWeur6tLNYBFclcSWtN0V3bisYG2hDWUynbRDZ5IwMxFK6S+4caEgbv0gd/6NkzQUXweGOZxzL/fe48ecKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgntkIhHsudjRTkLaUczzWkvlhQLn9OuP71O/e4DlYpF4Z2exdQTeByygBGsU8mu2M1hqWy+DOgvcXJShhztYeljMIpIImioCcdK9R071t4cS80Ip4viIFE0xmSKx7RvaIgFVd4823WBzo0yQkEkzQs1ytTvHXMslJoJ31QKrCfqt5eK/3n9RAcNb87CONE0JMtBQcKRjlB6OBoxSYnmM0MwkczsisgES0y0iaeYhdCsu27DXZ2MUqVadasrpXtZcWoVx7mtlVtXeR4FOIUzuAAH6tCCG2hDBwhM4BGe4cUS1pP1ar0tS9esvOcEfsB6/wKDWo3p</latexit>

0.09

<latexit sha1_base64="e+Wa5AfBNMoQJUFUX3R3IUaswLQ=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrWFNpTJdNoOnUnCzEQoob/gxoWCuPWD3Pk3TtJQfB0Y5nDOvdx7jx9xprRtf1qFtfWNza3idmlnd2//oHx4dK/CWBLaISEPZc/HinIW0I5mmtNeJCkWPqddf3ad+t0HKhULgzs9j6gn8CRgY0awTiW7ajeG5Yr5MqC/xMlJBXK0h+WPwSgksaCBJhwr1XfsSHsJlpoRThelQaxohMkMT2jf0AALqrwk23WBzowyQuNQmhdolKnfOxIslJoL31QKrKfqt5eK/3n9WI+bXsKCKNY0IMtB45gjHaL0cDRikhLN54ZgIpnZFZEplphoE08pC+Gy4bpNd3UySpVaza2tlO5F1alXHee2Xmld5XkU4QRO4RwcaEALbqANHSAwhUd4hhdLWE/Wq/W2LC1Yec8x/ID1/gWAUI3n</latexit>

0.07

<latexit sha1_base64="pn5AIXYLNJ4b1GJoJcM795v8hfw=">AAAB7HicbVDLSsNAFL2pr1pfVZduBovgqiS2pnVXdOOygrWFNpTJdNoOTiZhZiKU0F9w40JB3PpB7vwbJ2kovg4MczjnXu69x484U9q2P63Cyura+kZxs7S1vbO7V94/uFNhLAntkJCHsudjRTkTtKOZ5rQXSYoDn9Ouf3+V+t0HKhULxa2eRdQL8ESwMSNYp5Jdtc+H5Yr5MqC/xMlJBXK0h+WPwSgkcUCFJhwr1XfsSHsJlpoRTuelQaxohMk9ntC+oQIHVHlJtuscnRhlhMahNE9olKnfOxIcKDULfFMZYD1Vv71U/M/rx3rc9BImolhTQRaDxjFHOkTp4WjEJCWazwzBRDKzKyJTLDHRJp5SFsJFw3Wb7vJklCq1mltbKt2zqlOvOs5NvdK6zPMowhEcwyk40IAWXEMbOkBgCo/wDC9WYD1Zr9bborRg5T2H8APW+xd9Ro3l</latexit>

0.05

<latexit sha1_base64="XPv7BIURyVsGiEtg7HO6JZodcKQ=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARXJXElLQuhKIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIhb38edb+MkDcXbDwM/3zmHOef3Y0alMs1Po7S2vrG5Vd6u7Ozu7R9UD4/uZZQITFwcsUj0fSQJo5y4iipG+rEgKPQZ6fmzm6zeeyBC0oh31TwmXogmnAYUI6WR24VX0B5Va2bdzAX/GqswNVCoM6p+DMcRTkLCFWZIyoFlxspLkVAUM7KoDBNJYoRnaEIG2nIUEuml+bILeKbJGAaR0I8rmNPvEykKpZyHvu4MkZrK37UM/lcbJCpoeSnlcaIIx8uPgoRBFcHscjimgmDF5togLKjeFeIpEggrnU8lD+Gy6TgtZ3UyzIhtO/aK9C7qVqNuWXeNWvu6yKMMTsApOAcWaII2uAUd4AIMKHgEz+DF4MaT8Wq8LVtLRjFzDH7IeP8CBjOOMA==</latexit>

T = 3
<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3

<latexit sha1_base64="Fmefix/PxIZvyIb02AaAu+K8ugY=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTKaTdshkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njBdVZ3HoiQNOJ3ahYTN0QTTn2KkdLICeAlPDfNUbVm1s1c8K+xClMDhbqj6sdwHOEkJFxhhqQcWGas3BQJRTEj88owkSRGOEATMtCWo5BIN83XncMTTcbQj4R+XMGcfp9IUSjlLPR0Z4jUVP6uZfC/2iBRfttNKY8TRThefOQnDKoIZrfDMRUEKzbTBmFB9a4QT5FAWOmEKnkIFy3bbtvLk2FGGg27sSTOWd1q1i3rtlnrXBV5lMEROAanwAIt0AE3oAt6AIMAPIJn8GLExpPxarwtWktGMXMIfsh4/wIKwY69</latexit>

k = 500

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

<latexit sha1_base64="xOh90Pp33vnqEOiFA5hgSY5rZKI=">AAAB+3icbZDLTgIxFIY7eEO8gS7dNBITV2QGDOCO6MYlJiAkQEinHKCh007ajoaMPIobF5oYt76IO9/GAhPi7SRN/nz/Oe3p74ecaeO6n05qbX1jcyu9ndnZ3ds/yOYOb7WMFIUmlVyqtk80cCagaZjh0A4VkMDn0PInV3O/dQdKMykaZhpCLyAjwYaMEmNRP5trjEEqMBZw7MtIDPrZvFtwF4X/Ci8ReZRUvZ/96A4kjQIQhnKidcdzQ9OLibKXcphlupGGkNAJGUHHSkEC0L14sfoMn1oywEOp7BEGL+j3iZgEWk8D33YGxIz1b28O//M6kRlWezETYWRA0OVDw4hjI/E8BzxgCqjhUysIVczuiumYKEKNTSuzCOGiUi5Xy6sv4zkplcqlFWkVC955wfNuivnaZZJHGh2jE3SGPFRBNXSN6qiJKLpHj+gZvTgPzpPz6rwtW1NOMnOEfpTz/gUFZZR/</latexit>

