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ABSTRACT: We report an educational tool for the upper level
undergraduate quantum chemistry or quantum physics course that uses a
symbolic approach via the PySyComp Python library. The tool covers both l

time-independent and time-dependent quantum chemistry, with the latter ‘
rarely considered in the foundations course due to topic complexity. We use [N =

quantized Hamiltonian dynamics (QHD) that provides a simple extension [ Q H ]
4

of classical dynamics and captures key quantum effects. The PySyComp
library can compute various concepts regarding the fundamental postulates
of quantum mechanics, including normalized wave functions, expectation
values, and commutators, which are at the core of solving the Heisenberg
equations of motion. It provides a tool for students to experiment with
simple models and explore the key quantum concepts, such as zero-point
energy, tunneling, and decoherence.

KEYWORDS: Upper-Division Undergraduate, Graduate, Computer-Based Learning, Quantum Chemistry

B INTRODUCTION charge-free and often open-source. These are the criteria that
may be important for smaller institutions and schools that are
unable to afford licenses for commercial CASs.

Python is an optimal programming language to use due to
extensive resources and initiatives on introducing Python to
undergraduate students, such as the compute-to-learn project
designed at the University of Michigan,” the Molecular
Sciences Software Institute (MolSSI) that provides software
experiences and workshops to quantum chemistry students,’®
and pythoninchemistry”” that provides chemists with tutorials
and applications of scientific computing in Python. Python is
also an optimal choice due to its relevance in higher level
computational research,”®*”#0*

Python can be run through three main interfaces: via a
Python interpreter, the IPython interpreter, or self-contained
Python scripts.** Self-contained Python scripts are .py files that
allow users to write and run multiple lines, where the former
two methods are run line by line. The Jupyter Notebook
format is a combination of the self-contained script and the
interactive terminal'* and is a powerful environment for
developing code in Python, making it a good platform for both
developing code and creating interactive examples and tutorials

The rapid progress in computer science in the last 30 years has
stimulated the creation of the computer algebra systems
(CASs), which have been used for educational purposes in
various fields of study, including chemistry.' "' Tools such as
Wolfram Mathematica,'” Mathcad," Maple,14 and Matlab'®
have been used in classroom environments as valuable teaching
tools across a variety of subject areas.”””'°">° The extensive
databases of demonstration codes supported by these tools
have been reported for quantum mechanics and physical
chemistry education. Among them is the Wolfram Mathema-
tica’s Demonstrations Project,g’21 containing simple demon-
strations on topics standard in quantum mechanics course
curricula, such as quantum harmonic oscillators, spherical
harmonics, potential wells, and more.”' More recently, a wide
adoption and great success of the Python programming
language has stimulated the development of Python-based
teaching tools in a diverse array of chemical disciplines, such as
in the general analytical chemistry course, nuclear magnetic
resonance visualization, automated titrations, and gas chroma-
tography.””~>° Python has been used in various computational
and quantum chemistry teaching settings as well, e.g., for
solving Schrodinger’s equation, understanding Boltzmann
distributions and reciprocal space.”*”*’ Received:  October 4, 2022
Among the flexibility and intuitive syntax, Python-based Revised:  August 29, 2023

educational systems and tools can take advantage of multiple Published: September 19, 2023
Python libraries and resources for efficient numeric calcu-

lations,*”*! visualization,*>* data analysis and processing,35

data storage,36 and domain-centric objectives,37 most being
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a) m [31]:

p = lin_mom(q, 1)

comm(p, q, f(q))

—hif(q)

b) In

[18]:
time_deriv(q, 1)

[18]:

mass

Figure 1. Example outputs from the PySyComp library. (a) A simple commutator calculation and (b) a QHD calculation for position to the first

order.

for users who may not have a background in coding or
programming languages.

The code presented was written using Python 3 through
Jupyter Notebook 5.7.4. Python is a programming language
that is popular due to its ease, simplicity of use, and its efficient
runtime and feedback loop, making it ideal for undergraduate
use.*”* Jupyter Notebook is a free and open source web app
that is compatible with multiple programming languages.””**
Any code or notebooks discussed throughout this paper can be
found in the Supporting Information Zip 1 or Zip 2 or on
GitHub, which has the latest code and developments.

PySyComp provides a modernized way of computing in
quantum mechanics and uses SymPy as a back end for
symbolically solving quantum mechanical problems. SymPy,*’
or Symbolic Python, is a Python library aimed at evaluating
mathematical expressions in a symbolic way rather than
numerically. It has extensive functions that can compute
derivatives and integrals and also has defined functions for
several quantum topics,’’~>> some of which were used as a
foundation for the PySyComp library, such as SymPy’s
derivations, integrations, and basic commutator function. We
specifically chose to use SymPy because of its simplicity and
ease of use for students who do not have prior experience with
Python.

