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A B S T R A C T   

Discovery of high-Tc cuprate superconductors (HTSC) in 1986 by Bednorz and Muller, followed by synthesis of 
A3C60, iron-pnictides/chalcogenides and other exotic superconducting (SC) systems, introduced unconventional 
superconductors (UCSC) having their mechanisms of condensation and/or pairing distinctly different from those 
of simpler metals which can be explained by BCS theory. This article will show how one can demonstrate their 
new mechanisms by examining correlations among key energy-scale parameters, including the transition tem-
perature Tc, the superfluid density ns/m*, the effective Fermi energy εF, the excitation energy of the magnetic 
resonance mode (MRM), the onset temperatures of Nernst effect and light-induced transient superconductivity, 
and the spin fluctuation energy scale ℏωsf, and by resorting to analogy / comparisons with superfluid 4He as a 
representative system undergoing Bose Einstein Condensation (BEC). We will propose a paring mechanism in 
HTSC based on resonance of spin (ℏωsf) and charge (εF) energy scales, and apply that concept for explaining 
unusual behaviors in the overdoped region. We will also discuss modifications of a simple BEC-BCS crossover 
picture to account for actual situations with additional effects of competing order and phase separation.   

Chapter I. Correlations between Tc vs. ns/m*, and Tc vs. εF 

Soon after the discovery of HTSC systems [1], we started measure-
ments of the muon spin relaxation rate σ by applying a transverse 
magnetic field of a few kG. In Type II superconductors the relaxation is 
caused by the inhomogeneity of the local field distribution due to the 
Abrikosov lattice of flux vortices, which is proportional to the inverse 
square of the magnetic field penetration depth λ as σ ∝ 1/λ

2. In the clean 
limit, London equation leads to 1/λ2 given by the superconducting (SC) 
carrier density ns divided by the effective mass m* as σ ∝ 1/λ2 ∝ ns/m*. 
For convenience’s sake, ns/m* is often denoted as the superfluid density 
ρs. By 1989 we accumulated MuSR results on various HTSC systems with 
different doping levels, and plotted σ(T→0) against Tc as shown in Fig. 1 
[2]. This figure shows that Tc exhibits a nearly linear correlations with 
ns/m* in the underdoped region, with a universal slope common to the 
214, 123 and tripe-layer HTSC systems. To appreciate additional in-
formation given by the absolute values of ρs, we converted the superfluid 
density ns/m* to an effective Fermi energy εF by noticing that Fermi 
energy is proportional to superfluid density in highly anisotropic 
2-dimensional systems, while one can obtain εF by combining ns/m* 
with another parameter, such as the Sommerfelt constant, for isotropic 
3-d systems. Fig. 2 shows our initial attempt published in 1991 [3] to 

classify various superconductors in a plot of Tc versus εF derived from the 
superfluid density. 

Among various messages of these results, Fig. 3 illustrates some of 
the simpler implications. As shown in Fig. 3(a), superfluid in BCS 
condensation includes all the carriers of the Fermi sphere whose dissi-
pation is prevented below Tc by the formation of the energy gap at the 
Fermi surface. As long as any small gap is formed, all the carriers 
participate in the superfluid in the ground state. Tc scales with the gap 
size which depends primarily on the size of pairing attractive interac-
tion. Therefore, there is no immediate (zeroth order) correlation ex-
pected between Tc and the superfluid density. This is not compatible 
with the strong correlation between Tc and ns/m* found in Fig. 1. This 
feature was one of the earliest indications which suggested that HTSC 
systems may follow a mechanism distinctly different from BCS 
condensation. By combining independent information on m* and the 
coherence length, the superfluid density results can also be used to es-
timate an overlap of pairs in real space. As shown in Fig. 3(b), only 
several pairs are overlapping with each other for HTSC systems showing 
the linear correlations in Fig. 1. This is the situation between the cases of 
BCS condensation with thousands of pairs overlapping and BEC 
condensation of superfluid 4He with nearly independent bosons, while 
being impressively close to the latter. 
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In non-interacting Bose gas, bosons behave as classical particles at 
high temperatures as long as their thermal wave length λth is signifi-
cantly shorter than the inter boson distance dboson, as illustrated in Fig. 3 
(c). With decreasing temperature λth becomes longer. When λth becomes 
comparable to dboson, quantum phase coherence develops between 
adjacent bosons, and BEC takes place if there are no other preventive 
factors such as dimensionality and/or competing interaction. One can 
compare real systems with such idealized hypothetical Bose gas by 
assuming boson density to be ns/2 and the boson mass 2m* from Fig. 2. 
In such hypothetical situation, one would have expected BEC to occur at 
TBEC shown by the broken line in Fig. 2. It is notable that actual Tc of 
HTSC system is reduced by about a factor 4–5 comparted to TBEC, while 
the linear correlations in Figs. 1 and 2 are parallel to the behavior ex-
pected in non-interacting Bose gas. This feature, together with the real 
space situation in Fig. 3(b). suggests that condensation mechanism of 
HTSC systems is deeply related to BEC, but some serious revisions may 

