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Abstract— This paper presents a safety-critical approach to
the coordinated control of cooperative robots locomoting in
the presence of fixed (holonomic) constraints. To this end, we
leverage control barrier functions (CBFs) to ensure the safe
cooperation of the robots while maintaining a desired formation
and avoiding obstacles. The top-level planner generates a set of
feasible trajectories, accounting for both kinematic constraints
between the robots and physical constraints of the environ-
ment. This planner leverages CBFs to ensure safety-critical
coordination control, i.e., guarantee safety of the collaborative
robots during locomotion. The middle-level trajectory planner
incorporates interconnected single rigid body (SRB) dynamics
to generate optimal ground reaction forces (GRFs) to track
the safety-ensured trajectories from the top-level planner while
addressing the interconnection dynamics between agents. Dis-
tributed low-level controllers generate whole-body motion to
follow the prescribed optimal GRFs while ensuring the friction
cone condition at each end of the stance legs. The effectiveness
of the approach is demonstrated through numerical simulations
and experimentally on a pair of quadrupedal robots.

I. INTRODUCTION

Collaborative legged robots have the potential to work
with each other and to assist people in human-centered
environments, e.g., transporting objects in urban settings.
One of the essential problems in deploying collaborative
legged robots is the mitigation of potentially conflicting
objectives: the robots need to maintain a fixed formation
(encoded by holonomic constraints) in a cooperative fashion,
safely maneuver to avoid obstacles (see Fig. 1), all while
dynamically locomoting. While the coordinated control of
multi-robot systems (MRSs) subject to holonomic constraints
has been studied—notably in the context of manipulators,
ground and aerial vehicles [1]-[4]—legged robots present
new and unique challenges. Collaborative legged robots are
highly dynamic, high dimensional, and are hybrid in nature—
all of which make synthesizing safety-critical planning and
control algorithms more complex. The addition of holonomic
constraints between the robots creates strong interaction
wrenches (forces/torques), which must be carefully addressed
to ensure a stable and safe cooperative legged locomotion.

A. Related Work

Several studies have introduced control methodologies for
stable and robust cooperative locomotion of holonomically
constrained legged robots. These frameworks have utilized
various techniques, such as the interconnected linear inverted
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Fig. 1. Snapshots illustrating the safety-ensured cooperative locomotion
of holonomically constrained quadrupedal robots in the environment with
obstacles, wherein the CBF-based method avoids collisions.

pendulum (LIP) model [5], interconnected single rigid body
(SRB) dynamics [6], and data-driven trajectory planners [7].
However, safety-critical collaborative legged locomotion has
yet to be studied in the context of holonomically constrained
collaborative locomotion.

Ensuring safety is essential in deploying collaborative
robotic systems in environments with obstacles. Control
barrier functions (CBFs) [8], [9] are a popular tool for
achieving safety guarantees on robotic systems. In particular,
CBFs have been successfully applied to achieve collision-
free behavior on MRSs [10]-[13]. However, designing CBFs
and implementing corresponding safe control inputs can be
challenging when the system dynamics are complex. To
address this issue, reduced-order and model-free approaches
have been proposed for single robot systems [14]-[16]. These
approaches have demonstrated the effectiveness in leveraging
simplified models in the design of CBFs: improving safety
without incurring a significant computational burden. In this
context, and in the setting of legged robots, recent studies
have introduced CBF-based planners/controllers to generate
safe foot placement with model predictive control (MPC)
via a layered architecture [17], and ensure safe whole-body
motion control [18]. However, addressing the safety in the
coordination of the multiple legged robots in the presence of
holonomic constraints has not been studied.

B. Contributions

To address the safety-critical control of cooperative legged
robots, this paper makes three key contributions: 1) a safety-
critical CBF-based planning framework that can guarantee
safety in coordinating legged multi-robot systems, 2) a
control structure that effectively addresses cooperative lo-
comotion while tracking the safety-ensured trajectories, and
3) experimental evaluation on a pair of quadrupeds (Fig. 1).
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Fig. 2. Overview of the proposed control approach with safety-critical plan-
ner with CBFs at the top level, MPC with interconnected SRB dynamics at
the middle level, and the distributed QP-based virtual constraint controllers
at the low level for the safe cooperative locomotion.

To realize the key contributions of the paper, and thereby

ensure safety-critical cooperative locomotion in holonom-
ically constrained legged robots, a three-layered control
architecture is proposed (as illustrated in Fig. 2):
1) The first layer leverages CBFs to synthesize a safety-
critical planner for cooperative locomotion using reduced-
order kinematic models of holonomically constrained robots.
2) The second layer generates optimal ground reaction forces
(GRFs), via interconnected SRB dynamics, to track the
safety-ensured velocity trajectories from the first layer while
considering the dynamics induced by holonomic constraints.
3) The third layer generates whole-body motion for each
agent while imposing optimal GRFs and safety-ensured
velocities from the other two layers. This layer utilizes
the full-order model of each agent with input-output (I-O)
linearization of virtual constraints to generate the desired
torque inputs.