In this work, we report the development and application of
the PySyComp library in two different examples. The first
example is a simple particle in a box tutorial that discusses
normalizing wave functions and expectation values and
plotting various wave functions. The second example employs
the quantized Hamiltonian dynamics (QHD) method to
compute the equations of motion using natural variables as
described by Akimov and Prezhdo.” QHD is a simple
extension of classical Hamiltonian dynamics and captures
essential quantum effects in a computationally eflicient
manner. The theory and calculations of the QHD equations
of motion are described in the overview of the QHD theory
section. The QHD method is applied to three different
potentials: the Morse potential, Gaussian potential, and double
well potential. The potentials are separated by modules, and
each module is interactive for student use via Jupyter
Notebooks. Only a beginner’s knowledge of Python is
necessary to operate the PySyComp code. When the learning
modules are implemented in a classroom setting, one class
period would suffice to teach and apply the code to various
examples as outlined in the modules.

B AN OVERVIEW OF QHD THEORY

The QHD approach is a semiclassical method based on the
Heisenberg equations of motion:

aii)
dt

in = ([A, H])

(1)

where A represents an operator of some observable and H
represents the Hamiltonian, given by

4078

~2
v_ P A
=gy V@ @
Here, the first term represents the kinetic energy, and the
second term represents the potential energy of a given system.
Applying the Heisenberg equation of motion to position, g,
and momentum, p, and operators along with their higher
powers yields the QHD equations of motion. Approximations
are made by closures of a hierarchy of QHD equations. The
method was introduced by Pereverzev and Prezhdo®*® and
extended by Akimov and Prezhdo.”’ Working with the
Heisenberg equations of motion for quantum mechanical
expectation values, one can obtain the QHD equation
hierarchy, as described below to the second order:

da) _ P

dt m (3)
dp) -,
o W @)
&) _, ((pa))

a m (5)
e _(p* .
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d@p®) /

& = =2((pV’),) )

AB+ BA
allows us to

The use of the symmetrized form (AB), =

obtain the equations of motion with real variables only. Higher
order variables are decomposed into products of the first and
second order variables, as described in ref 53.

In this work, three different potentials are considered. The
Morse, Gaussian, and double well potentials are all used to
show the various benefits of using the QHD approach versus
classical dynamics.

Description of the PySyComp Code

PySyComp serves as an introduction to various theories and
methods that students may encounter in a quantum mechanics
classroom and is sufficiently simple that even students with no
prior coding experiences can benefit from its use. Symbolic
notation is at the core of the PySyComp library in both the
particle in a box and the QHD examples. Specifically, in the
QHD example, a function “time_deriv” was created to derive
the equations of motion symbolically, by applying eq 1. As the
QHD method is derived from the Heisenberg equations of
motion, which utilizes commutators, commutators were a
focus of the PySyComp code. A commutator is defined as

[A,B]=AXB—-BXA (8)

Examples of commutators can be found in module 1
(Supporting Information Zip 2).

https://doi.org/10.1021/acs.jchemed.2c00974
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a) In [4]:
normalization_constant(PIB(x, L, n), 0, L, x)
out[4]:
VER——
{ Vi IorT #0
o otherwise
<)
In [8]:
out[8]: =2n*n? - an
Sim for 4% #0
0 otherwise

b)

In [3]:

PIB(x, L, n)

out[3]:

(%)

expectation_value(PIB_normalized(x, L, n), kinetic_energy(x), PIB_normalized(x, L, n), ©, L, X)

Figure 2. (a) The normalization constant for a one-dimensional particle in a box. (b) The normalized wave function for a one-dimensional particle
in a box. (c) The kinetic energy expectation value for a one-dimensional particle in a box.
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Figure 3. (a) Graph of a one-dimensional ground state particle in a box. (b) Graph of a one-dimensional excited state (n = 2) particle in a box.

The PySyComp library provides a new way to compute
values without the need for pen-and-paper derivations.
PySyComp can compute similar commutators as described in
module 1 (Supporting Information Zip 2) with ease, including
commutators with higher exponents, as shown in the following
QHD example. PySyComp is also able to compute normal-
ization constants and expectation values in a simple, easy to
understand manner (Figure 1).

Within the Supporting Information, there are also further
examples of solving similar computations. Without PySyComp,
these calculations would require multiple steps and more
knowledge of Python to yield the same or similar results.
PySyComp offers various predefined wave functions, such as
those used in the particle in a box example for both one and
three dimensions. A complete list of functions found in
PySyComp is shown in Table SI.

