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We study the impact of stellar cooling due to light axion emission on the formation and evolution
of black hole binaries, via stable mass transfer and the common envelope scenario. We find that in
the presence of light axion emission, no binary black hole mergers are formed with black holes in the
lower mass gap (Mpu < 4Mp) via the common envelope formation channel. In some systems, this
happens because axions prevent Roche lobe overflow. In others, they prevent the common envelope
from being ejected. Our results apply to axions with couplings gay 2 10719 Gev ! (to photons) or

~

Qae > 1072 (to electrons) and masses m, < 10keV. Light, weakly coupled particles may therefore
apparently produce a mass gap 2Mp < Mpu < 4Mg in the LIGO/Virgo/KAGRA data, when no
mass gap is present in the stellar remnant population.

I. INTRODUCTION

The detection of gravitational waves (GW) emitted by
binary black holes (BBHs) is revolutionizing our under-
standing of black hole properties, compact object forma-
tion, and stellar evolution. The LIGO/Virgo/KAGRA
(LVK) collaboration has to date observed ~ 90 BBH
events [1], from which conclusions can be drawn affect-
ing not just astrophysics [2], but also gravitation [3], and
nuclear and particle physics (e.g. [4-7]).

In this work, we study the effect of novel particles on
the formation and evolution of BBH binaries. A very
important formation mechanism is the common-envelope
(CE) scenario (see, e.g. [8-14]). In this scenario, post-
main sequence (MS) stars in close binaries undergo Roche
lobe overflow (RLOF) and form a CE. The strong gas
drag from the envelope causes the stars to lose kinetic
energy and inspiral. Crucially, the CE may be ejected due
to the transfer of thermal energy, leaving a close binary
of a black hole and the core of a giant star. The star may
then collapse into a black hole; if this happens without
a strong natal kick, the resulting system is a BBH which
may merge within a Hubble time .

The existence of a lower mass gap — between the heav-
iest neutron stars and the lightest black holes — is cur-
rently uncertain. Mass measurements in X-ray transients
have identified black holes with possible masses as low as
2.1Mg (in the case of GRO J0422+32) [15]. The GWTC-
3 catalogue includes events with secondary objects within
the mass gap, such as GW190814 [16]. Thorough theoret-
ical investigations of binaries containing light black holes
are needed, along with informed gravitational wave data
analysis, to conclusively determine the existence and lo-
cation of the lower mass gap.

As we will show, light axion (m, < 10 keV) emission
affects stellar binaries in such a way that CE ejection
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does not occur for systems where the secondary object is
a BH within the lower mass gap. We model our binaries
as combinations of a post-MS supergiant and a lighter
black hole and simulate the evolution until either the
system merges due to angular momentum loss via stable
mass transfer (SMT) or CE evolution, or the supergiant
reaches the end of core carbon burning. We observe two
important effects of axion emission:

1. In some systems, the axion emission prevents
RLOF so that the objects never interact.

2. In other systems, axion emission prevents the CE
from being ejected and the objects merge before
the primary collapses into a black hole.

In both scenarios, no BBH systems are formed in the
lower mass gap. Thus, axions may cause a lower mass
gap for black holes in black hole binaries even if no such
mass gap exists for isolated black holes. Specifically, our
simulations predict no BBH systems with BH masses
2Mg < Mg < 4Mg formed via the CE scenario.

This paper is organized as follows. In section II we dis-
cuss the formation channels for binary black hole forma-
tion and present the details of how stable mass transfer
and the common envelope phase are implemented into
the stellar structure code we use. In section III we de-
scribe the effects of new particle emission on stellar struc-
ture, and introduce the specific axion production pro-
cesses we study in this work. We present our results in
section IV. These are discussed in section V where we
also conclude.

II. BLACK HOLE BINARIES
A. Black hole binary formation

Inspiraling BBHs undergo several stages of evolu-
tion. The gravitational waves from these systems ob-
served by the LVK collaboration probe the very last stage
of the binary’s evolution, as this emission only starts to
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dominate the energy loss at very small radii. While these
observations provide a wealth of information about the
properties of the final moments of the binary’s life, less
is known about the preceding stages. The current grav-
itational wave catalogue shows some evidence pointing
towards multiple formation channels [2, 17]. Forecasting
merger rates detectable via GWs and interpreting the
GW data requires detailed studies of binary formation
and evolution.