be required to account additional factors such as inter-boson interaction, 
spatial overlap, competing order and phase separation. Note that ther-
mal pair-breaking excitations, which determines Tc in BCS condensa-
tion, cannot explain Tc of HTSC systems, especially in the underdoped 
region where Tc increases while the pseudo-gap energy decreases with 
increasing hole carrier doping. 

Chapter II. Magnetic resonance mode (MRM) and rotons: BEC 
with existence of competing order 

In the case of superfluid 4He, the actual lambda point Tc = 2.2 K in 
ambient pressure is reduced from TBEC ~ 3.2 K derived from the density 
and mass of He, as shown by the red symbol in Fig. 2. In 1970′s Ruvalds 
theoretically showed that Tc of 4He can be calculated by considering 
inelastic thermal excitations of rotons [4]. Rotons represent short-range 
and temporal atomic correlations related to the competing HCP solid He, 

Fig. 1. Muon spin relaxation rate σ in transverse fields (a few kG) at T = 2 K in 
sintered ceramic specimens of HTSC with various doping levels in a few 
different families plotted against the SC transition temperature Tc, initially 
published in 1989 [2]. 

Fig. 2. The effective Fermi temperature derived from the superfluid density ns/ 
m*, plotted against Tc in various UCSC systems, initially published in 1991 [3]. 
A point for superfluid 4He, added for the present article, is shown by the red 
star symbol. 

Fig. 3. Characteristic features of BCS and BEC condensations: (a) In BCS condensation magnitude Δ of the SC energy gap around the Fermi sphere scales with Tc 
while all the carriers (blue region) join the superfluid density regardless of the gap size (red or black). (b) Overlap of bosonic pairs in real space at T→0. HTSC systems 
have only several pairs overlapping, close to BEC of superfluid 4He. (c) Thermal wave length λth of a boson in an ideal Bose gas. BEC occurs when λth becomes 
comparable with the inter-boson distance. 

Y.J. Uemura                                                                                                                                                                                                                                     



Physica C: Superconductivity and its applications 614 (2023) 1354361

3

appearing as a soft phonon mode towards eminent HCP order near the 
Bragg point of solid He, as if a bubble of competing ordered state were 
floating in superfluid 4He. By 2004 the present author realized [5] that: 
(i) Tc of the superfluid 4He scales with the roton energy observed by 
neutron scattering [6] in ambient and applied pressure; and (ii) Tc of 
HTSC and various other UCSC scales with the excitation energy of the 
neutron magnetic resonance mode (MRM) with the ratio of mode energy 
vs Tc nearly identical to that of rotons in superfluid 4He [7]. This situ-
ation is demonstrated in Fig. 4 [5,7]. The MRM represents inelastic spin 
excitations with the periodicity of competing spin-stripe / antiferro-
magnetic (AF) order in UCSC, as shown in the inset of Fig. 4(a) which 
illustrates the similarity of the MRM and rotons in 4He. If we assume that 
the MRM represents a soft mode towards competing AF / spin-stripe 
order, and if its excitation contributes towards depletion of the SC 
condensates in HTSC and UCSC, then thermal excitations of the MRM 
can provide a mechanism for the 4–5 times reduction of Tc of these 
systems from TBEC. 