B RESULTS

Particle in a Box

Due to the fundamental quantum mechanical principles
encountered in a particle in a box problem, there is
documentation as well as a tutorial for the particle in a box
problem specifically. Within the particle in a box tutorial, there
is information about both a one-dimensional and two-
dimensional particle in a box.

In the particle in a box module, students are asked to
calculate various properties related to a one-dimensional
particle in a box, including the normalization constant and
expectation values for both position and kinetic energy, as
shown in Figure 2. Students can also plot both the 1D and 2D
wave functions for a particle in a box using a combination of
PySyComp and MatPlotLib codes, as shown in Figure 3.
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Figure 4. Three 1D Morse potentials with D = 4.419 eV (black), D =
1 eV (magenta), D = 10 eV (green), a = 2.56 A™' and qo = 0.15 A.
The mass of the particle is 1836 au, which reflects the reduced mass of
an O—H vibration in a water molecule. Lower D values correspond to
shallower and more anharmonic potentials.

The plotted wave function peaks correspond to the most
likely location to find the particle in the box. For example, in
Figure 3a, the peak is at the center of the box, corresponding to
the position expectation value of L/2.

Similar to the one-dimensional plots, the two-dimensional
plots correspond to the position expectation values and
indicate where one is most likely to find the particle in a
box. Only values of n = 1 and 2 are included in this work,
although any higher values can also be computed via
PySyComp for both one-dimensional and two-dimensional

https://doi.org/10.1021/acs.jchemed.2c00974
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Figure S. Position versus time for the Morse potential of an O—H vibration in a water molecule with the parameters (a) D = 10 eV, (c) D = 4.419
eV, and (e) D = 1 eV. Momentum versus time for the Morse potential with the parameters (b) D = 10 eV, (d) D = 4419 eV, and (f) D = 1 eV.
Anharmonicity increases with decreasing D, and the dynamics start to exhibit additional frequencies.
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boxes. The graphs for the two-dimensional particle in a box can
be found in the Supporting Information.

Quantized Hamiltonian Dynamics

There are three modules dedicated to understanding the QHD
method. Three different potentials are shown: the Morse
potential, the Gaussian potential, and the double well potential.
All three potentials are discussed in the following sections. The
initial conditions for all examples are as follows: p, = 0.0 (mean
momentum), s, = 0.0S (mean width), and ps, = 0.0 (mean
width momentum), corresponding to a localized Gaussian
wave function. A time step of 0.1 fs was used for a total of 1000

4080

fs for each of the potentials, although smaller snapshots are
shown for clarity.

Morse Potential. In module 3 (Supporting Information
Zip 2), users can observe anharmonicity effects created from
the QHD approach and compare them against the classical
equations of motion. The potential energy of a Morse potential
is given by the following equation:

V(g) =D x (1 — @1y )
where D is a variable users can change, « is a constant provided
for the O—H stretch in a water molecule, and g is the initial

https://doi.org/10.1021/acs.jchemed.2c00974
J. Chem. Educ. 2023, 100, 4077—4084
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Figure 7. Two inverted Gaussian potentials with parameters V, = §
eV and 6 = 1.5 A (magenta) or ¢ = 0.75 A (black). & describes the
width of the Gaussian.

position. For the calculation of the equations of motion, this
value is equal to zero. Throughout the module, there are built-
in questions and prompts for users to answer, with many of the
answers being found in this work. By comparing three different
D values, users can understand the deviation from classical
trajectories and gain a better understanding of the
anharmonicity that arises when an approximation method is
used. It also shows that the QHD method is a more accurate
representation of dynamics in the Morse potential because it
accounts for this anharmonicity.

Users are first able to plot the potentials themselves, as
shown in Figure 4, and then further plot the position versus
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Figure 9. Double well potential with B = S, 2, and 0. As the level of B
decreases, the barrier in the middle of the well disappears.

time and momentum versus time graphs for a given time
interval, as in Figure 5. For the Morse potential, three different
values of D were used for calculations: D = 10 eV, D = 4.419
eV,and D = 1 eV, with D = 4.419 eV corresponding to an O—
H vibration in a water molecule.