Theoretical bound

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit> G
en
er
a
li
za
ti
o
n
g
a
p

<latexit sha1_base64="9Qpz8qKtxTHc0Xya0j+Kek3rD5s=">AAAB+3icbZDLTsJAFIaneEO8FV26mQgmuCEtmII7ghuXmIiQQEOmwxQmTKfNzFRDKo/ixoUmxq0v4s63sS0N8fYnk/z5zjk5Z34nYFQqw/jUcmvrG5tb+e3Czu7e/oFePLyVfigw6WKf+aLvIEkY5aSrqGKkHwiCPIeRnjO7TOq9OyIk9fmNmgfE9tCEU5dipGI00ott5uMZI3yiprBS5uWzkV4yqkYq+NeYmSmBTJ2R/jEc+zj0CFeYISkHphEoO0JCUczIojAMJQkQnqEJGcSWI49IO0pPX8DTmIyh64v4cQVT+n0iQp6Uc8+JOz2kpvJ3LYH/1Qahcpt2RHkQKsLxcpEbMqh8mOQAx1QQrNg8NggLGt8K8RQJhFWcViEN4aJhWU1r9WWYkHrdqq9Ir1Y1z6umeV0rtdpZHnlwDE5ABZigAVrgCnRAF2BwDx7BM3jRHrQn7VV7W7bmtGzmCPyQ9v4FWNeTZw==</latexit>

Blocklength (n)
<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

Fig. 7: Generalization gap as a function of the blocklength

n at channel SNR = 2 dB for parent QC-LDPC codes with

(a) n = 1000, and k = 500, (b) n = 680, and k = 340.

The descendent codes with shorter blocklengths are derived

by masking columns of parity check matrix in parent code.

of the parent code, thereby, eliminating the impact of varying

code structures on the generalization gap. To account for the

different training bit-errors for codes with varying code rates,

we normalize the generalization gap with the training bit-error-

rate (or the empirical risk). We also plot the theoretical bound

derived in Theorem 1 normalized with the training bit-error-

rate (i.e., 12

√
(nd2vT+1)(T+1)

m log (8
√
mnwdvbλ)/R̂BER(f)).

We consider NBP decoder with T = 3 decoding iterations

trained for channel SNR of 2 dB using dataset whose size

m = 104. As seen in Fig. 7 the generalization gap grows with

n, which is consistent with Theorem 1. The implication of

this result is that for a fixed set of parity check equations, the

decoding complexity increases with the blocklength; and the

generalization gap is expected to increase with the blocklength

for the codes with same structure.

V. CONCLUSIONS

In this work, we presented results on the generalization gap of

NBP decoders as a function of training dataset size, decoding

iterations and code parameters (such as blocklength, message

length, variable node degree, and parity check node degree).

We utilize the PAC-learning theory to express the generaliza-

tion gap as a function of the Rademacher complexity of class

of NBP decoders. The sparse connections in the NBP decoder

architecture plays a critical role in further upper bounding

the Rademacher complexity term as a function of the code

parameters. Our bounds exhibit mild polynomial dependence

on the blocklength n and the decoding iterations (layers) T .

To the best of our knowledge, our work is the first to provide

theoretical guarantees for NBP decoders corresponding to both

regular and irregular parity check matrices. We also present

generalizations of our theoretical result to account for different

channel characteristics. We also presented comprehensive set

of experiments using Tanner codes and Quasi-cyclic LDPC

codes to evaluate our theoretical bounds in this paper. In

our empirical results, we observe that the generalization gap

increases linearly with the decoding iterations, and grows with

the blocklength. In addition, we observe that the generalization

gap decays with the training dataset size, thereby support-

ing the theoretical results in this paper. There are several

interesting directions for future work, including a) obtaining

generalization gap bounds for NBP decoders when the decoder

is trained and tested over a range of SNR values; b) obtaining

generalization bounds for ML based decoders with practical

constraints (such as quantized weights); c) extending the ideas

for other type of ML based codes/decoders (i.e., beyond BP

type decoder architectures); d) a framework to select the code

parameters (i.e., blocklength and variable node degree pairs)

that minimize the generalization gap for a given channel SNR

is also an important research direction.

APPENDIX A

PROOF OF PROPOSITION 1

The proof of Proposition 1 directly follows from the Definition

1 of empirical Rademacher complexity.

Rm(FL,T ) = E
σ

[

sup
f∈FT

1

m

m∑

i=1

σilBER(f(λi),xi)

]

=E
σ

[

sup
f∈FT

1

m

m∑

i=1

σi
dH(f(λi),xi)

n

]

(a)
= E

σ



 sup
f∈FT

1

mn

m∑

i=1

σi

n∑

j=1

(
1− f(λi)[j]

2
− 1− xi[j]

2

)2




(b)
=

1

2
E
σ



 sup
f∈FT

1

mn

m∑

i=1

σi

n∑

j=1

(1− f(λi)[j] · xi[j])





=
1

2
E
σ



 sup
f∈FT

1

mn

m∑

i=1

n∑

j=1

(−f(λi)[j] · (σi · xi[j]))