Both of the rotons and the MRM would have excitation energy cor-
responding to the free energy difference of the ground states of the 
competing superfluid/SC order and HCP solid/AFM-stripe order, as 
illustrated in Fig. 4(b). This picture with the double-well free energy 
profile is consistent with phase diagrams of several UCSC and 4He, 
depicted in Fig. 5 [8], where the boundaries of the competing phases 
appear with first order phase transitions and/or phase separation. It is 
notable that the MRM is also observed by a charge probe Raman scat-
tering [9] at the energy transfer corresponding one to one with the 
neutron spin excitation energy. For the case of spin-alone excitation 
detected by Raman, we expect Raman energy having twice the spin 
energy in the “two magnon Raman” process. The one-to-one Raman 
energy suggests existence of charge mode near the zone center with the 
same energy as spin mode near the momentum transfer of the AF cor-
relations, as illustrated in Fig. 4(c) [5]. Such a spin–charge twin mode 
can be expected when spin and charge correlations are coupled very 
strongly, leading to formation of dynamic spin–charge stripes. A direct 
involvement of the charge sector can explain why thermal MRM exci-
tations would deplete the SC charge condensate in HTSC systems, and 

thus determine Tc. The inelastic charge branch may become detectable 
in Resonant Inelastic X-ray Scattering (RIXS) studies on HTSC systems 
with improved energy resolutions in the future. 

Chapter III. Photo-induced transient superconductivity and the 
Nernst effect: manifestations of local phase coherence among 
preformed pairs 

Ong and co-workers [10,11] observed vortex Nernst effect well 
above Tc in the underdoped region of HTSC systems in 2000–2010. The 
onset temperature Tnern of the Nernst effect and that of the diamagnetic 
susceptibility [12] in the 214 HTSC systems follow the TBEC line in the 
highly underdoped region [5,7], as shown in Fig. 6(a) and (b) [7]. In the 
phase diagram of the (La,Sr)2CuO4 (LSCO) system (Fig. 6(b)), bosonic 
(2e) pairs are gradually formed with decreasing temperature below the 
pseudogap temperature T* derived from the susceptibility (T*chi) and 
conductivity (T*rho). T* represents the magnitude of attractive interac-
tion between two unpaired fermion charges, in a “two-body” physics. In 
the highly underdoped region, with decreasing temperature below T*, 
most of the normal-state carriers are paired into bosons at or above TBEC 
~ 4–5 Tc. Then a local phase coherence among adjacent bosons will 
develop around TBEC as illustrated in Fig. 3(c). This is a “many-body” 

process related to the boson density and mass. Due to competing AF 
order and thermal MRM excitations, however, global phase coherence 
for the SC order develops at Tc, well below TBEC. With increasing hole 
doping towards the “optimal Tc” region, Tnern exhibits a marked depar-
ture from TBEC derived from the superfluid density at T→0. The vortex 
Nernst effect is associated with local phase coherence among adjacent 
preformed bosons in the normal state. Since T* is rapidly reduced with 
increasing doping, the density of preformed pairs would exhibit a 
saturation and suppression, as shown in Fig. 6(b) by the trajectory of 
Tnern. In contrast, TBEC exhibits a monotonic increase up to the optimal 
doping, since TBEC is derived from the superfluid density at T→0, which 
includes both paired (2e) and unpaired (e) carriers in the normal state. 
In the region between Tnern and Tc, a local and dynamic phase coherence 
is achieved among preformed bosons, yet without global phase 

Fig. 4. Magnetic resonance mode (MRM) in UCSC and rotons in superfluid 4He [7]. (a) Plot of the mode energy vs Tc with He results in ambient / applied pressure 
and spin-gap energy representing MRM in HTSC. (b) Competing orders in HTSC (SC vs AF) and in He (Super Fluid (SF) vs HCP solid). with a double-well free energy 
profile. (c) Proposed dispersion of the MRM with the spin branch near (π,π) and a twin charge branch near the zone center [5]. 
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coherence. As shown in Fig. 6(a) [7], Tnern was observed near TBEC also in 
the underdoped YBCO [13], organic BEDT system close to the boundary 
to the AF state [14], and even in URu2Si2 at the onset of the “hidden 
order” [15]. 

