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AbstractÐMachine learning based approaches are being
increasingly used for designing decoders for next genera-
tion communication systems. One widely used framework is
neural belief propagation (NBP), which unfolds the belief prop-
agation (BP) iterations into a deep neural network and the
parameters are trained in a data-driven manner. NBP decoders
have been shown to improve upon classical decoding algorithms.
In this paper, we investigate the generalization capabilities of
NBP decoders. Specifically, the generalization gap of a decoder is
the difference between empirical and expected bit-error-rate(s).
We present new theoretical results which bound this gap and
show the dependence on the decoder complexity, in terms of
code parameters (blocklength, message length, variable/check
node degrees), decoding iterations, and the training dataset size.
Results are presented for both regular and irregular parity-
check matrices. To the best of our knowledge, this is the first
set of theoretical results on generalization performance of neural
network based decoders. We present experimental results to show
the dependence of generalization gap on the training dataset size,
and decoding iterations for different codes.

Full version of this paper can be found in [1].

I. INTRODUCTION

Deep neural networks have emerged as an important tool

in 5G and beyond for hybrid beamforming [2]±[4], chan-

nel encoding, decoding, and estimation [5]±[20], modulation

classification [21]±[23], and physical layer algorithms [24]±

[26]. Within the context of channel decoding, prior works

have demonstrated that deep neural network based decoders

achieve lower bit/frame error rates than conventional iterative

decoding algorithms such as belief propagation in several

signal-to-noise ratio (SNR) regimes [5], [6], [9], [14]±[16].

In another line of works [27]±[29], deep neural networks have

been used to jointly design both encoder and decoder. Given

the expansive applicability of deep neural networks for channel

encoding and decoding, we note here that determining neural

network architectures that generalize well to large block length

codewords is an active area of research.

Iterative decoding algorithms (such as belief propagation

(BP)) are commonly deployed for decoding linear codes; and
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are known to be equivalent to maximum aposteriori (MAP)

decoding when the Tanner graph does not contain short cycles

[30]. However, if the Tanner graph contains short cycles, then

BP can be sub-optimal i.e., the messages passed between the

variable nodes and parity check nodes cannot correctly recover

the transmitted codeword [5], [31], [32]. One approach to

mitigate the effect of short cycles is by generalizing the BP

algorithm by means of a deep learning based approach [5]±

[13]. It is shown that the weights learnt by optimizing over the

training data ensure that any message repetition between the

variable nodes and parity check nodes do not adversely impact

the performance of BP based decoders [5], [6]. We refer to this

class of belief propagation decoders as Neural Belief Propa-

gation (NBP) decoders. The salient aspect of NBP decoders is

that its structure is determined from the corresponding Tanner

graph, and therefore its architecture is a function of the code

parameters itself. Several variants of NBP decoders have been

a subject of recent study [7]±[13]. Post-training, it is important

that the NBP decoder achieves low bit-error-rate (BER) on

unseen noisy codewords. Prior works on NBP decoders [7]±

[13] are empirical; to the best of our knowledge there are no

theoretical guarantees on the performance of NBP decoders

on unseen data. To this end, given a NBP decoder, our goal is

to understand how its architecture impacts its generalization

gap [33], defined as the difference between empirical and

expected BER(s). Motivated by the above discussion, we ask

the following fundamental question: Given a NBP decoder,

what is the expected performance on unseen noisy codewords?

And how is the generalization gap related to code parameters,

neural decoder architecture and training dataset size?

Main contributions: In this paper, we first upper bound

the generalization gap of a generic deep learning decoder as

a function of the Rademacher complexity of the individual

bits of the decoder output (which we denote as the bit-wise

Rademacher complexity). We next consider NBP decoders

which belong to the class of belief propagation decoders

whose architecture is a function of the code parameters.

We upper bound the bit-wise Rademacher complexity as a

function of the covering number of the NBP decoder, which

is the cardinality of the set of all decoders that can closely

approximate the NBP decoder. The covering number analysis

provides an upper bound with a linear dependence of the

generalization gap on spectral norm of the weight matrices

and polynomial dependence on the decoding iterations. The
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.
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Channel

<latexit sha1_base64="xyXyOGUhQ4ER/flTex3dVrpO1Gc=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrXFNpTJdNIOnUzCzEQsoX/hxoWCuPVr3Pk3Jmkovg4MHM65lzn3uCFnSpvmp1FYWV1b3yhulra2d3b3yvsHtyqIJKEdEvBA9lysKGeCdjTTnPZCSbHvctp1p5ep372nUrFA3OhZSB0fjwXzGME6ke4GPtYT14sf5sNyxayaGdBfYuWkAjnaw/LHYBSQyKdCE46V6ltmqJ0YS80Ip/PSIFI0xGSKx7SfUIF9qpw4SzxHJ4kyQl4gkyc0ytTvGzH2lZr5bjKZJlS/vVT8z+tH2ms6MRNhpKkgi4+8iCMdoPR8NGKSEs1nCcFEsiQrIhMsMdFJSaWshPOGbTft5ckoVWo1u7ZUumdVq161rOt6pXWR91GEIziGU7CgAS24gjZ0gICAR3iGF0MZT8ar8bYYLRj5ziH8gPH+BbY+kZw=</latexit>

x

<latexit sha1_base64="Kqk+as8q62JSMJ0wcW46/O7XM9w=">AAACDXicbVC7TgJBFJ3FF64v1NJmIjGxIruggB2RxoICjYgJEDI7XGDC7OxmZtaEbPgAG3/FxkITY2tv5984C4T4OskkJ+fcmzvneCFnSjvOp5VaWl5ZXUuv2xubW9s7md29GxVEkkKDBjyQtx5RwJmAhmaaw20ogfgeh6Y3qiZ+8w6kYoG41uMQOj4ZCNZnlGgjdTPZ9lCFhEJ8GuoJrgZ+GGmwbTokQgDHtdqVwmbKyTlT4L/EnZMsmqPezXy0ewGNfBCacqJUy3VC3YmJ1IxymNjtSIE5OiIDaBkqiA+qE0/DTPCRUXq4H0jzhMZT9ftGTHylxr5nJn2ih+q3l4j/ea1I98udmIkkoaCzQ/2IYx3gpBncYxKo5mNDCJXM/BWbGiSh2vRnT0s4KxWL5eIiMk6UQqFYWCjNfM49ybnuZT5bOZ/3kUYH6BAdIxeVUAVdoDpqIIru0SN6Ri/Wg/VkvVpvs9GUNd/ZRz9gvX8BA8Oa7w==</latexit>

Compute

channel LLRs

<latexit sha1_base64="lMT2qxnDrmeXWkRRu0xBKdR/5Sg=">AAACA3icbVDNS8MwHE3n15xfVU/iJTgET6PdpJu3oRcPHiY4N9jKSNN0C0ubkqTCGMOL/4oXDwri1X/Cm/+NaVeGXz8Iebz3eyTveTGjUlnWp1FYWl5ZXSuulzY2t7Z3zN29W8kTgUkbc8ZF10OSMBqRtqKKkW4sCAo9Rjre+CLVO3dESMqjGzWJiRuiYUQDipHS1MA8uNJGJKDHOB5DzH0CSZReYmCWrYqVDfwL7ByUQT6tgfnR9zlOQhIpzJCUPduKlTtFQlHMyKzUTySJER6jIelpGKGQSHeaRZjBY834MOBCn0jBjP3umKJQykno6c0QqZH8raXkf1ovUUHDndIoTpQONn8oSBhUHKZ9QJ8KghWbaICwoPqvEI+QQFjp1kpZCWd1x2k4i8gwZWo1p7ZgOtWKfVqx7etquXme91EEh+AInAAb1EETXIIWaAMM7sEjeAYvxoPxZLwab/PVgpF79sGPMd6/AFNTl2Q=</latexit>

Linear block code encoder

<latexit sha1_base64="lMT2qxnDrmeXWkRRu0xBKdR/5Sg=">AAACA3icbVDNS8MwHE3n15xfVU/iJTgET6PdpJu3oRcPHiY4N9jKSNN0C0ubkqTCGMOL/4oXDwri1X/Cm/+NaVeGXz8Iebz3eyTveTGjUlnWp1FYWl5ZXSuulzY2t7Z3zN29W8kTgUkbc8ZF10OSMBqRtqKKkW4sCAo9Rjre+CLVO3dESMqjGzWJiRuiYUQDipHS1MA8uNJGJKDHOB5DzH0CSZReYmCWrYqVDfwL7ByUQT6tgfnR9zlOQhIpzJCUPduKlTtFQlHMyKzUTySJER6jIelpGKGQSHeaRZjBY834MOBCn0jBjP3umKJQykno6c0QqZH8raXkf1ovUUHDndIoTpQONn8oSBhUHKZ9QJ8KghWbaICwoPqvEI+QQFjp1kpZCWd1x2k4i8gwZWo1p7ZgOtWKfVqx7etquXme91EEh+AInAAb1EETXIIWaAMM7sEjeAYvxoPxZLwab/PVgpF79sGPMd6/AFNTl2Q=</latexit>

Linear block code encoder

<latexit sha1_base64="E1ikapzbS286Zh07M7CTykUgJuM=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAIrspMK9O6K7pxI1SwttgOJZPJtKGZZEgyQil9CzcuFMStT+POtzEzHYq3HwI/3zmHnPP7MaNK2/anVVhZXVvfKG6WtrZ3dvfK+wd3SiQSkw4WTMiejxRhlJOOppqRXiwJinxGuv7kMq13H4hUVPBbPY2JF6ERpyHFSBt0fy2ChGV2WK7YVTsT/Guc3FRArvaw/DEIBE4iwjVmSKm+Y8famyGpKWZkXhokisQIT9CI9I3lKCLKm2Ubz+GJIQEMhTSPa5jR7xMzFCk1jXzTGSE9Vr9rKfyv1k902PRmlMeJJhwvPgoTBrWA6fkwoJJgzabGICyp2RXiMZIIaxNSKQvhvOG6TXd5MkxJve7Wl6RbqzpnVce5qVVaF3keRXAEjsEpcEADtMAVaIMOwICDR/AMXixlPVmv1tuitWDlM4fgh6z3L4GlkXg=</latexit>

Modulation

<latexit sha1_base64="l9AfQHf06NDtp2GFUwACcPe03V4=">AAAB/nicbVDNS8MwHE39nPOrfty8BIfgabRudPM29OJxgnODtYw0zbawtClJKswy/Fe8eFAQr/4d3vxvTLsy/PpByOO93yMvz48ZlcqyPo2l5ZXVtfXSRnlza3tn19zbv5U8EZh0MGdc9HwkCaMR6SiqGOnFgqDQZ6TrTy4zvXtHhKQ8ulHTmHghGkV0SDFSmhqYh67PWSCnob5Sl2ljgGYDs2JVrXzgX2AXoAKKaQ/MDzfgOAlJpDBDUvZtK1ZeioSimJFZ2U0kiRGeoBHpaxihkEgvzdPP4IlmAjjkQp9IwZz97khRKLOAejNEaix/axn5n9ZP1LDppTSKE0UiPH9omDCoOMyqgAEVBCs21QBhQXVWiMdIIKx0YeW8hPOG4zSdxZdhxtRqTm3BdM+qdr1q29f1Suui6KMEjsAxOAU2aIAWuAJt0AEY3INH8AxejAfjyXg13uarS0bhOQA/xnj/AgCVljs=</latexit>

λ

<latexit sha1_base64="J+KwBTq2F7SqcZ8Zqf7OyzimGDI="></latexit>

x̂ = f(λ)

<latexit sha1_base64="PSe9Z1GhiJE5eULLyHMZUBrcmZI=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrXFNpTJdNIOTiZhZiKE0L9w40JB3Po17vwbkzQUXwcGDufcy5x73JAzpU3z0yitrK6tb5Q3K1vbO7t71f2DWxVEktAeCXggBy5WlDNBe5ppTgehpNh3Oe2795eZ33+gUrFA3Og4pI6Pp4J5jGCdSncjH+uZ6yXxfFytmXUzB/pLrILUoEB3XP0YTQIS+VRowrFSQ8sMtZNgqRnhdF4ZRYqGmNzjKR2mVGCfKifJE8/RSapMkBfI9AmNcvX7RoJ9pWLfTSezhOq3l4n/ecNIe20nYSKMNBVk8ZEXcaQDlJ2PJkxSonmcEkwkS7MiMsMSE52WVMlLOG/ZdttenowypdGwG0ulf1a3mnXLum7WOhdFH2U4gmM4BQta0IEr6EIPCAh4hGd4MZTxZLwab4vRklHsHMIPGO9ft8SRnQ==</latexit>

y

<latexit sha1_base64="R4fLxbBJAuWt9ImTbuVaG4j896w=">AAACAHicbZBNSwJBGMdnezV7s4IuXYY0sIvsaqjdxC6dwiBTUJHZ2Wd1cHZnmZkNxDz0Vbp0KIiufYxufZvWdZHe/jDw5/c8D88zfzvgTGnT/DSWlldW19ZTG+nNre2d3cze/q0SoaTQpIIL2baJAs58aGqmObQDCcSzObTs0cWs3roDqZjwb/Q4gJ5HBj5zGSU6Qv3M4VW9gR2gwgGJc26+Sx2hT3P9TNYsmLHwX2MlJosSNfqZj64jaOiBryknSnUsM9C9CZGaUQ7TdDdUEBA6IgPoRNYnHqjeJL5/ik8i4mBXyOj5Gsf0+8SEeEqNPTvq9Igeqt+1Gfyv1gm1W+1NmB+EGnw6X+SGHGuBZ2Fgh0mgmo8jQ6hk0a2YDokkVEeRpeMQzivlcrW8+DKekVKpXFqQVrFgnRUs67qYrdWTPFLoCB2jPLJQBdXQJWqgJqLoHj2iZ/RiPBhPxqvxNm9dMpKZA/RDxvsXS+KVAA==</latexit>

NBP decoder f(·)

<latexit sha1_base64="R4fLxbBJAuWt9ImTbuVaG4j896w=">AAACAHicbZBNSwJBGMdnezV7s4IuXYY0sIvsaqjdxC6dwiBTUJHZ2Wd1cHZnmZkNxDz0Vbp0KIiufYxufZvWdZHe/jDw5/c8D88zfzvgTGnT/DSWlldW19ZTG+nNre2d3cze/q0SoaTQpIIL2baJAs58aGqmObQDCcSzObTs0cWs3roDqZjwb/Q4gJ5HBj5zGSU6Qv3M4VW9gR2gwgGJc26+Sx2hT3P9TNYsmLHwX2MlJosSNfqZj64jaOiBryknSnUsM9C9CZGaUQ7TdDdUEBA6IgPoRNYnHqjeJL5/ik8i4mBXyOj5Gsf0+8SEeEqNPTvq9Igeqt+1Gfyv1gm1W+1NmB+EGnw6X+SGHGuBZ2Fgh0mgmo8jQ6hk0a2YDokkVEeRpeMQzivlcrW8+DKekVKpXFqQVrFgnRUs67qYrdWTPFLoCB2jPLJQBdXQJWqgJqLoHj2iZ/RiPBhPxqvxNm9dMpKZA/RDxvsXS+KVAA==</latexit>

NBP decoder f(·)

<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="TF+DhKMdoc9PK4BPvojjNMmrJAw=">AAAB+nicbVDLSsNAFJ3UV42vqEs3g0VwVRIraV2IRTcuK1hbaEKZTCft0MmDmUmxhP6JGxEFces/uHcj/o2TtBRfBwYO59zLPXO8mFEhTfNTKywsLi2vFFf1tfWNzS1je+dGRAnHpIkjFvG2hwRhNCRNSSUj7ZgTFHiMtLzhRea3RoQLGoXXchwTN0D9kPoUI6mkrmE4AyRTJ0By4Pnp7WTSNUpm2cwB/xJrRkpnb/pp/PChN7rGu9OLcBKQUGKGhOhYZizdFHFJMSMT3UkEiREeoj7pKBqigAg3zZNP4IFSetCPuHqhhLn6fSNFgRDjwFOTWUTx28vE/7xOIv2am9IwTiQJ8fSQnzAoI5jVAHuUEyzZWBGEOVVZIR4gjrBUZel5CSdV267Z8y/DTKlU7MpcaR2VreOyZV2Zpfo5mKII9sA+OAQWqII6uAQN0AQYjMAdeARPWqrda8/ay3S0oM12dsEPaK9fdIiX1w==</latexit>

x̂

<latexit sha1_base64="Yya174lFKXa1ouYQ5T1CDjSbnr4=">AAACAXicbVDLSsNAFJ3UV62vqAsXbgaL4KoktqR1V3TjsoK1hSSUyWTSDp08mJkIJXTjr7hxoSBu/Qt3/o2TNBRfF4Y5nHMP997jJYwKaRifWmVldW19o7pZ29re2d3T9w/uRJxyTPo4ZjEfekgQRiPSl1QyMkw4QaHHyMCbXuX64J5wQePoVs4S4oZoHNGAYiQVNdKPHC9mvpiF6sscpow+mtumO9LrRsMoCv4FZgnqoKzeSP9w/BinIYkkZkgI2zQS6WaIS4oZmdecVJAE4SkaE1vBCIVEuFlxwByeKsaHQczViyQs2O+ODIUi31F1hkhOxG8tJ//T7FQGHTejUZJKEuHFoCBlUMYwTwP6lBMs2UwBhDlVu0I8QRxhqTKrFSFctC2rYy1PhjnTbFrNJTM4b5ithmnetOrdyzKPKjgGJ+AMmKANuuAa9EAfYDAHj+AZvGgP2pP2qr0tWita6TkEP0p7/wLr9JdC</latexit>

λ[1]

<latexit sha1_base64="5lfbNGY8rR2Q2paKY8zBYa4/jmA=">AAACAXicbVDLSsNAFJ3UV62vqgsXbgaL4KoktqR1V3TjsoK1hSSUyWTSDp1MwsxEKKEbf8WNCwVx61+482+ctKH4ujDM4Zx7uPceP2FUKtP8NEorq2vrG+XNytb2zu5edf/gTsapwKSHYxaLgY8kYZSTnqKKkUEiCIp8Rvr+5CrX+/dESBrzWzVNiBehEachxUhpalg9cv2YBXIa6S9zmTYGaOZwb1itmXVzXvAvsApQA0V1h9UPN4hxGhGuMENSOpaZKC9DQlHMyKzippIkCE/QiDgachQR6WXzA2bwVDMBDGOhH1dwzn53ZCiS+Y66M0JqLH9rOfmf5qQqbHsZ5UmqCMeLQWHKoIphngYMqCBYsakGCAuqd4V4jATCSmdWmYdw0bLttr08GeZMo2E3lkz/vG4165Z106x1Los8yuAYnIAzYIEW6IBr0AU9gMEMPIJn8GI8GE/Gq/G2aC0ZhecQ/Cjj/QtI8Zd/</latexit>

λ[n]