 . (17)

where, in step (a), we consider the mapping such that

xi[j] ∈ {−1, 1}, and f(λi[j]) ∈ {−1, 1}; and in step

(b), we express the Hamming distance dH(f(λi),xi) =
1
n

∑n
j=1 (1− f(λi)[j]× xi[j]). In what follows, we take the

supremum over FT inside the summation. We note that the

distribution of −σixi[j] and σi is the same, and we obtain:

Rm(FL,T )≤
1

2
E
σ





n∑

j=1

sup
f∈FT

1

mn

m∑

i=1

(−f(λi)[j] · (σi · xi[j]))





=
1

2n

n∑

j=1

E
σ

[

sup
f∈FT

1

m

m∑

i=1

σi · f(λi)[j]
]

=
1

2n

n∑

j=1

Rm(FT [j]). (18)

In (18), the last step follows from the Definition 2.
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APPENDIX B

PROOF OF THEOREM 1

In this appendix, we present the proof of Theorem 1. We first

define the covering number and packing number of FT which

is the set of all NBP decoders with T decoding iterations.

Definition 3. (Covering Number) The covering number

N (FT , ϵ, ∥ · ∥k) of the set FT with respect to the k-th norm

for ϵ > 0 is defined as

N (FT , ϵ, ∥ · ∥k) = min
n

|{g1, · · · , gn}|, (19)

s.t. min
1≤i≤n

∥f(λ)− gi(λ)∥k ≤ ϵ. (20)

(20) must be satisfied for any f ∈ FT and input log likelihood

ratio λ; then the set {g1, · · · , gn} ⊆ FT is the ϵ-cover of FT .

Definition 4. (Packing number) For a set of NBP decoders

FT , its packing number M(FT , ϵ, ∥ · ∥k) with respect to the

k-th norm for ϵ > 0 is defined as

M(FT , ϵ, ∥ · ∥k) = max
n

|{g1, · · · , gn}|, (21)

s.t. ∥gi(λ)− gj(λ)∥k > ϵ. (22)

(22) must be satisfied for any gi, gj ∈ {g1, · · · , gn}; and the

set P(FT , ϵ, ∥ · ∥k) = {g1, · · · , gn} ⊂ FT that satisfies (21),

(22) is called the ϵ-packing of FT .

From Proposition 1, we have that, RBER(f) ≤ R̂BER(f) +
1
2n

∑n
j=1Rm(FT [j]) +

√
log(1/δ)

2m . Next, we use a PAC-

Learning approach to bound the bit-wise Rademacher com-

plexity term Rm(FT [j]) as a function of m, and spectral norm

of the weight matrices of the NBP decoder. We use similar

reasoning to that used in generalization bound results for graph

neural networks and recurrent neural networks in [57], [58];

and we can adopt Lemma A.5. in [39] to bound the bit-wise

Rademacher complexity as:

Rm(FT [j]) ≤

inf
α>0






4α√
m

+
12

m

√
m∫

α

√

logN (FT [j], ϵ, ∥ · ∥2)dϵ




 . (23)

To further upper bound the bit-wise Rademacher complexity,

we make use of the upper bounds on the spectral norm of the

weight matrices. Recall our assumption made in Section III

that the maximum absolute value of the non-zero entries in the

weight matrices are bounded by a non-negative constant w. In

addition, we also use the result in [61] that the spectral norm

of any matrix A can be upper bounded as a function of its

maximum absolute column sum norm ∥A∥1, and maximum

absolute row sum norm ∥A∥∞ as ∥A∥2 ≤
√

∥A∥∞∥A∥1.

Using the assumption and the result in [61], the spectral norm

of the weight matrices W
(t)
1 , W

(t)
2 for any 1 ≤ t ≤ T can be

upper bounded as:

BW1 = ∥W(t)
1 ∥2 ≤ w

√

dv,

BW2
= ∥W(t)

2 ∥2 ≤ w(dv − 1). (24)

Similarly, we obtain the L2 norm bounds on for any j−th row

vector in matrices W3 and W4 as:

Bw3
= ∥W3[j, :]∥2 ≤ w

√

dv,

Bw4
= ∥W4[j, :]∥2 ≤ w. (25)

We use these spectral norm bounds in Lemma 1 in which

we show that the NBP decoder is Lipschitz continuous with

respect to its weight matrices. That is, for the j-th bit we have,

∥f(λ)[j]− f ′(λ)[j]∥2 ≤
T∑

i=1

ρ
W

(i)
1

∥
∥
∥W

(i)
1 −W

′(i)
1

∥
∥
∥
2

+
T∑

i=2

ρ
W

(i)
2

∥
∥
∥W

(i)
2 −W

′(i)
2

∥
∥
∥
2
+ρ

w3
∥W3[j, :]−W′

3[j, :]∥2

+ρ
w4

∥W4[j, :]−W′
4[j, :]∥2. (26)

In (26), ρ
W1

, ρ
W2

, ρ
w3

, ρ
w4

are Lipschitz parameters that is a

function of the spectral norm bounds of the weight matrices,

the L2 norm bound of input λ, and are given as,

ρ
W

(i)
1

= nbλBw3

(√
nBW2

)T−i
,

ρ
W

(i)
2

= nTbλBW1
Bw3

(
√
nBW2)

T−1 − 1√
nBW2

− 1

+ nbλBW1
Bw3

(BW2
)
T−2 (

√
n)T−1 − 1√
n− 1

,

ρ
w3

=
√
nBW1

bλ

(

(BW2
)
T−1 − 1

BW2 − 1
+ (BW2

)
T−1

)

,

ρ
w4

= bλ. (27)

As a result of (26), the covering number N (FT [j], ϵ, ∥ · ∥2) in

(23) can be upper bounded using the covering number of all

distinct weight matrices as follows,

N (FT [j], ϵ, ∥ · ∥2) ≤
T∏

i=1

N (W
(i)
1 ,

ϵ

(2T + 1)ρ
W

(i)
1

, ∥ · ∥F )

×
T∏

i=2

N (W
(i)
2 ,

ϵ

(2T + 1)ρ
W

(i)
2

, ∥ · ∥F )

×N (W3[j, :],
ϵ

(2T + 1)ρ
w3

, ∥ · ∥F )

×N (W4[j, :],
ϵ

(2T + 1)ρ
w4

, ∥ · ∥F ) (28)

We now upper bound the covering number of the set of

decoders FT in (28) using Lemma 3, in which we derive an

upper bound on the covering number of sparse matrices as a

function of the number of rows, columns, number of non-zero

entries in the sparse matrix, and the spectral norm bound.