Since about a decade ago, Cavalleri and co-workers have reported 
signatures of transient SC behavior in ultrafast time-resolved studies of 
optical conductivity after exciting HTSC [16–18], K3C60 [19,20] and 
BEDT [21] systems with high-intensity laser pulses. In measurements in 
equilibrium state without laser, Drude response of optical conductivity 

in the normal state is suppressed in the SC state, forming a δ function at 
ω = 0. This allows an estimate of the superfluid density from the missing 
Drude spectral weight. In ultrafast studies, photo excitations led to 
transient responses with missing Drude weight appearing at tempera-
tures well above equilibrium Tc. The present author obtained the tran-
sient superfluid density and the onset temperature of the transient Drude 
suppression from the published photo-excited results, and plotted the 
corresponding values in Fig. 6(a). The points with photo excitations 
from underdoped LSCO, YBCO and K3C60 systems come close to the TBEC 

Fig. 5. Phase diagrams of several UCSC and 4He systems [8]. In UCSC, the SC phase (yellow) appears adjacent to the competing AF phase (blue), while superfluid 
phase adjacent to the HCP solid phase in 4He. Boundary of these competing phases appears with first order transitions and/or phase separation, consistent with the 
double-well free energy. 

Fig. 6. (a) Onset temperature of the vortex Nernst effect Tnern and the transient SC behavior in photo-induced optical conductivity (composite circle / square 
symbols) of underdoped HTSC, K3C60, BEDT, and URu2Si2 plotted vs effective Fermi temperature derived from the equilibrium and transient superfluid density in 
MuSR and ultra-fast optical studies [7]. The points lie close to the hypothetical TBEC (broken line) at which a phase coherence is expected to develop among adjacent 
preformed bosons and the SC order would occur if adverse effects from competing order and/or dimensionality can be removed. (b) Phase diagram of LSCO systems 
[7] with the onset temperatures of pseudo gap T*, Nernst effect and diamagnetic susceptibility, and TBEC derived from the T→0 superfluid density, compared with 
actual Tc. 
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line, similarly to the case of the Nernst onset temperature. After seeing 
the results in these systems, the present author encouraged Cavalleri to 
measure photo-excited responses in BEDT systems, which was indeed 
found [21] to give the point in Fig. 6(a) lying close to the Nernst results. 

In La2-xBaxCuO4 (LBCO) with x = 0.115, photo excitation caused 
transient melting of long-range spin-charge stripe order while promot-
ing SC responses [16]. In equilibrium optical conductivity studies, 
Berhhard and co-workers [22] reported that the 400 cm−1 response 
(400 cm−1 mode) appears in the region similar to that of the vortex 
Nernst effect in YBCO systems, as shown in Fig. 7(a). Prior to this, 
Timusk and Homes [23] noticed in YBCO 6.6 that the neutron MRM and 
the optical 400 cm−1 mode exhibit the same temperature dependence of 
their intensities (Fig. 7(b)). In the ultrafast studies of YBCO 6.5, a 
transient suppression of the 400 cm−1 mode was observed after laser 
irradiation [17] as shown in Fig. 7(c), while transient SC responses are 
observed together with increased transient Tc. These results suggest that: 
(i) the laser excitation can temporarily change the balance between 
AF-stripe and SC interaction in favor of SC; and (ii) the MRM and the 
400 cm−1 mode are both tied to the AF-stripe interaction. Laser irradi-
ations suppressed static long-range AF-stripe order in LBCO while 
eliminated MRM and optical “inelastic modes” in YBCO, both resulting 
in promotion of the SC order. The 400 cm−1 mode may be related to the 
charge branch of the MRM dispersion [5] illustrated in Fig. 4(c). 