Several proposed BBH formation mechanisms exist. Of
particular interest for stellar evolution are isolated bi-
naries, as the processes in the star can in principle be
studied without detailed knowledge of the dynamics of
the population. Isolated stellar binaries can lose enough
energy without external effects due to gas drag in CE-
evolution. In the absence of the CE, such stellar binaries
are not expected to merge within a Hubble time. Cru-
cial to the formation of a BBH system, the CE needs to
be ejected before the merger occurs.

Alternative BBH formation mechanisms have been
proposed, including stable mass transfer [18, 19], over-
contact binary evolution in which both stars in the bi-
nary have large spin, which prevents single premature
black hole formation [20], and chemically homogeneous
evolution [21, 22] in which an initially compact binary
can remain so due to rotationally-induced mixing that
prevents the envelope from expanding. If the binary is
not formed in isolation, three-body encounters can be an
important formation mechanism [23-25]. In this work, we
will focus on the CE mechanism, but the effects of new
particle emission on these alternative mechanisms would
be interesting topic for future studies.

B. Modelling binary evolution

In this work we focus on BBH formation in isolated
stellar systems via the CE scenario. We simulate the evo-
lution of a 30M star with metallicity Z = 0.02 in a circu-
lar orbit with a lighter BH companion with masses in the
range Mpy = 0.5 — 5Mg. The BH is modeled as a point
mass. The evolution of these binaries is simulated for dif-
ferent initial periods in the range P; = 1000 — 2000 days.*
We use the stellar structure code MESA version 15140
[26-29]. MESA is a one-dimensional code but is capable
of simultaneously evolving binary stars and their orbital
dynamics using a series of approximations described in
[28]. MESA can account for stable mass transfer through
the L1 Lagrangian point as well as outflows from L2 and
L3.

In addition to stable mass transfer, MESA can also
model unstable mass transfer via a common envelope. We
refer the interested to [28, 30] for a full description

I Simulations with P; < 1000 days and 5Mg < My < 18Mg
yielded no differences in outcome due to axion emission.

of the schemes MESA uses to simulate stable/unstable
mass transfer. Here, we review only the salient fea-
tures. A description of the stellar physics used in our
simulations is given in Appendix A. A reproduc-
tion package containing the inlists, run_star_extras, and
run_binary_extras used for our simulations is available
here: https://zenodo.org/record/6949679.

If, during a phase of stable mass transfer, the mass
loss rate exceeds a threshold Mg, then the evolution
of the system proceeds through a CE phase. During this
phase, the binary loses orbital angular momentum and
inspirals. At any given timestep, MESA calculates the
decreases in the orbital separation a (assuming the orbit
remains circular) by equating the binding energy of the
ejected layers Fhing to the orbital energy E,.y, i.e.,

Ehina = aceEorb, (1)

where acg is a free parameter that describes the CE
ejection efficiency. The binding energy is calculated as

Mai r GM
Epina = / <_r + Oéthu> dm, (2)

Mecore

where ‘d’ refers to the donor, ‘i’ refers to the pre-CE
mass, u is the specific internal energy of the gas (which
includes contributions from hydrogen and helium recom-
bination), and «yy, is a free parameter that describes the
efficiency with which thermal energy can be used to eject
the envelope [31]. The orbital energy is

GMd:fMacvf + GMd,iMaC,i

A-Eor = -
b 2af 20,1'

(3

where G is Newton’s constant, a is the orbital separa-
tion, ‘d’ refers to the donor, ‘ac’ refers to the accretor,
‘1" refers to the pre-CE properties, and ‘f’ refers to the
post-CE properties. MESA solves equation 1 for af to de-
termine the post-CE orbital separation. The final masses
are computed using the descriptions described below. In
this work, we take acg = ayn, = 1. We have verified that
these choices do not alter our conclusions.