Bounding N (FT [j], ϵ, ∥·∥2): We know that the matrices W1,

W2, W3, and W4 have 1, dv−1, dv , and 1 non-zero entries in

each row, respectively. Using Lemma 3, the covering number

of the weight matrices of the NBP decoder f for 1 ≤ i ≤ T
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can be bounded as follows:

N (W
(i)
1 ,

ϵ

(2T + 1)ρ
W

(i)
1

, ∥ · ∥F ) ≤



1 +
(4T + 2)

√
nBW1

ρ
W

(i)
1

ϵ





ndv

N (W
(i)
2 ,

ϵ

(2T + 1)ρ
W

(i)
2

, ∥ · ∥F ) ≤



1 +
(4T + 2)

√
ndvBW2

ρ
W

(i)
2

ϵ





(dv−1)ndv

N (W3[j, :],
ϵ

(2T + 1)ρ
w3

, ∥ · ∥2) ≤
(

1 +
(4T + 2)Bw3

ρ
w3

ϵ

)dv

N (W4[j, :],
ϵ

(2T + 1)ρ
w4

, ∥ · ∥2) ≤
(

1 +
(4T + 2)Bw4ρw4

ϵ

)

(29)

Substituting (29) in (28), we obtain,

N (FT [j], ϵ, ∥ · ∥2) ≤
T∏

i=1



1 +
(4T + 2)

√
nBW1

ρ
W

(i)
1

ϵ





ndv

×
T∏

i=2



1 +
(4T + 2)

√
ndvBW2ρ

W
(i)
2

ϵ





(dv−1)ndv

×
(

1 +
(4T + 2)Bw3

ρ
w3

ϵ

)dv

×
(

1 +
(4T + 2)Bw4

ρ
w4

ϵ

)

.

(30)

Substituting the values of Lipschitz parameters obtained in

(27), and assuming ndv > (n+1) , the term N (FT [j], ϵ, ∥·∥2)
can be bounded as:

N (FT [j],ϵ, ∥ · ∥2) ≤
(

1 +
(4T + 2)

√
ndv (c1 + c2)

ϵ

)(nd2vT+1)

. (31)

where, c1 = nTBW1
BW2

Bw3
bλ

(
√
nBW2

)T−1−1√
nBW2

−1
, c2 =

nBW1Bw3bλ (
√
nBW2

)
T−1

. This value of c1, and c2 are

obtained for large enough n, T , and dv , which is an assumption

that we make.

We now make use of the spectral norm bounds in (24) and

(25) in (31); and further upper bound the covering number

N (FT [j], ϵ, ∥ · ∥2) as,

N (FT [j], ϵ, ∥ · ∥2) ≤
(

1 +
(4T + 2)

√
ndv

ϵ
bλ(T + 1)

(√
nwdv

)T+1
)(nd2vT+1)

(32)

In (23), the integral can be further upper bounded using (32)

and we have that,
√
m∫

α

√

logN (FT [j], ϵ, ∥ · ∥2)dϵ ≤

√
m∫

α

√

(nd2vT + 1)term1dϵ

≤
√

m(nd2vT + 1)term2 (33)

where, term1=log
(
8
√
ndv
ϵ bλ(T + 1)2 (

√
nwdv)

T+1
)

; term2=

log
(

8
√
mndvbλ(T + 1)2 (

√
nwdv)

T+1
)

. Substituting (33) in

(23) and assuming that the term (
√
mbλ)

T+1 is large enough

to approximate the term inside the logarithm, we have that,

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m

+ 12

√

(nd2vT + 1)(T + 1)

m
log
(
8
√
mnwdvbλ

)
. (34)

APPENDIX C

LIPSCHITZNESS IN NBP DECODERS

Lemma 1. For n length codeword, the bit-wise output of

the NBP decoder f ∈ FT is Lipschitz in its weight matrices

W1,W2,W3,W4 such that,

∥f(λ)[j]− f ′(λ)[j]∥2 ≤
T∑

i=1

ρ
W

(i)
1

∥
∥
∥W

(i)
1 −W

′(i)
1

∥
∥
∥
2
+

T∑

i=2

ρ
W

(i)
2

∥
∥
∥W

(i)
2 −W

′(i)
2

∥
∥
∥
2

+ ρ
w3

∥W3[j, :]−W′
3[j, :]∥2 + ρ

w4
∥W4[j, :]−W′

4[j, :]∥2 .
The coefficients ρ

W1
, ρ

W2
, ρ

w3
and ρ

w4
are as follows:

ρ
W

(i)
1

= nbλBw3

(√
nBW2

)T−i
,

ρ
W

(i)
2

= nTbλBW1
Bw3

(
√
nBW2

)
T−1 − 1√

nBW2
− 1

+ nbλBW1
Bw3

(BW2
)
T−2 (

√
n)T−1 − 1√
n− 1

,

ρ
w3

=
√
nBW1bλ

(

(BW2
)
T−1 − 1

BW2 − 1
+ (BW2)

T−1

)

,

ρ
w4

= bλ. (35)

Proof. For outputs f(λ) and f ′(λ), respectively

we consider the following parameter sets: (a)

W
(1)
1 , · · · ,W(T )

1 ,W
(1)
2 , · · · ,W(T )

2 ,W3,W4, and (b)

W
′(1)
1 , · · · ,W′(T )

