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Nonlinear topological insulators have garnered substantial recent attention as they have both
enabled the discovery of new physics due to interparticle interactions, and may have applications in
photonic devices such as topological lasers and frequency combs. However, due to the local nature
of nonlinearities, previous attempts to classify the topology of nonlinear systems have required
significant approximations that must be tailored to individual systems. Here, we develop a general
framework for classifying the topology of nonlinear materials in any discrete symmetry class and any
physical dimension. Our approach is rooted in a numerical K-theoretic method called the spectral
localizer, which leverages a real-space perspective of a system to define local topological markers
and a local measure of topological protection. Our nonlinear spectral localizer framework yields
a quantitative definition of topologically non-trivial nonlinear modes that are distinguished by the
appearance of a topological interface surrounding the mode. Moreover, we show how the nonlinear
spectral localizer can be used to understand a system’s topological dynamics, i.e., the time-evolution
of nonlinearly induced topological domains within a system. We anticipate that this framework will
enable the discovery and development of novel topological systems across a broad range of nonlinear

materials.

I. INTRODUCTION

Over the past two decades, the discovery of topological
materials has revolutionized a broad range of materials
research through the prediction and observation of fun-
damentally new classes of states that are robust against
defects and imperfections [1-4]. In non-interacting sys-
tems, the possible types of topology that a material
can exhibit are determined by its discrete symmetries
(or lack-thereof), yielding a periodic table of material
topology rooted in the ten Altland-Zirnbauer classes [5—
8]. This topological classification framework has sub-
sequently been expanded to include crystalline symme-
tries [9] and semimetals [10, 11]. For all of these cases,
a non-interacting material’s topology is traditionally de-
termined through the calculation of invariants built from
the system’s band structure and Bloch eigenstates, and
thus the topological invariants are global properties of
the bulk material.

However, in many systems, interactions are both un-
avoidable and potentially highly desirable, as they can
result in emergent phenomena [1, 2, 4, 12]. For ex-
ample, topologically ordered phases of matter can sup-
port quasiparticles with fractional charge and anyonic
statistics [13, 14]. More recently, studies of interacting
bosons in the mean-field limit have led to the discovery
of new physics [15], such as the appearance of topolog-
ical bulk [16-24] and edge solitons [25-27], the obser-
vation of nonlinearly induced topological phase transi-
tions [28-30], and the concept of multi-wave mixing with
topological states [31-34]. Such bosonic systems are usu-
ally described using the nonlinear Schrodinger equation,
in which the nonlinear response is parameterized by the
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strength of the inter-particle interactions. Unfortunately,
nonlinearities present a substantial challenge for our un-
derstanding of material topology as they demand a shift
in perspective. Whereas non-interacting (linear) systems
are topologically classified using only a system’s single-
particle Hamiltonian, classifying the topology of a non-
linear system requires knowing its occupation. Moreover,
as nonlinear effects are intrinsically local, they can break
the fundamental assumption of band theory (which de-
mands spatial periodicity). Altogether, these challenges
have so far prohibited the development of a broadly ap-
plicable theory for classifying the topology of nonlinear
systems and their possible occupations.

In this paper, we present a general framework for prob-
ing the topology of nonlinear materials based on numeri-
cal K-theory. Our framework classifies a system’s topol-
ogy in real-space using local markers, and as such di-
rectly accommodates spatial inhomogeneities in the sys-
tem’s occupation and the material’s response. To do so,
we first determine the system’s Hamiltonian accounting
for its occupation, and then combine it with the sys-
tem’s position operators using a non-trivial Clifford rep-
resentation. This yields the system’s spectral localizer,
which defines local markers for all ten Altland-Zirnbauer
classes in any physical dimension, as well as a local mea-
sure of topological protection [35]. Using this classifica-
tion framework, we develop a rigorous definition of topo-
logical nonlinear modes distinguished by the appearance
of nonlinearity-induced topological interfaces surround-
ing them; the topological robustness of these nonlinear
states guarantees their existence over some range of finite
perturbations (i.e., a solution to the nonlinear Hamilto-
nian is guaranteed). Moreover, our framework allows for
probing topological dynamics, and one can numerically
observe the transport of a nonlinearity-induced topologi-
cal phase with the propagation of the nonlinear state that



creates it. Overall, our classification framework provides
a general approach for the characterization of stationary
and dynamical topological phenomena in nonlinear ma-
terials in any discrete symmetry class and in any physical
dimension. We anticipate that our nonlinear spectral lo-
calizer framework will prove useful for the design and
development of a broad range of novel nonlinear topolog-
ical phenomena such as in pump-probe-like systems and
topological frequency combs, which require simultaneous
local information at different positions and energies.