Chapter IV. Optimal doping region characterized by the charge 
spin resonance 

In BCS theory attractive interaction via lattice distortion is formally 
described as the result of phonon exchange, which makes Tc propor-
tional to the Debye frequency. In the case of coupling mediated by spin 
fluctuations, which is a quite likely scenario for HTSC, heavy fermion, 
and a few other UCSC systems, the energy scale of spin fluctuations ℏωSF 
would play a role of the Debye frequency if those systems follow BCS 
condensation. This consideration motivated Moriya and Ueda [24,25] to 
generate a plot of Tc vs ℏωSF including the results for many UCSC sys-
tems, as shown in Fig. 8. Experimentally ℏωSF is estimated often by the 
energy of magnons and/or paramagnetic spin fluctuations observed at 
the AF Zone boundary, while the results for some of the systems in Fig. 8 
were obtained via theoretical modeling of parameters based on Moriya’s 
theory for magnetism in itinerant electron systems. We see signatures of 
nearly linear Tc vs ℏωSF correlations in Fig. 8, which looks alike with the 
Tc vs εF plot in Figs. 2 and 6(a). This is due to the fact that the charge (εF) 
and spin (ℏωSF) energy scales are very close in values in some proto-
typical UCSC systems, as shown more explicitly in the εF vs ℏωSF plot in 
Fig. 9 [26]. In optimally doped HTSC systems, for example, these pa-
rameters have the values of about 2000–3000 K. To the present author, 
this special feature seems not to be due to simple accidental co-
incidences. In contrast, it may be an essential property which maximizes 

Fig. 7. Behaviors of optical 400 cm−1 mode responses in YBCO. (a) Onset temperature Tons of this mode in equilibrium optical studies by Bernhard et al. [22]. (b) 
Identical intensity vs T profiles of the optical mode and MRM in YBCO 6.6 in the equilibrium state [23]. (c) Time evolution of the transient optical responses after 
laser excitation at t = 0, observed in YBCO 6.5, showing correspondence of the optical mode and the transient SC behavior [17]. 

Fig. 8. Plot of Tc vs the spin fluctuation energy TSF in various UCSC generated 
by Moriya and Ueda [24,25] with TSF derived from neutron data of spin wave 
and paramagnetic fluctuations at the zone boundary and/or theoretical 
modeling based on the Moriya theory of itinerant magnets. 

Fig. 9. Plot of TSF from Fig. 8 vs the effective Fermi energy TF from Figs. 2 and 
6 in HTSC and FeAs systems at the optimal doping region and some heavy 
fermion SC systems generated by Uemura [26], which suggests nearly identical 
spin and charge energy scales. 
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Tc in the “dome-like” phase diagram as a function of doping. 
Possible benefit of the resonating charge and spin energies can be 

considered for a charge motion of a nearly half-filled band with AF 
Heisenberg interaction on a 2-dimensional square lattice, shown in 
Fig. 10 [5,27]. When the charge motion is much slower than the spin 
fluctuations, the background AF lattice looks static to the charge, and a 
hopping of a hole to the nearest neighbor site towards the direction 
parallel to the tetragonal lattice (antinodal direction) would generate 
additional frustrated bonds. This feature would make the AF correla-
tions hostile against the charge motion. The development of this frus-
tration can be avoided for a special case where a spin fluctuation 
alternates the spin direction of the background lattice in synchroniza-
tion with the charge motion, which can be expected for εF ~ ℏωSF. This 
hopping motion can take place coherently as illustrated in Fig. 10, and 
charges can dynamically avoid frustration due to the AF interaction and 
lattice. For a hopping towards diagonal (nodal) direction on the same 
spin sub-lattice, however, a charge motion does not change the frus-
tration energy. This may be the origin of the difference between less 
coherent and nearly localized antinodal charges and more coherent 
nodal charges on the CuO2 planes of HTSC systems. This spin–charge 
resonance resembles a smooth motion of cars aided by a traffic-light 
synchronization on major avenues of New York City [27]. If this reso-
nance occurs for two hole charges in a cooperative way, that could 
provide an attractive interaction for the formation of a bosonic pair. 

Chapter V: Anomalous coexistence of paired and unpaired 
charges in the overdoped HTSC 

In 1993, MuSR studies of HTSC systems were extended from under- 
to optimal doping region to overdoped Tl2201 [28,29]. As shown by 
Fig. 11, the superfluid density at T→0 was found to decrease with 
increasing overdoping, crudely scaling the reduction of Tc, instead of 
following the increase of normal-state carrier density. This implies that 
the ground state is characterized by coexistence of paired super-
conducting charges (ns) and unpaired remaining fermion charges (nn). 
Support to this picture was also found in non-zero remaining response of 
T-linear specific heat and in-gap optical conductivity well below Tc, as 
well as the reduction of the specific heat jump ΔC/T at Tc with increasing 
overdoping (decreasing Tc) [5]. Similar anomalous behavior in the 
overdoped HTSC was subsequently found in bulk samples of CaLaBa-
LaCuO [30] and thin films of LSCO [31]. A possibility of microscopic 
phase separation was proposed [32] to account for this behavior, while 

signatures of spatial inhomogeneity was observed by neutron scattering 
on bulk and STM on thin film specimens of overdoped LSCO [33]. In the 
normal state above Tc, T-linear “Planckian” resistivity responses have 
been observed in optimal to overdoped HTSC systems, and connection 
was suggested between the charges forming the superfluid part in the 
overdoped HTSC below Tc and charges responsible for the Planckian 
behavior above Tc [34]. 

