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Abstract
A set of self-consistent equations of weak turbulence theory that describe the time evolution of the electron velocity distribu-
tion and of the spectra of Langmuir and ion sound waves is solved numerically, considering the presence of a core electron 
population and a ring-beam electron distribution. The results obtained show that the finite pitch angle of the beam relative 
to the direction of the ambient magnetic field leads to a spectrum of Langmuir waves which is more complex than the spec-
trum obtained in the case of beams with zero pitch angle, to an enlarged plateau in the beam region of the electron velocity 
distribution and to the generation of a prominent high-velocity population in the electron velocity distribution.

Keywords  Beam-plasma instability · Electron acceleration · Energetic electron tails · Weak turbulence · Ring-beam 
distributions

1  Introduction

Plasmas in space environments frequently have electron 
populations with drifting motion relative to the background 
population, a configuration which can provide the energy 
for plasma instabilities. In the solar wind, these drifting 
populations sometimes can be in the form of electron beams 
propagating in the forward or backward direction along the 
magnetic field lines, but sometimes they may feature sig-
nificant perpendicular velocity in addition to velocity along 
the magnetic field lines. A drifting electron velocity dis-
tribution with such configuration constitutes the so-called 
ring-beam distribution [1–4]. For instance, it is well known 
that an effective ring-beam electron velocity distribution in 
the so-called de-Hoffman-Teller frame forms as a result of 
the upstream solar wind electrons interacting at the quasi-
perpendicular bow shock [5] or at the front of the coronal 
mass ejection (CME) shock [6]. Such ring-beam electron 

distribution functions have been investigated in the context 
of radio bursts (type II solar radio or multiple-harmonic 
plasma emission at the Earths bow shock) [6–8].

In a recently published paper, one of us also investigated 
the beam-plasma instability and the consequent emission of 
transverse waves, using weak turbulence theory and con-
sidering a small population of electrons with a finite pitch 
distribution drifting along the direction of the magnetic field, 
through the ambient plasma [9]. The results obtained in that 
investigation have shown that the existence of a finite pitch 
angle leads to structures in the spectra of electrostatic waves 
which are more complex than those obtained in the case of 
distributions simply drifting along the magnetic field, with-
out pitch angle. It has also been observed in the results the 
emission of a spectrum of transverse waves similar to that 
obtained considering zero pitch angle in the beam drift, but 
with enhanced emission at harmonics of the fundamental 
frequency. This work is thus relevant to the above-stated 
radio burst problem at the collisionless shock although such 
a direct connection has not been stated in ref. [9]. Regarding 
the electron velocity distribution, the results obtained have 
shown the formation of an enlarged plateau in the region of 
the beam, in velocity space. It has also been observed some 
growth of the population of electrons in the region of high 
parallel velocity [9].

The results obtained in Ziebell [9] have motivated us to 
proceed with further analysis, with focus on the possibility 
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of electron acceleration in the case of significant pitch angle 
in the population of drifting electrons. In the present paper, 
we present results originated from this investigation. As 
in Ziebell (2021), the analysis is made using equations of 
weak turbulence theory, but here we take into account only 
the presence of Langmuir and ion sound waves and neglect 
effects associated with transverse waves. The sequence of 
the paper is organized as follows: Sect. 2 briefly presents the 
model which is utilized in the investigation, including the 
mathematical form of the electron velocity distribution func-
tion and some general features of the theoretical formula-
tion. Section 3 briefly discusses the procedures for numerical 
solution of the system of coupled evolution equations, and 
present some results that show the spectrum of Langmuir 
waves and the electron distribution function, for different 
values of time. At the end, Sect. 4 presents a summary of 
the results obtained.

2 � Modeling and Theoretical Framework

As an initial condition, the electron velocity distribution is 
assumed to be a summation of a Maxwellian core and a 
ring-beam distribution. Assuming that the electron number 
density is ne and the beam number density is nef  , this veloc-
ity distribution can be written as follows,

where

(1)fe(�) =

(
1 −

nef

ne

)
fe,M(�) +

nef

ne
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Fig. 1   Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, at � = 100 . a 
�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . Other parameters 
are 

(
ne�

3

De

)−1
= 5.0 × 10−3 , 

nfe∕ne = 1.0 × 10−3 , Uf = 8.0 , 
Tf ∕Te = 1.0 , Te∕Ti = 2.0 . The 
surface plots show 11 levels, 
between 1 × 10−11 and 1 × 10−2 
(the more internal level, at 
the core distribution). Results 
obtained taking into account 
spontaneous and induced emis-
sion in the equation for evolu-
tion of Langmuir waves