The paper is organized as follows. Section II revisits the
concept of CBFs and extends it to the setting of safety-critical
coordination control. Section III formulates the safety-critical
planner for the kinematics of the interconnected system and
formulates the trajectory planner based on interconnected
SRB dynamics and MPC, which considers the dynamics of
the robot when tracking the safety-ensured velocities. Section
II-C introduces a distributed Quadratic Programming (QP)
based virtual constraint controller for whole-body motion
control. In Section IV, we discuss the numerical and exper-
imental results of the proposed safety-critical coordination
control. We present conclusions in Section V.

es

II. SAFETY OF COOPERATION

In this section, we will examine the safety of cooperative
locomotion trajectories for N agents (N = 2 in our case)
using the framework of CBFs. We consider a control-affine
system for the N agents:

& = f(x) + g(x)u, (1)

with state x(t) € J[,c; & and control input wu(t) €
[I;czUi. Here i € T := {1,..., N} represents the indexing

for each individual agent, wherein the state agent ¢ is x; €
X;, and the control input of the agent ¢ is u; € U;. We
assume f : X — R™ and g : X — R™ "™ are Lipschitz
continuous, where n =), n; and m =), ., m;.

A. Control Barrier Function and Safety of Individual Agent

We consider (1) safe if its state x(t) is located within a
safe set S C X for all time, i.e., if S is forward invariant:

Definition 1: System (1) is safe with respect to the set
S if the set S is forward invariant: if for every =y € S,
z(t) € S for every x(0) = xp and Vt > 0.

The safe set is determined based on the system config-
uration. For example, it can include robot positions that
prevent collisions with nearby obstacles, or it can reflect
the positional relationship between robots to describe the
holonomic constraint. Specifically, we define the safe set S
as the superlevel set of a continuously differentiable function
h: X —=R:

S = {xeX:h(x)>0} (2)
S = {xeX:h(x)=0} 3)
CBFs can then be utilized as a tool to synthesize controllers

that are provably safe, similar to how Control Lyapunov
Functions (CLFs) [19] ensure stability.

Definition 2: A continuously differentiable function h :
X — R is a control barrier function (CBF) for (1) if there
exists an extended class Koo function a € K¢ such that:

sup h(z,u) > —a(h(z)), 4)
ueU

for all x € S, where

i) = 22 gy 4 OB
:=Lysh(x) :=Lgh(x)

with Lyh(x) and Lyh(x) the Lie derivatives [20] of h with
respect to f(x) and g(x), respectively.

Note that for simplicity we often pick a(h(x)) to be
ah(x), where o € Rsg.

Theorem 1 ([8]): If h is a CBF for (1), then any locally
Lipschitz continuous controller u = k(x) satisfying

Ve e S 5)

h(z, k(z)) > —a(h(z)),

guarantees that (1) is safe with respect to S.

Ensuring the safety of each agent can be easily accom-
plished by solving a QP. The objective is to minimize the
difference between the desired control input and the actual
input for each agent, subject to an inequality constraint that
ensures the agent avoids collisions with an obstacle. The
constraint for safety is represented by the function h;(x),
which represents the CBF for the ith agent with respect to
the obstacle. This can be expressed, for ¢ € Z, as the QP:

ki(x) =argmin(u; — ul) " P,(u; — u?) (6)
u; €EU;
s.t. Lihi(x) + Lyhi(z)u; > —ahi(x),
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where u{ is the desired control input for the ith agent, P
is a positive definite matrix, and « is a positive number that
can be tuned. The result of the QP is k;(x), the (pointwise)
optimal control input that meets the CBF constraint to ensure
the safety of the ith agent. The constraint on the decision
variable, u; € U;, implies that the optimal control input
needs to take values in the admissible control input set.
Note that the number of inequality constraints in (6) can
be increased based on the number of obstacles that need to
be avoided by the ith agent. More specifically, if there are
D number of obstacles to be avoided, inequality constraints
in (6) can be written as Lh?(x) + Lyh?(x)u;, > —ah?(x)
where z € Z :={1,..., D} and hf(x) represents the CBF
for the ith agent with respect to the zth obstacle.

The QP given in (6) is able to address the safety of
each individual agent in relation to the obstacles in their
environment. However, when multiple agents are working
together and subject to holonomic constraints, it becomes
necessary to consider safe coordination while also adhering
to the holonomic constraint for safe cooperative locomotion.