The spin–charge resonance picture in the previous chapter might 
suggest a possible origin of these anomalous behaviors in the overdoped 
region. For the spin-charge resonance, a carrier with energy ε requires to 
meet with a companion spin fluctuation of the same energy. In the 
underdoped region, where ε < ℏωSF, all the charges can find the spin 
fluctuation partner, and thus participate in the superfluid. This is 
possible only up to the optimal doping region where εF ~ ℏωSF. As 
illustrated in Fig. 12, only a fraction of charges can have the spin fluc-
tuation partner in the overdoped region where charge energy exceeds 
ℏωSF. In addition, energy and/or spectral weight of spin fluctuations 

Fig. 10. Motion of a charge with energy ε in a resonance with AF spin fluctuations ℏωAF on a square lattice Heisemberg AF model: (left) (a) For ℏωAF << ε, a hopping 
to tetragonal (antinodal) directions generates additional frustrating bonds: (b) for ℏωAF ~ ε, the frustration can be avoided dynamically; (c) this can occur coherently 
towards the same direction or (d) incoherently towards orthogonal direction; (e) direct hopping to diagonal (nodal) direction does not generate additional frustrated 
bonds. (f) d-wave SC gaps on the CuO2 planes of HTSC; (g) a map of streets and avenues in New York City, where traffic light alternation is synchronized with the 
speed of moving cars on major vertical avenues. [5,27]. 

Fig. 11. MuSR results of σ ∝ ns/m* in overdoped Tl2201 systems [28], where 
the superfluid density at T→0 decreases with overdoping, despite increase of 
the normal carrier density, suggesting paired carriers with density ns and 
remaining unpaired carriers with nn in the ground state. 
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may decrease with increasing doping which would gradually destroy the 
background AF lattice with frustration and percolation. This would 
result in coexistence of charges with and without spin fluctuation 
partners, which would form paired boson and unpaired fermion charges 
coexisting in the ground state of the overdoped HTSC. 

Chapter VI: Additional remarks on MRM, BEC–BCS crossover, 
and superfluid he films 

Thin films of superfluid 4He also provide additional insights. As 
shown in Fig. 13(a) [5], Tc is proportional to the superfluid density, 
having the ratio consistent with the universal value Tc/TF = 1/8 pre-
dicted by the Kosterlitz–Thouless (KT) theory, in thin films of superfluid 

4He adsorbed on uniform Mylar film [35], porous Vycor glass [36], and 
4He-3He mixture adsorbed on fine powders [37]. Here, we do not see the 
effect of competing order via roton excitations. Roton energy in super-
fluid He films remains nearly unchanged from that in bulk superfluid 
4He [38,39] while Tc is reduced significantly, as shown in Fig. 13(b) for a 
film with Tc ~ 1 K [39] compared with bulk superfluid 4He with Tc = 2.2 
K [40] in Fig. 13(c). For films with very thin coverage and low Tc, 
interatomic distance becomes longer than that of solid He. With 
increasing temperature from the ground state, the KT transition occurs 
well before the roton-like excitations (if ever existed) play any important 
thermodynamic roles in thin He films with highly reduced Tc. This 
feature can also be seen in their nearly T-independent superfluid density 
below Tc [35]. In this sense, Fig. 13(a) illustrates examples of boson 
systems without the effects of competing order. It is impressive that 
achievement of global phase coherence is quite robust against strong 
disorder in porous media and even against coexisting uncondensed 
fermions of 3He. These are similar to features observed in Zn-doped 
YBCO cuprates in a “Swiss cheese” like situation [5,41] and in over-
doped HTSC in coexistence of bosons and fermions in the ground state. 