(a) (b)

(c) (d)
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The beam speed is vf  and the beam pitch angle is �f  , so that 
vf⟂ = vf sin �f  , vf∥ = vf cos �f  . The Maxwellian core distri-
bution features a drift velocity v0 = −nef vf cos �f∕(ne − nef ) , 
such that the electron population remains current-free. The 
distributions (2) and (3) also feature the thermal velocity of 
the electrons, given by ve =

√
2Te∕me , where Te is the electron 

temperature written in energy units and me is the electron mass. 
For the ion velocity distribution, fi , we assume a Maxwellian 
distribution, which does not change along time evolution.

The set of equations which is utilized in the present 
analysis can be found in the literature, as in ref. [10], for 
instance. Nevertheless, they are reproduced here for the sake 
of completeness.

For the electron distribution function, we consider a 
time evolution equation which features a quasilinear dif-
fusion term and also a term associated with spontaneous 
fluctuations [10],

(3)fe,f (�) =
1

�3∕2v3
e

exp
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−
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2
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e

)
.

For the Langmuir waves (L waves), the time evolution 
equation includes the effects of spontaneous emission and 
induced emission [10],

For the ion sound waves (S waves), the time evolu-
tion equation containing only the terms corresponding to 
induced and spontaneous effects is as follows [10],

(4)
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Fig. 2   Surface plots of the 
normalized spectrum of 
Langmuir waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , at � = 100 . a 

�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The surface plots 
show 13 levels, between 
5 × 10−6 (the more external 
level) and 5 × 10−3 . Other 
parameters and conditions are 
as in Fig. 1

(a) (b)

(c) (d)
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where

�De = ve∕(
√
2�pe) represents the Debie length, where 

�pe =
√
4�nee

2∕me  is the electron plasma angular fre-
quency. mi and Ti are the ion mass and the ion temperature 
in units of energy, respectively.
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3 � Numerical Results

For convenience of the numerical analysis, we define 
dimensionless quantities. A normalized velocity is defined 
by � = �∕ve , a normalized wave number by � = �ve∕�pe , 
the normalized time variable by � = �pet , and the normal-
ized wave frequency for waves of type � by z�

�
= ��

�
∕�pe 

(where � = L or S). A normalized wave intensity for waves 
of type � is defined as follows,

where g =
[
23∕2(4�)2ne�

3
De

]−1 , and it is defined that �L
�
= 1 . 

Other dimensionless quantities are the normalized speed, 
u = v∕ve , and the normalized thermal velocities u� = v�∕ve , 
where v� =

√
2T�∕m�  is the thermal velocity of particles 
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Fig. 3   Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, at � = 500 . a 
�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 1. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)
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of type � . An immediate consequence of these definitions 
is that ue = 1.

The dispersion relations for L and S waves, written in 
terms of the nondimensional variables, are as follows,

For initialization of the wave spectra, Eqs. (5) and (6) 
are utilized, taking into account only the background Max-
wellian core, and balancing the effects of the spontaneous 
and induced emission terms. The procedure leads to the fol-
lowing expressions for the initial wave spectra:

In addition to the use of dimensionless quantities for the 
set of kinetic Eqs. (4), (5), and (6), we also utilize a two-
dimensional (2D) approximation, a useful approximation for 
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the description of three-dimensional systems with azimuthal 
symmetry. Therefore, the normalized particle velocities are 
given by � = u

⟂
�
⟂
+ u∥�∥ , and the normalized wave numbers 

are given by � = q
⟂
�
⟂
+ q∥�∥ , where �∥ is along the direction 

of the ambient magnetic field. In the 2D approach, and using 
the normalized variables, the electron velocity distribution 
function becomes as follows:

Equations (4), (5), and (6) are then transformed into  
a set of finite difference equations, for numerical solu-
tion. We use a splitting method with fixed time step to  
solve Eq. (4), and a Runge-Kutta procedure with the 
same time step to solve Eqs. (5) and (6). As time step, 
we use  , with a 51 × 51 grid point covering the region 
0 ≤ q

⟂
≤ 0.6 and 0 ≤ q∥ ≤ 0.6 in wave number space, and 

a 169 × 337 grid point covering the region 0 ≤ u
⟂
≤ 20 and  
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e
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Fig. 4   Surface plots of the 
normalized spectrum of 
Langmuir waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , at � = 500 . a 

�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 2. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)
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−20 ≤ u∥ ≤ 20 . Similar values of grid size in wave number 
space had already been used in previous studies, as in refs. 
[11, 12], for instance. In velocity space, however, the pre-
sent analysis utilizes a grid size larger than that utilized in 
these previous studies, in order to improve the conditions 
for visualization of extended electron tails, if they are pro-
duced along the dynamics of the system. As parameters for 
the numerical analysis, we utilize 

(
ne�

3
De

)−1
= 5.0 × 10−3 , 

nfe∕ne = 1.0 × 10−3 , uf = 8.0 , Tf∕Te = 1.0 , and Te∕Ti = 2.0.
In the sequence of Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9, and 

10, we show results of the numerical analysis in the form 
of surface plots of the normalized electron distribution 
function in logarithmic scale, vs. u∥ and u

⟂
 , and surface 

plots of the normalized spectrum of Langmuir waves, 
in logarithmic scale, vs. q∥ and q

⟂
 . These figures have 

been obtained considering several values of the beam 
pitch angle, and several moments along time evolution.  
Figures 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 display four panels, 
corresponding to results obtained with �f = 0◦ in panel 
a, �f = 15◦ in panel b, �f = 30◦ in panel c, and �f = 40◦ in  
panel d.

Figure 1 displays surface plots of the normalized elec-
tron distribution function, at � = 100 . At this early stage 
in the time evolution, the distribution function is still very 
close to the initial shape. In Fig. 1a, the case of �f = 0◦ dis-
plays the presence of the beam propagating along the par-
allel direction, and the occurrence of the region of positive 
velocity derivatives between the core distribution and the 
beam. In panel b, it is seen the case of �f = 15◦ . The ring-
beam appears in the 2D plot in the form of two detached 
beams, with two mirrored regions of positive derivative in 
velocity space. Panels c and d of Fig. 1, depicting the cases 
of �f = 30◦ and �f = 40◦ , respectively, show similar struc-
tures in velocity space, with regions of positive derivatives 
progressively detached in velocity space.

Figure 2 shows surface plots of the normalized spectrum 
of Langmuir waves in logarithmic scale, vs. q∥ and q

⟂
 , also 

at � = 100 . The parameters and conditions are the same as 
those used to obtain Fig. 1. Figure 2a, which shows the case 
of �f = 0◦ , exhibits the peak of forward propagating L waves 
which is generated by the beam aligned with the parallel 
direction. In Fig. 2b, which shows the case of �f = 15◦ , it 

Fig. 5   Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, at � = 1000 . a 
�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 1. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)
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is seen that the two separated regions of positive derivative 
which appear in the surface plots of the distribution function, 
in Fig. 1b, generate two peaks of L waves, which cross each 
other forming a structure similar to the letter X. The maxi-
mum of this structure is a peak of forward propagating waves, 
around q

⟂
= 0 where the two generated peaks add construc-

tively. Figure 2c, d show the cases of �f = 30◦ and �f = 40◦ , 
respectively. The X structure is present in both cases, progres-
sively more pronounced. It can be noticed that in the cases 
of panels c and d significant amplitude of L waves is seen at 
q∥ ≃ 0 , with finite q

⟂
 , while in panels a and b the significant 

amplitudes occur only for positive values of q∥.
In Fig. 3, it is depicted a set of panels with surface plots of 

the normalized electron distribution function in logarithmic 
scale, at � = 500 . By comparison with the corresponding 
panels is Fig. 1, it is seen that at � = 500 the top of the beam 
distribution is already well flattened, forming a plateau in 
velocity space, but a region of positive velocity derivatives  
still exists between the core and the beam distribution.  
Figure 3c, d show an increase in the electron population  
with u∥ ≃ 10 and u

⟂
≃ 0 , in comparison with Fig. 1c, d.

Figure 4 shows the surface plots of the normalized spec-
trum of Langmuir waves in logarithmic scale, at � = 500 , 

corresponding to the distribution functions depicted in 
Fig. 3. By comparison with Fig. 2, it is seen that the struc-
ture of L waves in wave number space keeps the same form, 
but the peaks which are formed have become higher and 
somewhat wider.