During the CE phase, the donor star loses mass. This
is modeled as follows. When the star’s radius R is larger
than the Roche Lobe (RL), Rry,, the mass loss is given by
a constant rate Mhigh. As the star loses mass, it may eject
the CE, in which case its radius will begin to recede inside
the Roche Lobe. The point of detachment is defined as
R/RrL < 1—4 (¢ is a free parameter) at which point
the CE phase ends. If this criterion has not been reached
before the merger or before carbon depletion, we consider
the merger to be a CE merger. When 1—0 < R/Rgy, < 1
the mass loss rate is reduced to [30]

1Oglo(Z\ZCE) = 10%10(Mhigh)

1-— R/RRL Mlow
4+ —F)1 . . 4
5 0810 <Mhigh> (4)

In this work we take Mhigh = 1Mg/yr, Miow
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FIG. 1. Merger outcomes in the SM. The dashed yellow line
divides CE scenarios for which the CE switches on after he-
lium depletion (above the line) and before helium depletion
(note that this is a different definition than used in [30]).

10~°Mg /yr and & = 0.02. We have tested explicitly that
our results are insensitive to these choices.

If the system is able to eject its common envelope or the
mass loss proceeds solely via stable mass transfer the star
will ultimately collapse to form a BH of identical mass
since the pair-instability is not encountered for the 30M¢g
model studied in this work [5, 32-34]. The resultant BBH
system will merge in a time (assuming a circular orbit)
[35]

5 (1+4q)* 4
tm = 50663 qare © (5)

where ¢ = mg/m; and M = my + my with my and mq
the primary and secondary masses respectively?. Only
systems that merge within a Hubble time will be detected
by LVK. We take the Hubble constant to be Hy = 70
km/s/Mpc in this work.

We ran a grid of simulations without new losses. The
parameters varied over the ranges 0.5Mg < M < 5Mg

2 Equation (5) is valid to leading-order in the post-Newtonian ex-
pansion and therefore strictly describes the inspiral phase. The
timescale for the merger phase is negligible compared with the
inspiral phase so we take the merger time to be equal to the
inspiral time.

with AM = 0.5Mg and 3.0 < log;o(P/days) < 3.3
with Alog,y(P/days) = 0.01. The results are shown in
Fig. 1. These outcomes are consistent with those reported
in [30]. In particular, CE ejection happens in two specific
regions, distinguished by the onset of CE evolution before
and after helium depletion.

III. LIGHT PARTICLE EMISSION
A. Stellar response to light particle emission

New light particles weakly coupled to the Standard
Model are produced in the cores of stars. They subse-
quently free-steam out of the star and act as a novel
source of energy loss in addition to neutrino losses. In
this section, we briefly review the consequences of such
novel loss channels at different stages in stellar evolution.

Under the assumption of a homologous transformation
r’ = yr, such that the entire profile of the star (including
its density, radius, and temperature) can be rescaled by
a common factor y, the results of new losses on a lower
mass MS star were found to be contraction, heating, and
luminosity increase [36, 37] — in other words, its evolu-
tion speeds up. We are interested in higher mass stars and
post-MS evolution, so we will generalise this treatment.

Assuming a chemically homogeneous star, we must
have energy generation rate (per unit mass) € and opacity
k scaling with temperature T" and density p

ex p"TY, Ko pTP. (6)
From the equation for radiative transfer, and 7" = y~'T,
o 3: y~3p, it then follows that the local energy flux scales
as

L'(r") = y* P L(r). (7)

The new losses modify the energy generation rate e, de-
fined as

€ = €nuc — €grav — €neutrino — €y
(8)

= (1 — 5gra,v — Oneutrino — 5x)€nuc

where €, are the new particle losses. From the energy

generation equation dL/dr = 47r2ep,

L/(Tl) = y—(3n+u)(1 - 6grav - 5neutrino - 6x)L(T> (9)
we can conclude
Yy = (1 - 5grav - 6neutrin0 - 5)() 35+pi3"+"a (10)

3 An alternative form of this equation can be derived for convec-
tive regions bordered by a thin photosphere (such that constant
opacity can be assumed), L' (r') = y®/2L(r) [36], and the follow-
ing holds with the replacement 3s + p — 5/2. See also [38].
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FIG. 2. Outcomes of binary scenarios for axion emission through the axion-photon coupling gio as a function of accretor mass
Mgy and initial period P;. It is seen that for significant g10, low mass companions only give rise to no interaction or mergers

which take place during the CE phase.

such that for small Y § = dgrav + Oneutrino + Oy

SR ~326

R 3s+p+3In+v
0L —(Bs+p)>o
L 3s+p+3In+v
oT 36

T 3s+p+3Int+v

(11)

We may assume s = 0 and p = 0 for the post-MS evo-
lution of a high mass star?® At the temperatures we are
interested in, v ~ 17—40, and n = 1 —2, where the lower
numbers hold for the CNO cycle and the larger numbers
for the triple-a process. Using these values in (11) implies
that in the presence of new losses, the radii of large post-
MS stars decreases, the temperature increases, and the
luminosty is not affected (this is a result of the constant
opacity). While this approximation is not in general valid
because the new losses scale differently with temperature
and density than the nuclear rates, we expect it to be a
first approximation when interpreting the new losses as
an average over the star.