1 ,W
′(1)
2 , · · · ,W′(T )

2 ,W′
3,W

′
4. For the j-th

output in the NBP decoder, we have that,

∥f(λ)[j]− f ′(λ)[j]∥2 = ∥s (W4[j, :]λ[j] +W3[j, :]pT)

− s (W′
4[j, :]λ[j] +W′

3[j, :]p
′
T) ∥2

≤ ∥(W4[j, :]−W′
4[j, :])λ[j] +W3[j, :]pT −W′

3[j, :]pT

+ W′
3[j, :]pT −W′

3[j, :]p
′
T∥2

≤ ∥(W4[j, :]−W′
4[j, :])λ[j]∥2

+ ∥(W3[j, :]−W′
3[j, :])pT∥2 + ∥W′

3[j, :] (pT − p′
T)∥2

≤ ∥W4[j, :]−W′
4[j, :]∥2 bλ

+ ∥pT∥2 ∥W3[j, :]−W′
3[j, :]∥2 +Bw3

∥pT − p′
T∥2 . (36)
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where, ∥W′
3[j, :]∥2 ≤ Bw3

. We next find an upper bound

∥pT∥2 as a function of the number of iterations T , Lipschitz

constants of the activation functions, and spectral norm bounds

of the weight matrices of the NBP decoder. To further upper

bound ∥pT∥2, we know from Lemma 2 that ∥pT∥2 ≤ ∥vT∥2,

and therefore we have

∥pT∥2 ≤ ∥vT∥2 =
∥
∥
∥W

(T )
1 λ+W

(T )
2 pT−1

∥
∥
∥
2

≤
∥
∥
∥W

(T )
1 λ

∥
∥
∥
2
+
∥
∥
∥W

(T )
2 pT−1

∥
∥
∥
2

≤ √
nBW1

bλ +BW2
∥pT−1∥2 . (37)

where, (a) follows from Talagrand’s concentration lemma [62].

Applying (37) recursively across T decoding iterations we

have,

∥pT∥2 ≤ ∥vT∥2

≤ √
nBW1bλ

T−2∑

i=0

(BW2)
i
+ (BW2)

T−1 ∥v1∥2 . (38)

Also, we have v1 = W
(1)
1 λ. Therefore, ∥v1∥2 can be upper

bounded as

∥v1∥2 =
∥
∥
∥W

(1)
1 λ

∥
∥
∥
2
≤ √

nBW1bλ. (39)

Substituting (39) in (38), we have

∥pT∥2 ≤ √
nBW1

bλ

(

(BW2
)
T−1 − 1

BW2
− 1

+ (BW2
)
T−1

)

. (40)

To upper bound ∥pT − p′
T∥2, we express ∥pT − p′

T∥2 in

terms of ∥vT − v′
T∥2 as follows:

∥pT − p′
T∥2 ≤ √

n ∥vT − v′
T∥2 , (41)

where, ∥vT − v′
T∥2 can be upper bounded as follows:

∥vT − v′
T∥2 =

∥
∥
∥W

(T )
1 λ+W

(T )
2 pT−1

−
(

W
′(T )
1 λ+W

′(T )
2 p′

T−1

)∥
∥
∥
2

≤
∥
∥
∥

(

W
(T )
1 −W

′(T )
1

)

λ

∥
∥
∥
2
+
∥
∥
∥W

(T )
2 pT−1 −W

′(T )
2 p′

T−1

∥
∥
∥
2

≤ √
nbλ

∥
∥
∥W

(T )
1 −W

′(T )
1

∥
∥
∥
2

+
∥
∥
∥W

(T )
2 pT−1−W′(T )

2 pT−1+W
′(T )
2 pT−1−W′(T )

2 p′
T−1

∥
∥
∥
2

≤ √
nbλ

∥
∥
∥W

(T )
1 −W

′(T )
1

∥
∥
∥
2
+∥pT−1∥2

∥
∥
∥W

(T )
2 −W

′(T )
2

∥
∥
∥
2

+BW2

∥
∥pT−1 − p′

T−1

∥
∥
2

≤ √
nbλ

∥
∥
∥W

(T )
1 −W

′(T )
1

∥
∥
∥
2
+∥pT−1∥2

∥
∥
∥W

(T )
2 −W

′(T )
2

∥
∥
∥
2

+
√
nBW2

∥
∥vT−1−v′

T−1

∥
∥
2
. (42)

Applying (42) recursively across T decoding iterations we

have,

∥vT − v′
T∥2

≤ √
nbλ

(
T−2∑

i=0

(√
nBW2

)i
∥
∥
∥W

(T−i)
1 −W

′(T−i)
1

∥
∥
∥
2

)

+

(
T−1∑

i=1

(√
nBW2

)T−1−i∥vi∥2
∥
∥
∥W

(i+1)
2 −W′(i+1)

2

∥
∥
∥
2

)

+
(√
nBW2

)T−1∥v1 − v′
1∥2 (43)

To upper bound ∥v1 − v′
1∥2, we have that,

∥v1 − v′
1∥2 =

∥
∥
∥W

(1)
1 λ−W

′(1)
1 λ

∥
∥
∥
2

≤ ∥λ∥2
∥
∥
∥W

(1)
1 −W

′(1)
1

∥
∥
∥
2
. (44)

In addition, the term
∑T−1
i=1 (

√
nBW2

)
T−1−i ∥vi∥2 can be

upper bounded as follows,

T−1∑

i=1

(√
nBW2

)T−1−i ∥vi∥2

≤
T−1∑

i=1

(√
nBW2

)T−1−i

×
(

(i− 1)
√
nBW1

bλ +
√
nbλBW1

(BW2
)
i−1
)