At � = 1000 , Fig. 5a, b show that in the case of zero or 
moderate pitch angle a single plateau is formed in the veloc-
ity distribution function, indicating that the ring-beam has 
become a single wide beam. In Fig. 5c, d, it is seen that sig-
nificant increase in the high parallel velocity has occurred, 
indicating significant electron acceleration by the quasilin-
ear interaction with the ring-beam population. The corre-
sponding surface plots of the normalized spectra of L waves 
appear in Fig. 6. By comparison with Fig. 4, it is seen that 
the peaks in the L spectra continue to grow in amplitude, and 
become appreciably wider. Particularly, by comparing pan-
els c and d of Figs. 4 and 6, it is seen that the amplitude of 
L waves at q∥ ≃ 0 and finite q

⟂
 , in the cases of �f = 30◦ and 

�f = 40◦ is considerably higher at � = 1000 than at � = 500.
Figures 7 and 8 display the surface plots of the normal-

ized electron distribution function in logarithmic scale and 
the surface plots of the normalized spectrum of Langmuir 
waves in logarithmic scale, respectively, at � = 2000 . The 

Fig. 6   Surface plots of the 
normalized spectrum of 
Langmuir waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , at � = 1000 . a 

�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 2. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)
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patterns seen in Figs. 5 and 6 continue to be seen in Figs. 7 
and 8, only more pronounced. The presence of accelerated 
electrons along the parallel direction is very conspicuous, in 
the cases of significant pitch angle, as �f = 30◦ in Fig. 7c and 
�f = 40◦ in Fig. 7d. Similar comments can be made about 
Figs. 9 and 10, which show respectively the electron distri-
bution function and the L wave spectrum at � = 3000.

The evolution of the high-velocity tail in the electron 
velocity distribution can be appreciated from another 
perspective in Fig. 11, which shows the velocity dis-
tribution as a function of u∥ , after integration along  
u
⟂
 , for several values of normalized time, � = 100 , 200, 

500, 1000, 2000, and 3000. The four panels of Fig. 11 
display the cases of �f = 0◦ , in panel a, �f = 15◦ in panel 
b, �f = 30◦ in panel c, and �f = 40◦ in panel d. The high-
velocity tail is barely perceptible in the case of small 
pitch angle of the beam distribution, as in Fig. 11a, b, and 
clearly defined for the cases of �f = 30◦ and �f = 40◦ , seen  
in Fig. 11c, d. Although the formation of high-velocity 
electron tails has already been reported [13], associated  
to nonlinear effects, the acceleration of electrons by  

quasilinear effects, in association with ring-beam electron 
distributions, has not yet been reported in the literature, 
as far as we are aware.

The mechanism for generation of the high-velocity dis-
tribution by quasilinear effects, in the case of ring-beam 
distributions with significant pitch angle, is as follows. 
In two dimensions, and in terms of nondimensional vari-
ables, the resonance condition for wave particle interaction 
involving L waves is given by

Considering for instance the case of �f = 30◦ , Fig. 7c 
shows that at � = 2000 the velocity derivative is very sig-
nificant for u∥ ≃ 2.0 and u

⟂
≃ 3.5 . Considering �L

q
≃ �pe and 

� = 1 , and q
⟂
= 0.24 , the resonance condition is satisfied by

The resonance condition appears in Eq. (5), for the evolu-
tion of L waves, and therefore shows that significant wave 

�zL
q
− q

⟂
u
⟂
− q∥u∥ = 0

q∥ ≃
1 − q

⟂
u
⟂

u∥
≃ 0.08

Fig. 7   Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, at � = 2000 . a 
�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 1. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)
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growth may occur for q∥ ≃ 0.08 , q
⟂
≃ 0.24 , which is near 

the extremity of one of the legs of the letter X, as seen in 
Fig. 8c. On the other hand, the same resonance condition 
appears in the equation for the evolution of the electron dis-
tribution function (Eq. 4). At the region u

⟂
≃ 0 , the waves at 

the extremity of the letter X will be resonant with particles 
with the following parallel velocity,

This result shows that waves at the tip of the X-type 
growth in the L wave spectrum, formed by quasilinear 
effect by resonance with the ring-beam distribution, can 
be resonant with particles with large parallel velocity, in 
a region of the distribution function where the velocity 
derivative is negative. The resonance process therefore 
leads to absorption of wave energy. That is, the ring-
beam particles are able to transfer energy and accelerate  
particles in the region of high parallel velocity, by means 
of the spectrum of L waves generated by quasilinear 
growth.