<latexit sha1_base64="l9AfQHf06NDtp2GFUwACcPe03V4=">AAAB/nicbVDNS8MwHE39nPOrfty8BIfgabRudPM29OJxgnODtYw0zbawtClJKswy/Fe8eFAQr/4d3vxvTLsy/PpByOO93yMvz48ZlcqyPo2l5ZXVtfXSRnlza3tn19zbv5U8EZh0MGdc9HwkCaMR6SiqGOnFgqDQZ6TrTy4zvXtHhKQ8ulHTmHghGkV0SDFSmhqYh67PWSCnob5Sl2ljgGYDs2JVrXzgX2AXoAKKaQ/MDzfgOAlJpDBDUvZtK1ZeioSimJFZ2U0kiRGeoBHpaxihkEgvzdPP4IlmAjjkQp9IwZz97khRKLOAejNEaix/axn5n9ZP1LDppTSKE0UiPH9omDCoOMyqgAEVBCs21QBhQXVWiMdIIKx0YeW8hPOG4zSdxZdhxtRqTm3BdM+qdr1q29f1Suui6KMEjsAxOAU2aIAWuAJt0AEY3INH8AxejAfjyXg13uarS0bhOQA/xnj/AgCVljs=</latexit>

λ

<latexit sha1_base64="yy0O6fB03wBZfzFoBcCPFl31Mk4=">AAAB/HicbVDLSsNAFJ34rPUV69LNYBHqpmRsSeuu6MZlBWsKbSyT6aQdOnkwMxFLyK+4caEgbv0Qd/6NSRqKrwMDh3Pu5Z45TsiZVIbxqa2srq1vbJa2yts7u3v7+kHlVgaRILRHAh6IvoMl5cynPcUUp/1QUOw5nFrO7DLzrXsqJAv8GzUPqe3hic9cRrBKpZFeGXpYTR03tpIRuotr6DQZ6VWjbuSAfwkqSBUU6I70j+E4IJFHfUU4lnKAjFDZMRaKEU6T8jCSNMRkhid0kFIfe1TacZ49gSepMoZuINLnK5ir3zdi7Ek595x0Mksqf3uZ+J83iJTbtmPmh5GiPlkcciMOVQCzIuCYCUoUn6cEE8HSrJBMscBEpXWV8xLOW6bZNpdfhpnSaJiNpWKd1VGzjtB1s9q5KPoogSNwDGoAgRbogCvQBT1AwAN4BM/gRUu0J+1Ve1uMrmjFziH4Ae39C/XYlGQ=</latexit>

W
(1)
1

<latexit sha1_base64="vaj0M/E3aZ08mn6sXXiAFioTEBk=">AAAB+nicbZDLSsNAFIYn9VbrLerSzWARXJWklbTuirpwWcFaoS1lMjlph04yYWZSKaFv4saFgrj1Sdz5NiZtKN4OzPDz/ecwZ3434kxpy/o0Ciura+sbxc3S1vbO7p65f3CnRCwptKngQt67RAFnIbQ10xzuIwkkcDl03PFl5ncmIBUT4a2eRtAPyDBkPqNEp2hgmldAhQcezu4HIb2BWbYq1rzwX2Hnoozyag3Mj54naBxAqCknSnVtK9L9hEjNKIdZqRcriAgdkyF0UxmSAFQ/mW8+wycp8bAvZHpCjef0+0RCAqWmgZt2BkSP1G8vg/953Vj7jX7CwijWENLFQ37MsRY4iwF7TALVfJoKQiVLd8V0RCShOg2rNA/hvO44DWf5ZZyRWs2pLUmnWrHPKrZ9Uy03L/I8iugIHaNTZKM6aqJr1EJtRNEEPaJn9GIkxpPxarwtWgtGPnOIfpTx/gUAgZPo</latexit>

Decoded co

<latexit sha1_base64="vaj0M/E3aZ08mn6sXXiAFioTEBk=">AAAB+nicbZDLSsNAFIYn9VbrLerSzWARXJWklbTuirpwWcFaoS1lMjlph04yYWZSKaFv4saFgrj1Sdz5NiZtKN4OzPDz/ecwZ3434kxpy/o0Ciura+sbxc3S1vbO7p65f3CnRCwptKngQt67RAFnIbQ10xzuIwkkcDl03PFl5ncmIBUT4a2eRtAPyDBkPqNEp2hgmldAhQcezu4HIb2BWbYq1rzwX2Hnoozyag3Mj54naBxAqCknSnVtK9L9hEjNKIdZqRcriAgdkyF0UxmSAFQ/mW8+wycp8bAvZHpCjef0+0RCAqWmgZt2BkSP1G8vg/953Vj7jX7CwijWENLFQ37MsRY4iwF7TALVfJoKQiVLd8V0RCShOg2rNA/hvO44DWf5ZZyRWs2pLUmnWrHPKrZ9Uy03L/I8iugIHaNTZKM6aqJr1EJtRNEEPaJn9GIkxpPxarwtWgtGPnOIfpTx/gUAgZPo</latexit>

Decoded codeword

<latexit sha1_base64="KaSq27O4jXJQi6b3Z86zKNuEAiQ=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJK2ndFbtx0UUVawttKJPppB06mYSZiVBCX8ONCwVx68O4821M01C8/TDw851zOGd+N+RMadP8NHJr6xubW/ntws7u3v5B8fDoXgWRJLRDAh7InosV5UzQjmaa014oKfZdTrvutLmodx+oVCwQd3oWUsfHY8E8RrBO0KA5wUJQjlqtWzUslsyymQr9NVZmSpCpPSx+DEYBiXwqNOFYqb5lhtqJsdSMcDovDCJFQ0ymeEz7iRXYp8qJ05vn6CwhI+QFMnlCo5R+n4ixr9TMd5NOH+uJ+l1bwP9q/Uh7dSdmIow0FWS5yIs40gFaBIBGTFKi+SwxmEiW3IrIBEtMdBJTIQ3hsmbbdXv1ZbQg1apdXZFupWxdlC3rplJqXGV55OEETuEcLKhBA66hDR0gEMIjPMOLERlPxqvxtmzNGdnMMfyQ8f4F+MeRpg==</latexit>

Channel

<latexit sha1_base64="KaSq27O4jXJQi6b3Z86zKNuEAiQ=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJK2ndFbtx0UUVawttKJPppB06mYSZiVBCX8ONCwVx68O4821M01C8/TDw851zOGd+N+RMadP8NHJr6xubW/ntws7u3v5B8fDoXgWRJLRDAh7InosV5UzQjmaa014oKfZdTrvutLmodx+oVCwQd3oWUsfHY8E8RrBO0KA5wUJQjlqtWzUslsyymQr9NVZmSpCpPSx+DEYBiXwqNOFYqb5lhtqJsdSMcDovDCJFQ0ymeEz7iRXYp8qJ05vn6CwhI+QFMnlCo5R+n4ixr9TMd5NOH+uJ+l1bwP9q/Uh7dSdmIow0FWS5yIs40gFaBIBGTFKi+SwxmEiW3IrIBEtMdBJTIQ3hsmbbdXv1ZbQg1apdXZFupWxdlC3rplJqXGV55OEETuEcLKhBA66hDR0gEMIjPMOLERlPxqvxtmzNGdnMMfyQ8f4F+MeRpg==</latexit>

el LLRs

<latexit sha1_base64="VGqWYMNuUzrkulZiscJT4Z8lw6U=">AAAB/HicbVDLSsNAFJ3UV62vWJduBotQNyVpS1p3RTcuK1hTaGOYTCft0MmDmYlYQn7FjQsFceuHuPNvTNJQfB0YOJxzL/fMcUJGhdS0T6W0tr6xuVXeruzs7u0fqIfVWxFEHJMBDljAhw4ShFGfDCSVjAxDTpDnMGI688vMN+8JFzTwb+QiJJaHpj51KUYylWy1OvaQnDlubCZ28y6uN88SW61pDS0H/Ev0gtRAgb6tfownAY484kvMkBAjXQulFSMuKWYkqYwjQUKE52hKRin1kUeEFefZE3iaKhPoBjx9voS5+n0jRp4QC89JJ7Ok4reXif95o0i6XSumfhhJ4uPlITdiUAYwKwJOKCdYskVKEOY0zQrxDHGEZVpXJS/hvGMYXWP1ZZgprZbRWilms6G3G7p+3a71Loo+yuAYnIA60EEH9MAV6IMBwOABPIJn8KIkypPyqrwtR0tKsXMEfkB5/wL46pRm</latexit>

W
(2)
2

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

. . .

<latexit sha1_base64="vsE/ARsgDjgvNNcsoNQfsL7LC3g=">AAAB/XicbZDLSsNAFIYn9VbrLdqlm8FWcFWSVtK6K7pxWcFaoQ1lMp22QyeTMDMphFBfxY0LBXHre7jzbZykoXj7YeDnO+dwzvxeyKhUlvVpFNbWNza3itulnd29/QPz8OhOBpHApIsDFoh7D0nCKCddRRUj96EgyPcY6Xmzq7TemxMhacBvVRwS10cTTscUI6XR0CxXBwrxaRUirOg8g3BoVqyalQn+NXZuKiBXZ2h+DEYBjnzCFWZIyr5thcpNkFAUM7IoDSJJQoRnaEL62nLkE+km2fELeKrJCI4DoR9XMKPfJxLkSxn7nu70kZrK37UU/lfrR2rcchPKw0gRjpeLxhGDKoBpEnBEBcGKxdogLKi+FeIpEjoInVcpC+Gi6TgtZ/VlmJJGw2msSK9es89rtn1Tr7Qv8zyK4BicgDNggyZog2vQAV2AQQwewTN4MR6MJ+PVeFu2Fox8pgx+yHj/AnTOlKg=</latexit>

tanh activation

<latexit sha1_base64="DZ5ctfSSY1j7YJNKFJ1+pNJjMPg=">AAAB83icbZDLSsNAFIYnXmu9VV26GSyCq5K0ktZd0Y3uKlhbSEOZTCft0MlMmJkIJfQx3LhQELe+jDvfxkkaircfBn6+cw5zzh/EjCpt25/Wyura+sZmaau8vbO7t185OLxXIpGYdLFgQvYDpAijnHQ11Yz0Y0lQFDDSC6ZXWb33QKSigt/pWUz8CI05DSlG2iDvRhOZO+gMK1W7ZueCf41TmCoo1BlWPgYjgZOIcI0ZUspz7Fj7KZKaYkbm5UGiSIzwFI2JZyxHEVF+mq88h6eGjGAopHlcw5x+n0hRpNQsCkxnhPRE/a5l8L+al+iw5aeUx4kmHC8+ChMGtYDZ/XBEJcGazYxBWFKzK8QTJBE2SahyHsJF03Vb7vJkmJFGw20sSa9ec85rjnNbr7YvizxK4BicgDPggCZog2vQAV2AgQCP4Bm8WNp6sl6tt0XrilXMHIEfst6/AH/XkWY=</latexit>

Iteration 1

<latexit sha1_base64="e1ZXTC3RZG8GzCE8ewjDtmSb0uQ=">AAAB83icbZDLSsNAFIYnXmu9VV26GSyCq5K0ktZd0Y3uKlhbSEOZTCft0MlMmJkIJfQx3LhQELe+jDvfxkkaircfBn6+cw5zzh/EjCpt25/Wyura+sZmaau8vbO7t185OLxXIpGYdLFgQvYDpAijnHQ11Yz0Y0lQFDDSC6ZXWb33QKSigt/pWUz8CI05DSlG2iDvRhOZO1gfVqp2zc4F/xqnMFVQqDOsfAxGAicR4RozpJTn2LH2UyQ1xYzMy4NEkRjhKRoTz1iOIqL8NF95Dk8NGcFQSPO4hjn9PpGiSKlZFJjOCOmJ+l3L4H81L9Fhy08pjxNNOF58FCYMagGz++GISoI1mxmDsKRmV4gnSCJsklDlPISLpuu23OXJMCONhttYkl695pzXHOe2Xm1fFnmUwDE4AWfAAU3QBtegA7oAAwEewTN4sbT1ZL1ab4vWFauYOQI/ZL1/AYFckWc=</latexit>

Iteration 2

<latexit sha1_base64="zI7DlB63XDw9kd+Cc0FDykNezrY=">AAAB9XicbZDLTsJAFIaneEO8oS7dTAQTV6QFU3BHdKM7TEBIoCHTYQoTptM6MyUhDc/hxoUmxq3v4s63cVoa4u1PJvnznXNyzvxuyKhUpvlp5NbWNza38tuFnd29/YPi4dG9DCKBSQcHLBA9F0nCKCcdRRUjvVAQ5LuMdN3pdVLvzoiQNOBtNQ+J46Mxpx7FSGnk3CoiUgfL7fKwWDIrZir411iZKYFMrWHxYzAKcOQTrjBDUvYtM1ROjISimJFFYRBJEiI8RWPS15Yjn0gnTo9ewDNNRtALhH5cwZR+n4iRL+Xcd3Wnj9RE/q4l8L9aP1Jew4kpDyNFOF4u8iIGVQCTBOCICoIVm2uDsKD6VognSCCss5CFNITLum037NWXYUJqNbu2It1qxbqoWNZdtdS8yvLIgxNwCs6BBeqgCW5AC3QABg/gETyDF2NmPBmvxtuyNWdkM8fgh4z3L3SrkeU=</latexit>

Iteration T

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.

<latexit sha1_base64="/lJ/Q4LKt9101y2uPSXdHhjda5o=">AAAB7nicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6K7pxWcFeoB1KJpNpo5lkSDKFUvoOblwoiFufx51vY2Y6FG8/BH6+cw455/djRpW27U+rsLa+sblV3C7t7O7tH5QPj7pKJBKTDhZMyL6PFGGUk46mmpF+LAmKfEZ6/sN1Wu9NiVRU8Ds9i4kXoTGnIcVIG9QdTgOh1ahcsat2JvjXOLmpgFztUfljGAicRIRrzJBSA8eOtTdHUlPMyKI0TBSJEX5AYzIwlqOIKG+ebbuAZ4YEMBTSPK5hRr9PzFGk1CzyTWeE9ET9rqXwv9og0WHTm1MeJ5pwvPwoTBjUAqanw4BKgjWbGYOwpGZXiCdIIqxNQKUshMuG6zbd1ckwJbWaW1uR3kXVqVcd57ZeaV3leRTBCTgF58ABDdACN6ANOgCDe/AInsGLJawn69V6W7YWrHzmGPyQ9f4Fgr6Pwg==</latexit>

.

.

.
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Fig. 1: (a) End-to-End block diagram for communication using neural belief propagation (NBP) decoders for linear block

codes; (b) Architecture of the NBP decoder for T decoding iterations where each decoding iteration corresponds to 2 hidden

layers: (1) variable node layer, (2) parity check node layer.

bound we obtain is tighter than the other approaches such as

VC-dimension and PAC-Bayes approaches in which the upper

bound exponentially depends on the decoding iterations. From

our results, we show that the generalization gap scales with

the inverse of the square root of the dataset size, linearly with

the variable node degree and the decoding iterations, and the

square-root of the blocklength. To the best of our knowledge,

this is the first result that determines upper bounds on the

generalization gap as a function of the code-parameters. We

also present experimental results to show the dependence of

the generalization gap of the NBP decoders on the training

dataset size, and the decoding iterations for different codes.

II. PRELIMINARIES AND PROBLEM STATEMENT

In Fig. 1, we consider a linear block code denoted by C of

blocklength n and message length k. Let the code C be charac-

terized by a regular parity check matrix H ∈ {0, 1}(n−k)×n,

and we denote the Tanner graph as G = (V,P, E); where V =
{v1, · · · , vn} is the set of variable nodes, P = {p1, · · · , pn−k}
is the set of parity check nodes, and E = {e1, · · · , endv

}
is the set of edges. Here, dv represents the variable node

degree, i.e., the number of parity checks a variable node

participates in. Let {vi, pj} denote the edge in the Tanner

graph G connecting variable node vi to parity check node

pj . V(vj) = {pi|H[i, j] = 1} denote the set of parity check

nodes adjacent to the variable node vj in the Tanner graph G.

Similarly, P(pi) = {vj |H[i, j] = 1} denote the set of variable

nodes adjacent to the parity check node pi in G.

Let Y ⊆ R
n be the space of n dimensional channel outputs,

X ⊆ {0, 1}n be the space of n dimensional codewords, U ⊆
{0, 1}k be the space of k dimensional messages, and Z ⊆ R

n

be the space of n dimensional channel noise. The message

u = [u[1], · · · ,u[k]]⊤ ∈ U is encoded to the codeword

x = [x[1], · · · ,x[n]]⊤ ∈ X . The channel is assumed to be

memoryless, described by Pr(y|x) = ∏n
i=1 Pr(y[i]|x[i]). The

receiver receives the channel output y = [y[1], · · · ,y[n]]⊤ ∈
Y; which is the codeword x modulated, and corrupted with

additive noise z = [z[1], · · · , z[n]]⊤ ∈ Z . The goal of the

decoder is to recover the message u from the channel output

y. The input to the decoder is the log-likelihood ratio (LLR) of

the posterior probabilities denoted by λ ∈ R
n×1 and is given

as λ[i] = log Pr(x[i]=0|y[i])
Pr(x[i]=1|y[i]) , for 1 ≤ i ≤ n. Denote the output

of the NBP decoder with T decoding iterations as x̂ = f(λ),
where f(·) denotes the decoding function.

The architecture of the NBP decoder is derived from the trellis

representation of G and illustrated in Fig. 1(b). Each decoding

iteration t (where, 1 ≤ t ≤ T ) corresponds to two hidden

layers each of width |E| = ndv , namely: (1) variable layer

vt, (2) parity check layer pt. The hidden nodes in layers vt

and pt correspond to the messages passed along the edges

of the Tanner graph G. For instance, the output of the node

vt[{l,m}] in the NBP decoder corresponds to the message

passed from variable node vl to parity check node pm in the

t-th iteration, and is given as,

vt[{l,m}] = tanh

(

1

2

(

W
(t)
1 [{l,m}, l]λ[l]+

∑

m′∈V(l)\m
W

(t)
2 [{l,m}, {l,m′}]pt−1[{l,m′}]







, (1)

where, pt−1[{l,m′}] corresponds to the message passed from

the parity check node pm′ to the variable node vl in the (t−1)-

th iteration. For t = 1, we have p0 = [0, · · · , 0]⊤. W
(t)
1 ∈

R
ndv×n, and W

(t)
2 ∈ R

ndv×ndv are sparse weight matrices

trained using backpropagation in the t-th decoding iteration.