≤ T
√
nBW1

bλ
(
√
nBW2

)
T−1 − 1√

nBW2
− 1

+
√
nbλBW1

(BW2
)T−2

T−1∑

i=1

(
√
n)T−1−i

≤ T
√
nBW1

bλ
(
√
nBW2

)
T−1 − 1√

nBW2
− 1

+
√
nbλBW1

(BW2
)T−2 (

√
n)T−1 − 1√
n− 1

. (45)

Substituting (44) and (45) in (43), we have

∥vT − v′
T∥2

≤ √
nbλ

(
T−1∑

i=0

(√
nBW2

)i
∥
∥
∥W

(T−i)
1 −W

′(T−i)
1

∥
∥
∥
2

)

+

(

T
√
nbλBW1

(
√
nBW2)

T−1 − 1√
nBW2

− 1

+
√
nbλBW1

(BW2
)
T−2 (

√
n)T−1 − 1√
n− 1

) T∑

i=2

∥
∥
∥W

(i)
2 −W

′(i)
2

∥
∥
∥
2

(46)
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Substituting (46) in (41) we have that,

∥pT − p′
T∥2

≤ nbλ

(
T−1∑

i=0

(√
nBW2

)i
∥
∥
∥W

(T−i)
1 −W

′(T−i)
1

∥
∥
∥
2

)

+

(

TnbλBW1

(
√
nBW2

)
T−1 − 1√

nBW2
− 1

+nbλBW1
(BW2

)
T−2 (

√
n)T−1 − 1√
n− 1

) T∑

i=2

∥
∥
∥W

(i)
2 −W

′(i)
2

∥
∥
∥
2

(47)

Using (40) and (47) in (36) we obtain

∥f(λ)[j]− f ′(λ)[j]∥2

≤ nbλBw3

(
T−1∑

i=0

(√
nBW2

)i
∥
∥
∥W

(T−i)
1 −W

′(T−i)
1

∥
∥
∥
2

)

+ nbλBW1
Bw3

(

T
(
√
nBW2)

T−1 − 1√
nBW2

− 1

+ (BW2)
T−2 (

√
n)T−1 − 1√
n− 1

) T∑

i=2

∥
∥
∥W

(i)
2 −W

′(i)
2

∥
∥
∥
2

+
√
nBW1

bλ

(

(BW2
)
T−1 − 1

BW2
− 1

+ (BW2
)
T−1

)

× ∥W3[j, :]−W′
3[j, :]∥2

+ bλ ∥W4[j, :]−W′
4[j, :]∥2 . (48)

This completes the proof of Lemma 1.

Next, we state and prove Lemma 2 in which we show that

for any layer t, the value of ∥pt∥2 is less than ∥vt∥2. This

inequality was used to obtain the result in Lemma 1.

Lemma 2. Given the output of the parity check layer pt

defined by the min-sum operation as:

pt[{l,m}] =
∏

l′∈P(m)\l
sign(vt[{l′,m}]) min

l′∈P(m)\l
|vt[{l′,m}]| (49)

Then, the norm ∥pt∥2 is always bounded by the norm ∥vt∥2,

i.e., ∥pt∥2 ≤ ∥vt∥2.

Proof. It is straightforward to verify that for any decoding

iteration the norm of output of parity check layer is always

lower than the variable node layer. For n length code and

k length message, let us consider parity check matrix H ∈
{0, 1}n×(n−k) with variable node degree dv , and parity check

node degree dc.

We denote the corresponding Tanner graph as G ∈ {V,P, E},

where V = {v1, . . . , vn}, P = {p1, . . . , pn−k}, and E =
{e1, . . . , endv}. Without loss of generality, let us consider

parity check node p1 in G such that P(p1) = {v1, v2, . . . , vdc},

where {v1, v2, . . . , vdc} ⊆ V . Therefore, in the Tanner graph,

dc is the number of incoming messages to p1; which translates

to dc hidden nodes in the variable check layer vt for any

1 ≤ t ≤ T in the NBP decoder (whose architecture was

described in Section III). Similarly, dc is the number of

outgoing messages from p1; this translates to dc hidden nodes

in the parity check layer pt in the NBP decoder.

The message passed pt[{1, 1}] from p1 to v1 in the NBP

decoder is given as,

pt[{1, 1}] =
∏

l′∈P(p1)\v1

sign(vt[{l′, 1}]) min
l′∈P(p1)\v1

|vt[{l′, 1}]|

=sign(vt[{2, 1}]) · sign(vt[{3, 1}]) · · · sign(vt[{dc, 1}])
×min (|vt[{2, 1}]|, |vt[{3, 1}]|, · · · , |vt[{dc, 1}]|)

(a)
= sign(vt[{2, 1}]) · sign(vt[{3, 1}]) · · · sign(vt[{dc, 1}])

× |vt[{2, 1}]|. (50)

where, step (a) follows from our assumption that |vt[{1, 1}]| <
|vt[{2, 1}]| · · · < |vt[{dc, 1}]|, without loss of generality.

Following similar steps as in (50), for the set {vi|2 ≤ i ≤ dc},

we have that,

pt[{i, 1}] =
∏

l′∈P(p1)\vi

sign(vt[{l′, 1}])× |vt[{1, 1}]| (51)

This implies that outputs of dc− 1 nodes in pt correspond to

the minimum absolute value of the dc incoming messages to

p1. Therefore, for the parity check equation p1, we have,

(
dc∑

i=1

|pt[{i, 1}]|2
) 1

2

≤
(
(dc − 1)|vt[{1, 1}]|2 + |vt[{2, 1}]|2

) 1
2 . (52)

Following similar steps for parity checks p2, · · · pn−k, we can

conclude that,

∥pt∥2 ≤ ∥vt∥2, (53)

where, equality in (53) is satisfied when the output of the

hidden nodes in vt have same absolute values. This completes

the proof of Lemma 2.

APPENDIX D

BOUND ON COVERING NUMBER OF SPARSE MATRICES

In this section, we derive an upper bound on the covering

number of sparse matrices as a function of its rows, columns,

and spectral norm bound.