4 For a low-mass MS star with 7' < 107 K, Kramers’ opacity law
gives p = —7/2 and s = 1, but for higher temperatures electron
scattering drives k to a constant.

B. Axion emission rates

In what follows, we will consider axions coupled to pho-
tons and electrons via the following Lagrangian:

1 ~ . -
‘Caxion = _Zga'yaF,uuFHV - Zgaeawe')%wea (12)

where we have neglected the axion mass since we are
interested in the regime m, < 10 keV and couplings to
other particles not relevant for this study.

The axion-photon coupling parameterized by g, gives
rise to axion production in stars via the Primakoff pro-
cess as well as others that are highly subdominant at
the low masses considered here e.g., photon coalescence
[39-41]. The Primakoff energy loss rate per unit mass is
[42, 43]

Quy = 283.16g3,T¢ p5 '9(&%) ergs/g/s,  (13)

where Ty = T/10°K, p3 = p/10° gem =3, g9 =
Gary/(101°GeV™), and ¢ = kg/2T with ks the Debye
momentum
dra
k?g = T zi:niZf, (14)

where the sum runs over both ions and electrons. The
function g(£?) is well-approximated by [44]

1.037¢2
1.01+¢€2/5.4

1.037¢* 3.99
+ 44+0‘628§2) log (3.85 + éT) . (15)

The axion-electron coupling gives rise to axion produc-
tion via bremsstrahlung emission, atomic processes (axio-
recombination and atomic de-excitation), and semi-
Compton scattering. Bremstrahlung emission is negligi-

9(&?) = (
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FIG. 3. Same as figure 2 but for the axion-electron coupling ass.

ble compared with the latter at the core temperatures
and densities relevant for this study so we have neglected
it in our simulations. Appendix B shows typical values
of some stellar quantities, including the Debye screen-
ing length, for the stars studied in this work. Our re-
production package [45] includes the option of including
bremsstrahlung processes so we have provided a descrip-
tion of these in Appendix C. We assume that the ax-
ion production rate per unit mass is dominated by semi-
Compton scattering e + v — e + a, which is given by
[42, 46]

Qsc = 33a26YeT§Fdeg ergs/g/s, (16)

where agg = 10%6g2_ /4w, Y, is the number of electrons
per baryon, and Fyee encodes the effects of Pauli blocking

due to electron degeneracy. Fye is well approximated by
[5, 34]

Faeg = 5 (1 tanh 1 (5, T} (17)

P T
f(p,T) = alog {m} — blogy, {K} +ec, (18)
with a = 0.973, b = 1.596, and ¢ = 8.095. Fye, ~ 1 for
the ranger of temperatures and densities relevant for this
work.

IV. RESULTS

We show the results of our simulations in Figs. 2 and 3
for the axion-photon coupling g1¢ and axion-electron cou-
pling ags respectively (with the other coupling set to
zero) respectively. The parameters were varied over the
ranges 0.5Mg < M < 5Mg with AM = 0.5Mg and
3.0 < logyo(P;/days) < 3.3 with Alog,y(P;/days) =

0.01. The plots show the outcomes of the simulations,
as described in section IIB.

The first important observation is that axion emission
before CE evolution leads to contraction of the radius,
consistent with equation (11). As a result, the models
in the top left corner of Figs. 2 and 3 never undergo
RLOF. These models reach carbon depletion without
any interaction. This primarily affects binaries with lower
companion masses because the radius of the Roche Lobe
is a decreasing function of accretor mass. As can be seen,
the greater the axion coupling, the larger the region in
both companion mass and initial binary period this ap-
plies to.