W
(t)
1 is strictly a lower triangular matrix with exactly dv non-

zero entries in every column, and one non-zero entry in every

row. W
(t)
2 has exactly dv−1 non-zero entries in every row, and

dv−1 non-zero entries in every column. We consider that the t-

th decoding iteration is characterized by weight matrices W
(t)
1 ,

and W
(t)
2 , where t can take integer values t ∈ {1, · · · , T}. The

output of the parity check hidden layer in the t-th decoding

iteration for the NBP decoder is,

pt[{l,m}] =
∏

l′∈P(m)\l
sign(vt[{l′,m}]) min

l′∈P(m)\l
|vt[{l′,m}]|. (2)

The estimated codeword after T decoding iterations in the

NBP decoder is given as,

x̂[l]=s(W
(T )
4 [l, l]λ[l] +

∑

m′∈V(l)

W
(T )
3 [l, {l,m′}]pT[{l,m′}]) (3)

where, W3 ∈ R
n×ndv , W4 ∈ R

n×n, and s(·) is the

sigmoid activation. W3 is strictly an upper triangular matrix

with exactly dv non-zero entries in every row, while W4 is

a diagonal matrix. The NBP decoder (denoted by f(·)) is

characterized by the following four sparse weight matrices: (a)
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W
(t)
1 , where t = 1, · · · , T , (b) W

(t)
2 , where t = 1, · · · , T , (c)

W3, and (d) W4. The weight matrices are learnt by training

the NBP decoder to minimize the bit error rate (BER) loss

that is defined as,

lBER(f(λ),x) =
dH(f(λ),x)

n
=

n
∑

j=1

1(f(λ)[j] ̸= x[j])

n
(4)

Here, dH(·, ·) denotes the Hamming distance, and 1(·) denotes

the indicator function. In practice, we train the NBP decoder

to minimize the BER loss over the dataset S = {(λj ,xj)}mj=1

comprising of pairs of log-likelihood ratio and its correspond-

ing codeword. Then, we define the empirical risk of f as

R̂BER(f) = 1
m

m
∑

j=1

lBER(f(λj),xj). The true risk of f is

defined as RBER(f) = Eλ,x[lBER(f(λ),x)].

Problem Statement. The generalization gap is defined as

the difference RBER(f) − R̂BER(f). The main goal of this

paper is to understand the behavior of the generalization gap

(specifically upper bounds) as a function of a) training dataset

size, m, b) the complexity of the NBP decoder, in terms of the

number of decoding iterations T and c) code parameters, such

as message length k, blocklength n, variable node degree dv ,

parity check node degree dc.

III. MAIN RESULTS

In this section, we present our main results on the general-

ization gap for NBP decoders. Let S = {(λj ,xj)}mj=1 be

the training dataset, and FT be a class of NBP decoders

with T decoding iterations. For the scope of this paper, we

focus on the family of NBP decoders whose non-zero weight

entries are bounded by a constant w. Specifically, we assume

that for every (i, j) and 1 ≤ t ≤ T , |W(t)
1 [i, j]| ≤ w,

|W(t)
2 [i, j]| ≤ w, |W3[i, j]| ≤ w and |W4[i, j]| ≤ w, i.e.,

the maximum absolute value of the (i, j) coordinates for all

the weight matrices are bounded by a non-negative constant

w. In addition, we also assume that input log-likelihood ratio

|λ[i]| ≤ bλ for all i = 1, . . . , n.

We define the hypothesis class FL,T , derived from the class

FT of NBP decoders as follows:

FL,T = {(λ,x) 7→ lBER(f(λ),x) : f ∈ FT }. (5)

Intuitively, for each f ∈ FT , the output of the corresponding

function in FL,T is the BER loss of the decoder f . We next

define the empirical Rademacher complexity of FL,T .

Definition 1. (Rademacher complexity of FL,T ) The empirical

Rademacher complexity of FL,T is defined as

Rm(FL,T ) ≜ E
σ

[

sup
f∈FT

1

m

m
∑

i=1

σilBER(f(λi),xi)

]

, (6)

where σi’s are i.i.d. Rademacher random variables, i.e.,

Pr(σi = 1) = Pr(σi = −1) = 1
2 .

We note that the loss function lBER takes the values between

[0, 1]; and consequently using a standard result from PAC

learning literature (Theorem 3.3 in [33]), one can bound the

generalization gap in terms of Rm(FL,T ). Specifically, for any

δ ∈ (0, 1), with probability atleast 1−δ, the generalization gap

for any f ∈ FT is bounded as follows:

RBER(f)− R̂BER(f) ≤ 2Rm(FL,T ) +

√

log(1/δ)

2m
. (7)

To proceed further, we introduce bit-wise Rademacher

complexity of FT ; which is a new notion and captures the

correlation between j-th channel output of the NBP decoder

and a random decision (Rademacher random variable).

Definition 2. (Bit-wise Rademacher complexity of FT ) For a

NBP decoder class FT , the empirical bit-wise Rademacher

complexity corresponding to its j-th output bit is defined as:

Rm(FT [j]) ≜ E
σ

[

sup
f∈FT

1

m

m
∑

i=1

σi · f(λi)[j]

]

. (8)

We next present Proposition 1 in which we upper bound the

generalization gap as a function of the empirical bit-wise

Rademacher complexity Rm(FT [j]).

Proposition 1. For any δ ∈ (0, 1), with probability at least

1 − δ, the generalization gap for any NBP decoder f ∈ FT

can be upper bounded as follows,

RBER(f)− R̂BER(f) ≤
1

n

n
∑

j=1

Rm(FT [j]) +

√

log(1/δ)

2m
, (9)

where Rm(FT [j]) denotes the bit-wise Rademacher complex-

ity for the jth output bit.

The proof of Proposition 1 is presented in Appendix A in

[1]. We now present Theorem 1 which is the main result of

this paper. The main technical challenge is to bound the bit-

wise Rademacher complexity Rm(FT [j]) as a function of the

number of decoding iterations T , training dataset size m and

code parameters (blocklength n and variable node degree dv).

Theorem 1. For any δ ∈ (0, 1), with probability at least 1−δ,

the generalization gap for any NBP decoder f ∈ FT can be

upper bounded as follows,

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m
+

12

√

(nd2vT + 1)(T + 1)

m
log

(

8
√
mnwdvbλ

)

, (10)

where n denotes the blocklength, dv is the variable node

degree, T is the number of decoding iterations (number of

layers in NBP), m is the training dataset size; w and bλ are

upper bounds on the weights in the NBP decoder and input

log-likelihood ratio, respectively.

Proof-sketch of Theorem 1: The detailed proof of Theorem

1 is presented in Appendix in [1] and here we briefly describe

the main ideas. We first upper bound the bit-wise Rademacher

complexity in terms of Dudley entropy integral (specifically,

leveraging Massart’s Lemma in [34] and adapting it to our

problem). The resulting bound is expressed in terms of the
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covering number of the NBP decoder class, i.e., the smallest

cardinality of the set of functions in FT that can closely

approximate the NBP decoding function f . To further bound

the covering number, we first show that the NBP decoder is

Lipschitz in its weight matrices which is proved in Lemma 1

(see Appendix B in [1]). In other words, for a given input,

the output of the NBP decoder remains invariant to small

perturbations in its weight matrices. Using this fact, we obtain

a bound on the covering number of the NBP decoder class in

terms of a product of covering numbers (each corresponding to

a weight matrix). We then observe that the weight matrices for

the NBP decoder are sparse, where the structure and number

of non-zero entries is determined by the parity check matrix

and the code parameters (such as blocklength n, variable node

degree dv etc.). We then use the fact that the covering number

of a sparse weight matrix is always smaller than that of a non-

sparse vector (of the same size as the total non-zero entries in

the original sparse matrix). Using our result in Lemma 3, we

can finally upper bound the bit-wise Rademacher complexity

as a function of the code parameters to deduce the result in

Theorem 1.

Remark 1 (Representation in Terms of Code-rate and

Parity Check Node Degree). The result in Theorem 1 can

also be expressed as follows:

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m
+

12

√

(nd2c(1− κ)2T + 1)(T + 1)

m
log

(

8
√
mnwdvbλ

)

. (11)

We use the fact that the blocklength, message length, variable

node degree, and parity check node degree are related as

ndv = (n− k)dc. Using this relation in Theorem 1 we obtain

(11). From the result in (11) we note that the generalization

gap reduces for codes with a high code-rate κ.

Remark 2 (Impact of the Code-parameters). We plot the

generalization gap bound obtained in Theorem 1 in Fig. 2

for blocklength n = 100, variable node degree dv = 10,

decoding iterations T = 10, and dataset size m = 106. To

understand the dependence of the generalization gap on a

parameter, we vary that parameter while keeping the values of

the remaining parameters fixed. Smaller training dataset size

results in overfitting, and therefore corresponds to a larger

generalization gap. We observe this in Fig. 2(a), wherein the

generalization gap decays as O( 1√
m
). While more decoding

iterations (i.e., more hidden layers) are expected to improve

decoding performance, it can also overfit the training data.

Therefore, we expect the generalization gap to increase with

the number of decoding iterations. As seen from Fig. 2(b), we

note that the generalization gap of the NBP decoder scales

linearly as O(T ). Our theoretical result in Theorem 1 tells

us that the generalization gap scales with the blocklength as

O(
√
n) as shown in Fig. 2(c). However, the generalization

gap scales linearly with the variable node degree as O(dv)
as shown in Fig. 2(d).

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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<latexit sha1_base64="ZpqNfcWutT9cKUg0LMOxReqCWcQ=">AAACA3icbZBNSwJBGMdnezV72+oUXYY0sIvsaqjdpDp0NNAUVGR2fNTB2dllZjaQRbr0Vbp0KIiufYlufZvWdZHe/jDw5/c8D888f8fnTGnL+jSWlldW19ZTG+nNre2dXXNv/1Z5gaTQoB73ZMshCjgT0NBMc2j5EojrcGg648tZvXkHUjFP1PXEh65LhoINGCU6Qj3z8Aqo12diiJkGGUOFc9l69rRnZqy8FQv/NXZiMihRrWd+dPoeDVwQmnKiVNu2fN0NidSMcpimO4ECn9AxGUI7soK4oLphfMIUn0SkjweejJ7QOKbfJ0LiKjVxnajTJXqkftdm8L9aO9CDSjdkwg80CDpfNAg41h6e5YH7TALVfBIZQiWL/orpiEhCozhUOg7hvFwqVUqLk/GMFIul4oI0C3n7LG/bN4VM9SLJI4WO0DHKIRuVURVdoxpqIIru0SN6Ri/Gg/FkvBpv89YlI5k5QD9kvH8BQxqWrw==</latexit>

Decoding iterations (T )

<latexit sha1_base64="MXoTcLNPhGgUR9HuLj0XfxKX1Us=">AAAB/3icbZBNS0JBFIbn2pfZlxWt2gxpYBu5V0NtJ7lpaZApqMjcuUcdnDtzmZlbyEXor7RpURBt+xvt+jddP5C+Xhh4ec45nDOvG3CmjW1/WomV1bX1jeRmamt7Z3cvvX9wq2WoKDSo5FK1XKKBMwENwwyHVqCA+C6HpjuqTevNO1CaSXFjxgF0fTIQrM8oMTHqpY9q0oN7qTzMQQzMEOeyInvWS2fsvD0T/muchcmgheq99EfHkzT0QRjKidZtxw5MNyLKMMphkuqEGgJCR2QA7dgK4oPuRrPzJ/g0Jh7uSxU/YfCMfp+IiK/12HfjTp+Yof5dm8L/au3Q9CvdiIkgNCDofFE/5NhIPM0Ce0wBNXwcG0IVi2/FdEgUoSZOLDUL4aJcKlVKyy/jKSkWS8UlaRbyznneca4LmerlIo8kOkYnKIccVEZVdIXqqIEoitAjekYv1oP1ZL1ab/PWhLWYOUQ/ZL1/ATIilPs=</latexit>

Codeword length (n)

<latexit sha1_base64="cnO/D03ne8Ef6XppoCLN/Xc1O7s=">AAACBnicbVDLSgMxFM34rPU16lIXwVaomzLTSlt3RTcuK9gHtKVkMrdtaCYzJJlCKd248VfcuFAQt36DO//G9EHxdSBwOOdcbu7xIs6UdpxPa2V1bX1jM7GV3N7Z3du3Dw5rKowlhSoNeSgbHlHAmYCqZppDI5JAAo9D3RtcT/36EKRiobjTowjaAekJ1mWUaCN17JMakYyYNBahD9iHngTAmbTfGabPO3bKyToz4L/EXZAUWqDSsT9afkjjAISmnCjVdJ1It8dEakY5TJKtWEFE6ID0oGmoIAGo9nh2xQSfGcXH3VCaJzSeqd8nxiRQahR4JhkQ3Ve/van4n9eMdbfUHjMRxRoEnS/qxhzrEE8rwT6TQDUfGUKoZOavmPaJJFSb4pKzEi6LhUKpsDwZT5V8vpBfKvVc1r3Iuu5tLlW+WvSRQMfoFGWQi4qojG5QBVURRffoET2jF+vBerJerbd5dMVazByhH7DevwAcyJer</latexit>

Variable node degree (dv)

<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="77XmCuOvB2M7Q6v1mbmoEJIf2IM=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0WyFnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9C0CJjco=</latexit>

(c)

<latexit sha1_base64="GL2QEgYne4esMNL62+JpTxikx9c=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMpm0QyeTMDMRSugjuHGhIG59IXe+jUkbircfBn6+cw5zzu9GnCltmp/Gyura+sZmYau4vbO7t186OLxXYSwJ7ZCQh7LnYkU5E7Sjmea0F0mKA5fTrju5yurdByoVC8WdnkbUCfBIMJ8RrFN0W/HOhqWyWTXnQn+NlZsy5GoPSx8DLyRxQIUmHCvVt8xIOwmWmhFOZ8VBrGiEyQSPaD+1AgdUOcl81Rk6TYmH/FCmT2g0p98nEhwoNQ3ctDPAeqx+1zL4X60fa7/pJExEsaaCLD7yY450iLK7kcckJZpPU4OJZOmuiIyxxESn6RTnIVw0bLtpL09GGanX7fqSdGtV67xqWTe1cusyz6MAx3ACFbCgAS24hjZ0gMAIHuEZXgxuPBmvxtuidcXIZ47gh4z3L0IPjcs=</latexit>

(d)
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<latexit sha1_base64="VtFEwgb6vDkHkkgSSytFhyOlpMo=">AAAB/HicbVDLTgIxFO3gC/E14tJNI5jghsyAGXBH1IVLTERIYEI6pUBD55H2jhEn/IobF5oYt36IO//G8gjxdZImJ+fck3t7vEhwBZb1aaRWVtfWN9Kbma3tnd09cz97q8JYUtagoQhlyyOKCR6wBnAQrBVJRnxPsKY3upj6zTsmFQ+DGxhHzPXJIOB9TgloqWtmLwnoOGDFHxgu5P38SdfMWUVrBvyX2AuSQwvUu+ZHpxfS2GcBUEGUattWBG5CJHAq2CTTiRWLCB2RAWtrGhCfKTeZ3T7Bx1rp4X4o9QsAz9TviYT4So19T0/6BIbqtzcV//PaMfSrbsKDKAYW0PmifiwwhHhaBO5xySiIsSaESq5vxXRIJKGg68rMSjirOE7VWX4ZT5Vy2SkvlWapaJ8Wbfu6lKudL/pIo0N0hArIRhVUQ1eojhqIonv0iJ7RizExnoxX420+mjIWmQP0A8b7F9Ajk6Q=</latexit>

Dataset size (m)

<latexit sha1_base64="XH7H1ucMwNSMOJRvdu0pFCEcfOY=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJrWldCEU3Lis0ttCGMplO2sHJJMxMhBL6DG5cKIhb38edb2OahuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSh7HlaUM0EdzTSnvUhSHHicdr3763m9+0ClYqHo6GlE3QCPBfMZwTpFTgddovNhuWJWzUzor7FyU4Fc7WH5YzAKSRxQoQnHSvUtM9JugqVmhNNZaRArGmFyj8e0n1qBA6rcJFt2hk5SMkJ+KNMnNMro94kEB0pNAy/tDLCeqN+1Ofyv1o+133QTJqJYU0EWH/kxRzpE88vRiElKNJ+mBhPJ0l0RmWCJiU7zKWUhXDRsu2kvT0ZzUqvZtSXpnlWtetWybuuV1lWeRxGO4BhOwYIGtOAG2uAAAQaP8AwvhjCejFfjbdFaMPKZQ/gh4/0LCT2OMg==</latexit>

T = 5

<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1

<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20

<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

<latexit sha1_base64="AqKodo2sYHJ4JFivrdURUd948Xw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2ljmUwndehMEmYmQil9CjcuFMStb+POt3HShuLth4Gf75zDnPP7MWdK2/anlVtaXlldy68XNja3tneKu3s3KkokoS0S8Uh2fKwoZyFtaaY57cSSYuFz2vZHF2m9/UClYlF4rccx9QQehixgBGuDbgU6Q4595xb6xZJdtmdCf42TmRJkavaLH71BRBJBQ004Vqrr2LH2JlhqRjidFnqJojEmIzykXWNDLKjyJrOFp+jIkAEKImleqNGMfp+YYKHUWPimU2B9r37XUvhfrZvooO5NWBgnmoZk/lGQcKQjlF6PBkxSovnYGEwkM7sico8lJtpkNA/htOa6dXdxMkpJpeJWFqR9UnaqZce5qpYa51keeTiAQzgGB2rQgEtoQgsICHiEZ3ixpPVkvVpv89aclc3sww9Z71/8TY89</latexit>

m = 10
6

<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1

<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20

<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

<latexit sha1_base64="AqKodo2sYHJ4JFivrdURUd948Xw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2ljmUwndehMEmYmQil9CjcuFMStb+POt3HShuLth4Gf75zDnPP7MWdK2/anlVtaXlldy68XNja3tneKu3s3KkokoS0S8Uh2fKwoZyFtaaY57cSSYuFz2vZHF2m9/UClYlF4rccx9QQehixgBGuDbgU6Q4595xb6xZJdtmdCf42TmRJkavaLH71BRBJBQ004Vqrr2LH2JlhqRjidFnqJojEmIzykXWNDLKjyJrOFp+jIkAEKImleqNGMfp+YYKHUWPimU2B9r37XUvhfrZvooO5NWBgnmoZk/lGQcKQjlF6PBkxSovnYGEwkM7sico8lJtpkNA/htOa6dXdxMkpJpeJWFqR9UnaqZce5qpYa51keeTiAQzgGB2rQgEtoQgsICHiEZ3ixpPVkvVpv89aclc3sww9Z71/8TY89</latexit>

m = 10
6

<latexit sha1_base64="gvMY0we8COgsmi+k3+1T/fZQ5DA=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegSWaY5rFTNmpkL/TVWYapQqDOsfAxGIYkDKjThWKm+ZUbaTbDUjHA6Lw9iRSNMpnhM+6kVOKDKTfJ15+g0JSPkhzJ9QqOcfp9IcKDULPDSzgDrifpdy+B/tX6s/ZabMBHFmgqy+MiPOdIhym5HIyYp0XyWGkwkS3dFZIIlJjpNqJyHcNG07Za9PBllpF6360vinNesRs2ybhvV9lWRRwmO4QTOwIImtOEGOtAFAlN4hGd4MSLjyXg13hatK0YxcwQ/ZLx/AQlGjrw=</latexit>