When one compares the three examples shown above, as the
D parameter decreases, the period increases, producing a
slower movement for systems of the same mass. This correlates
with a broadening of the Morse potential and an increase in
the “shallowness” of the potential. There is also an increase in
the anharmonicity as the depth of the well decreases and a
decrease in the frequency of the position over time. The
dynamics becomes more complex as anharmonicity increases:
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Figure 8. Position vs time for the Gaussian potential with (a) ¢ = 1.5 A and (c) ¢ = 0.75 A. Momentum versus time for the Gaussian potential with
(b) 6= 1.5 A and (d) 6 = 0.75 A. As the Gaussian width, 6, decreases, the oscillation frequency increases, and the anharmonicity becomes more
pronounced, because the energy of the quantum particle, including zero-point energy, grows.
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a new pronounced frequency appears for D = 1 eV, compared
with the larger values of D. A similar trend is shown regarding
the momentum values as was seen in the position values. Note
the asymmetry in the functions, which was not present in the
position versus time examples.

Users should be able to consider the three different D
parameters and understand the changes in the position and
momentum values over time, qualitatively. Users may also try
their own D values to further understand the anharmonicity
and frequency effects. Users are further encouraged to plot p*
versus time and examine their relationships to varying D
values.

In module 3 (Supporting Information Zip 2), users may also
compare the position and momentum versus time for the
classical equations of motion versus the QHD equations of
motion, as shown in Figure 6. When plotted along with the
QHD position and momentum (as shown in Figure 3), clear
differences arise, showing anharmonicities and additional
frequencies that are not taken into account in the classical
equations of motion.

Gaussian Potential. In module 4 (Supporting Information
Zip 2), users can solve the QHD equations of motion for the
Gaussian potential given by

V(q) =V X e(—anz) (10)
where
o= 1
2 X ¢* (11)

Two Gaussian potentials are included in this module, as
shown in Figure 7. By an increase in the ¢ value, the Gaussian
potential broadens. Users are able to change the ¢ value, thus
changing the Gaussian potential.

As the o value decreases, corresponding to a narrower
Gaussian potential, the main oscillation frequency increases, as
shown in Figure 7. The graphs show slight deviations from a
harmonic system, as manifested in an additional slower
oscillation frequency. The anharmonicity becomes more
pronounced as the o value is decreased from 1.5 to 0.75
because of the increased total energy of the quantum
mechanical particle, which includes zero-point energy.

Users can also analyze why the momentum vs time graph
shows more deviations from the harmonic motion than the
position vs momentum graph by comparing the classical and
QHD equations of motion as seen in Figure 8. In particular,
the QHD equation for the position, eq 3, coincides with the
corresponding classical equation, while the QHD equation for
the momentum, eq 4, contains the expectation value of the
potential energy. The quantum expectation value contains
zero-point energy that is absent in classical mechanics.

Double Well Potential. In module S (Supporting
Information Zip 2), users are introduced to the double well
potential, as described by

V(q) = (¢ - B) (12)

The B constant controls the height of the barrier in the double-
well, and B = 0 indicates a single well potential. In this
example, two different starting positions were used along with
three different values of B.

Two double well potentials and a single well potential are
shown in this module, as shown in Figure 9. In the double well
potentials, two different starting points are used to show

movement between the wells and movement in just one of the
wells.

The figures for this example can be found in the Supporting
Information. The particle stays in the right well when gy = 0.15
A and moves freely between the two wells when g, = —2.5 A.
Users should be able to understand the importance of the
starting position in module 5 (Supporting Information Zip 2),
as it will affect both the position and the momentum over time.
This is due to the quadratic nature of the potential. In this
module, users are able to change the height of the center
barrier in the well and can compare B = S (in which the height
of the inner barrier is large), B = 2 (in which the inner barrier
is low), and B = 0 (in which the double well becomes a single
well) or choose any value of B. Users are also encouraged to
change the starting position and compare the results to Figure
S3.

B CONCLUSIONS

By working through the modules, users will develop a hands-
on understanding of basic time-independent and time-
dependent quantum mechanics and will have a tool to
experiment with simple models to explore the key quantum
concepts, including zero-point energy, tunneling, and decoher-
ence. The PySyComp library is an effective teaching tool with
various capabilities, such as computing values associated with
both one- and two-dimensional particles in a box. The
PySyComp library is also equipped to handle solving for
equations of motion, as seen in the QHD example and
application. The QHD method is a simple semiclassical
method to introduce users to. At a minimal complexity above
classical mechanics, QHD captures zero-point energy,
tunneling, decoherence, and other key phenomena in time-
dependent quantum mechanics.

B ASSOCIATED CONTENT
Data Availability Statement

All associated material can be found on GitHub at https://
github.com/liz-stippell/pysycomp. The tutorials described in
this work can be found in the “Tutorials” folder. The Python
code and Jupyter notebooks used in this work can also be
downloaded from the Supporting Information Zip lor Zip 2.
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