Lemma 3. Let W = {W ∈ R
r×c : ∥W∥2 ≤

BW and ∥W[i, :]∥0 = q, 1 ≤ i ≤ r} be the space of matrices

with its spectral norm bounded by a constant BW , and exactly

q non-zero entries in each row. Then, its covering number

N (W, ϵ, ∥ · ∥F ) with respect to the Frobenius norm can be

upper bounded as follows:

N (W, ϵ, ∥ · ∥F ) ≤
(

1 +
2min (

√
r,
√
c)BW

ϵ

)qr

. (54)

where, ϵ > 0 is a constant.

Proof. We consider Ψ : Rr×c → R
qr×1, a bijective mapping

such that Ψ(W) ∈ R
qr×1 is a vector of all non-zero entries

in W ∈ W . The vector space induced by the mapping Ψ
is defined as ψ such that ψ(W) = {Ψ(W) : W ∈ W}.

Therefore, we also have ∥W∥F = ∥Ψ(W)∥2.
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We construct C(ψ(W), ϵ, ∥ · ∥2), a ϵ-covering of ψ(W) under

the L2 norm, and denote the corresponding covering number

by N (ψ(W), ϵ, ∥ ·∥2). Similarly, we construct C(W, ϵ, ∥ ·∥F ),
a ϵ-covering of W under ∥ · ∥F , and its covering number is

denoted as N (W, ϵ, ∥ · ∥F ). In what follows, we have,

N (W, ϵ, ∥ · ∥F )
(a)

≤ N (ψ(W), ϵ, ∥ · ∥2)
(b)

≤ M(ψ(W), ϵ, ∥ · ∥2).
(55)

The inequality (a) in (55) follows from the fact that Ψ is a

bijective map, and that Ψ−1C(ψ(W), ϵ, ∥·∥2) is also a ϵ-cover

of the matrices in W . The inequality (b) in (55) follows from

the definition of packing P(ψ(W), ϵ, ∥ · ∥2) and the packing

number M(ψ(W), ϵ, ∥·∥2). In other words, let P(ψ(W), ϵ, ∥·
∥2) be the maximal packing. Suppose for some Wi ∈ W there

exists Ψ(U) ∈ W\P(ψ(W), ϵ, ∥ · ∥2) such that,

∥Ψ(Wi)−Ψ(U)∥2 ≥ ϵ. (56)

Then, P(ψ(W), ϵ, ∥ · ∥2) being a maximal packing is a con-

tradiction. Therefore, P(ψ(W), ϵ, ∥ · ∥2) is also an ϵ-cover of

ψ(W) and it follows that its cardinality (i.e., packing number)

denoted by M(ψ(W), ϵ, ∥ · ∥2) is greater than N (ψ(W), ϵ, ∥ ·
∥2). In the next step, we upper bound M(ψ(W), ϵ, ∥ · ∥2).
To this end, we make use of the definitions 3, 4 to determine

this upper bound; and it follows from these definitions that the

balls need not be disjoint for an ϵ-cover C(ψ(W), ϵ, ∥·∥2), and

it must be disjoint for ϵ-packing P(ψ(W), ϵ, ∥·∥2). Therefore,

∀wi ∈ P(ψ(W), ϵ, ∥ · ∥2) we have that,

P(ψ(W),ϵ,∥·∥2)⋃

i=1

B(wi,
ϵ

2
) ⊂ B(0, R+

ϵ

2
). (57)

where, the radius R = max
W∈W

∥Ψ(W)∥2. Taking volume on

both sides in (57), we have that,

vol





P(ψ(W),ϵ,∥·∥2)⋃

i=1

B(wi,
ϵ

2
)



 ≤ vol
(

B(0, R+
ϵ

2
)
)

=⇒
P(ψ(W),ϵ,∥·∥2)∑

i=1

vol
(

B(wi,
ϵ

2
)
)

≤ vol
(

B(0, R+
ϵ

2
)
)

.

(58)

To find the value of the radius R, we bound the L2 norm of

Ψ(W) in terms of the spectral norm of the sparse matrix W,

and we have that,

∥Ψ(W)∥2 = ∥W∥F ≤ min (
√
r,
√
c)∥W∥2

≤ min (
√
r,
√
c)BW . (59)

By considering the L2 ball B(0, R), where radius R =
min (

√
r,
√
c)BW , and from (58) we obtain an upper bound

on M(ψ(W), ϵ, ∥ · ∥2) as follows,

M(ψ(W), ϵ, ∥ · ∥2) ≤
(
R+ ϵ

2

)qr

(
ϵ
2

)qr

≤
(

1 +
2min (

√
r,
√
c)BW

ϵ

)qr

. (60)

Therefore, we have,

N (W, ϵ, ∥ · ∥F )≤M(ψ(W), ϵ, ∥ · ∥2)

≤
(

1 +
2min (

√
r,
√
c)BW

ϵ

)qr

. (61)

This completes the proof of Lemma 3.

APPENDIX E

PROOF OF THEOREM 2

We consider an irregular parity check matrix H ∈ R
(n−k)×n

where dvi is the variable node degree of the i-th bit in the

codeword, and dcj is the parity check node degree of the j-th
parity check equation. The NBP decoder corresponding to such

this irregular parity check matrix is characterized by the weight

matrices W
(1)
1 , W

(2)
1 , · · · ,W(T )

1 , W
(2)
2 , W

(2)
2 , · · · ,W(T )

2 ,

W3, W4.

Here, for t ∈ {1, · · · , T}, and θ =
n∑

i=1

dvi , we have that

W
(t)
1 ∈ R

θ×n, W
(t)
2 ∈ R

θ×θ, W3 ∈ R
n×θ, and W4 ∈ R

n×n.