II. RESULTS
A. Spectral localizer for nonlinear materials

In the past few years, a local, real-space approach for
classifying non-interacting topological materials has been
developed based on recent discoveries from the study of
(possibly real, possibly graded) C*-algebras [35-37]. The
overarching idea of this approach is to combine a sys-
tem’s single-particle Hamiltonian with information about
its real-space structure to form a single Hermitian com-
posite operator called the spectral localizer. The system’s
topology at a specified location and energy can then be
determined using the original invariants proposed by Ki-
taev for 0D and 1D systems (i.e., the partitioning a sys-
tem’s spectrum about some gap for Z invariants, or signs
of determinants or signs of Pfaffians of some portion of a
system’s Hamiltonian for Z, invariants) [38], but applied
to the spectral localizer instead of the system’s Hamil-
tonian. In other words, the spectral localizer approach
is performing dimensional reduction consistent with Bott
periodicity, such that the invariants of the fictitious di-
mensionally reduced system determine the local topology
of the original system.

Our general framework for classifying the topology of
nonlinear systems is built on the spectral localizer. The
key advantage of this approach is that as the spectral lo-
calizer incorporates information about a system’s spatial
configuration to produce a real-space theory of material
topology, it can be augmented to include the local nature
of nonlinear effects. Consider a d-dimensional nonlinear
Hermitian system characterized by the nonlinear eigen-
value equation

Hyp, (Wnp)Wne = Exp e, (1)

with Py, and Enr, being the nonlinear eigenmode and its
associated nonlinear eigenenergy, respectively. For such
a system, the nonlinear spectral localizer L, is a Hermi-
tian matrix that combines the system’s nonlinear Hamil-
tonian accounting for its current occupation { with its
position operators X1, ..., Xy using a non-trivial Clifford

representation,

La—(ay,...00.p) (X1, ..., Xa, Hno(P)) =

d
> K(Xj = a;1) @ T + (Hap () — EI) @ Taga. (2)

Here, T'y,...,T441 form a (d + 1)-dimensional Clifford
representation and satisfy F;r. =Ty, 1"? =1, and I';I'; =
—IT'; for j # I, while I is the identity matrix. In a
typical tight-binding basis, the position matrices X; are
diagonal matrices where the n-th entry corresponds to

the j-th real-space coordinate (a:&”), ... ,x;n), . ,x((i")) of
the n-th lattice site, namely
X; = (" . (3)

Finally, in Eq. (2), A = (z1,...,24, F) is to be seen as
an input for locally probing the topology in real-space
at the spatial coordinate (z1,...,24) and energy F, and
Kk is a hyperparameter chosen to make the units con-
sistent between the position and Hamiltonian matrices.
The hyperparameter k is also set to balance the spectral
emphasis on the system’s position information relative to
its Hamiltonian, and has been proven in non-interacting
systems to have a broad range of applicability in topo-
logical insulators [36]. Moreover, x has been numerically
observed to have utility beyond this limit [35, 39, 40].
Unlike other approaches to material topology that
rely upon knowing a system’s exact spectrum and as-
sociated single-particle energy eigenstates, the nonlin-
ear spectral localizer is a multi-operator pseudospectral
method, and returns information about a system’s ap-
proximate joint spectrum across the non-commuting op-
erators X1,...,X4, and Hnp(P). For a given choice
of A = (z1,...,24, F), the spectrum of the nonlinear
spectral localizer o(Ly) not only returns a measure of
whether the system linearized about its current occupa-
tion supports a state ¢ approximately localized across all
of X1,...,Xq4, and Hxr,(W) (i.e., such that X, ~ z; ¢
and Hn,(P)d =~ Ed), but also information about how
large of a perturbation is necessary to relocate one of the
linearized system’s states to be approximately localized
at (21,...,24, F). The measure of this required pertur-
bation is given by the smallest singular value of Lj, i.e.,

us (X1, ..., Xa, Ha(W)) =

min [|0’(L}\(X1,...,Xd,HNL(Il))))”. (4)

Small values of 4 indicate the existence of such a joint
approximate eigenvector for Xy, ..., X4, and Hnp, (V) lo-
calized near A, while large values of uf indicate that
the system does not exhibit such a state. As such, ,ug
can be thought of as a local band gap. In Eq. (4),



the superscript C denotes Clifford, as the system’s Clif-
ford e-pseudospectrum is defined by those A where u§ <
€ [35, 41].