u∥ ≃
1 − q

⟂
u
⟂

q∥
≃ 12, 5

The efficiency of the acceleration by the quasilinear pro-
cess depends on the value of the pitch angle. The results 
which we have obtained indicate that for very large val-
ues of the pitch angle the efficiency is smaller than in the 
case of an intermediate pitch angle. For instance, Fig. 12a 
shows surface plots of the spectrum of L waves obtained 
for the case of �f = 60◦ , at � = 3000 . The comparison with 
the case of �f = 40◦ at the same time, seen in Fig. 10d, 
shows that in the case of a very large pitch angle the pri-
mary peak of L waves, around q∥ = 0.3 , is much less pro-
nounced than in the case of the intermediate pitch angle.

It is also seen that the tip of the X-type growth in the L 
spectrum goes well beyond q∥ = 0 , toward the region of nega-
tive values of parallel wave number. The corresponding surface 
plots of the electron distribution appear at Fig. 12b, and show 
that in comparison with the case of �f = 40◦ seen in Fig. 9d 
the distribution function in the case of �f = 60◦ is broadened 
along the u

⟂
 direction, and less extended along the u∥ direction. 

Another perspective is seen in Fig. 12c, which shows 1D plots 
of the electron distribution function, at � = 3000 , for several 
values of �f  . It is seen that in the case of �f = 15◦ (green line) 

Fig. 8   Surface plots of the 
normalized spectrum of 
Langmuir waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , at � = 2000 . a 

�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 2. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)
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the distribution function is very similar to that obtained in the 
case without pitch angle, with �f = 0◦ (magenta line). The 
green line in almost indistinguishable of the magenta line, in 
the scale of the figure. There is a plateau in the region of the 
beam, without a significant electron tail beyond this plateau. 
For �f = 30◦ (blue line), the plateau is shorter than in the case 
of �f = 15◦ , but an extended electron tail is seen in the region 
of high parallel velocity. For �f = 40◦ (red line), the extended 
electron tail is more pronounced, with the tail population over-
taking the population obtained for �f = 30◦ around u∥ ≃ 13 , 
where Φe ≃ 1 × 10−7 . On the other hand, for a large pitch 
angle, illustrated by the case of �f = 60◦ (black line), the pla-
teau in the distribution is very short, and the extended electron 
tail which is formed does not overtake the tail formed in the 
case of �f = 40◦ , even down below the level of Φe ≃ 1 × 10−12.

We now investigate what is the effect of taking into account 
nonlinear effects in the equations for the wave amplitudes, on 
the acceleration of electrons which was demonstrated to occur 
in the case of ring-beam electron populations with sufficiently 
large beam pitch angle. For this investigation, we add at the 
right-hand side of Eq. (5) the following terms [10]

where
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Fig. 9   Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, at � = 3000 . a 
�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 1. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)
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The first of these terms features the resonance condi-
tion �(��L

�
− ���L

��
− ����S

�−��
) , and describes the three-

wave decay involving two L waves and one S wave. The 
second of these terms contains the resonance conditions 
�[��L

�
− ���L

��
− (� − ��) ⋅ �] , and represents the induced 

scattering term, involving two L waves.
At the right-hand side of Eq. (6), we add the term 

representing the three-wave decay, involving one 
S wave and two L waves, with resonance condition 
�(��S

�
− ���L

��
− ����S

�−��
) [10],
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In order to illustrate the effects of the nonlinear processes 
in the time evolution of the spectrum of L waves, in the 
presence of a thermal core plus a ring-beam electron distri-
bution, we present in Fig. 13 the surface plots of the normal-
ized spectrum of Langmuir waves in logarithmic scale, vs. q∥ 
and q

⟂
 , for the case of �f = 30◦ , and for different moments 

along time evolution. Figure 13a–d represent the surface 
plots at � = 100 , � = 500 , � = 1000 , and � = 2000 , respec-
tively. Figure 13a shows that the spectrum of L waves at 
� = 100 is very similar to that obtained for the same beam 
pitch angle and time, without taking into account nonlinear 
effects, shown in Fig. 2c. In Fig. 13b, the result obtained at 
� = 500 shows that, in addition to the X-like structure of L 
waves generated by quasilinear effect due to the ring-beam 
distribution, there is also the presence of the backward prop-
agating L waves and of the ring-like structure in wave num-
ber space, which are structures generated by the processes 
of three-wave decay and scattering. Further along time evo-
lution, Fig. 13c, d show that the wave structures which are 
due to nonlinear processes become more prominent, but the 
X-like structures due to quasilinear processes continue to be 