n = 100

<latexit sha1_base64="bst5nQe9etTrxOfcAINrmMBKzcQ=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2hDmUwm7dDJJM5MCqX0Jdy4UBC3Po4738YkDeLth4Gf75zDnPO7EWdKm+aHUVhZXVvfKG6WtrZ3dvfK+wd3KowloR0S8lD2XKwoZ4J2NNOc9iJJceBy2nUnV2m9O6VSsVDc6llEnQCPBPMZwTpBPW84RRfIMoflilk1M6G/xspNBXK1h+X3gReSOKBCE46V6ltmpJ05lpoRThelQaxohMkEj2g/sQIHVDnzbN8FOkmIh/xQJk9olNHvE3McKDUL3KQzwHqsftdS+F+tH2u/6cyZiGJNBVl+5Mcc6RClxyOPSUo0nyUGE8mSXREZY4mJTiIqZSGcN2y7aX+djFJSq9m1L9I9q1r1qmXd1CutyzyPIhzBMZyCBQ1owTW0oQMEODzAEzwb98aj8WK8LlsLRj5zCD9kvH0CHZ+PYQ==</latexit>

dv = 10

<latexit sha1_base64="bst5nQe9etTrxOfcAINrmMBKzcQ=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2hDmUwm7dDJJM5MCqX0Jdy4UBC3Po4738YkDeLth4Gf75zDnPO7EWdKm+aHUVhZXVvfKG6WtrZ3dvfK+wd3KowloR0S8lD2XKwoZ4J2NNOc9iJJceBy2nUnV2m9O6VSsVDc6llEnQCPBPMZwTpBPW84RRfIMoflilk1M6G/xspNBXK1h+X3gReSOKBCE46V6ltmpJ05lpoRThelQaxohMkEj2g/sQIHVDnzbN8FOkmIh/xQJk9olNHvE3McKDUL3KQzwHqsftdS+F+tH2u/6cyZiGJNBVl+5Mcc6RClxyOPSUo0nyUGE8mSXREZY4mJTiIqZSGcN2y7aX+djFJSq9m1L9I9q1r1qmXd1CutyzyPIhzBMZyCBQ1owTW0oQMEODzAEzwb98aj8WK8LlsLRj5zCD9kvH0CHZ+PYQ==</latexit>

dv = 10

<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1

<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20

<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

<latexit sha1_base64="AqKodo2sYHJ4JFivrdURUd948Xw=">AAAB8XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2ljmUwndehMEmYmQil9CjcuFMStb+POt3HShuLth4Gf75zDnPP7MWdK2/anlVtaXlldy68XNja3tneKu3s3KkokoS0S8Uh2fKwoZyFtaaY57cSSYuFz2vZHF2m9/UClYlF4rccx9QQehixgBGuDbgU6Q4595xb6xZJdtmdCf42TmRJkavaLH71BRBJBQ004Vqrr2LH2JlhqRjidFnqJojEmIzykXWNDLKjyJrOFp+jIkAEKImleqNGMfp+YYKHUWPimU2B9r37XUvhfrZvooO5NWBgnmoZk/lGQcKQjlF6PBkxSovnYGEwkM7sico8lJtpkNA/htOa6dXdxMkpJpeJWFqR9UnaqZce5qpYa51keeTiAQzgGB2rQgEtoQgsICHiEZ3ixpPVkvVpv89aclc3sww9Z71/8TY89</latexit>

m = 10
6

<latexit sha1_base64="gvMY0we8COgsmi+k3+1T/fZQ5DA=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegSWaY5rFTNmpkL/TVWYapQqDOsfAxGIYkDKjThWKm+ZUbaTbDUjHA6Lw9iRSNMpnhM+6kVOKDKTfJ15+g0JSPkhzJ9QqOcfp9IcKDULPDSzgDrifpdy+B/tX6s/ZabMBHFmgqy+MiPOdIhym5HIyYp0XyWGkwkS3dFZIIlJjpNqJyHcNG07Za9PBllpF6360vinNesRs2ybhvV9lWRRwmO4QTOwIImtOEGOtAFAlN4hGd4MSLjyXg13hatK0YxcwQ/ZLx/AQlGjrw=</latexit>

n = 100

<latexit sha1_base64="XH7H1ucMwNSMOJRvdu0pFCEcfOY=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJrWldCEU3Lis0ttCGMplO2sHJJMxMhBL6DG5cKIhb38edb2OahuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSh7HlaUM0EdzTSnvUhSHHicdr3763m9+0ClYqHo6GlE3QCPBfMZwTpFTgddovNhuWJWzUzor7FyU4Fc7WH5YzAKSRxQoQnHSvUtM9JugqVmhNNZaRArGmFyj8e0n1qBA6rcJFt2hk5SMkJ+KNMnNMro94kEB0pNAy/tDLCeqN+1Ofyv1o+133QTJqJYU0EWH/kxRzpE88vRiElKNJ+mBhPJ0l0RmWCJiU7zKWUhXDRsu2kvT0ZzUqvZtSXpnlWtetWybuuV1lWeRxGO4BhOwYIGtOAG2uAAAQaP8AwvhjCejFfjbdFaMPKZQ/gh4/0LCT2OMg==</latexit>

T = 5

<latexit sha1_base64="gvMY0we8COgsmi+k3+1T/fZQ5DA=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegSWaY5rFTNmpkL/TVWYapQqDOsfAxGIYkDKjThWKm+ZUbaTbDUjHA6Lw9iRSNMpnhM+6kVOKDKTfJ15+g0JSPkhzJ9QqOcfp9IcKDULPDSzgDrifpdy+B/tX6s/ZabMBHFmgqy+MiPOdIhym5HIyYp0XyWGkwkS3dFZIIlJjpNqJyHcNG07Za9PBllpF6360vinNesRs2ybhvV9lWRRwmO4QTOwIImtOEGOtAFAlN4hGd4MSLjyXg13hatK0YxcwQ/ZLx/AQlGjrw=</latexit>

n = 100

<latexit sha1_base64="XH7H1ucMwNSMOJRvdu0pFCEcfOY=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJrWldCEU3Lis0ttCGMplO2sHJJMxMhBL6DG5cKIhb38edb2OahuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSh7HlaUM0EdzTSnvUhSHHicdr3763m9+0ClYqHo6GlE3QCPBfMZwTpFTgddovNhuWJWzUzor7FyU4Fc7WH5YzAKSRxQoQnHSvUtM9JugqVmhNNZaRArGmFyj8e0n1qBA6rcJFt2hk5SMkJ+KNMnNMro94kEB0pNAy/tDLCeqN+1Ofyv1o+133QTJqJYU0EWH/kxRzpE88vRiElKNJ+mBhPJ0l0RmWCJiU7zKWUhXDRsu2kvT0ZzUqvZtSXpnlWtetWybuuV1lWeRxGO4BhOwYIGtOAG2uAAAQaP8AwvhjCejFfjbdFaMPKZQ/gh4/0LCT2OMg==</latexit>

T = 5

<latexit sha1_base64="Z2X8ZaiZghHak1XN08iYJHmcoFM=">AAAB7XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LisYW2hDmUwn7dDJJMxMlFL6DG5cKIhb38edb2OShuLth4Gf75zDnPN7EWdKm+anUVhZXVvfKG6WtrZ3dvfK+wd3KowloQ4JeSi7HlaUM0EdzTSn3UhSHHicdrzJVVrv3FOpWChu9TSiboBHgvmMYJ0g5wFdIGtQrphVMxP6a6zcVCBXe1D+6A9DEgdUaMKxUj3LjLQ7w1Izwum81I8VjTCZ4BHtJVbggCp3li07RycJGSI/lMkTGmX0+8QMB0pNAy/pDLAeq9+1FP5X68Xab7ozJqJYU0EWH/kxRzpE6eVoyCQlmk8Tg4lkya6IjLHERCf5lLIQzhu23bSXJ6OU1Gp2bUk6Z1WrXrWsm3qldZnnUYQjOIZTsKABLbiGNjhAgMEjPMOLIYwn49V4W7QWjHzmEH7IeP8COOSOUQ==</latexit>

w = 1

<latexit sha1_base64="cEgmzkK5DpeHJ8u7uQcK5iT4G7c=">AAAB+nicbVDLSsNAFJ34rPUVdelmsAiuStKWtC6EohuXFawttCFMJpN26GQSZiaFEvonblwoiFu/xJ1/46QNxdeBgcM553LvHD9hVCrL+jTW1jc2t7ZLO+Xdvf2DQ/Po+EHGqcCki2MWi76PJGGUk66iipF+IgiKfEZ6/uQm93tTIiSN+b2aJcSN0IjTkGKktOSZpu9lQ6bzAZrDK1izPLNiVa0F4F9iF6QCCnQ882MYxDiNCFeYISkHtpUoN0NCUczIvDxMJUkQnqARGWjKUUSkmy0un8NzrQQwjIV+XMGF+n0iQ5GUs8jXyQipsfzt5eJ/3iBVYcvNKE9SRTheLgpTBlUM8xpgQAXBis00QVhQfSvEYyQQVrqs8qKEy6bjtJzVl2Gu1OtOfaX0alW7UbXtu0alfV30UQKn4AxcABs0QRvcgg7oAgym4BE8gxcjM56MV+NtGV0zipkT8APG+xfP9JMg</latexit>

bλ = 20

<latexit sha1_base64="sflpjG+htJDMQwHvc+nVbOJ4nns=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttAOJZM504ZmLiaZQhn6HG5cKIhb38Wdb2M6HcTbgZCf7z+HnPxuzJlUpvlhFFZW19Y3ipulre2d3b3y/sGdjBJBoUMjHomeSyRwFkJHMcWhFwsggcuh606uFn53CkKyKLxVsxicgIxC5jNKlEbOwAOuCL7AZtW0huWKvrLCf4WViwrKqz0svw+8iCYBhIpyImXfMmPlpEQoRjnMS4NEQkzohIygr2VIApBOmi09xyeaeNiPhD6hwhn9PpGSQMpZ4OrOgKix/O0t4H9eP1F+00lZGCcKQrp8yE84VhFeJIA9JoAqPtOCUMH0rpiOiSBU6ZxKWQjnDdtu2l9fxgtSq9m1L9I9q1r1qmXd1CutyzyPIjpCx+gUWaiBWugatVEHUXSPHtATejamxqPxYrwuWwtGPnOIfpTx9glAGJEe</latexit>

δ = 0.01

<latexit sha1_base64="bst5nQe9etTrxOfcAINrmMBKzcQ=">AAAB8HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWldCEU3LitYW2hDmUwm7dDJJM5MCqX0Jdy4UBC3Po4738YkDeLth4Gf75zDnPO7EWdKm+aHUVhZXVvfKG6WtrZ3dvfK+wd3KowloR0S8lD2XKwoZ4J2NNOc9iJJceBy2nUnV2m9O6VSsVDc6llEnQCPBPMZwTpBPW84RRfIMoflilk1M6G/xspNBXK1h+X3gReSOKBCE46V6ltmpJ05lpoRThelQaxohMkEj2g/sQIHVDnzbN8FOkmIh/xQJk9olNHvE3McKDUL3KQzwHqsftdS+F+tH2u/6cyZiGJNBVl+5Mcc6RClxyOPSUo0nyUGE8mSXREZY4mJTiIqZSGcN2y7aX+djFJSq9m1L9I9q1r1qmXd1CutyzyPIhzBMZyCBQ1owTW0oQMEODzAEzwb98aj8WK8LlsLRj5zCD9kvH0CHZ+PYQ==</latexit>

dv = 10

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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Fig. 2: (a) RHS in Theorem 1 vs Dataset size (m), (b) RHS in

Theorem 1 vs Decoding iterations (T ), (c) RHS in Theorem 1

vs Blocklength (n), (d) RHS in Theorem 1 vs Variable node

degree (dv).

Remark 3 (Other Approaches for Bounding the General-

ization Gap). Vapnik-Chervonenkis (VC) dimension bounds

[35], [36], PAC-Bayes analysis [37], [38] are other techniques

to upper bound the generalization gap. While VC-dimension

approach yields a bound independent of the data distribution,

it is found that these bounds are vacuous [37], [39] and

scales exponentially with the number of parameters of the

neural network. To obtain tighter and non vacuous general-

ization bounds, prior works [37], [40], [41] have proposed

the use of PAC-Bayes analysis. For any δ ∈ (0, 1), with

probability at least 1− δ, the generalization gap using PAC-

Bayes analysis is upper bounded as, RBER(f) − R̂BER(f) ≤
√

KL(ζ||Γ)+log
√
m+log(2/δ)

2m . The PAC-Bayes prior on the space

of neural network decoders ζ is chosen independent of the

training data [40], [42]. The KL divergence term between the

PAC-Bayes prior ζ and posterior Γ is typically the dominant

term in the bound for the generalization gap. While the

posterior Γ achieves minimal empirical risk, and is data-

dependent; the KL divergence term can be large as the data-

independent priors are chosen arbitrarily causing the bound to

be vacuous [42]. Furthermore, it is difficult to obtain explicit

dependence of the generalization gap on the code parameters

(such as codelength, and variable node degree) using the

PAC-Bayes analysis. PAC-Learning approach used in this

paper leads to a cleaner analysis (inspired by recent results

on generalization bounds for graph neural networks and

recurrent neural networks [43], [44]), and the bound obtained

has a closed-form expression with explicit dependence on code

parameters, decoding iterations, and the training dataset size.

We next show that Theorem 1 can be readily generalized

to irregular parity check matrices. Specifically, consider an

irregular parity check matrix H ∈ {0, 1}(n−k)×n where dvi

is the variable node degree of the i-th bit in the codeword,
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and dcj is the parity check node degree of the j-th parity

check equation. The NBP decoder corresponding to such this

irregular parity check matrix is characterized by the weight

matrices {W(t)
1 |1 ≤ t ≤ T}, {W(t)

2 |1 ≤ t ≤ T}, W3,

W4. Here, for every 1 ≤ t ≤ T , and θ =
∑n

i=1 dvi
, we

have that W
(t)
1 ∈ R

θ×n, W
(t)
2 ∈ R

θ×θ, W3 ∈ R
n×θ, and

W4 ∈ R
n×n. For any value of t, the weight matrix W

(t)
1 has

one non-zero entry in every row, and dvi
non-zero entries in

the i-th column. In the weight matrix W
(t)
2 , the i-th bit in the

codeword with variable node degree dvi corresponds to dvi

rows and dvi columns, and these rows and columns each have

exactly dvi − 1 non-zero entries. Using similar steps to prove

Theorem 1, we derive a bound on the generalization gap for a

NBP decoder corresponding to irregular parity check matrix.

Corollary 1. For any δ ∈ (0, 1), with probability at least

1 − δ, the generalization gap for any NBP decoder f ∈ FT

corresponding to irregular parity check matrix can be upper

bounded as follows,

RBER(f)− R̂BER(f) ≤
4

m
+

√

log(1/δ)

2m
+

12

√

√

√

√

√

n
∑

j=1

d2vj (T + 1)2

m
log

(

8
√
mnwmax

i
dvi

bλ

)

. (12)

IV. EXPERIMENTAL RESULTS

In this section, we present some numerical results to com-

plement our theoretical bounds. We consider binary phase

shift keying (BPSK) modulation and AWGN channel, and

the received channel output for 1 ≤ i ≤ n is given as

y[i] = (−1)x[i] + z[i]. We focus on Tanner codes with: (i)

n = 155, k = 64, dv = 3, dc = 5; (ii) n = 310, k = 128,

dv = 3, dc = 5 and study the empirical generalization perfor-

mance of NBP decoders whose architecture was proposed in

[5], and also described in Section II of this paper. We adopt the

software provided with the papers [6], [7] for our experiments.

We train the weights of the NBP decoder until convergence

by minimizing the cross-entropy loss between the true and

the predicted codeword. We use ADAM optimizer for training

with a learning rate of 0.01. We evaluate the NBP decoder by

measuring the generalization gap (difference between average

BER attained on the test and training datasets). We perform

each experiment for 10 trials, and the distribution of the

generalization gap over these 10 randomized runs are plotted

on a boxplot. We next discuss the impact of the dataset size

(m), and the decoding iterations (T ) on the generalization gap.

a. Impact of training dataset size (m): We consider the NBP

decoder with T = 3 decoding iterations (equivalently, 6 layers)

trained for channel SNR of 2 dB; we vary the training data

set size from m = 103 to m = 104 in steps of 1000. From the

results in Fig. 3(a), (b), we observe that the generalization gap

is the largest for m = 1000, and generally decays with m. For

a smaller dataset size, the overfitting on the training samples

is severe. Therefore, the NBP decoder fails to generalize on

unseen samples in the test data. We also repeated the above
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<latexit sha1_base64="6VVpm0kcq/9Q5r/2+yCYDXzO/J8=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhBCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF3QuRIA==</latexit>

1000

<latexit sha1_base64="MYMObhlR6o2vZ4AYW2R5swAtYD0=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5JpZVoXYtGNywrWFtqhZNK0DU0yQ5IRytBXcONCQVwJvop7N+LbODMtxdsPgZ/vP4ecc/yQM20Q+rQWFpeWV1Zza/b6xubWdn5n90YHkSK0QQIeqJaPNeVM0oZhhtNWqCgWPqdNf3SR5s1bqjQL5LUZh9QTeCBZnxFsUlRCCHXzBVREmeBf48xM4ezNPg1fPux6N//e6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8TEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmqWic1x0nCtUqJ2DqXJgHxyAI+CACqiBS1AHDUDAENyBB/BoCeveerKep6UL1qxnD/yQ9foF3pORIQ==</latexit>

2000

<latexit sha1_base64="g0ukOjIVbJfgtzhRXv8oIdsvxJI=">AAAB7HicbZDLSsNAFIYn9VbjrerSzWARXJWJkbQuxKIblxWsLbShTKaTduhMEmYmQgl9BTcuFMSV4Ku4dyO+jUlaircfBn6+/xzmnONFnCmN0KdRWFhcWl4prppr6xubW6XtnRsVxpLQJgl5KNseVpSzgDY105y2I0mx8DhteaOLLG/dUqlYGFzrcURdgQcB8xnBOkM2QqhXKqMKygX/Gmtmymdv5mn08mE2eqX3bj8ksaCBJhwr1bFQpN0ES80IpxOzGysaYTLCA9pJbYAFVW6SzzqBBynpQz+U6Qs0zOn3jgQLpcbCSysF1kP1O8vgf1kn1n7NTVgQxZoGZPqRH3OoQ5gtDvtMUqL5ODWYSJbOCskQS0x0eh4zP8JJ1XFqznxlmBHbduw5aR1VrOOKZV2hcv0cTFUEe2AfHAILVEEdXIIGaAIChuAOPIBHQxj3xpPxPC0tGLOeXfBDxusX4BuRIg==</latexit>

3000

<latexit sha1_base64="T2eCTwVUTW5AhA83dVZDQdTnWMs=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMLdO6EItuXFawttAOJZOmbTDJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zrUOIkVokwQ8UG0fa8qZpE3DDKftUFEsfE5b/s15mrduqdIskFdmHFJP4KFkA0awSVEFIdQrFFEJZYJ/jTMzxdM3+yR8+bAbvcJ7tx+QSFBpCMdadxwUGi/GyjDC6cTuRpqGmNzgIe0kVmJBtRdns07gQUL6cBCo5EkDM/q9I8ZC67Hwk0qBzUj/zlL4X9aJzKDmxUyGkaGSTD8aRByaAKaLwz5TlBg+TgwmiiWzQjLCChOTnMfOjnBcdd2aO18ZpqRcdstz0joqOZWS41yiYv0MTJUHe2AfHAIHVEEdXIAGaAICRuAOPIBHS1j31pP1PC3NWbOeXfBD1usX4aORIw==</latexit>