The second important result is that axion emission im-
plies models which undergo CE evolution after helium
depletion are less likely to eject the CE, as can be identi-
fied from the shrinking region of CE-ejected mergers for
low mass companions and large initial periods in Figs. 2
and 3. We find that this outcome can be the result of
two situations. The star either (1) never recedes into its
Roche Lobe, and loses so much mass during the CE phase
that the CE is removed; or (2) does not recede quickly
enough into its Roche Lobe to eject its envelope before it
is removed. Both of these imply a CE merger takes place
where otherwise CE ejection would have. This effect too
is enhanced for larger couplings.

We find that axion emission does not significantly af-
fect the outcome of the CE phase if it occurs before he-
lium depletion. Axion losses can significantly alter the
evolution during and after He-burning, but not during
the main-sequence evolution, since the temperatures are
too low (Tg < 1) for efficient axion production. Moreover,
whether CE onset occurs before or after core helium de-
pletion changes the duration of the CE phase. In the
former case, the CE phase lasts < O(10%) years in most
cases, whereas in the latter case the CE phase can take
up to O(10%) years, giving more time for it to be effected



by axion emission.

Interestingly, we find that the axion models which do
not eject their CE have enhanced nuclear burning rates
compared to the SM models that do, as we demonstrate
in Fig. 4. This includes strong core carbon burning during
the CE phase, and is consistent with the higher temper-
atures in the presence of losses expected based on the
homologous scaling estimates in equation (11). We also
find that axion emissions lead to enhanced convective re-
gions. This is seen in Fig. 5, and is expected from to
the temperature gradient induced by the higher burning
rates and the new stellar losses. Convection has been as-
sociated with less effective CE ejection independently of
axion investigations [47].

The enhanced nuclear burning in the stars which emit
axions stops their contraction into the RL before the CE
ejection criterion is reached. We confirmed that this is
ultimately responsible for the change in outcome by sim-
ulating an axion emitting star with an artificially small
carbon burning rate. Without a carbon burning core, the
star ejected its CE.

V. DISCUSSION AND CONCLUSIONS

In this work, we have studied the effects of new par-
ticle emission on the evolution of stellar binaries. As
a test case for new particles, we have focused on light

ags =1, M = 1Mg, log(P;/days) = 3.2
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FIG. 4. Nuclear burning rates for binaries with companion
mass 1M and initial period log,(P;/days) = 3.2 for the case
a6 = 1 (upper panel) and the SM (lower panel). In the upper
panel, the right edge corresponds to the merger; in the lower
panel, the right edge corresponds to CE ejection. Convective
regions are shown using green hatching.
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FIG. 5. Axion losses during the CE phase. The right edge
corresponds to the time of merger. Green hatching denotes
convective regions.

axions coupling to either electrons or photons in the stel-
lar material. Focusing on the case of a 30Mg, Z = 0.02
star with a light (me < 5Mg) BH companion, we found
that new particle loss mechanisms can cause the common
envelope phase to be significantly changed, delayed, or
absent altogether. This has important consequences for
the BBH systems which can be observed through gravi-
tational waves. In particular, light particle emission can
thwart the formation of BBH mergers via the common
envelope pathway in two ways. In some systems, axion
emission prevents RLOF altogether, so the objects never
interact. In others, a CE can be formed but is prevented
from being ejected due to axion emission. In the latter,
we found that axion emission enhances nuclear burning
rates, halting contraction and CE ejection. This results
in a merger before the star can collapse to form a BH,
and primarily affects the formation of binaries in which
the secondary object has a mass < 4Mg, within the lower
mass gap.

The parameters considered in this work are probed by
other stellar objects, including the Sun (CAST) [48, 49],
which constrains g9 and gy9/a26 for m, < 10~2 eV; hor-
izontal branch stars [40, 50, 51], which constrain g10; and
the tip of the red giant branch [52-55], which constrains
a96. Until recently, the parameters we studied would have
been incompatible with the stellar constraints, but recent
work [56, 57] has demonstrated that the stellar bounds
are significantly weakened once degeneracies and uncer-
tainties from stellar physics are consistently accounted
for in the data analyses.

This work is a preliminary study, focusing on a single
stellar mass and metallicity. A thorough exploration of
the degeneracies with mass, metallicity, and other stellar
parameters (including e.g., the mixing length) is needed
to ascertain whether our conclusions are valid more gen-
erally. Additionally, it would be interesting to explore
other stellar energy loss mechanisms, as well as changes
to the stellar equation of state [58].