Fig. 10   Surface plots of 
the normalized spectrum of 
Langmuir waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , at � = 3000 . a 

�f = 0◦ ; b �f = 15◦ ; c �f = 30◦ ; 
d �f = 40◦ . The level curves are 
as in Fig. 2. Other parameters 
and conditions are as in Fig. 1

(a) (b)

(c) (d)



	 Brazilian Journal of Physics           (2022) 52:87 

1 3

   87   Page 12 of 16

very similar to those appearing in the corresponding figures 
obtained without taking into account nonlinear effect, which 
are Figs. 6c and 8d, respectively.

Figure  14 displays surface plots of the normalized 
electron distribution function in logarithmic scale, in two-
dimensional normalized velocity space, for �f = 30◦ , at 
the same time as the corresponding spectra of L waves 
appearing in Fig. 13. Figure 14a shows the distribution 
function at � = 100 , practically identical to the distribution  
appearing in Fig. 1c. In Fig. 14b, it is depicted the case of 
� = 500 , with a distribution very similar to the distribution  
appearing in Fig. 3c. At Fig. 14c, the case of � = 1000 
shows surface plots which indicate a distribution function  
very similar to that appearing in Fig. 5c, only slightly  
widened in the region of the plateau. The widening of the 
distribution accelerates, so that in Fig. 14d the surface 
plots show a distribution with a plateau region noticeably 
larger than in the corresponding case without nonlinear 
effects (Fig. 7c).

Further evolution of the electron distribution function 
and of the L wave spectrum obtained taking into account 
nonlinear effects in the wave equations appears in Fig. 15, 
which shows results obtained at � = 3000 . It is particularly 
noticeable that Fig. 15a shows the surface plots of the elec-
tron distribution function with a plateau considerably more 
extended than in the case of Fig. 9c, which was obtained 
without nonlinear effects, and also displaying a significant 
backward tail, formed due to absorption of energy of back-
ward propagating waves.

Finally, we show in Fig. 16a one-dimensional plots of 
the velocity distribution of electrons obtained by taking into 
account nonlinear effects in the equations for the time evolu-
tion of the wave spectra, considering the case of �f = 30◦ , 
as example of case with a ring-beam with significant pitch 
angle. Figure 16a shows the distribution function vs. u∥ , 
after integration along u

⟂
 , at � = 100 , 200, 500, 1000, 2000, 

and 3000. Figure 16b also shows 1D plots of the electron 
distribution obtained for the case of �f = 30◦ , but obtained 

(a) (b)

(c) (d)

Fig. 11   Velocity distribution of electrons as a function of u∥ , after integration along u
⟂
 , at � = 100 , 200, 500, 1000, 2000, and 3000. a �f = 0◦ ; b 

�f = 15◦ ; c �f = 30◦ ; d �f = 40◦ . Other parameters and conditions are as in Fig. 1
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without taking into account nonlinear effects. It is the same 
as Fig. 11c, and it is reproduced here to facilitate the com-
parison between the two cases. The comparison between 
these figures shows that the maximum velocity charactering 
the end of the high-velocity electron tail is similar in the 
two cases, but it is seen that the density of the high-velocity 
population is enhanced when the nonlinear effects are taken 
into account, in comparisons with the results obtained with-
out taking into account these effects.

4 � Final Remarks

We have presented results obtained from numerical analysis 
of a set of equations of weak turbulence theory, consider-
ing initial conditions in which a tenuous ring-beam electron 
distribution is moving through a background Maxwellian 
plasma. The study can be considered complementary to 
the analysis presented in ref. [9], but in the present paper 
we have emphasized conditions leading to the formation of 

extended electron tails, which have been shown to be con-
nected with the occurrence of significant pitch angle in the 
velocity of the electron beam.

The first results presented in the paper have been obtained 
by taking into account only the mechanisms of spontaneous 
and induced emission in the equation for the amplitudes of 
electrostatic waves, with the neglect of nonlinear effects. 
These results have shown that, in the case of sufficiently 
significant pitch angle, there is substantial growth of ampli-
tude for waves at the region of very small values of k∥ and 
finite values of k

⟂
 , and these waves are resonant with elec-

trons at large values of parallel velocity, beyond the paral-
lel beam velocity. These waves therefore lose energy to the 
resonant electrons at the far tail of the distribution. As a 
consequence, there is substantial growth of the high-velocity 
electron population, resulting an extended forward tail in 
the electron population. This electron acceleration due to 
quasilinear effects in the case of ring-beam distributions is 
an acceleration mechanism which has not yet been reported 
in the literature.