4000

<latexit sha1_base64="UaZXzxWfKnXA23aG1liOl4reg18=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5KxOq0LsejGZQVrC+1QMmnahiaZIckIZegruHGhIK4EX8W9G/FtnJmW4u2HwM/3n0POOX7ImTYIfVpz8wuLS8u5FXt1bX1jM7+1faODSBFaJwEPVNPHmnImad0ww2kzVBQLn9OGP7xI88YtVZoF8tqMQuoJ3Jesxwg2KTpGCHXyBVREmeBf40xN4ezNPg1fPuxaJ//e7gYkElQawrHWLQeFxouxMoxwOrbbkaYhJkPcp63ESiyo9uJs1jHcT0gX9gKVPGlgRr93xFhoPRJ+UimwGejfWQr/y1qR6VW8mMkwMlSSyUe9iEMTwHRx2GWKEsNHicFEsWRWSAZYYWKS89jZEU7KrltxZyvDlJRKbmlGGodF56joOFeoUD0HE+XALtgDB8ABZVAFl6AG6oCAAbgDD+DREta99WQ9T0rnrGnPDvgh6/UL4yuRJA==</latexit>

5000

<latexit sha1_base64="qHkUBAwhy5f2dflCMuiVaHhssXY=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhFCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF5LORJQ==</latexit>

6000

<latexit sha1_base64="V5e2gZr5JnpghNZvfVIQ6JnThmQ=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpKiKEOoWiqiEMsG/xpmZ4tmbfRq+fNj1buG90wtIJKg0hGOt2w4KjRdjZRjhdGJ3Ik1DTEZ4QNuJlVhQ7cXZrBN4kJAe7AcqedLAjH7viLHQeiz8pFJgM9S/sxT+l7Uj0696MZNhZKgk04/6EYcmgOnisMcUJYaPE4OJYsmskAyxwsQk57GzI5xUXLfqzleGKSmX3fKcNI9KznHJca5QsXYOpsqDPbAPDoEDKqAGLkEdNAABQ3AHHsCjJax768l6npbmrFnPLvgh6/UL58ORJw==</latexit>

8000

<latexit sha1_base64="9RTYx/yZUWJciFvcW32NrUC3k1o=">AAAB7XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNywrGFtpQJtNJO3QyCTMToYQ+gxsXCuLGhY/i3o34Nk7SUrz9MPDz/ecw5xw/ZlQqy/o0CguLS8srxVVzbX1jc6u0vXMjo0Rg4uKIRaLtI0kY5cRVVDHSjgVBoc9Iyx9dZHnrlghJI36txjHxQjTgNKAYKY1c29LqlcpWxcoF/xp7Zspnb+Zp/PJhNnul924/wklIuMIMSdmxrVh5KRKKYkYmZjeRJEZ4hAakoy1HIZFemg87gQea9GEQCf24gjn93pGiUMpx6OvKEKmh/J1l8L+sk6ig7qWUx4kiHE8/ChIGVQSzzWGfCoIVG2uDsKB6VoiHSCCs9H3M/AgnNcepO/OVYUaqVac6J62jin1cse0rq9w4B1MVwR7YB4fABjXQAJegCVyAAQV34AE8Gty4N56M52lpwZj17IIfMl6/AEu2kVo=</latexit>

10000

<latexit sha1_base64="kJ1UckoRNqG7MRV5gXzF6ijaGNs=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBtoQ1lMp22Q2cmYWYilNBXcONCQdz6QO58G5M0FG8/DPx85xzmnN8POdPGtj+twtr6xuZWcbu0s7u3f1A+PLrXQaQI7ZCAB6rnY005k7RjmOG0FyqKhc9p159dp/XuA1WaBfLOzEPqCTyRbMwINilq2LY9LFfsqp0J/TVObiqQqz0sfwxGAYkElYZwrHXfsUPjxVgZRjhdlAaRpiEmMzyh/cRKLKj24mzXBTpLyAiNA5U8aVBGv0/EWGg9F37SKbCZ6t+1FP5X60dm3PRiJsPIUEmWH40jjkyA0sPRiClKDJ8nBhPFkl0RmWKFiUniKWUhXDZct+muTkYpqdXc2op0L6pOveo4t/VK6yrPowgncArn4EADWnADbegAgSk8wjO8WMJ6sl6tt2VrwcpnjuGHrPcvg3ON6Q==</latexit>

7000

<latexit sha1_base64="vumdUUin0WlRwPj/C2vV3qyWpZk=">AAAB7HicbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJW13RTcuK1hbaEOZTCft0JlJmJkIpfQV3LhQELc+kDvfxiQNxdsPAz/fOYc55/cjzrSx7U9rbX1jc2u7sFPc3ds/OCwdHd/rMFaEdkjIQ9XzsaacSdoxzHDaixTFwue060+v03r3gSrNQnlnZhH1BB5LFjCCTYqatm0PS2W7YmdCf42TmzLkag9LH4NRSGJBpSEca9137Mh4c6wMI5wuioNY0wiTKR7TfmIlFlR782zXBTpPyAgFoUqeNCij3yfmWGg9E37SKbCZ6N+1FP5X68cmaHhzJqPYUEmWHwUxRyZE6eFoxBQlhs8Sg4liya6ITLDCxCTxFLMQmnXXbbirk1FKqlW3uiLdy4pTqzjOba3cusrzKMApnMEFOFCHFtxAGzpAYAKP8AwvlrCerFfrbdm6ZuUzJ/BD1vsXhoON6w==</latexit>

9000

<latexit sha1_base64="n95SsKCRSHdr44pUTEpscGIUMFQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSwe4WiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5JUkHI=</latexit>

1

<latexit sha1_base64="lkf2rcEAJ3q4jDGlbsMkVYgo3JA=">AAAB6XicbZDLSsNAFIYnXmu8VV26GSyCq5K0ktaFWHTjsgVrC20ok+mkHTuZhJmJUEKfwI0LBXHbh3HvRnwbJ2kp3n4Y+Pn+c5hzjhcxKpVlfRpLyyura+u5DXNza3tnN7+3fyvDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3SV5q17IiQN+Y0aR8QN0IBTn2KkNGqUevmCVbQywb/GnpvCxZt5Hk0/zHov/97thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BYkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6RVKtqnRdtuWIXaJZgpBw7BETgBNqiAGrgGddAEGBDwAJ7As3FnPBovxuusdMmY9xyAHzKmX5PZkHM=</latexit>

2

<latexit sha1_base64="T4V5G2C0Oy6Xl84QRKtsoknBbdQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadQo9wpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCVXpB0</latexit>

3

<latexit sha1_base64="bIznD8SLser6gd9PxtT8Ch7xrUc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXElrQuxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz0isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+YmlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwIp1XHqTmLlWFKymWnvCDtk5JdKdl20yrWL8BMeXAADsExsEEV1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGW45B1</latexit>

4

<latexit sha1_base64="PwnutbzkJadFwV4Os6PTaqLTg+Y=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEaloXYtGNyxasLbShTKaTOnYyCTMToYQ+gRsXCuK2D+Pejfg2TtJSvP0w8PP95zDnHC9iVCrL+jRyC4tLyyv5VXNtfWNzq7C9cyPDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3iZ5q17IiQN+bUaRcQN0IBTn2KkNGqc9ApFq2Rlgn+NPTPF8zfzLJp8mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRsdmNJYkQHqIB6WjLUUCkm2SDjuGBJn3oh0I/rmBGv3ckKJByFHi6MkDqVv7OUvhf1omVX3UTyqNYEY6nH/kxgyqE6dawTwXBio20QVhQPSvEt0ggrPRtzOwIpxXHqTrzlWFKymWnPCeto5J9XLLthlWsXYCp8mAP7INDYIMKqIErUAdNgAEBD+AJPBt3xqPxYrxOS3PGrGcX/JAx+QKYaJB2</latexit>

5

<latexit sha1_base64="sC5IzS4ZS3CIFC4G1wpYFUHBCgc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadRweoWiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5ntkHc=</latexit>

6

<latexit sha1_base64="+IGrjFxlBlTlKcFqyc9hmYHyyQk=">AAAB9nicbZDLSsNAFIYn9VbrrerSzWAR3FgSU9K6K7pxWcHaQpuWyXTSDp1MwsxEKaHv4caFgrj1Wdz5Nk7SULz9MPDznXM4Z34vYlQq0/w0Ciura+sbxc3S1vbO7l55/+BOhrHApI1DFoquhyRhlJO2ooqRbiQICjxGOt70Kq137omQNOS3ahYRN0BjTn2KkdJo0Fc0IBJa5iA5s+fDcsWsmpngX2PlpgJytYblj/4oxHFAuMIMSdmzzEi5CRKKYkbmpX4sSYTwFI1JT1uO9DI3ya6ewxNNRtAPhX5cwYx+n0hQIOUs8HRngNRE/q6l8L9aL1Z+w00oj2JFOF4s8mMGVQjTCOCICoIVm2mDsKD6VognSCCsdFClLISLuuM0nOWXYUps27GXpHNetWpVy7qpVZqXeR5FcASOwSmwQB00wTVogTbAQIBH8AxejAfjyXg13hatBSOfOQQ/ZLx/AQ1Wkjs=</latexit>

×10
−3

<latexit sha1_base64="6VVpm0kcq/9Q5r/2+yCYDXzO/J8=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhBCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF3QuRIA==</latexit>

1000

<latexit sha1_base64="MYMObhlR6o2vZ4AYW2R5swAtYD0=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5JpZVoXYtGNywrWFtqhZNK0DU0yQ5IRytBXcONCQVwJvop7N+LbODMtxdsPgZ/vP4ecc/yQM20Q+rQWFpeWV1Zza/b6xubWdn5n90YHkSK0QQIeqJaPNeVM0oZhhtNWqCgWPqdNf3SR5s1bqjQL5LUZh9QTeCBZnxFsUlRCCHXzBVREmeBf48xM4ezNPg1fPux6N//e6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8TEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmqWic1x0nCtUqJ2DqXJgHxyAI+CACqiBS1AHDUDAENyBB/BoCeveerKep6UL1qxnD/yQ9foF3pORIQ==</latexit>

2000

<latexit sha1_base64="g0ukOjIVbJfgtzhRXv8oIdsvxJI=">AAAB7HicbZDLSsNAFIYn9VbjrerSzWARXJWJkbQuxKIblxWsLbShTKaTduhMEmYmQgl9BTcuFMSV4Ku4dyO+jUlaircfBn6+/xzmnONFnCmN0KdRWFhcWl4prppr6xubW6XtnRsVxpLQJgl5KNseVpSzgDY105y2I0mx8DhteaOLLG/dUqlYGFzrcURdgQcB8xnBOkM2QqhXKqMKygX/Gmtmymdv5mn08mE2eqX3bj8ksaCBJhwr1bFQpN0ES80IpxOzGysaYTLCA9pJbYAFVW6SzzqBBynpQz+U6Qs0zOn3jgQLpcbCSysF1kP1O8vgf1kn1n7NTVgQxZoGZPqRH3OoQ5gtDvtMUqL5ODWYSJbOCskQS0x0eh4zP8JJ1XFqznxlmBHbduw5aR1VrOOKZV2hcv0cTFUEe2AfHAILVEEdXIIGaAIChuAOPIBHQxj3xpPxPC0tGLOeXfBDxusX4BuRIg==</latexit>

3000

<latexit sha1_base64="T2eCTwVUTW5AhA83dVZDQdTnWMs=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMLdO6EItuXFawttAOJZOmbTDJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zrUOIkVokwQ8UG0fa8qZpE3DDKftUFEsfE5b/s15mrduqdIskFdmHFJP4KFkA0awSVEFIdQrFFEJZYJ/jTMzxdM3+yR8+bAbvcJ7tx+QSFBpCMdadxwUGi/GyjDC6cTuRpqGmNzgIe0kVmJBtRdns07gQUL6cBCo5EkDM/q9I8ZC67Hwk0qBzUj/zlL4X9aJzKDmxUyGkaGSTD8aRByaAKaLwz5TlBg+TgwmiiWzQjLCChOTnMfOjnBcdd2aO18ZpqRcdstz0joqOZWS41yiYv0MTJUHe2AfHAIHVEEdXIAGaAICRuAOPIBHS1j31pP1PC3NWbOeXfBD1usX4aORIw==</latexit>

4000

<latexit sha1_base64="UaZXzxWfKnXA23aG1liOl4reg18=">AAAB7HicbZDLSgMxFIYzXut4q7p0EyyCq5KxOq0LsejGZQVrC+1QMmnahiaZIckIZegruHGhIK4EX8W9G/FtnJmW4u2HwM/3n0POOX7ImTYIfVpz8wuLS8u5FXt1bX1jM7+1faODSBFaJwEPVNPHmnImad0ww2kzVBQLn9OGP7xI88YtVZoF8tqMQuoJ3Jesxwg2KTpGCHXyBVREmeBf40xN4ezNPg1fPuxaJ//e7gYkElQawrHWLQeFxouxMoxwOrbbkaYhJkPcp63ESiyo9uJs1jHcT0gX9gKVPGlgRr93xFhoPRJ+UimwGejfWQr/y1qR6VW8mMkwMlSSyUe9iEMTwHRx2GWKEsNHicFEsWRWSAZYYWKS89jZEU7KrltxZyvDlJRKbmlGGodF56joOFeoUD0HE+XALtgDB8ABZVAFl6AG6oCAAbgDD+DREta99WQ9T0rnrGnPDvgh6/UL4yuRJA==</latexit>

5000

<latexit sha1_base64="qHkUBAwhy5f2dflCMuiVaHhssXY=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpMhFCHULRVRCmeBf48xM8ezNPg1fPux6t/De6QUkElQawrHWbQeFxouxMoxwOrE7kaYhJiM8oO3ESiyo9uJs1gk8SEgP9gOVPGlgRr93xFhoPRZ+UimwGerfWQr/y9qR6Ve9mMkwMlSS6Uf9iEMTwHRx2GOKEsPHicFEsWRWSIZYYWKS89jZEU4qrlt15yvDlJTLbnlOmkcl57jkOFeoWDsHU+XBHtgHh8ABFVADl6AOGoCAIbgDD+DREta99WQ9T0tz1qxnF/yQ9foF5LORJQ==</latexit>

6000

<latexit sha1_base64="V5e2gZr5JnpghNZvfVIQ6JnThmQ=">AAAB7HicbZDLSgMxFIYz9VbHW9Wlm2ARXJWMlWldiEU3LitYW2iHkknTNjTJDElGKENfwY0LBXEl+Cru3Yhv48y0FG8/BH6+/xxyzvFDzrRB6NPKLSwuLa/kV+219Y3NrcL2zo0OIkVogwQ8UC0fa8qZpA3DDKetUFEsfE6b/ugizZu3VGkWyGszDqkn8ECyPiPYpKiKEOoWiqiEMsG/xpmZ4tmbfRq+fNj1buG90wtIJKg0hGOt2w4KjRdjZRjhdGJ3Ik1DTEZ4QNuJlVhQ7cXZrBN4kJAe7AcqedLAjH7viLHQeiz8pFJgM9S/sxT+l7Uj0696MZNhZKgk04/6EYcmgOnisMcUJYaPE4OJYsmskAyxwsQk57GzI5xUXLfqzleGKSmX3fKcNI9KznHJca5QsXYOpsqDPbAPDoEDKqAGLkEdNAABQ3AHHsCjJax768l6npbmrFnPLvgh6/UL58ORJw==</latexit>

8000

<latexit sha1_base64="9RTYx/yZUWJciFvcW32NrUC3k1o=">AAAB7XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNywrGFtpQJtNJO3QyCTMToYQ+gxsXCuLGhY/i3o34Nk7SUrz9MPDz/ecw5xw/ZlQqy/o0CguLS8srxVVzbX1jc6u0vXMjo0Rg4uKIRaLtI0kY5cRVVDHSjgVBoc9Iyx9dZHnrlghJI36txjHxQjTgNKAYKY1c29LqlcpWxcoF/xp7Zspnb+Zp/PJhNnul924/wklIuMIMSdmxrVh5KRKKYkYmZjeRJEZ4hAakoy1HIZFemg87gQea9GEQCf24gjn93pGiUMpx6OvKEKmh/J1l8L+sk6ig7qWUx4kiHE8/ChIGVQSzzWGfCoIVG2uDsKB6VoiHSCCs9H3M/AgnNcepO/OVYUaqVac6J62jin1cse0rq9w4B1MVwR7YB4fABjXQAJegCVyAAQV34AE8Gty4N56M52lpwZj17IIfMl6/AEu2kVo=</latexit>

10000

<latexit sha1_base64="kJ1UckoRNqG7MRV5gXzF6ijaGNs=">AAAB7HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLWndFd24rGBtoQ1lMp22Q2cmYWYilNBXcONCQdz6QO58G5M0FG8/DPx85xzmnN8POdPGtj+twtr6xuZWcbu0s7u3f1A+PLrXQaQI7ZCAB6rnY005k7RjmOG0FyqKhc9p159dp/XuA1WaBfLOzEPqCTyRbMwINilq2LY9LFfsqp0J/TVObiqQqz0sfwxGAYkElYZwrHXfsUPjxVgZRjhdlAaRpiEmMzyh/cRKLKj24mzXBTpLyAiNA5U8aVBGv0/EWGg9F37SKbCZ6t+1FP5X60dm3PRiJsPIUEmWH40jjkyA0sPRiClKDJ8nBhPFkl0RmWKFiUniKWUhXDZct+muTkYpqdXc2op0L6pOveo4t/VK6yrPowgncArn4EADWnADbegAgSk8wjO8WMJ6sl6tt2VrwcpnjuGHrPcvg3ON6Q==</latexit>

7000

<latexit sha1_base64="vumdUUin0WlRwPj/C2vV3qyWpZk=">AAAB7HicbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJW13RTcuK1hbaEOZTCft0JlJmJkIpfQV3LhQELc+kDvfxiQNxdsPAz/fOYc55/cjzrSx7U9rbX1jc2u7sFPc3ds/OCwdHd/rMFaEdkjIQ9XzsaacSdoxzHDaixTFwue060+v03r3gSrNQnlnZhH1BB5LFjCCTYqatm0PS2W7YmdCf42TmzLkag9LH4NRSGJBpSEca9137Mh4c6wMI5wuioNY0wiTKR7TfmIlFlR782zXBTpPyAgFoUqeNCij3yfmWGg9E37SKbCZ6N+1FP5X68cmaHhzJqPYUEmWHwUxRyZE6eFoxBQlhs8Sg4liya6ITLDCxCTxFLMQmnXXbbirk1FKqlW3uiLdy4pTqzjOba3cusrzKMApnMEFOFCHFtxAGzpAYAKP8AwvlrCerFfrbdm6ZuUzJ/BD1vsXhoON6w==</latexit>