By directly incorporating the nonlinear system’s cur-
rent occupation, the nonlinear spectral localizer can be
used to classify the topology of systems in any discrete
symmetry class (i.e. the ten Altland-Zirnbauer classes
[1]) and any physical dimension by leveraging the cor-
responding local markers known for non-interacting sys-
tems [35]. Here, we focus on systems with the possibil-
ity of being Chern insulators (i.e., 2D class A systems),
as the preponderance of studies of nonlinear topologi-
cal materials have considered such systems [16, 17, 19—
22, 25, 27, 32, 33]. To assess whether a nonlinear 2D
system possesses spatial regions and energy gaps where
it is a Chern insulator using the spectral localizer, the
Pauli spin matrices can be used as the non-trivial Clif-
ford representation in Eq. (2), allowing it to be rewritten
as

L?\:(z,y,E) (X7 Y, HNL(II))) =

( o(X Hyi(W) — EI

k(X —al) —im(Y—yI))
—zl) +ik(Y —yl) :

—(HnL($) — ET)
()

Then, the system’s local topology can be classified using
the index

C(Lz,y,E) <X7 K HNL(ll))) =

1

§Sig[L(:c,y,E) (X7 Y, HNL(‘b))]v (6)
where sig(M) is the signature of the matrix M, i.e., its
number of positive eigenvalues minus its number of neg-
ative ones. Intuitively, the spectral localizer is projecting
the 2D system into 0D via the choice of A = (z,y, F),
with the “Hamiltonian” of this dimensionally reduced
system being L. Then, the topology of the effective 0D
system is determined through the partitioning of Ly’s
spectrum about zero. This definition corresponds to a
local Chern marker because it does not depend on the
system possessing any discrete symmetries, and it is prov-
ably equivalent to the global Chern number for infinite,
linear, crystalline systems [37].

Together, the spectral localizer’s local gap, Eq. (4), and
local topological markers, such as Eq. (6), form a consis-
tent and complete picture of material topology. In par-
ticular, the measure of a system’s topological robustness
at a given location and energy is p1/, because the spectral
localizer’s local markers are all well-behaved functions of
its spectrum, and cannot change without ug — 0. For
example, for Ly’s signature to change, one of its eigen-
values must cross 0, at which point u§ = 0. Likewise,
locations where N)(\J = 0 indicate interfaces where a sys-
tem’s local topology can change, and also require the
system to exhibit a state approximately localized at A,
thus realizing bulk-boundary correspondence.

As topological protection in the nonlinear spectral lo-
calizer is determined by its smallest singular value, and

as a Hermitian operator it has Lipschitz continuous sin-
gular values, the spectral localizer approach can be used
to make rigorous predictions about the effects of a per-
turbation or defect. If §H is a Hermitian perturbation
distribution to the underlying system and w is the per-
turbation strength, then the perturbed nonlinear Hamil-
tonian is

Hpert(w) = HNL(‘ll)w) + wdH, (7)

where 1, is the nonlinear eigenvector of Hper(w), and
the change in the full Hamiltonian accounting for the per-
turbation’s effects on the system’s nonlinear eigenmode
is

AH(w) = Hpert(w) — Hpert(0). (8)

Weyl’s Perturbation Theorem [42] guarantees that the
change of the eigenvalues of a Hermitian matrix A rel-
ative to the eigenvalues of another Hermitian matrix B
is bounded by ||A — B||, i.e., the largest singular value
of A — B. Therefore, when a perturbation is added to a
system, the resulting change to its local gap is bounded
(see also Ref. [35], Lemma 7.2, for the linear case),