Fig. 12   a Surface plots of 
the normalized spectrum of 
Langmuir waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , at � = 3000 , for 

�f = 60◦ . The level curves are as 
in Fig. 2. b Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, at � = 3000 , for 
�f = 60◦ . c Velocity distribution 
of electrons as a function of u∥ , 
after integration along u⟂ , at 
� = 3000 , for �f = 0◦ (magenta 
line), �f = 15◦ (green line), 
�f = 30◦ (blue line), �f = 40◦ 
(red line), and �f = 60◦ (black 
line). The level curves are as 
in Fig. 1. Other parameters and 
conditions are as in Fig. 1

(a)

(b)

(c)
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In the sequence, we have investigated the effect of non-
linear mechanisms on the evolution of this acceleration pro-
cess, by taking into account the nonlinear mechanisms of 
three-wave decay in the equations for L and S waves, and 
also the mechanism of induced scattering in the equation 
for L waves. The presence of these nonlinear mechanisms 
leads to the appearing of a peak for L waves propagating in 
the backward direction, as well to the formation of a ring-
like structure in wave number space for L waves, as already 
reported in studies which considered electron beams aligned 
with the parallel direction. The forward tail in the electron 
distribution function, for sufficiently large pitch angle of 
the beam velocity, is enhanced in the presence of nonlinear 
effects, in comparison with the situation where the nonlinear 
effects are neglected.

It may be added that numerical analysis had already 
shown that the Langmuir turbulence associated to the 
beam-plasma instability could generate energetic elec-
tron tails, as in ref. [13], in the case of distributions with 

asymmetric beams, along forward and backward direc-
tions. More recently, the asymptotic Langmuir turbulence 
has been shown to be a mechanism for generating a kappa 
tail in the electron distribution, in the context of a rigor-
ous theory culminating with a steady-state solution of the 
system of coupled equations for the electron distribution 
and the Langmuir waves [14]. The novel aspect of the pre-
sent paper is that it only takes the quasilinear process to 
produce the energetic tail. As it has been seen, the addi-
tion of nonlinear processes enhances the process, but even 
without such nonlinear effects in the case of ring-beam 
distributions the tail can be formed rapidly.

Finally, it can be remembered that the present investi-
gation only considered ring-beam distributions with azi-
muthal symmetry, which are symmetric along the direction 
of perpendicular velocity, in a two-dimensional approxi-
mation. Velocity distributions without azimuthal symme-
try would add another level of complexity to the numerical 
analysis, and can be the object of future research efforts.

Fig. 13   Surface plots of 
the normalized spectrum of 
Langmuir waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , for �f = 30◦ 

and different moments along 
time evolution. a � = 100 ; 
b � = 500 ; c � = 1000 ; d 
� = 2000 . Results obtained 
taking into account spontane-
ous and induced emission, 
three wave decay, and induced 
scattering, in the equation for 
evolution of Langmuir waves. 
The level curves are as in Fig. 2. 
Other parameters and conditions 
are as in Fig. 1

(a) (b)

(c) (d)



Brazilian Journal of Physics           (2022) 52:87 	

1 3

Page 15 of 16     87 

Fig. 14   Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, for �f = 30◦ 
and different moments along 
time evolution. a � = 100 ; 
b � = 500 ; c � = 1000 ; d 
� = 2000 . The level curves are 
as in Fig. 1. Other parameters 
and conditions are as in Fig. 13

(a) (b)

(c) (d)

Fig. 15   a Surface plots of the 
normalized electron distribution 
function in logarithmic scale, 
in bi-dimensional normalized 
velocity space, for �f = 30◦ and 
� = 3000 . The level curves are 
as in Fig. 1. b Surface plots of 
the normalized spectrum of 
transverse waves in logarithmic 
scale, vs. q∥ = k∥ve∕�pe and 
q
⟂
= k

⟂
ve∕�pe , for �f = 30◦ and 

� = 3000 . The level curves are 
as in Fig. 2. Other parameters 
and conditions are as in Fig. 13

(a)

(b)
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