B. Control Barrier Function for Coordination

When coordinating cooperative locomotion, it is crucial
to consider the safety of both the individual agents them-
selves and the space between the agents, particularly when
holonomic constraints or payload are involved. For example,
during an object transportation task by two robots, both
robots must avoid collision and ensure that the object is also
safely transported without any collisions.

The function representing the positions where the holo-
nomic constraint is imposed on each agent and the spatial
positions between them is given by:

pij(x) = ypi(x) + (1 — 7)p; (), (7)

where y € T = {7y € Q:0 <~ <1} is a weighting factor,
pi(x) and p; () represents the constraint applied position on
the i-th and j-th agent, respectively (with ¢, j € Z and 7 # 7).
Here we note that p;;(x) represents the variation in space
between p;(x) and p;(x) as «y is varied. For ease of use, we
establish the bijective function ¢ : T — {1,...,n} where
1 represents the total number of distinct spatial positions
between the agents.

Avoiding the obstacle via coordination control can be
achieved through the use of a CBF leveraging p;;(x):

he$? (@) = ||pij () — gl - (®)

where 7 € Ry is an obstacle radius and g is the center
position of the obstacle. Here we remark that hgéw(a:)
represents the CBF for a specific spatial position depending
on v along the holonomic constraint. The total number of
such positions is 7. Furthermore, the obstacle specification in
(8) can be represented with a tuple (g, ). To ensure safety in
environments containing multiple obstacles, multiple CBFs
can be generated by using different tuples to address each
obstacle individually. Thus the CBFs for safe coordination
control with respect to multiple obstacles can be written as
hg((;’)’z(sc), where z represents the zth obstacle.

Analogous to (6), a QP with the constraints for safety
represented by the CBFs for each agent and CBFs for
coordination can be written as:

k(z) =argmin(u — u?) " Py(u — u?)

uel

st. LyH(x) + LgH(x)u > —AH(xz), (9)

where u? is the desired control input for the cooperative
locomotion, P, is a positive definite matrix, H(x) =
col(h?(x), h&l"*(x)) € RPN+ where i € 7, and A =
diag(aﬁaﬁéw’z) € RPW+mxD(N+1) i a positive definite
diagonal matrix. Here “col” and “diag” denotes the column
operator and vector-to-diagonal matrix operator, respectively.
Additionally, S s the positive constant defining the
class K¢, function for the CBFs in (8). We note that the
dimension of the H(x) and A can vary based on D and 7
that define the total number of obstacles and distinct spacial
positions, respectively.

Example 1: Let’s consider a scenario where we need
to ensure safety-critical coordination for two agents in
an environment with one obstacle. To guarantee a clear
path for the object that the agents aim to transport, ad-
ditional CBFs are considered on four different positions
between agents. To address the safety-critical coordina-
tion control in this scenario, H(x) and A in (9) be-
come col(hk(@), hi (@), his' (@), %' (@), b3’ (2). his' (@)
and diag(al, ab, o', o', o', ag'), respectively.

To ensure safe cooperative locomotion in environments
with obstacles, the optimization problem formulated as a
QP in (9) with CBFs in (8) can be used. However, while
the safety-critical coordination control in (9) can ensure safe
and coordinated cooperative locomotion, it does not force
agents to respect the holonomic constraints between them.
Therefore, it is crucial to implement additional CBFs that are
specifically designed to address these holonomic constraints.

C. Control Barrier Function for Holonomic Constraint

We addressed the safety of individual agents and the
safety of cooperative locomotion with coordination control
by formulating QP with CBFs. However, the introduced
coordination control for safety in (9) still does not consider
the relative distance constraint in cooperative locomotion.
More specifically, (9) can generate optimal control inputs to
ensure the coordinated safety of individual agents, but the
distance between agents can be changed freely. To address
the constant distance constraint case, this section develops
CBFs from holonomic constraints.

To ensure the safety of cooperative locomotion subject to
holonomic constraints between agents, we first formulate the
holonomic constraint using the states of each agent. This can
be expressed as:

—pj(@)l| = Vo,

where ||-|| denotes the 2-norm, i € Z, j # i € I,
pi(x) and p;(x) represent the position on the ith and jth
agent, respectively, on which the holonomic constraints are

Ipi () (10)
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imposed, and ¢ € R+ is the constant value that represents
the square of the length of the holonomic constraint.