1S (X, Hpert (w)) = uS (X, Hpert (0))] <
I1LA(X, Hpert (w)) = La(X, Hpert(0))[, (9)

where X = (X1, ..., X4). Moreover, as the perturbation
is only changing the system’s Hamiltonian, and not its
position operators,

1A (X, Hpert (w)) = La(X, Hpert(0)) || =
[ Hpert (w) = Hpert (0)]- (10)

Thus, the change in the local gap is bounded by the
change of the nonlinear Hamiltonian,

1S (X, Hpere(w)) = pS (X, Hpert (0))] <
[AH (w)]. (11)

Altogether, this argument proves that a perturbation
cannot change the system’s topology at a given location
and energy if the change in the nonlinear Hamiltonian
|AH (w)] is less than the local gap of the unperturbed
nonlinear system u§ (X, Hpers(0)), as the minimum per-
turbation necessary to force the system to a topologi-
cal phase transition has u§ (X, Hpert(w)) = 0. In other
words, for a system that may be a Chern insulator,

”AH(U))H S :U'S(X7 Yv Hpert(o)) =
O;\J(nya Hypert(w)) = O;\J(Xv Y, Hpert (0)).  (12)

As such, given knowledge of an ordered system’s spectral
localizer, one can immediately determine whether a given
perturbation can cause a topological transition through
a numerically efficient calculation.

This argument of topological protection also guaran-
tees that the topology of a nonlinear system can be used



in a pump-probe configuration; any sufficiently weak
probe can be considered as a perturbation to a strong
pump occupation present in the system, and this will not
immediately change the system’s local topology. In par-
ticular, this allows for any nonlinearly induced topologi-
cal interfaces to support weak boundary-localized states
that must exist due to bulk-boundary correspondence.
However, the introduction of a weak probe signal can
yield a decay time for the system’s topology, as the in-
teraction between the two excitations can slowly cause
the pump to delocalize, eventually dissipating the sys-
tem’s nonlinearly induced topology.

B. Topological nonlinear states

Using the nonlinear spectral localizer, we can construct
a rigorous definition for topological nonlinear states: A
nonlinear eigenstate Py, is topological if it creates a
change in the system’s local topology at its nonlinear
eigenenergy relative to the system’s topology in the ab-
sence of that state. The topological robustness of the
nonlinear mode is then related to the nonlinearly induced
topological interface formed, and its existence is guaran-
teed as long as

|AH ()] < pxr,s (13)
where

MgL = m)?x [M&,ENL)(X» Hni (U’NL))] (14)

is the nonlinear localizer gap, namely the maximum lo-
calizer gap inside the newly created topological domain.
Physically, the robustness of the topological nonlinear
mode can be interpreted as a guarantee to find a solu-
tion curve of the topological nonlinear mode over finite
perturbation strength w as long as the system perturba-
tion is too weak to close the nonlinearly induced local
gap.

Probing the occupied nonlinear system’s topology at
an energy F # FEnp can also provide useful informa-
tion. In particular, the presence of a nonlinear mode can
change the topology of the system over a range of ener-
gies, and thus may have use in a pump-probe-like setting.
For example, a strong pump in a nonlinear photonic sys-
tem may induce the appearance of topological interfaces
at a wide range of frequencies, allowing for a weak signal
at a different frequency from the pump to be routed to a
particular outcoupling channel.

C. Numerical K-theory

One of the main benefits of the real-space spectral lo-
calizer approach is that it yields relatively simple formu-
lae for a system’s topological invariants and protection.
This is because the underlying mathematics that deter-
mine the invariants of the dimensionally reduced system

in 0D or 1D can be understood using only elementary
homotopy theory (e.g. the fact that the classic group
GL(n,R) has two connected components that are differ-
entiated by the sign of the determinant). The full ma-
chinery of K-theory in the spectral localizer approach is
hidden within the theorems that dictate how it performs
dimensional reduction consistent with Bott periodicity,
and is what guarantees that the topology of the dimen-
sionally reduced effective system determines the topology
of the original physical system. One consequence of this
mathematical simplicity is that it results in numerically
tractable formulae to determine a material’s topology in
any of the discrete symmetry classes and in any phys-
ical dimension — by avoiding spectral flattening oper-
ations, the spectral localizer applied to sparse matrices
remains sparse. This approach is in stark contrast to
typical formulae derived using standard K-theory, which
do not lend themselves to simple numerical implementa-
tions, nor efficient algorithms. As such, we refer to the
present approach as numerical K-theory.