For any value of t, the weight matrix W
(t)
1 has one non-zero

entry in every row, and dvi non-zero entries in the i-th column

for integer values i ∈ [n]. In the weight matrix W
(t)
2 , the i-th

bit in the codeword with variable node degree dvi corresponds

to dvi rows and dvi columns, and these rows and columns each

have exactly dvi − 1 non-zero entries.

The i-th row in the weight matrix W3 corresponds to the i-
th bit in the codeword, and has exactly dvi non-zero entries.

Lastly, the weight matrix W4 ∈ R
n×n is a a diagonal matrix.

If the weights in the NBP decoder are bounded in [−w,w],
then for any t ∈ {1, 2, · · · , T}, the spectral norm of the weight

matrices W
(t)
1 , and W

(t)
2 can be bounded as follows:

BW1
= ∥W(t)

1 ∥2 ≤ w
√

max
i
dvi ,

BW2
= ∥W(t)

2 ∥2 ≤ w
(

max
i
dvi − 1

)

(62)

The L2 norm bounds on the row vector in matrices W3 and

W4 are as follows:

Bw3 = ∥W3[j, :]∥2 ≤ w
√

dvj ≤ w
√

max
i
dvi ,

Bw4
= ∥W4[j, :]∥2 ≤ w (63)

For irregular parity check matrices, the upper bound (30)

becomes,

N (FT [j], ϵ, ∥ · ∥2)

≤
T∏

i=1



1 +
(4T + 2)

√
nBW1

ρ
W

(i)
1

ϵ





n∑

h=1

dvh

×
T∏

i=2



1 +
(4T + 2)

√
ndvBW2

ρ
W

(i)
2

ϵ





n∑

h=1

(dvh−1)dvh

×
(

1 +
(4T + 2)Bw3

ρ
w3

ϵ

)max
h

dvh

×
(

1 +
(4T + 2)Bw4

ρ
w4

ϵ

)

. (64)
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We can further upper bound N (FT [j], ϵ, ∥ · ∥2) in (64) as

follows.

N (FT [j], ϵ, ∥ · ∥2)

≤
(

1 +
(4T + 2)

√
ndv (c1 + c2)

ϵ

)(T+1)
n∑

h=1

d2vh

. (65)

where, c1 = nTBW1
BW2

Bw3
bλ

(
√
nBW2

)T−1−1√
nBW2

−1
, c2 =

nBW1
Bw3

bλ (
√
nBW2

)
T−1

. Substituting the values of the

spectral norm bounds in (62) and (63) in (65) and assuming

n >> T , we obtain,

N (FT [j], ϵ, ∥ · ∥2)

≤



1 +

(4T + 2)
√

nmax
i
dvi

ϵ
bλ(T + 1)×

(√
nwmax

i
dvi

)T+1
)(T+1)

n∑

h=1

d2vh
(66)

For the NBP decoder corresponding to an irregular parity

check matrices, the bit-wise Rademacher complexity is upper

bounded as,

Rm(FT [j]) ≤
4

m
+

12

m

√

m(T + 1)×
√
√
√
√

n∑

h=1

d2vh log

(

8
√

mnmax
i
dvibλ(T + 1)2

(√
nwmax

i
dvi

)T+1
)

(67)

Subsequently, we have the upper bound on the true risk

RBER(f) as,

RBER(f) ≤ R̂BER(f) +
4

m
+

√

log(1/δ)

2m

+ 12

√
√
√
√
√

n∑

h=1

d2vh(T + 1)2

m
log
(

8
√
mnwmax

i
dvibλ

)

. (68)

APPENDIX F

PROOF OF THEOREM 3

From law of total expectations, we have that,

Pr(lBER(f(λ),x) > 0)

= E

[

lBER(f(λ),x)

∣
∣
∣
∣
∀i ∈ [n] s.t. |λ[i]| ≤ bλ

]

× Pr (∀i ∈ [n] s.t. |λ[i]| ≤ bλ)
︸ ︷︷ ︸

prob. that input is bounded

+ E

[

lBER(f(λ),x)

∣
∣
∣
∣
∃i ∈ [n] s.t. |λ[i]| > bλ

]

× Pr (∃i ∈ [n] s.t. |λ[i]| > bλ)
︸ ︷︷ ︸

prob. that input is unbounded

(69)

We obtain the following inequality using the fact that

any probability is upper bounded by 1 for the term

Pr (∀i ∈ [n] s.t. |λ[i]| ≤ bλ), and that the true risk conditioned

on the event that the log-likelihood ratios are unbounded is

also upper bounded by 1.

Pr(lBER(f(λ),x) > 0)

≤ E

[

lBER(f(λ),x)

∣
∣
∣
∣
∀i ∈ [n] s.t. |λ[i]| ≤ bλ

]

+ Pr (∃i ∈ [n] s.t. |λ[i]| > bλ) (70)

Using the fact that the channel outputs are i.i.d to compute

Pr (∀i ∈ [n] s.t. |λ[i]| ≤ bλ) as,

Pr (∀i ∈ [n] s.t. |λ[i]| ≤ bλ) =
n∏

i=1

Pr (|λ[i]| ≤ bλ) (71)

We consider that the signal is modulated by binary phase shift

keying (BPSK) modulation such that Pr(+1) = Pr(−1) = 1
2 .

The channel is AWGN channel with noise variance β2,

then λ[i] = 2y[i]/β2. We can upper bound the term

Pr
(

|y[i]| ≤ β2bλ
2

)

using Q-function as follows.

Pr (|λ[i]| ≤ bλ) =

(

1−Q

(
β2bλ + 2

2β

)

−Q

(
β2bλ − 2

2β

))

,

(72)

Then, the term Pr (∃i ∈ [n] s.t. |λ[i]| > bλ) is computed as,

Pr (∃i ∈ [n] s.t. |λ[i]| > bλ)

= 1−
(

1−Q

(
β2bλ + 2

2β

)

−Q

(
β2bλ − 2

2β

))n

(73)

Substituting the values of (73) in (70) completes the proof of

Theorem 3.
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