9000

<latexit sha1_base64="EzezFsDhfINInW0Ve0xiqREbZHA=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuAqJrWndFd24rGhtoQ1lMp20QycXZiZCKX0ENy4UxK0v5M63cZKG4u2HgZ/vnMOc83sxZ1JZ1qdRWFldW98obpa2tnd298r7B/cySgShbRLxSHQ9LClnIW0rpjjtxoLiwOO0402u0nrngQrJovBOTWPqBngUMp8RrDS6tczzQblimVYm9NfYualArtag/NEfRiQJaKgIx1L2bCtW7gwLxQin81I/kTTGZIJHtKdtiAMq3Vm26hydaDJEfiT0CxXK6PeJGQ6knAae7gywGsvftRT+V+slym+4MxbGiaIhWXzkJxypCKV3oyETlCg+1QYTwfSuiIyxwETpdEpZCBd1x2k4y5NRSqpVp7oknTPTrpm2fVOrNC/zPIpwBMdwCjbUoQnX0II2EBjBIzzDi8GNJ+PVeFu0Fox85hB+yHj/Ag7fjas=</latexit>

0.5

<latexit sha1_base64="ACpq+ZoefVsvY0oo1dbdG0l3gNY=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJXElrTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAsKXRryUPRdIoGzALqKKQ79SADxXQ49d3ad1nsPICQLg1s1j8DxySRgHqNEadSxRuWKWTUz4b/Gyk0F5WqPyh/DcUhjHwJFOZFyYJmRchIiFKMcFqVhLCEidEYmMNA2ID5IJ8kWXeAzTcbYC4V+gcIZ/T6REF/Kue/qTp+oqfxdS+F/tUGsvKaTsCCKFQR0+ZEXc6xCnF6Nx0wAVXyuDaGC6V0xnRJBqNLZlLIQLhu23bRXJ+OU1Gp2bUV6F1WrXrWsTr3SusrzKKITdIrOkYUaqIVuUBt1EUWAHtEzejHujSfj1XhbthaMfOYY/ZDx/gUvjI01</latexit>

1

<latexit sha1_base64="VV0xE0nSy55rmpud5JJRw++yqYI=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuAqJrWndFd24rGhtoQ1lMp20QycXZiZCKX0ENy4UxK0v5M63cZKG4u2HgZ/vnMOc83sxZ1JZ1qdRWFldW98obpa2tnd298r7B/cySgShbRLxSHQ9LClnIW0rpjjtxoLiwOO0402u0nrngQrJovBOTWPqBngUMp8RrDS6tc3zQblimVYm9NfYualArtag/NEfRiQJaKgIx1L2bCtW7gwLxQin81I/kTTGZIJHtKdtiAMq3Vm26hydaDJEfiT0CxXK6PeJGQ6knAae7gywGsvftRT+V+slym+4MxbGiaIhWXzkJxypCKV3oyETlCg+1QYTwfSuiIyxwETpdEpZCBd1x2k4y5NRSqpVp7oknTPTrpm2fVOrNC/zPIpwBMdwCjbUoQnX0II2EBjBIzzDi8GNJ+PVeFu0Fox85hB+yHj/AhBmjaw=</latexit>

1.5

<latexit sha1_base64="OJ3Q7IPvtpukc7pqF2jWCvY5giw=">AAAB6XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJW9K6K7px2YK1hTaUyXTSjk4uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj25lGAtCeyTkoRi4WFLOAtpTTHE6iATFvstp372/Suv9ByokC4MbNY+o4+NpwDxGsNKoWxuXK2bVzIT+Gis3FcjVGZc/RpOQxD4NFOFYyqFlRspJsFCMcLoojWJJI0zu8ZQOtQ2wT6WTZIsu0JkmE+SFQr9AoYx+n0iwL+Xcd3Wnj9VM/q6l8L/aMFZey0lYEMWKBmT5kRdzpEKUXo0mTFCi+FwbTATTuyIywwITpbMpZSFcNG27Za9ORimp1+36ivRrVatRtaxuo9K+zPMowgmcwjlY0IQ2XEMHekCAwiM8w4txZzwZr8bbsrVg5DPH8EPG+xcxEY02</latexit>

2

<latexit sha1_base64="DZf5JRQA2B+nda0CIEhpeLYZ0Cc=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1gEVyFpa1p3RTcuK1pbaEOZTKft0MmFmYlQQh/BjQsFcesLufNtnKShePth4Oc75zDn/F7EmVSW9WmsrK6tb2wWtorbO7t7+6WDw3sZxoLQNgl5KLoelpSzgLYVU5x2I0Gx73Ha8aZXab3zQIVkYXCnZhF1fTwO2IgRrDS6rZjng1LZMq1M6K+xc1OGXK1B6aM/DEns00ARjqXs2Vak3AQLxQin82I/ljTCZIrHtKdtgH0q3SRbdY5ONRmiUSj0CxTK6PeJBPtSznxPd/pYTeTvWgr/q/ViNWq4CQuiWNGALD4axRypEKV3oyETlCg+0wYTwfSuiEywwETpdIpZCBd1x2k4y5NRSqpVp7oknYpp10zbvqmVm5d5HgU4hhM4Axvq0IRraEEbCIzhEZ7hxeDGk/FqvC1aV4x85gh+yHj/AhHtja0=</latexit>

2.5

<latexit sha1_base64="cnwTXFUgJerVQCNY6wqtbXi6qJU=">AAAB6XicbZDLSsNAFIYn9VbrrerSzWARXJXElrTuim5ctmBtoQ1lMj1px04uzEyEEvoEblwoiFvfyJ1v4yQNxdsPAz/fOYc553cjzqQyzU+jsLa+sblV3C7t7O7tH5QPj+5kGAsKXRryUPRdIoGzALqKKQ79SADxXQ49d3ad1nsPICQLg1s1j8DxySRgHqNEadSpjcoVs2pmwn+NlZsKytUelT+G45DGPgSKciLlwDIj5SREKEY5LErDWEJE6IxMYKBtQHyQTpItusBnmoyxFwr9AoUz+n0iIb6Uc9/VnT5RU/m7lsL/aoNYeU0nYUEUKwjo8iMv5liFOL0aj5kAqvhcG0IF07tiOiWCUKWzKWUhXDZsu2mvTsYpqdXs2or0LqpWvWpZnXqldZXnUUQn6BSdIws1UAvdoDbqIooAPaJn9GLcG0/Gq/G2bC0Y+cwx+iHj/Qsylo03</latexit>

3

<latexit sha1_base64="+7I8+Zs+DjysLeCvvRU3AK0w51s=">AAAB63icbZDLSsNAFIYn9VbrrerSzWARXIXE1LTuim5cVrS20IYymU7aoZNJmJkIJfQR3LhQELe+kDvfxkkaircfBn6+cw5zzu/HjEplWZ9GaWV1bX2jvFnZ2t7Z3avuH9zLKBGYdHDEItHzkSSMctJRVDHSiwVBoc9I159eZfXuAxGSRvxOzWLihWjMaUAxUhrdOub5sFqzTCsX/GvswtRAofaw+jEYRTgJCVeYISn7thUrL0VCUczIvDJIJIkRnqIx6WvLUUikl+arzuGJJiMYREI/rmBOv0+kKJRyFvq6M0RqIn/XMvhfrZ+ooOmllMeJIhwvPgoSBlUEs7vhiAqCFZtpg7CgeleIJ0ggrHQ6lTyEi4brNt3lyTAjjuM6S9I9M+26ads39VrrssijDI7AMTgFNmiAFrgGbdABGIzBI3gGLwYznoxX423RWjKKmUPwQ8b7FxN0ja4=</latexit>

3.5

<latexit sha1_base64="T3+37tMXVfgZDrhb5WDy+Nbq0gg=">AAAB5XicbZDLSsNAFIYn9Vbjrbp1M1gEVyWxktZd0Y3LCtYW2lAm05N27GQSZiZCKX0CNy4U3PpK7nwbJ2ko3n4Y+PnOOcw5f5BwprTjfFqltfWNza3ytr2zu7d/ULEP71WcSgodGvNY9gKigDMBHc00h14igUQBh24wvc7q3UeQisXiTs8S8CMyFixklGiDbi+GlapTc3Lhv8YtTBUVag8rH4NRTNMIhKacKNV3nUT7cyI1oxwW9iBVkBA6JWPoGytIBMqf54su8KkhIxzG0jyhcU6/T8xJpNQsCkxnRPRE/a5l8L9aP9Vh058zkaQaBF1+FKYc6xhnV+MRk0A1nxlDqGRmV0wnRBKqTTZ2HsJlw/Oa3upknJF63auvSPe85l7UXLfauirSKKNjdILOkIsaqIVuUBt1EEWAntALerUerGfrbdlYsoqJI/RD1vsXx5eMDQ==</latexit>

4

<latexit sha1_base64="+IGrjFxlBlTlKcFqyc9hmYHyyQk=">AAAB9nicbZDLSsNAFIYn9VbrrerSzWAR3FgSU9K6K7pxWcHaQpuWyXTSDp1MwsxEKaHv4caFgrj1Wdz5Nk7SULz9MPDznXM4Z34vYlQq0/w0Ciura+sbxc3S1vbO7l55/+BOhrHApI1DFoquhyRhlJO2ooqRbiQICjxGOt70Kq137omQNOS3ahYRN0BjTn2KkdJo0Fc0IBJa5iA5s+fDcsWsmpngX2PlpgJytYblj/4oxHFAuMIMSdmzzEi5CRKKYkbmpX4sSYTwFI1JT1uO9DI3ya6ewxNNRtAPhX5cwYx+n0hQIOUs8HRngNRE/q6l8L9aL1Z+w00oj2JFOF4s8mMGVQjTCOCICoIVm2mDsKD6VognSCCsdFClLISLuuM0nOWXYUps27GXpHNetWpVy7qpVZqXeR5FcASOwSmwQB00wTVogTbAQIBH8AxejAfjyXg13hatBSOfOQQ/ZLx/AQ1Wkjs=</latexit>

×10
−3

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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<latexit sha1_base64="VtFEwgb6vDkHkkgSSytFhyOlpMo=">AAAB/HicbVDLTgIxFO3gC/E14tJNI5jghsyAGXBH1IVLTERIYEI6pUBD55H2jhEn/IobF5oYt36IO//G8gjxdZImJ+fck3t7vEhwBZb1aaRWVtfWN9Kbma3tnd09cz97q8JYUtagoQhlyyOKCR6wBnAQrBVJRnxPsKY3upj6zTsmFQ+DGxhHzPXJIOB9TgloqWtmLwnoOGDFHxgu5P38SdfMWUVrBvyX2AuSQwvUu+ZHpxfS2GcBUEGUattWBG5CJHAq2CTTiRWLCB2RAWtrGhCfKTeZ3T7Bx1rp4X4o9QsAz9TviYT4So19T0/6BIbqtzcV//PaMfSrbsKDKAYW0PmifiwwhHhaBO5xySiIsSaESq5vxXRIJKGg68rMSjirOE7VWX4ZT5Vy2SkvlWapaJ8Wbfu6lKudL/pIo0N0hArIRhVUQ1eojhqIonv0iJ7RizExnoxX420+mjIWmQP0A8b7F9Ajk6Q=</latexit>

Dataset size (m)

<latexit sha1_base64="VtFEwgb6vDkHkkgSSytFhyOlpMo=">AAAB/HicbVDLTgIxFO3gC/E14tJNI5jghsyAGXBH1IVLTERIYEI6pUBD55H2jhEn/IobF5oYt36IO//G8gjxdZImJ+fck3t7vEhwBZb1aaRWVtfWN9Kbma3tnd09cz97q8JYUtagoQhlyyOKCR6wBnAQrBVJRnxPsKY3upj6zTsmFQ+DGxhHzPXJIOB9TgloqWtmLwnoOGDFHxgu5P38SdfMWUVrBvyX2AuSQwvUu+ZHpxfS2GcBUEGUattWBG5CJHAq2CTTiRWLCB2RAWtrGhCfKTeZ3T7Bx1rp4X4o9QsAz9TviYT4So19T0/6BIbqtzcV//PaMfSrbsKDKAYW0PmifiwwhHhaBO5xySiIsSaESq5vxXRIJKGg68rMSjirOE7VWX4ZT5Vy2SkvlWapaJ8Wbfu6lKudL/pIo0N0hArIRhVUQ1eojhqIonv0iJ7RizExnoxX420+mjIWmQP0A8b7F9Ajk6Q=</latexit>

Dataset size (m)

<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="XPv7BIURyVsGiEtg7HO6JZodcKQ=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARXJXElLQuhKIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIhb38edb+MkDcXbDwM/3zmHOef3Y0alMs1Po7S2vrG5Vd6u7Ozu7R9UD4/uZZQITFwcsUj0fSQJo5y4iipG+rEgKPQZ6fmzm6zeeyBC0oh31TwmXogmnAYUI6WR24VX0B5Va2bdzAX/GqswNVCoM6p+DMcRTkLCFWZIyoFlxspLkVAUM7KoDBNJYoRnaEIG2nIUEuml+bILeKbJGAaR0I8rmNPvEykKpZyHvu4MkZrK37UM/lcbJCpoeSnlcaIIx8uPgoRBFcHscjimgmDF5togLKjeFeIpEggrnU8lD+Gy6TgtZ3UyzIhtO/aK9C7qVqNuWXeNWvu6yKMMTsApOAcWaII2uAUd4AIMKHgEz+DF4MaT8Wq8LVtLRjFzDH7IeP8CBjOOMA==</latexit>

T = 3

<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="NGuNKRBFVII5/CUYTRc6fdjICxM=">AAAB7nicbZDLSsNAFIYn9VbrrerSzWARXJXElLRdCEU3LivYC7ShTKaTduwkE2YmQgl9BzcuFMStz+POt3GShuLth4Gf75zDnPN7EaNSmeanUVhb39jcKm6Xdnb39g/Kh0ddyWOBSQdzxkXfQ5IwGpKOooqRfiQICjxGet7sOq33HoiQlId3ah4RN0CTkPoUI6VRdwYvYdMelStm1cwE/xorNxWQqz0qfwzHHMcBCRVmSMqBZUbKTZBQFDOyKA1jSSKEZ2hCBtqGKCDSTbJtF/BMkzH0udAvVDCj3ycSFEg5DzzdGSA1lb9rKfyvNoiV33ATGkaxIiFefuTHDCoO09PhmAqCFZtrg7CgeleIp0ggrHRApSyEZt1xGs7qZJgS23bsFeldVK1a1bJua5XWVZ5HEZyAU3AOLFAHLXAD2qADMLgHj+AZvBjceDJejbdla8HIZ47BDxnvX6Ytjoo=</latexit>

k = 93

<latexit sha1_base64="YpGOiiQIYvF4wgP1HbpwmJT5tPk=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxbVoXQtGNywrWFNpQJtNJO3QyCTMToYQ+hBsXCuLW13Hn25imoXj7YeDnO+cw5/xexJnSpvlprKyurW9sFraK2zu7e/ulg8N7FcaS0A4JeSi7HlaUM0E7mmlOu5GkOPA4dbzJ9bzuPFCpWCju9DSiboBHgvmMYJ0iR6BLZNXrg1LZrJiZ0F9j5aYMudqD0kd/GJI4oEITjpXqWWak3QRLzQins2I/VjTCZIJHtJdagQOq3CRbd4ZOUzJEfijTJzTK6PeJBAdKTQMv7QywHqvftTn8r9aLtd90EyaiWFNBFh/5MUc6RPPb0ZBJSjSfpgYTydJdERljiYlOEypmIVw0bLtpL09Gc1Kt2tUlcc4rVq1iWbe1cusqz6MAx3ACZ2BBA1pwA23oAIEJPMIzvBiR8WS8Gm+L1hUjnzmCHzLevwAYfY7G</latexit>

n = 155

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3

<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="XPv7BIURyVsGiEtg7HO6JZodcKQ=">AAAB7XicbZDLSsNAFIYn9VbrrerSzWARXJXElLQuhKIblxUaW2hDmUwn7dDJJMxMhBL6DG5cKIhb38edb+MkDcXbDwM/3zmHOef3Y0alMs1Po7S2vrG5Vd6u7Ozu7R9UD4/uZZQITFwcsUj0fSQJo5y4iipG+rEgKPQZ6fmzm6zeeyBC0oh31TwmXogmnAYUI6WR24VX0B5Va2bdzAX/GqswNVCoM6p+DMcRTkLCFWZIyoFlxspLkVAUM7KoDBNJYoRnaEIG2nIUEuml+bILeKbJGAaR0I8rmNPvEykKpZyHvu4MkZrK37UM/lcbJCpoeSnlcaIIx8uPgoRBFcHscjimgmDF5togLKjeFeIpEggrnU8lD+Gy6TgtZ3UyzIhtO/aK9C7qVqNuWXeNWvu6yKMMTsApOAcWaII2uAUd4AIMKHgEz+DF4MaT8Wq8LVtLRjFzDH7IeP8CBjOOMA==</latexit>

T = 3

<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="5++Doiy3Va4J5virdlJO5pUs/vc=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegS1S1zWKmaNTMX+muswlShUGdY+RiMQhIHVGjCsVJ9y4y0m2CpGeF0Xh7EikaYTPGY9lMrcECVm+TrztFpSkbID2X6hEY5/T6R4ECpWeClnQHWE/W7lsH/av1Y+y03YSKKNRVk8ZEfc6RDlN2ORkxSovksNZhIlu6KyARLTHSaUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYkTGk/FqvC1aV4xi5gh+yHj/Ag3ajr8=</latexit>

n = 310

<latexit sha1_base64="YtlgY7Vb5Hl7Q00un1Evizka4U0=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTq5MDMRSuhDuHGhIG59HXe+jZM0FG8/DPx85xzmnN+LOZPKND+NldW19Y3N0lZ5e2d3b79ycHgvo0QQ2iURj0TPw5JyFtKuYorTXiwoDjxOHW96ndWdByoki8I7NYupG+BxyHxGsNLImaJLZLXsYaVq1sxc6K+xClOFQp1h5WMwikgS0FARjqXsW2as3BQLxQin8/IgkTTGZIrHtK9tiAMq3TRfd45ONRkhPxL6hQrl9PtEigMpZ4GnOwOsJvJ3LYP/1fqJ8ltuysI4UTQki4/8hCMVoex2NGKCEsVn2mAimN4VkQkWmCidUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYsTGk/FqvC1aV4xi5gh+yHj/Ahnzjsc=</latexit>

k = 186

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3

<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="AMZuiXL5HFJRfbuhs3gX7HHGSe0=">AAACBHicbVDLSsNAFJ3UV62vqDvdDBbBVUlsSeuu6MZlBWsLTSiT6aQdOnk4MxFKCLjxV9y4UBC3foQ7/8ZJGoqvAwOHc+7lzjluxKiQhvGplZaWV1bXyuuVjc2t7R19d+9GhDHHpItDFvK+iwRhNCBdSSUj/YgT5LuM9NzpReb37ggXNAyu5Swijo/GAfUoRlJJQ/3AjngYyRDaHkc4MdPEFrdcJn6aDvWqUTNywL/ELEgVFOgM9Q97FOLYJ4HEDAkxMI1IOgnikmJG0oodCxIhPEVjMlA0QD4RTpJnSOGxUkbQC7l6gYS5+n0jQb4QM99Vkz6SE/Hby8T/vEEsvZaT0CCKJQnw/JAXM6gyZ4XAEeUESzZTBGFO1V8hniBVhlS1VfISzpqW1bIWkWGm1OtWfaH0Tmtmo2aaV41q+7zoowwOwRE4ASZogja4BB3QBRjcg0fwDF60B+1Je9Xe5qMlrdjZBz+gvX8B2gaY8w==</latexit>

∝
1

√
m

<latexit sha1_base64="AMZuiXL5HFJRfbuhs3gX7HHGSe0=">AAACBHicbVDLSsNAFJ3UV62vqDvdDBbBVUlsSeuu6MZlBWsLTSiT6aQdOnk4MxFKCLjxV9y4UBC3foQ7/8ZJGoqvAwOHc+7lzjluxKiQhvGplZaWV1bXyuuVjc2t7R19d+9GhDHHpItDFvK+iwRhNCBdSSUj/YgT5LuM9NzpReb37ggXNAyu5Swijo/GAfUoRlJJQ/3AjngYyRDaHkc4MdPEFrdcJn6aDvWqUTNywL/ELEgVFOgM9Q97FOLYJ4HEDAkxMI1IOgnikmJG0oodCxIhPEVjMlA0QD4RTpJnSOGxUkbQC7l6gYS5+n0jQb4QM99Vkz6SE/Hby8T/vEEsvZaT0CCKJQnw/JAXM6gyZ4XAEeUESzZTBGFO1V8hniBVhlS1VfISzpqW1bIWkWGm1OtWfaH0Tmtmo2aaV41q+7zoowwOwRE4ASZogja4BB3QBRjcg0fwDF60B+1Je9Xe5qMlrdjZBz+gvX8B2gaY8w==</latexit>

∝
1

√
m

Fig. 3: Generalization gap as a function of the dataset size m
at channel SNR = 2 dB for (a) Tanner code with n = 155,

and k = 93, (b) Tanner code with n = 310, and k = 186.