In order to relate the holonomic constraint with the for-
mulation of a safe set given in Definition 1, (10) can be used
to synthesize two CBFs as follows:

hie(@) = ||pi(z) — pj(@)|* — (1 =€)
hae(®) = (1 + €)Y — [Ipi(z) —pj ()|, (D)

where € € Ry is the relaxation variable. Here we note
that (11) with the definition of a safe set in (2) is identical
with (10) when € becomes zero. We will examine the system
safety with respect to the tracking error on the control input
in Section II-D, utilizing the € introduced in (11). The safety-
critical coordination control can incorporate the holonomic
constraint by using two CBFs, which can be achieved by
replacing the H(x) and A matrix in (9) with:

H(z) = col(hf (@), hi{* (@), hye (@), hire(@))
A = diag(a7, Oéé:(()v),z, allmv al?c)

with H(z) € ROWN+mM+2 gnd A € RPW+m)+2xD(N+m)+2
Here, i« € 7 and A is a positive definite diagonal matrix.
Additionally, oy, and o, are the linear class K¢, function
for the CBFs h/.(x) and h2_(z) defined in (11), respectively.
Similar to (9), the dimension of the H(x) and A can vary
based on the total number of obstacles, D, and 7 that defines

the total number of spacial positions determined by + in (8).

D. Input to State Safety of the Holonomic Constraint

In practice, coordination control inputs are often subject
to unknown disturbances that may affect on safety. To ensure
safety in the presence of bounded perturbation, £, safety in
Definition 1 can be recast as input-to-state safety (ISSf) [21]
if the system stays within an open set S; 2 S that depends
on the magnitude of the perturbation: ||{||. Here the open
set, Sy, is given by:

Si={z € X : h(z) + r([|¢]lc) = 0}, (12)

for some class K function . It was established in [21] that
ISSf is ensured by the existence of any locally Lipshitz
continuous controller u = k(x) satisfying

Wz, k(z)) = —a(h(@)) = u([[€]l);
for some class K function ¢ and o € K.

To ensure safe cooperative locomotion while adhering
to the holonomic constraint, we proposed a coordination
controller that incorporates holonomic constraints using the
two CBFs in (11). The relaxation variable € in (11) can be
rearranged as:

hne(2) = [Ipi(@) — pj (@) ||* — ¢ + e
hie(®) = ¥ — ||pi(2) — p;()||* + e
Here we note that (14) is in the form of the relaxed safe

set for ISSf as given in(12). More specifically, finding the
controller that satisfies the condition:

(13)

(14)

hlc]rc(a:,u) > _O‘l?c gc - [‘(€)a S {1a2} (15)

zth obstacle

(p1—p2)A

\
(@) ® 4 .

= tfunﬁz
h' Ploot.2(2)
Agent 1 I Era
(b) Poot ()
Fig. 3. Illustration of the holonomically constrained reduced order models

for (a) safety-critical planner with CBFs and (b) trajectory planner with
MPC.

with A7, in (14), ensures safety with respect to perturbations
on the control input with maximum magnitude identical with
€. A further examination of ISSf in the context of safety-
critical coordination can be found in Section IV.

III. SAFETY CRITICAL MULTI-LAYERED TRAJECTORY
CONTROLLER FOR COOPERATIVE LOCOMOTION

The objective of this section is to present the multi-layered
safety-critical trajectory planner for two holonomically con-
strained quadrupedal robots. Here we note that the frame-
work introduced in Section II is applicable to a wide range of
robotic systems, yet here we specialize it to the cooperative
locomotion of holonomically constrained quadrupedal robots
(Z = {1,2}, as shown in Fig. 1). To address the safety-
critical cooperative control of these quadrupedal robots, we
propose a multi-layered trajectory planner comprised of three
levels: (top layer) a safety-critical planner level with the
kinematics of the interconnection, (middle layer) an optimal
GREFs trajectory planner based on MPC with interconnected
SRB dynamics, and (bottom layer) a real-time control level
for the nonlinear dynamics leveraging virtual constraints.
This three-level approach enables the efficient and effective
tracking of safe trajectories when considering the kinemat-
ics and dynamics of the holonomically constrained robotic
system.

A. Planner with Safety-Critical Coordination Control

The safety-critical planner employs holonomically con-
strained reduced-order models that capture the kinematic
properties of the system to guarantee the planned trajectory
satisfies the safety constraints. The system of the simple
reduced-order model can be written as:

=10 ol 8]+ [i]

where T represents identity matrix, 9 € R* denotes the input
of double-integrator system, and ¢ = col(p1,p2) € R*
represents the planar positions of the agents. Here, ¢; € R?
is the planar position of the agent i (¢ € 7). Additionally, the
holonomic constraint can be written as ||p1 (@) — p2(p)|| =
/1, which is described in Fig. 3 (a). Analogous to Section
II, safety-critical coordination control can be expressed as:

(16)

argmin(p, — ka(¢9)) " Ps(ps = ka())

st. VIH(p)ps > —AH(¢) (17)

where P is a positive definite matrix and k4(¢p) is a nominal
desired velocity without the safety consideration. Addition-
ally, ¢, is the safe velocity with the consideration of CBFs.
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Here we note that H(p) € RP(N+m+2 j5 composed of 1)
CBFs for each agent with respect to the zth obstacle, h (),
2) CBFs for the ¢(+)th position between agents with respect
to zth obstacle, hé}(,v)’z(cp), and 3) CBFs for represent-
ing holonomic constraints, hi (), h2.(¢). Similarly, A =
diag(aZ, o) ahc,aﬁc) € RPN+Dn+2)x(DN+Dn+2) g
composed of 1) o7 for each agent with respect to zth obsta-
cle, 2) of(v)’ for the c(+)th position between agents with
respect to zth obstacle, and 3) «j, a2, for the holonomic
constraints. An illustration of the CBFs in the safety-critical
planner can be found in Fig. 3 (a).

B. Trajectory Planner with Interconnected SRB Dynamics

The middle-level trajectory planner focuses on achieving
the safe cooperative locomotion by bridging the gap between
the safe trajectories generated by the safety-critical plan-
ner and the low-level whole-body motion controller which
utilizes the nonlinear full-order dynamics. To achieve this,
interconnected SRB dynamics are used in the middle-level
trajectory planner. The interconnected SRB dynamics enable
the computation of optimal GRFs that impose the full-
order system to follow the safety-ensured trajectories while
accounting for the interconnection dynamics.

In the notation of interconnected SRB dynamics, the
Cartesian coordinates of the center of mass (COM) of agent
i in the inertial frame, {O}, are written as ¢com,; € R3. The
orientation of the body frame, {B;}, of agent ¢ with respect
to the inertial frame, {O} is represented by R; € SO(3) and
wZB ¢ € R? denotes the angular velocity of agent 7 in the body
frame, { B; }. Analogous to the variational-based approach of
[22], the state variables of the agent i € T can be described
as x; = C01(¢COM Z7¢COM 17517 ) € R12 where 51 S RS
is a vector that approximate the rotatlon matrix R; around
the operation point R;" using the Taylor series expansion as

Ri = RPexp([&] )~ RP(T+[6],),  (8)
where the map HX : R® — s50(3) represents the skew-
symmetric operator. The approximation of the rotation ma-
trix, R; in (18) helps to evolve approximately on SO(3).
The holonomic constraint in interconnected SRB dynamics
can be described as A(z) := ||p;(x) — pj(z)|| = /1) where
pi(z) and p;(x) represent the position of the holonomic
constraint end on agent ¢ and j, respectively, which is
described in Fig. 3 (b). Here we note that the holonomic
constraint is the constraint on the Euclidean distance between
pi(z) and p;(x). According to the principle of virtual work,
(pi—pj)A € R? can be considered to be the interaction force

where j € 7 denotes the index of the other agent and the
superscript £ € £; = {1,2,3,4} denotes the index of the
contacting legs on the ground for the agent :. Finally, the
interconnected SRB dynamics can be expressed as

F(CC, fGRF; A) S.t A(:B, fGRF7 )\) = 0, (20)
where © = col(x1,x2) € X with (19), R, =R, [wf} .»-and
165 + [w] | Twf = R 7M. Additionally, I € R**®
denotes the moment of inertia of each agent with respect
to its body frame. Notably, only the second-order derivative
of the holonomic constraint is employed as an equality
constraint in (20), given that the kinematics of the holonomic
constraint are included in Section III-A. As the number of
equality constraints in the layer is reduced, the potential
for numerical feasibility is enhanced when comparing the
framework in [6, Section II].

We note that the variational-based linearization in [22],
[23] has linearized SRB dynamics subject to GRFs without
interaction forces, achieved by linearizing rotational por-
tions with (18). However, the interaction forces induced
by the interconnection between SRB models still impose
the dynamics of a nonlinear system (20), although (18)
linearizes the rotational portions of the interconnected SRB
dynamics. Similar to [5], this can further be linearized and
discretized using Jacobian linearization and forward Euler
method, respectively.