More broadly, numerical K-theory is the study of nu-
merical algorithms to compute global or local K-theory
invariants for matrix models of physical systems [43-46].
Here we use the term numerical in the applied-math sense
of algorithms that use floating-point arithmetic. More-
over, numerical K-theory methods have been successfully
applied to large systems [47], including real systems de-
scribed by differential equations [40]. Due to their rela-
tive simplicity, these methods can also inspire the devel-
opment of novel experimental techniques allowing topo-
logical invariants derived through a numerical K-theory
approach to be physically observed [48].

D. Probing topological profile in nonlinear systems

To illustrate the spectral localizer framework for clas-
sifying topology in nonlinear materials, we consider a
system that can exhibit Chern insulating phases (i.e., a
2D class A system in the Altland-Zirnbauer classes [5]).
In particular, we study a finite nonlinear Haldane lat-
tice [49] with the geometry shown in Fig. 1(a) and with
open boundary conditions. The lattice is characterized
by a (next-)nearest neighbor coupling t; (t2/t; = 0.5),
an inversion-symmetry-breaking on-site term set here to
zero m/t; = 0, a time-reversal-symmetry-breaking Hal-
dane flux ¢ = 7/2, and an on-site Kerr term g, |? with
g being the nonlinear coefficient and [\, |? being the in-
tensity at the site n. The nonlinear Hamiltonian matrix
Hyg, then reads

[HNL(II))]nl = [HO}nl + g‘l-l)n|25nla (15)

with Hy the linear Hamiltonian matrix for the Haldane
lattice, and d,,; the Kronecker delta function.

In the absence of any occupation, the linear lattice
(g = 0) is in a topologically non-trivial phase because
it satisfies the condition |m/ts| < 3+/3|sin(¢)| [49], and
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FIG. 1. Topological nonlinear modes. (a) Schematic of the geometry of the Haldane (honeycomb) lattice considered.
Local Chern number (b) C(Lzynyo) and (c) C’<Lz’y07E), where the white (red) regions stand for C* = 0 (C™ = 1). The blue dashed
lines in (b) and (c) correspond to yo and Ejp, respectively. The black dotted line in (b) is a guide to the eye for the finite
geometry of the lattice shown in (a). The black dotted line in (c¢) illustrates the bulk band gap for a stripe geometry along the
a-direction. (d) Localizer spectrum o (Lx—(z,y,,5,)) and local Chern number CLz,yQ,EO) along the blue dashed line in (b). (e)
Field profile of the topological non-trivial nonlinear mode [Ppyy,|. (f)-(h) Same as (b)-(d), but for the topological non-trivial
nonlinear mode in (e). (i)-(1) Same as (e)-(h), except this is for a topological trivial nonlinear mode. The parameters for the
nonlinear Haldane model are chosen such that the lattice constant @ = 1[a.u.], the (next-)nearest-neighbor coupling t1 = 1[a.u.]
(t2/t1 = 1/2), inversion-symmetry-breaking mass term m/t; = 0, Haldane phase ¢ = 7/2, and g = —2, and k = 2[t;/a] has
been set for all the localizer-related calculations. AFE stands for the bulk band gap at the honeycomb lattice’s high-symmetry
K-point, AE = |m — 3/3tasin(¢)|.

its bulk band gap has a Chern number C = 1. Fig- shows the local Chern number at a fixed y-coordinate po-
ures 1(b),(c) show the local Chern number [Eq. (6)] in  sition [see blue dashed line in Fig. 1(b)], demonstrating
position and energy C(I;c . E) directly revealing the local in accordance to band theory that the system possesses a

topological picture of this lattice, Fig. 1(a). As expected  topological non-trivial energy range delimited by the bulk
from topological band theory, one can see a non-trivial band gap found from a stripe geometry [see black dotted
local Chern number C™ = 1 inside the lattice region, de- lines in Fig. 1(b)]. Figure 1(d) shows the localizer’s spec-
limited by the black dotted line, for choices of E within  trum o(L (., g)) as x is varied across the lattice for given
the system’s bulk band gap [Fig. 1(b)]. Moreover, the (y, E) = (yo, Eo) [see blue dashed line in Fig. 1(b) and
local Chern number can also resolve the spectral extent  Fig. 1(c)]. This spectral flow demonstrates that, as the
of the system’s non-trivial topology. Indeed, Figure 1(c) position is varied across the lattice’s boundary, the lo-



cal topological marker changes from trivial to non-trivial
(or in reverse), which simultaneously forces the local gap
to close, indicating the presence of a boundary-localized
state.