Our simulations were performed using the one-
dimensional code MESA, which is limited in its simu-
lations of non-spherical systems such as binaries. Semi-
analytic prescriptions are used to calculate the effects



of binary interactions, which inevitably require the in-
troduction of free parameters describing the efficiencies
of binary processes. We have verified that our conclu-
sions are robust to varying these parameters. While we
found small individual variations in binaries with par-
ticular initial conditions, the qualitative effects of axions
were found to persist. For example, increasing the effi-
ciency of CE ejection increases the number of systems
that eject their CE and merge within a Hubble time in
the SM, but all of these systems failed to eject their CE
if sufficiently strongly coupled axions are present.

From the study in this work we conclude that axion
emission prevents the formation of binary black holes in
the LIGO/Virgo/KAGRA lower mass gap via the com-
mon envelope BBH formation channel, at least for pro-
genitors composed of a 30Mg, Z = 0.02 star and a light
black hole. To ascertain if this conclusion holds more
generally, future work should simulate a larger range
of masses and metallicities, include other light particle
emission mechanisms, and study how light particle emis-
sion affects other lower mass gap formation channels. We
stress that it is not currently possible to draw any con-
clusions about the axion parameter space using compact
object populations.

This work has demonstrated for the first time that
light particle emission may fundamentally change stel-
lar physics in binaries, and it would be interesting to
devise novel probes of light particles using observations
of binary systems. In the era of precision gravitational
wave astronomy, the effects of light particles on binary
mergers cannot be ignored.

SOFTWARE

MESA version 15140, MESASDK version 20210401,
Mathematica version 12.0, mkipp®.
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Appendix A: Details of the MESA Simulations

Relevant prescriptions for the MESA simulations per-
formed as part of this work are as follows. Convection
is treated according to the Cox prescription for mix-
ing length theory [59] with mixing length parameter
aymrr = 2.0. Semiconvection is modeled according to [60]
with efficiency parameter agc = 1.0. We include convec-
tive overshooting of the hydrogen burning convective core
using a step overshooting scheme where the size of the
core is extended by fo,, = 0.345 pressure scale heights
[61]. Convective overshooting from all other regions is
described using an exponential profile with exponential
decay length scale fo, = 0.01. Our prescription for mass
loss due to stellar winds follows that of [61]. Finally, we
use the MESA default nuclear burning rates (these are
a mixture of the NACRE [62] and REACLIB [63] ta-
bles). Our simulations can be reproduced using the inlists
in our reproduction package [45].

Appendix B: Stellar profiles

To aid the reader’s intuition of the particle processes
occurring in the stars studied by this work, figure 6 shows
example plots of the core temperature, core density, and
Debye screening length as a function of model number
(not linearly related to physical time).

Appendix C: Axion Bremsstrahlung Processes

We have not included axion production via
bremsstrahlung processes in our simulations because the
specific energy loss due to e + (Z,A) = e+ (Z,A) +a
and e + e — e + e 4+ a is only expected to become more
important at higher densities than are reached by the
stars we simulate in this work. We briefly comment on
bremsstrahlung processes here, both for completeness,
and because our reproduction package [45] includes the
option for users to include them in systems where they
dominate.

Assuming that the electrons are nonrelativistic, the ax-
ionic bremsstrahlung rate in the non-degenerate (ND)
and degenerate (D) regimes is [46]

OnND = 0.580426p3T85/2Fb7ND ergs/g/s, (C1)
Op = 10.8 ansTy Fy p ergs/g/s, (C2)
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FIG. 6. Core temperature (upper left), core density (upper right), and Debye screening length (lower) as a function of model
number for the stars studied in this work. The continuous lines correspond to the SM and the dashed lines correspond to the

a2 = 1 model.

where

Fun = (2% (252 + & (2%2)" (03)

with X;, Z;, and A; the mass fraction, atomic number,
and mass number of species i respectively. The sum runs
over all ion species. To second order in the velocity at the

Fermi surface 8p = pr/Ep,

Fyp = 2log (2:;“2) + [(KQ + 2Z)log <2t§2) - 2] %, (C4)
where the Debye angle is k? = k%/(2p%) and the Debye
momentum is given by (14). The axion loss rates due to
Bremsstrahlung processes are implemented into MESA
using the interpolating formula (Q;IZD + Qb)) ! [46].
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