With the goal of utilizing MPC with this linearized and
discretized system with N}, control horizon, a discrete and
linear time-varying (LTV) system can be written as follows:

or ar
Lhqt41)t = 9 k+t\t 8f

T =

Ak+t[t T Eaps

T
where k = 0,1,--- , N, — 1 and © € R?* represents state
variables. Here, @y ¢, fGRF,k+t|t» and Mgy, denotes the
predicted states, inputs (GRFs), and Lagrange Multiplier at
time k£ + t computed at time ¢, respectively. Additionally,
Matrices with subscript ‘op’, and &, is the Jacobian matrices
and offset term calculated around @, forp+—1, and A._;.
Similar to (21), the equality constraint in (20) also can be
linearized and discretized around the operating point in the
following manner:

oA oA
dx dfor
The MPC algorlthm for cooperative locomotlon with holo-

nomically constrained SRB dynamics can thus be written as
the optimization problem:

i L
GRF kt-t]¢ T 755

oA
fGRF k+t)t T oy ) )\k+t|t+/30p =0. (22)

$k+t|t+

Nyp—1
applied on agent ¢ for some Lagrange multiplier A € R. min e x + - T
Accordingly, the net force, f, and net torque , 7!, applied (, forr, ) ” A t+N|t”P kz() i = k+t|t”Q
to agent ¢ are described by: Ny—1
[f,net} 5 [ i } , + 3 Al orrrrel Ry, + kel Ry}
et | = I oy fGRF,i k=0
Ti ¢ [pf""“(m) @] x s.t. equations (21) and (22) and fgrr € FC (23)
+ [ I } (pi — i), (19) where k =0,1,--- Ny, — 1, P, Q, and Ry, are positive
[ i(x) — ml] X definite matrices and R is positive scalar. The inequality
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constraints of (23) represent the feasibility of GRFs for
two agents, where FC denotes the friction cone condition
on each foot contacting the ground. Here we remark that
the first element of the optimal state, x} e and optimal
GRFs, féRF,t| ;» computed from (23) is applied to the low-
level controller for tracking.

C. QP-based Virtual Constraint Controller

We now low-level distributed controller used to leverage
the full-order nonlinear models of individual agents tracking
the safety-ensured optimal reduced-order trajectories. Here,
we extend the virtual constraints controller of [24] for the de-
velopment of distributed controllers for multi-agent systems.
The full-order floating-based model of the ith agent can be
represented by the Euler-Lagrange equation as follows:

D(qi)d: + H(gi, ;) = B + Z I (@) fis

where g; € Q C R"s represents the generalized coordinates
of the ith robot, Q and n, denote the configuration space
and the dimension of generalized coordinates, respectively,
7, € T C R"™ represents the joint-level torques, 7 is an
admissible torque, and n; denotes the number of joints.
Here, f; and J(g;) are each external force on agent ¢ and
the Jacobian matrix where each external force is applied
on agent i, respectively. Moreover, D(g;) € R™*"s and
H(q;,q;) € R"s represent mass-inertia matrix and Coriolis,
centrifugal and gravitational terms, respectively. Addition-
ally, B € R™9*" denotes the input distribution matrix.
Here, we note that the distributed low-level controller does
not include the dynamic effect of holonomic constraints in
the full-order model, as this effect is already taken into
consideration by the prescribed optimal trajectories from the
safety-critical coordination controller in Section III. More
specifically, the composition of > .J7(g;)f; in (24) only
includes the Jacobian matrices of the ground contact points
and the GRF on each ground contact point.

Analogous to the distributed whole-body controller in [6],
we consider the following time-varying output functions
to be regulated for the motion control of the agent 7 as
yi(vi, t) = ho(q;) — hq,(t), termed virtual constraints.
Here, ho(g;) represents the set of controlled variables, hg ;(t)
denotes the desired evolution of the controlled variables,
and v; = col(g;,¢;) € Q x R™ is the full-order state
variables. The controlled variables in this paper are chosen
as the absolute orientation (i.e., Euler angles) of the ith agent
together with its Cartesian coordinates of the ith agent’s
COM, and the Cartesian coordinates of the swing feet in
the inertial world frame. The desired evolution of the COM
position and orientation is generated by the safety-critical
trajectory planner in Section III. Additionally, coordinates
of the desired swing foot trajectories are taken as a Bézier
polynomial starting from the current footholds and ending
at the upcoming footholds, computed based on Raibert’s
heuristic [25]. With the dynamics in hand, these virtual
constraints together with the nonslippage condition at each
stance foot are concatenated into a convex QP to be solved

(24)

Fig. 4. Snapshots demonstrating the performance of the proposed three-
layered safety-critical coordination controller in (a) full-order simulation
experiment with four obstacles and (b) hardware experiment with intercon-
nected Als with four obstacles.

as 1kHz as follows [24]
a

: 2, G
1% 4+ 22| f — )
(TiGTT?lilélfC,éi) 2 ||TZH 2 ||fz fdes,z

st. §(vi,t) = —Kpy; —Kp y;+9; (Output Dynamics)

2+ 112 @)

Proot,i = 0 (Nonslippage)

where (q, (2, and (3 are positive weighting factors, and
fdes,: represents the desired GRFs prescribed from the safety-
critical coordination controller. More specifically, fges; is
identical to the first element of the optimal GRFs, féRF’ e
obtained as a result of (23). More detailed information about
the derivation of output dynamics and nonslippage condition
in (25) can be found in [5, Appendix A].