<latexit sha1_base64="ZpqNfcWutT9cKUg0LMOxReqCWcQ=">AAACA3icbZBNSwJBGMdnezV72+oUXYY0sIvsaqjdpDp0NNAUVGR2fNTB2dllZjaQRbr0Vbp0KIiufYlufZvWdZHe/jDw5/c8D888f8fnTGnL+jSWlldW19ZTG+nNre2dXXNv/1Z5gaTQoB73ZMshCjgT0NBMc2j5EojrcGg648tZvXkHUjFP1PXEh65LhoINGCU6Qj3z8Aqo12diiJkGGUOFc9l69rRnZqy8FQv/NXZiMihRrWd+dPoeDVwQmnKiVNu2fN0NidSMcpimO4ECn9AxGUI7soK4oLphfMIUn0SkjweejJ7QOKbfJ0LiKjVxnajTJXqkftdm8L9aO9CDSjdkwg80CDpfNAg41h6e5YH7TALVfBIZQiWL/orpiEhCozhUOg7hvFwqVUqLk/GMFIul4oI0C3n7LG/bN4VM9SLJI4WO0DHKIRuVURVdoxpqIIru0SN6Ri/Gg/FkvBpv89YlI5k5QD9kvH8BQxqWrw==</latexit>

Decoding iterations (T )

<latexit sha1_base64="ZpqNfcWutT9cKUg0LMOxReqCWcQ=">AAACA3icbZBNSwJBGMdnezV72+oUXYY0sIvsaqjdpDp0NNAUVGR2fNTB2dllZjaQRbr0Vbp0KIiufYlufZvWdZHe/jDw5/c8D888f8fnTGnL+jSWlldW19ZTG+nNre2dXXNv/1Z5gaTQoB73ZMshCjgT0NBMc2j5EojrcGg648tZvXkHUjFP1PXEh65LhoINGCU6Qj3z8Aqo12diiJkGGUOFc9l69rRnZqy8FQv/NXZiMihRrWd+dPoeDVwQmnKiVNu2fN0NidSMcpimO4ECn9AxGUI7soK4oLphfMIUn0SkjweejJ7QOKbfJ0LiKjVxnajTJXqkftdm8L9aO9CDSjdkwg80CDpfNAg41h6e5YH7TALVfBIZQiWL/orpiEhCozhUOg7hvFwqVUqLk/GMFIul4oI0C3n7LG/bN4VM9SLJI4WO0DHKIRuVURVdoxpqIIru0SN6Ri/Gg/FkvBpv89YlI5k5QD9kvH8BQxqWrw==</latexit>

Decoding iterations (T )

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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<latexit sha1_base64="lkf2rcEAJ3q4jDGlbsMkVYgo3JA=">AAAB6XicbZDLSsNAFIYnXmu8VV26GSyCq5K0ktaFWHTjsgVrC20ok+mkHTuZhJmJUEKfwI0LBXHbh3HvRnwbJ2kp3n4Y+Pn+c5hzjhcxKpVlfRpLyyura+u5DXNza3tnN7+3fyvDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3SV5q17IiQN+Y0aR8QN0IBTn2KkNGqUevmCVbQywb/GnpvCxZt5Hk0/zHov/97thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BYkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6RVKtqnRdtuWIXaJZgpBw7BETgBNqiAGrgGddAEGBDwAJ7As3FnPBovxuusdMmY9xyAHzKmX5PZkHM=</latexit>

2

<latexit sha1_base64="T4V5G2C0Oy6Xl84QRKtsoknBbdQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadQo9wpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCVXpB0</latexit>

3

<latexit sha1_base64="bIznD8SLser6gd9PxtT8Ch7xrUc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXElrQuxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz0isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+YmlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwIp1XHqTmLlWFKymWnvCDtk5JdKdl20yrWL8BMeXAADsExsEEV1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGW45B1</latexit>

4

<latexit sha1_base64="PwnutbzkJadFwV4Os6PTaqLTg+Y=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEaloXYtGNyxasLbShTKaTOnYyCTMToYQ+gRsXCuK2D+Pejfg2TtJSvP0w8PP95zDnHC9iVCrL+jRyC4tLyyv5VXNtfWNzq7C9cyPDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3iZ5q17IiQN+bUaRcQN0IBTn2KkNGqc9ApFq2Rlgn+NPTPF8zfzLJp8mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRsdmNJYkQHqIB6WjLUUCkm2SDjuGBJn3oh0I/rmBGv3ckKJByFHi6MkDqVv7OUvhf1omVX3UTyqNYEY6nH/kxgyqE6dawTwXBio20QVhQPSvEt0ggrPRtzOwIpxXHqTrzlWFKymWnPCeto5J9XLLthlWsXYCp8mAP7INDYIMKqIErUAdNgAEBD+AJPBt3xqPxYrxOS3PGrGcX/JAx+QKYaJB2</latexit>

5

<latexit sha1_base64="sC5IzS4ZS3CIFC4G1wpYFUHBCgc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadRweoWiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5ntkHc=</latexit>

6

<latexit sha1_base64="Ns0w+nmW/IgaCqJCRffnlfP4GKY=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9ApFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCbcpB4</latexit>

7

<latexit sha1_base64="BnYvbJ1TwqsHdoj/4m7h5QLxmkQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9gpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCc95B5</latexit>

8

<latexit sha1_base64="GfwGjzjxh47Rf0oPHM7vcRSL+BI=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEStouxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz1isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+omlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwItYrjVJ3FyjAl5bJTXpD2Sck+Ldl20yrWL8BMeXAADsExsEEF1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGefJB6</latexit>

9

<latexit sha1_base64="9Fee4WRsdtBMzLifZRA7MDrTEiY=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpW91C0SpZmdBfY09N8eTNPI5fPsx6t/De6UUkCWioCMdStm0rVu4IC8UIp2Ozk0gaYzLAfdrWNsQBle4om3SM9jTpIT8S+oUKZfR7xwgHUg4DT1cGWN3I31kK/8vaifKr7oiFcaJoSCYf+QlHKkLp2qjHBCWKD7XBRDA9KyI3WGCi9HHM7AhHFcepOrOVUUrKZac8I82Dkn1Ysu0Lq1g7hYnysAO7sA82VKAG51CHBhDw4Q4e4NEYGPfGk/E8Kc0Z055t+CHj9QsAaZCs</latexit>

10
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<latexit sha1_base64="RcL5LlszqJBU+brD407Jj9UJ8ic=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm3XB+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6lqOHg==</latexit>

0.004

<latexit sha1_base64="+wMWCFovN8YduLZZ4fTzqbdtq1c=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm27g3Il+zOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8dLHsHJ0ZZYhGkTRPaLRQv3ekOFRqFgamMsR6on57mfif10v0qOmnTMSJpoIsB40SjnSEssvRkElKNJ8ZgolkZldEJlhiok0+pUUIlw3Xbbqrk1Gm1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7WSOIA==</latexit>

0.006

<latexit sha1_base64="SLlNCZhv78PH5sPV6bNeQgaYiBs=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm03B+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8G6OIg==</latexit>

0.008

<latexit sha1_base64="ip25H0k5ohty5APr6XMru5PYKnE=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtbd0V3bisYGyhDWUynbRDJ5MwMxFK6De4caEgbv0fd/6NkzYUXweGOZxzL/fe48ecKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT68zv/tApWKRuNOzmHohHgsWMIK1kVy7YjvVYals/gXQX+LkpAw5OsPSx2AUkSSkQhOOleo7dqy9FEvNCKfz4iBRNMZkise0b6jAIVVeulh2js6NMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTXIRw2Ww0Wo3VyShTarVGbaV0qxWnXnGc23q5fZXnUYBTOIMLcKAJbbiBDrhAgMEjPMOLJawn69V6W5auWXnPCfyA9f4F6NaOHQ==</latexit>

0.012

<latexit sha1_base64="y1RQvFxPlXs+LwEZsFkKkFSGmtg=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdupD8oV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6+COHw==</latexit>

0.014

<latexit sha1_base64="HieCld9roy0w+3+aZxVkO7/SGv0=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtxB+WK+TOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8NFt2js6MMkSjSJonNMrU7x0pDpWahYGpDLGeqN/eQvzP6yV61PRTJuJEU0GWg0YJRzpCi8vRkElKNJ8ZgolkZldEJlhiok0+pSyEy4brNt3VyWih1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7uqOIQ==</latexit>

0.016

<latexit sha1_base64="c19/KMtpSF+kOHY1Yday8Ap373A=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtpDsoV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8fSOIw==</latexit>

0.018

<latexit sha1_base64="YbfHl8vAUhKF0VCP+hc1cVGn2SU=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2tHVXdOOygrGFNpTJdNIOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7jx9zprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkohHsudjRTkT1NVMc9qLJcWhz2nXn15nfveBSsUicadnMfVCPBYsYARrI7l21XbsYbli/gXQX+LkpAI5OsPyx2AUkSSkQhOOleo7dqy9FEvNCKfz0iBRNMZkise0b6jAIVVeulh2js6MMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTWoRw2Ww0Wo3VyShTarVGbaV0L6pOveo4t/VK+yrPowgncArn4EAT2nADHXCBAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F5cyOGw==</latexit>

0.010

<latexit sha1_base64="k8Z+9LXTrWH7okWlg28d6/n4h44=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W8Fnw1LZrJqZ0F9j5aYMudrD0sdgFJDIp0ITjpXqW2aonRhLzQin8+IgUjTEZIrHtJ9YgX2qnDhbdY5OEzJCXiCTJzTK6PeJGPtKzXw36fSxnqjftRT+V+tH2ms6MRNhpKkgi4+8iCMdoPRuNGKSEs1nicFEsmRXRCZYYqKTdIpZCBcN227ay5NRSup1u74k3VrVOq9a1k2t3LrM8yjAMZxABSxoQAuuoQ0dIDCGR3iGF4MbT8ar8bZoXTHymSP4IeP9Cz19jcg=</latexit>

(a)

<latexit sha1_base64="3SlBQTwMAZHzUTbGu0ew7Al+6hQ=">AAAB63icbZDLSsNAFIZPvNZ6q7p0M1iEuilJK2ndFd24rGhtoQ1lMp20QyeTMDMRSugjuHGhIG59IXe+jUkaircfBn6+cw5zzu+GnCltmp/Gyura+sZmYau4vbO7t186OLxXQSQJ7ZCAB7LnYkU5E7Sjmea0F0qKfZfTrju9SuvdByoVC8SdnoXU8fFYMI8RrBN0W3HPhqWyWTUzob/Gyk0ZcrWHpY/BKCCRT4UmHCvVt8xQOzGWmhFO58VBpGiIyRSPaT+xAvtUOXG26hydJmSEvEAmT2iU0e8TMfaVmvlu0uljPVG/ayn8r9aPtNd0YibCSFNBFh95EUc6QOndaMQkJZrPEoOJZMmuiEywxEQn6RSzEC4att20lyejlNTrdn1JurWqdV61rJtauXWZ51GAYziBCljQgBZcQxs6QGAMj/AMLwY3noxX423RumLkM0fwQ8b7Fz8Djck=</latexit>

(b)

<latexit sha1_base64="D1TI7auuNxRxCD3PcLoClFXLajw=">AAAB/HicbZDLSsNAFIYn9VbrLdalm8EiuCpJK2ndFV3osoK1hTaUyfS0HTqZhJmJWEtfxY0LBXHrg7jzbUzSULz9MPDznXM4Z34v5Expy/o0ciura+sb+c3C1vbO7p65X7xVQSQptGjAA9nxiALOBLQ00xw6oQTiexza3uQiqbfvQCoWiBs9DcH1yUiwIaNEx6hvFi9BgCScPaQAj0jYN0tW2UqF/xo7MyWUqdk3P3qDgEY+CE05UaprW6F2Z0RqRjnMC71IQUjohIygG1tBfFDuLL19jo9jMsDDQMZPaJzS7xMz4is19b240yd6rH7XEvhfrRvpYd2dMRFGGgRdLBpGHOsAJ0HgAZNANZ/GhlDJ4lsxHRNJqI7jKqQhnNUcp+4sv4wTUq061SVpV8r2adm2ryulxnmWRx4doiN0gmxUQw10hZqohSi6R4/oGb0Yc+PJeDXeFq05I5s5QD9kvH8Bz42U8Q==</latexit>
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<latexit sha1_base64="RcL5LlszqJBU+brD407Jj9UJ8ic=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm3XB+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6lqOHg==</latexit>

0.004

<latexit sha1_base64="+wMWCFovN8YduLZZ4fTzqbdtq1c=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm27g3Il+zOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8dLHsHJ0ZZYhGkTRPaLRQv3ekOFRqFgamMsR6on57mfif10v0qOmnTMSJpoIsB40SjnSEssvRkElKNJ8ZgolkZldEJlhiok0+pUUIlw3Xbbqrk1Gm1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7WSOIA==</latexit>

0.006

<latexit sha1_base64="SLlNCZhv78PH5sPV6bNeQgaYiBs=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF5nfueBSsUicadnMfVDPBZsxAjWRvLsqm03B+VK9mdAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T56WLZOTozyhCNImme0Gihfu9IcajULAxMZYj1RP32MvE/r5foUdNPmYgTTQVZDholHOkIZZejIZOUaD4zBBPJzK6ITLDERJt8SosQLhuu23RXJ6NMqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8G6OIg==</latexit>

0.008

<latexit sha1_base64="ip25H0k5ohty5APr6XMru5PYKnE=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtbd0V3bisYGyhDWUynbRDJ5MwMxFK6De4caEgbv0fd/6NkzYUXweGOZxzL/fe48ecKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT68zv/tApWKRuNOzmHohHgsWMIK1kVy7YjvVYals/gXQX+LkpAw5OsPSx2AUkSSkQhOOleo7dqy9FEvNCKfz4iBRNMZkise0b6jAIVVeulh2js6NMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTXIRw2Ww0Wo3VyShTarVGbaV0qxWnXnGc23q5fZXnUYBTOIMLcKAJbbiBDrhAgMEjPMOLJawn69V6W5auWXnPCfyA9f4F6NaOHQ==</latexit>

0.012

<latexit sha1_base64="y1RQvFxPlXs+LwEZsFkKkFSGmtg=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdupD8oV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L6+COHw==</latexit>

0.014

<latexit sha1_base64="HieCld9roy0w+3+aZxVkO7/SGv0=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtxB+WK+TOgv8TJSQVytAflj/4wIklIhSYcK9Vz7Fj7KZaaEU7npX6iaIzJFI9pz1CBQ6r8NFt2js6MMkSjSJonNMrU7x0pDpWahYGpDLGeqN/eQvzP6yV61PRTJuJEU0GWg0YJRzpCi8vRkElKNJ8ZgolkZldEJlhiok0+pSyEy4brNt3VyWih1GpubaV0LqpOveo4t/VK6yrPowgncArn4EADWnADbfCAAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F7uqOIQ==</latexit>

0.016

<latexit sha1_base64="c19/KMtpSF+kOHY1Yday8Ap373A=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2pHVXdOOygrGFNpTJdNoOnUzCzEQood/gxoWCuPV/3Pk3TtNQfB0Y5nDOvdx7TxBzprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkYhHshtgRTkT1NNMc9qNJcVhwGknmF4v/M4DlYpF4k7PYuqHeCzYiBGsjeTZVdtpDsoV82dAf4mTkwrkaA/KH/1hRJKQCk04Vqrn2LH2Uyw1I5zOS/1E0RiTKR7TnqECh1T5abbsHJ0ZZYhGkTRPaJSp3ztSHCo1CwNTGWI9Ub+9hfif10v0qOmnTMSJpoIsB40SjnSEFpejIZOUaD4zBBPJzK6ITLDERJt8SlkIlw3Xbbqrk9FCqdXc2krpXFSdetVxbuuV1lWeRxFO4BTOwYEGtOAG2uABAQaP8AwvlrCerFfrbVlasPKeY/gB6/0L8fSOIw==</latexit>

0.018

<latexit sha1_base64="za1L3UMjjYVKovCtVL1EVE10AOo=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtad0V3bisYGyhDWUynbZDJ5MwMxFK6Te4caEgbv0fd/6NkzQUXweGOZxzL/feE8ScKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgn1SMQj2Q2wopwJ6mmmOe3GkuIw4LQTTK9Tv/NApWKRuNOzmPohHgs2YgRrI3l2xa5WB6Wy+TOgv8TJSRlytAelj/4wIklIhSYcK9Vz7Fj7cyw1I5wuiv1E0RiTKR7TnqECh1T582zZBTo3yhCNImme0ChTv3fMcajULAxMZYj1RP32UvE/r5foUdOfMxEnmgqyHDRKONIRSi9HQyYp0XxmCCaSmV0RmWCJiTb5FLMQLhuu23RXJ6NUqdXc2krpVCtOveI4t/Vy6yrPowCncAYX4EADWnADbfCAAINHeIYXS1hP1qv1tixds/KeE/gB6/0L6lyOHg==</latexit>