In conferences held in 1994 [42,43], the present author proposed to 
apply a simple BEC–BCS crossover picture shown in Fig. 14(a) to HTSC, 
with a remark that the optimal region may be determined via a com-
parison of εF and the pair-mediating boson energy ℏωB (ℏωSF for a 
spin-mediating pairing), separating the underdoped region with 
non-retarded and the overdoped region with retarded interaction. This 
indeed turns out to be the case in actual HTSC systems as described in 
Chap. IV. However, subsequent considerations for the effect of 
competing order led to modification of this picture into the one shown in 
Fig. 14(b), where the dynamic local and static global phase coherences 
develop at separate temperatures, respectively, at TLPC and Tc. Although 
the overdoped region of HTSC is often considered as a simple Fermi 
liquid following BCS condensation, the results in Chap. V indicate that 
only a part of total carriers participate in superfluid, which is clearly 
different from the situation in BCS theory illustrated in Fig. 3(a). Tc 
seems to be determined still by the superfluid density in the overdoped 
region, distinctly different from ordinary BCS condensation. Thus, the 
BEC-BCS crossover picture requires serious improvements in the “BCS 
side” when applied to actual HTSC and UCSC systems. 

In BCS theory where the normal state consists of unpaired fermion 
(e) charges, the thermal excitation which depletes the SC condensate 

Fig. 13. Behavior of thin films of superfluid 4He. (a) Dependence of the superfluid Tc on the 2-dimensioal superfluid density [5], determined by torsion oscillators on 
He adsorbed on a smooth Mylar substrate [35], porous Vycor glass [36] and 4He/3He mixture on fine powders [37], following predictions of Kosterlitz–Thouless 
theory Tc = TF2d/8 (solid line). (b) inelastic neutron profiles of rotons from He films with Tc ~ 1.1 K [39] and (c) from bulk He [40], both at T << Tc. Roton energy is 
not affected while Tc is reduced by a factor 2 in the film of (b). 

Fig. 12. Situation expected if charge carriers can form SC pairs only when a 
companion spin fluctuation exists with the charge–spin resonance situation. 
Beyond the optimal doping occurring at ℏωAF ~ εF, number of “pairable charges 
dressed with the spin-charge resonance” would decrease with further over-
doping. This may explain Fig. 11. 
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comes from the pair-breaking excitation across the energy gap. In the 
strongly underdoped region of HTSC, where normal state charges above 
Tc are mostly pre-formed (2e) bosons, pair-non-breaking thermal exci-
tations should be the primary process for the condensate depletion, as 
illustrated in Fig. 14(a). The MRM is an excellent candidate for this 
excitation. With increasing hole doping towards optimal-doping, the 
normal state would become a mixture of paired (2e) and unpaired (e) 
charges, since the pair-formation energy T* rapidly approaches Tc. 
Accordingly, the condensate-depleting excitations should become an 
additive mixture of the pair-non-breaking and pair-braking processes to 
account for the final state above Tc, and the MRM should also follow this 
behavior. In the optimal region where most of the normal-state charges 
are fermions, the MRM acquires characters of pair-breaking excitation 
across the energy gap of d-wave SC paring. 

The charge motion accompanied by spin fluctuations in Chaps. IV 
and V may be described by using a concept of a composite fermion 
dressed by a boson representing spin interactions. The conceptual HTSC 
phase diagram in Fig. 14(b) also includes the possible effect of this 
dressing of a fermion charge due to the resonant spin–charge coupling. 
Inelastic x-ray and neutron studies in the overdoped LSCO [44] suggest 
that the spin fluctuation energy scale does not change much with 
doping, while we expect that the spectral weight will be reduced, as 
illustrated by the color gradient in Fig. 14(b). Then, the number of the 
“spin dressed” fermion charges will rapidly decrease with increasing 
overdoping. The spin-dressed fermion charges may also be related to the 
“Planckian” T-linear resistivity of HTSC systems. Observation of the 
Planckian behavior up to very high temperatures may be related to the 
high energy scale of the spin fluctuations extending up to ~ 2000 K in 
HTSC systems. Hopefully, further energy-scale phenomenology, 
modeling with numerical simulations, and experimental verification of 
proposed conjectures will lead to ultimate understandings of conden-
sation and pairing mechanisms of HTSC and UCSC systems. 
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