IV. SIMULATION AND EXPERIMENTAL RESULTS

In this section, we provide the numerical simulations of the
safety-critical CBF-based planner and present the simulation
and experimental results with the 18-degrees of freedom
(DOFs) quadruped Al developed by Unitree (see Fig. 4).
The robot is modeled using a floating base, with the first 6
DOFs accounting for the unactuated position and orientation
of the trunk, while the remaining DOFs correspond to the
actuated hip roll, hip pitch, and knee pitch joints for each
leg. The robot has a weight of 12.45 (kg) and the center of
the trunk is 0.26 (m) above the ground during locomotion.
We assume that each agent is holonomically constrained to
the other agents, meaning there is no relative translational
motion between the agents. To achieve this constraint, we
connect the robots together rigidly through a ball joint (refer
to Fig. 4 (b)). In simulations and experiments, this constraint
is enforced using a distance constraint. In this section, we use
1 (m) as the distance constraint between agents. Additionally,
we use the laptop equipped with an Intel® Core™ i7-1185G7
CPU operating at a frequency of 3.00 GHz with four cores
and 16 GB of RAM.

A. Numerical Simulations with Reduced-Order Models

We study the numerical simulations with interconnected
reduced-order models for validating the effectiveness of
the safety-critical planner. We tested two, three, and four
obstacles (D € {2,3,4}) in the environment with two
holonomically constrained reduced-order models (N = 2).
The positions of the obstacles are col(1.5, 0.7) (m) and
col(1.5, —0.5) (m) for two obstacles with 0.3 (m) radius
for both. One additional obstacle at col(2.5, 0.1) (m) with
0.5 (m) radius is added to the two obstacle environments
for three obstacles. Similarly, The other additional obstacle
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Position Trajectories of the Agents in Simulation Experiment with Safety-Critical Planner
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Fig. 5. Plots of the optimal trajectories for safe cooperative locomotion
with (a) two, (b) three, and (c) four obstacles in front of the holonomically
constrained agents. Black lines show the coordination of the agents by
describing the planar states of the holonomic constraint during the evolution.

Distance between Two Agents during safety-Critical Coordination Control
1.0001

_ asato st (8) | [unsate set (0) | [omsate set: 42 (@) <0 ©
2 1.00005
— safe set

safe set isafe set

%
A 0.99995

unsafe set lunsafe set: Ixflr(.wv) <0

0.9999
0 10 150 5 10 15 200 5 10 15 20 25

: Time (s) Time (s) Time (s)
Fig. 6. Plots of the distance between agents during the position evolution
with (a) two, (b) three, and (c) four obstacles with and without input noise.

at col(3.5, 1.3) (m) with 0.4 (m) radius is added to the
three obstacle environments for four obstacles. The total
number of spatial positions between agents for applying
CBFs is four (n = 4). The initial positions of the agent
1 and 2 are col(0, 0) (m) and col(0, —1) (m), respec-
tively. The expected goal position for the agent 1 and
2 are col(4, 0.5) (m) and col(4, —0.5) (m), respectively.
ka(p) is 0.1{col(4, 0.5, 4, —0.5) —p} € R* and A is
diag(0.11, 0.001,0.001) where I is 12 x 12, 18 x 18, and
24 x 24 identity matrix when two, three, and four obstacles
are in the environment, respectively. In CBFs for holonomic
constraint, ¢ = 5x107° for ensuring the rigid distance
constraint between agents. The P; that we used is 0.514. The
proposed safety-critical planner is solved using qpSWIFT
[26]. The solving time of the QP-formulated safety-critical
planner takes approximately 0.9 (ms), 1.2 (ms), and 1.3 (ms)
for two, three, and four obstacles, respectively.

The position evolution of each agent during safety-critical
coordination control is depicted in Fig. 5. The black lines
represent the position and orientation of the holonomic
constraint between agents during the evolution. The plot
shows that the proposed safety-critical planner addresses safe
cooperation while avoiding two, three, and four obstacles in
Figs. 5 (a), (b), and (c), respectively. The proposed safety-
critical planner addresses the obstacle evasion by changing
the orientation of the holonomic constraint during evolution.
The distance between the agent during position evolution
while avoiding two, three, and four obstacles are shown in
Figs. 6 (a), (b), and (c), respectively. With the control input
without the noise, we observe that the distance between two
agents is close to the distance constraint that we imposed
at the beginning. As we choose ¢ = 5x107°, the distance
between the agents still stays in the safe set when the control
input subject to noise (-43 (dB)) is applied.