0.022

<latexit sha1_base64="YbfHl8vAUhKF0VCP+hc1cVGn2SU=">AAAB7XicbVDLSsNAFL2pr1pfVZduBovgqiS2tHVXdOOygrGFNpTJdNIOnUzCzEQood/gxoWCuPV/3Pk3TtpQfB0Y5nDOvdx7jx9zprRtf1qFtfWNza3idmlnd2//oHx4dK+iRBLqkohHsudjRTkT1NVMc9qLJcWhz2nXn15nfveBSsUicadnMfVCPBYsYARrI7l21XbsYbli/gXQX+LkpAI5OsPyx2AUkSSkQhOOleo7dqy9FEvNCKfz0iBRNMZkise0b6jAIVVeulh2js6MMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTWoRw2Ww0Wo3VyShTarVGbaV0L6pOveo4t/VK+yrPowgncArn4EAT2nADHXCBAINHeIYXS1hP1qv1tiwtWHnPMfyA9f4F5cyOGw==</latexit>

0.010

<latexit sha1_base64="e6G7OkQWBcURuYkn2Kbn3Ehqykw=">AAAB7XicbVDLSsNAFL3xWeur6tLNYBFclaQtbd0V3bisYGyhDWUynbRDJ5MwMxFK6De4caEgbv0fd/6NkzYUXweGOZxzL/fe48ecKW3bn9ba+sbm1nZhp7i7t39wWDo6vldRIgl1ScQj2fOxopwJ6mqmOe3FkuLQ57TrT68zv/tApWKRuNOzmHohHgsWMIK1kVy7YlftYals/gXQX+LkpAw5OsPSx2AUkSSkQhOOleo7dqy9FEvNCKfz4iBRNMZkise0b6jAIVVeulh2js6NMkJBJM0TGi3U7x0pDpWahb6pDLGeqN9eJv7n9RMdtLyUiTjRVJDloCDhSEcouxyNmKRE85khmEhmdkVkgiUm2uRTXIRw2Ww0Wo3VyShTarVGbaV0qxWnXnGc23q5fZXnUYBTOIMLcKAJbbiBDrhAgMEjPMOLJawn69V6W5auWXnPCfyA9f4F51KOHA==</latexit>

0.020

<latexit sha1_base64="lkf2rcEAJ3q4jDGlbsMkVYgo3JA=">AAAB6XicbZDLSsNAFIYnXmu8VV26GSyCq5K0ktaFWHTjsgVrC20ok+mkHTuZhJmJUEKfwI0LBXHbh3HvRnwbJ2kp3n4Y+Pn+c5hzjhcxKpVlfRpLyyura+u5DXNza3tnN7+3fyvDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3SV5q17IiQN+Y0aR8QN0IBTn2KkNGqUevmCVbQywb/GnpvCxZt5Hk0/zHov/97thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BYkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6RVKtqnRdtuWIXaJZgpBw7BETgBNqiAGrgGddAEGBDwAJ7As3FnPBovxuusdMmY9xyAHzKmX5PZkHM=</latexit>

2

<latexit sha1_base64="T4V5G2C0Oy6Xl84QRKtsoknBbdQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadQo9wpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCVXpB0</latexit>

3

<latexit sha1_base64="bIznD8SLser6gd9PxtT8Ch7xrUc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXElrQuxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz0isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+YmlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwIp1XHqTmLlWFKymWnvCDtk5JdKdl20yrWL8BMeXAADsExsEEV1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGW45B1</latexit>

4

<latexit sha1_base64="PwnutbzkJadFwV4Os6PTaqLTg+Y=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEaloXYtGNyxasLbShTKaTOnYyCTMToYQ+gRsXCuK2D+Pejfg2TtJSvP0w8PP95zDnHC9iVCrL+jRyC4tLyyv5VXNtfWNzq7C9cyPDWGDSxCELRdtDkjDKSVNRxUg7EgQFHiMtb3iZ5q17IiQN+bUaRcQN0IBTn2KkNGqc9ApFq2Rlgn+NPTPF8zfzLJp8mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRsdmNJYkQHqIB6WjLUUCkm2SDjuGBJn3oh0I/rmBGv3ckKJByFHi6MkDqVv7OUvhf1omVX3UTyqNYEY6nH/kxgyqE6dawTwXBio20QVhQPSvEt0ggrPRtzOwIpxXHqTrzlWFKymWnPCeto5J9XLLthlWsXYCp8mAP7INDYIMKqIErUAdNgAEBD+AJPBt3xqPxYrxOS3PGrGcX/JAx+QKYaJB2</latexit>

5

<latexit sha1_base64="sC5IzS4ZS3CIFC4G1wpYFUHBCgc=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadRweoWiVbIywb/GnpvixZt5Hk0/zHqv8N7thzgOCFeYISk7thUpN0FCUczIxOzGkkQIj9CAdLTlKCDSTbJBJ/BIkz70Q6EfVzCj3zsSFEg5DjxdGSA1lL+zFP6XdWLlV92E8ihWhOPZR37MoAphujXsU0GwYmNtEBZUzwrxEAmElb6NmR3hrOI4VWexMkxJueyUF6R1UrJPS7bdsIq1SzBTHhyAQ3AMbFABNXAN6qAJMCDgATyBZ+POeDRejNdZac6Y9+yDHzKmX5ntkHc=</latexit>

6

<latexit sha1_base64="Ns0w+nmW/IgaCqJCRffnlfP4GKY=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9ApFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCbcpB4</latexit>

7

<latexit sha1_base64="BnYvbJ1TwqsHdoj/4m7h5QLxmkQ=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXESloXYtGNyxasLbShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF371aGscCkiUMWiraHJGGUk6aiipF2JAgKPEZa3ugqzVv3REga8hs1jogboAGnPsVIadSo9gpFq2Rlgn+NPTfFizfzPJp+mPVe4b3bD3EcEK4wQ1J2bCtSboKEopiRidmNJYkQHqEB6WjLUUCkm2SDTuCRJn3oh0I/rmBGv3ckKJByHHi6MkBqKH9nKfwv68TKr7oJ5VGsCMezj/yYQRXCdGvYp4JgxcbaICyonhXiIRIIK30bMzvCWcVxqs5iZZiSctkpL0jrpGSflmy7YRVrl2CmPDgAh+AY2KACauAa1EETYEDAA3gCz8ad8Wi8GK+z0pwx79kHP2RMvwCc95B5</latexit>

8

<latexit sha1_base64="GfwGjzjxh47Rf0oPHM7vcRSL+BI=">AAAB6XicbZDLSsNAFIYn9VbjrerSzWARXJXEStouxKIbly1YK7ShTKaTduxkEmYmQgl9AjcuFMRtH8a9G/FtnKSlePth4Of7z2HOOV7EqFSW9WnklpZXVtfy6+bG5tb2TmF370aGscCkhUMWilsPScIoJy1FFSO3kSAo8Bhpe6PLNG/fEyFpyK/VOCJugAac+hQjpVGz1isUrZKVCf419twUz9/Ms2j6YTZ6hfduP8RxQLjCDEnZsa1IuQkSimJGJmY3liRCeIQGpKMtRwGRbpINOoFHmvShHwr9uIIZ/d6RoEDKceDpygCpofydpfC/rBMrv+omlEexIhzPPvJjBlUI061hnwqCFRtrg7CgelaIh0ggrPRtzOwItYrjVJ3FyjAl5bJTXpD2Sck+Ldl20yrWL8BMeXAADsExsEEF1MEVaIAWwICAB/AEno0749F4MV5npTlj3rMPfsiYfgGefJB6</latexit>

9

<latexit sha1_base64="9Fee4WRsdtBMzLifZRA7MDrTEiY=">AAAB6nicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJlbQuxKIbl1WsLbShTKaTOnRyYWYilNI3cONCQVzqu7h3I76Nk7QUbz8M/Hz/Ocw5x4s5k8qyPo3c3PzC4lJ+2VxZXVvfKGxuXcsoEYQ2SMQj0fKwpJyFtKGY4rQVC4oDj9OmNzhL8+YtFZJF4ZUaxtQNcD9kPiNYaXRpW91C0SpZmdBfY09N8eTNPI5fPsx6t/De6UUkCWioCMdStm0rVu4IC8UIp2Ozk0gaYzLAfdrWNsQBle4om3SM9jTpIT8S+oUKZfR7xwgHUg4DT1cGWN3I31kK/8vaifKr7oiFcaJoSCYf+QlHKkLp2qjHBCWKD7XBRDA9KyI3WGCi9HHM7AhHFcepOrOVUUrKZac8I82Dkn1Ysu0Lq1g7hYnysAO7sA82VKAG51CHBhDw4Q4e4NEYGPfGk/E8Kc0Z055t+CHj9QsAaZCs</latexit>

10

<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="5++Doiy3Va4J5virdlJO5pUs/vc=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTqZhJmJUEIfwo0LBXHr67jzbUzSULz9MPDznXOYc34v4kxp0/w0VlbX1jc2S1vl7Z3dvf3KweG9CmNJaJeEPJQ9DyvKmaBdzTSnvUhSHHicOt70Oqs7D1QqFoo7PYuoG+CxYD4jWKfIEegS1S1zWKmaNTMX+muswlShUGdY+RiMQhIHVGjCsVJ9y4y0m2CpGeF0Xh7EikaYTPGY9lMrcECVm+TrztFpSkbID2X6hEY5/T6R4ECpWeClnQHWE/W7lsH/av1Y+y03YSKKNRVk8ZEfc6RDlN2ORkxSovksNZhIlu6KyARLTHSaUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYkTGk/FqvC1aV4xi5gh+yHj/Ag3ajr8=</latexit>

n = 310

<latexit sha1_base64="YtlgY7Vb5Hl7Q00un1Evizka4U0=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxJa0LoejGZQVrCm0ok+mkHTq5MDMRSuhDuHGhIG59HXe+jZM0FG8/DPx85xzmnN+LOZPKND+NldW19Y3N0lZ5e2d3b79ycHgvo0QQ2iURj0TPw5JyFtKuYorTXiwoDjxOHW96ndWdByoki8I7NYupG+BxyHxGsNLImaJLZLXsYaVq1sxc6K+xClOFQp1h5WMwikgS0FARjqXsW2as3BQLxQin8/IgkTTGZIrHtK9tiAMq3TRfd45ONRkhPxL6hQrl9PtEigMpZ4GnOwOsJvJ3LYP/1fqJ8ltuysI4UTQki4/8hCMVoex2NGKCEsVn2mAimN4VkQkWmCidUDkP4aJp2y17eTLKSL1u15fEOa9ZjZpl3Taq7asijxIcwwmcgQVNaMMNdKALBKbwCM/wYsTGk/FqvC1aV4xi5gh+yHj/Ahnzjsc=</latexit>

k = 186

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3

<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="FX8DWhxSKFcOQo6i49LRFOpl9B4=">AAAB8nicbZDLSsNAFIYn9VbrrerSzWARXJWklbQuhFI3rqReaottKJPJtB06mYSZiVBC38KNCwVx69O4822cpKF4+2Hg5zvnMOf8bsioVKb5aeSWlldW1/LrhY3Nre2d4u7enQwigUkbBywQXRdJwignbUUVI91QEOS7jHTcyXlS7zwQIWnAb9U0JI6PRpwOKUZKo/uby2t4BivQaw6KJbNspoJ/jZWZEsjUGhQ/+l6AI59whRmSsmeZoXJiJBTFjMwK/UiSEOEJGpGethz5RDpxuvEMHmniwWEg9OMKpvT7RIx8Kae+qzt9pMbydy2B/9V6kRrWnZjyMFKE4/lHw4hBFcDkfOhRQbBiU20QFlTvCvEYCYSVDqmQhnBas+26vTgZJqRatasL0qmUrZOyZV1VSo1mlkceHIBDcAwsUAMNcAFaoA0w4OARPIMXQxpPxqvxNm/NGdnMPvgh4/0L5FSPxA==</latexit>

SNR = 2 dB

<latexit sha1_base64="NGuNKRBFVII5/CUYTRc6fdjICxM=">AAAB7nicbZDLSsNAFIYn9VbrrerSzWARXJXElLRdCEU3LivYC7ShTKaTduwkE2YmQgl9BzcuFMStz+POt3GShuLth4Gf75zDnPN7EaNSmeanUVhb39jcKm6Xdnb39g/Kh0ddyWOBSQdzxkXfQ5IwGpKOooqRfiQICjxGet7sOq33HoiQlId3ah4RN0CTkPoUI6VRdwYvYdMelStm1cwE/xorNxWQqz0qfwzHHMcBCRVmSMqBZUbKTZBQFDOyKA1jSSKEZ2hCBtqGKCDSTbJtF/BMkzH0udAvVDCj3ycSFEg5DzzdGSA1lb9rKfyvNoiV33ATGkaxIiFefuTHDCoO09PhmAqCFZtrg7CgeleIp0ggrHRApSyEZt1xGs7qZJgS23bsFeldVK1a1bJua5XWVZ5HEZyAU3AOLFAHLXAD2qADMLgHj+AZvBjceDJejbdla8HIZ47BDxnvX6Ytjoo=</latexit>

k = 93

<latexit sha1_base64="YpGOiiQIYvF4wgP1HbpwmJT5tPk=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyWxbVoXQtGNywrWFNpQJtNJO3QyCTMToYQ+hBsXCuLW13Hn25imoXj7YeDnO+cw5/xexJnSpvlprKyurW9sFraK2zu7e/ulg8N7FcaS0A4JeSi7HlaUM0E7mmlOu5GkOPA4dbzJ9bzuPFCpWCju9DSiboBHgvmMYJ0iR6BLZNXrg1LZrJiZ0F9j5aYMudqD0kd/GJI4oEITjpXqWWak3QRLzQins2I/VjTCZIJHtJdagQOq3CRbd4ZOUzJEfijTJzTK6PeJBAdKTQMv7QywHqvftTn8r9aLtd90EyaiWFNBFh/5MUc6RPPb0ZBJSjSfpgYTydJdERljiYlOEypmIVw0bLtpL09Gc1Kt2tUlcc4rVq1iWbe1cusqz6MAx3ACZ2BBA1pwA23oAIEJPMIzvBiR8WS8Gm+L1hUjnzmCHzLevwAYfY7G</latexit>

n = 155

<latexit sha1_base64="bS6O0E7Sl+XRuB1A7o04AZGefIk=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXElrQuhKIblxWsKbShTCaTduhkEmYmhRL6EG5cKIhbX8edb+MkDcXbDwM/3zmHOef3YkalMs1Po7S2vrG5Vd6u7Ozu7R9UD48eZJQITHo4YpHoe0gSRjnpKaoY6ceCoNBjxPGmN1ndmREhacTv1TwmbojGnAYUI6WR449m8Ao2RtWaWTdzwb/GKkwNFOqOqh9DP8JJSLjCDEk5sMxYuSkSimJGFpVhIkmM8BSNyUBbjkIi3TRfdwHPNPFhEAn9uII5/T6RolDKeejpzhCpifxdy+B/tUGigrabUh4ninC8/ChIGFQRzG6HPhUEKzbXBmFB9a4QT5BAWOmEKnkIly3bbturk2FGGg27sSLORd1q1i3rrlnrXBd5lMEJOAXnwAIt0AG3oAt6AIMpeATP4MWIjSfj1XhbtpaMYuYY/JDx/gWw0o8p</latexit>

dv = 3

<latexit sha1_base64="tvFD2y+xvhkgveDXJatMw1nW7OI=">AAAB73icbZDLSsNAFIYn9VbrrerSzWARXJXE1rQuhKIblxWsKbShTCaTduhkEmYmQgl9CDcuFMStr+POt3GShuLth4Gf75zDnPN7MaNSmeanUVpZXVvfKG9WtrZ3dveq+wf3MkoEJj0csUj0PSQJo5z0FFWM9GNBUOgx4njT66zuPBAhacTv1CwmbojGnAYUI6WR448wvITno2rNrJu54F9jFaYGCnVH1Y+hH+EkJFxhhqQcWGas3BQJRTEj88owkSRGeIrGZKAtRyGRbpqvO4cnmvgwiIR+XMGcfp9IUSjlLPR0Z4jURP6uZfC/2iBRQdtNKY8TRThefBQkDKoIZrdDnwqCFZtpg7CgeleIJ0ggrHRClTyEi5Ztt+3lyTAjjYbdWBLnrG4165Z126x1roo8yuAIHINTYIEW6IAb0AU9gMEUPIJn8GLExpPxarwtWktGMXMIfsh4/wKWsY8Y</latexit>

dc = 5

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

<latexit sha1_base64="vO5ioSAcJ1lV/Cd/7/ooD91HR+I=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMLdO6EIpuXFawttCOJZNm2mCSGZOMUIa+hBsXCuLWx3Hn25iZDsXbD4Gf75xDzvn9iFGlbfvTKiwtr6yuFddLG5tb2zvl3b0bFcYSkw4OWSh7PlKEUUE6mmpGepEkiPuMdP27i7TefSBS0VBc62lEPI7GggYUI21Qj8Mz6Ni39WG5YlftTPCvcXJTAbnaw/LHYBTimBOhMUNK9R070l6CpKaYkVlpECsSIXyHxqRvrECcKC/J9p3BI0NGMAileULDjH6fSBBXasp908mRnqjftRT+V+vHOmh6CRVRrInA84+CmEEdwvR4OKKSYM2mxiAsqdkV4gmSCGsTUSkL4bThuk13cTJMSa3m1hake1J16lXHuapXWud5HkVwAA7BMXBAA7TAJWiDDsCAgUfwDF6se+vJerXe5q0FK5/ZBz9kvX8Bwz+PJw==</latexit>

m = 10
4

Fig. 4: Generalization gap as a function of the decoding

iterations T (∝ number of layers) at channel SNR = 2 dB

for (a) Tanner code with n = 155, and k = 93, (b) Tanner

code with n = 310, and k = 186.

experiment for various values of T as well as by changing

SNR. We found the inverse monotonic dependence on m to

be consistent across different values of T and SNR.

b. Impact of decoding iterations (T ): In this experiment, we

study the impact of decoding iterations (which is proportional

to the number of hidden layers) in the NBP decoder on the

generalization gap. Here, we fixed channel SNR of 2 dB, train-

ing dataset size m = 104 and varied T from {2, 3, . . . , 10}.

As seen in Fig. 4 the generalization gap grows linearly with T ,

which is consistent with Theorem 1 (which behaves as O(T )).
Increasing the number of parameters will cause overfitting of

the NBP decoder resulting in a larger generalization gap. We

note that this observation (i.e., linear dependence on T ) was

consistent for different dataset sizes, and channel SNR values.

V. CONCLUSIONS

In this work, we presented results on the generalization gap of

NBP decoders as a function of training dataset size, decoding

iterations and code parameters (such as blocklength, message

length, variable node degree, and parity check node degree).

To the best of our knowledge, our work is the first to provide

theoretical guarantees for NBP decoders. Our bounds exhibit

mild polynomial dependence on the blocklength n and the

decoding iterations (layers), T . There are several interesting

directions for future work, including a) comprehensive exper-

imental verification of the behavior of generalization gap on

code parameters (such as n, dv); b) obtaining generalization

bounds for ML based decoders with practical constraints (such

as quantized weights); c) extending the ideas for other type

of ML based codes/decoders (i.e., beyond BP type decoder

architectures).
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