The effectiveness of the proposed safety-critical planner
for enabling safe cooperative locomotion with holonomic
constraint while avoiding obstacles is demonstrated in the
numerical simulations presented in Figs. 5 and 6. These
numerical simulations illustrate how the proposed framework
based on CBFs provides robustness against control input
noise, which is supported by the ISSf CBFs utilized (see

[ 1 2 3 4 1 2 3 a4 1 2 3 a4
X Position (m) X Position (m) X Position (m)
Fig. 7.

Plots of the actual trajectories of the interconnected full-order
model in simulation experiment with (a) two obstacles, (b) three obstacles,
and (c) four obstacles. Black lines show the coordination of the agents by
describing the planar states of the holonomic constraint during the evolution.
Velocity Trajectories of the Agents with safety-critical Planner
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Fig. 8. Plots of the safety-ensured optimal velocities and actual velocities

of the interconnected full-order model in simulation experiment with (a)
two obstacles, (b) three obstacles, and (c) four obstacles.

Section II-D). Notably, the framework’s robustness can be
further enhanced by adjusting the ¢ parameter in (14) to suit
specific implementation requirements. We remark that these
results demonstrate the potential of the proposed framework
to enable safe and robust cooperative locomotion in various
real-world scenarios.

B. Experimental Validations

We next validate the effectiveness of the safety-critical
planner with full-order simulation experiments (see Fig. 4
(a)) and hardware experiments (see Fig. 4 (b)). We used
RaiSim [27] for the simulation environment. The same
safety-critical planner validated in numerical simulations is
implemented as the top-level planner to ensure safe co-
operative locomotion. The top-level safety-critical planner
runs in 200 (Hz). In the middle level of the trajectory
planner, MPC with interconnected SRB dynamics runs in
200 (Hz). The control horizon for the MPC is taken as Ny, =
6 discrete-time samples. MPC is solved using qpSWIFT
[26] and takes approximately 1.6 (ms) with 294 decision
variables. The stage cost gain of the MPC is tuned as Q =
RO e G 107 b3 005 B~

, doomi = x diag{3 300 30}, Q4. . =
1O4H3><3, Qfl = 108}13)(3’ and Qwi =5 X 103 ]I3><3, 1 €
Z. The terminal cost gain of the MPC is also tuned as
P = 107'Q € R?**2?4, The input gains of the MPC are
chosen as Ry, = 107214524 and Ry, = 10%. In the
full-order simulation experiment, each obstacle is kept at
a consistent dimension and position, while in the hardware
experiment, the dimension and position of each obstacle are
determined based on the environment measurement. More
specifically, while the arrangement of the obstacles in the
hardware experiments was similar to that used in simulations,
the detailed dimensions and positions differed between the
simulation and hardware experiments.

The position and velocity evolutions of the interconnected
full-order models in simulation experiments are described
in Fig. 7 and 8, respectively. The plot shows the proposed
layered safety-critical controller addresses safe cooperative
locomotion with holonomically constrained full-order mod-
els subject to two, three, and four obstacles in Figs. 7 (a), (b),
and (c), respectively. The safety-ensured desired velocities
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Evolution of CBF during Safe Cooperative Locomotion
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Fig. 9. Evolution of the CBFs on each agent with respect to (a) two

obstacles and (b) three obstacles in hardware experiments. The red-colored
area represents the unsafe set, defined with the sub-level set of the CBFs.
and the evolution of actual velocities are depicted in Fig.
8. The plot shows that the proposed safety-critical coordina-
tion controller generates the safety-ensured trajectories and
enables the holonomically constrained full-order systems to
follow those trajectories without losing stability.

We next investigate the performance of the closed-loop
system with the safety-critical coordination controller with
hardware, as shown in Figs. 1 and 4 (b). These experiments
include two and three obstacles to be avoided. The evolution
of the CBFs of each agent subject to individual obstacles are
shown in Fig. 9. As the CBFs stay in the safe set area, we
can conclude that the cooperative locomotion of the holo-
nomically constrained full-order system successfully tracks
the safety-ensured trajectories. Videos of all experiments are
available online [28].

V. CONCLUSION

This work has demonstrated the potential of using CBFs
to achieve safe cooperative locomotion of holonomically
constrained quadrupedal robots. Leveraging ISSf CBFs in the
interconnected reduced-order model, we developed a layered
controller with the safety-critical planner that successfully
accounted for the safety of complex dynamics during loco-
motion. Our simulations and hardware experiments showed
the effectiveness of the proposed method in achieving safety-
ensured cooperative locomotion subject to holonomic con-
straints. In future work, we will explore how this framework
could extend to an even greater number of agents in a
more complex and uncertain environment. This includes the
extension of the safety-critical planner for cooperation to
three dimensions to allow for varying terrain types.
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