1. Topological nonlinear modes

With the inclusion of the model system’s nonlinear re-
sponse (g # 0), the model can be used to illustrate and
distinguish nonlinear modes that are topological and triv-
ial. To do so, we consider two different nonlinear modes
and corresponding nonlinear eigenenergies that are found
by self-consistently solving Eq. (1) [see Methods III]. In
each case, the nonlinear Hamiltonian accounting for the
system’s occupation H (\yy,) is then used to calculate the
spectral localizer [Eq. (5)] and the associated local topo-
logical invariant and local gap at the nonlinear energy
Ext,. For the case of the nonlinear mode and correspond-
ing local gap and local invariant shown in Figs. 1(e)-(h),
the presence of the state in the system yields a change in
the local topology where the state is localized and at its
nonlinear eigenenergy, resulting in a nonlinearly induced
topological interface. As such, this is a topological non-
linear mode. In contrast, the local gap and local invariant
for the nonlinear mode in Figs. 1(i)-(1) does not change
the system’s local topology at its non-linear eigenenergy,
and as such is a trivial nonlinear mode.

Probing the occupied nonlinear system’s topology at
other energies provides additional insight, as shown in
Fig. 1(g). For some z-positions near the nonlinear mode’s
center, the nonlinear mode shifts the energy range with
non-trivial local topology to be lower, creating a trivial
energy range inside the linear system’s bulk band gap and
a non-trivial energy range deep within the linear system’s
lower band. Therefore, at the (y, E')-coordinates given by
the blue dashed lines in Fig. 1(f) and Fig. 1(g), the lo-
calizer spectrum crosses the zero eigenvalue several times
[Fig. 1(h)]. To observe the shifted energy range due to
the nonlinear mode’s presence in the system, one would
need to use a pump-probe-type experiment, pumping the
system to create the intense, stationary nonlinear mode,
and then using a weak signal at a different energy to
probe the system and observe the nonlinearly induced
topological interface.

We note that it may be possible for a trivial nonlinear
mode, which does not induce a topological interface at
its own nonlinear eigenenergy, to nevertheless shift the
energy range of a system’s topology similar to what is
numerically observed in Fig. 1(g). Thus, a trivial nonlin-
ear mode may still have topologically nontrivial effects
on a system.

2. Robustness of topological nonlinear modes

The robustness of a topological nonlinear mode is char-
acterized by its nonlinear localizer gap corresponding to
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FIG. 2. Topological robustness of nonlinear modes.

(a) Zoom-in of Fig. 1(h) near the center of the nonlinear mode.
uC and Sy, correspond to the linear and nonlinear localizer
gaps. (b) Norm of the maximum change of matrix Hamil-
tonian ||[AH (w.)||, at the critical perturbation strength we,
over several perturbation configuration runs. (c),(d) Evolu-
tion of the nonlinear energy FEni, and the change of matrix
Hamiltonian ||AH (w)]|, respectively, against the perturbation
strength w for a given perturbation configuration. The verti-
cal black dashed lines depict the critical perturbation strength
w, for the given perturbation configuration. The parameters
are the same as in Fig. 1, and wy = 0.3AE.

its nonlinearly induced topological interface [Eq. (13)].
As discussed in Sect. IT A, there are two types of local
gaps that can be defined for nonlinear modes, 1€ and ugL
[Fig. 2(a)], which stem from different properties of the
system. The former (u€) is an indication of the topolog-
ical robustness of the underlying linear lattice, whereas
the the latter (ugL) indicates the nonlinear topological
robustness associated with the nonlinear response due to
the system’s occupation.

The topological protection of a nonlinear mode can be
interpreted as a guarantee to find its solution curve over
a finite range of disorder strengths w [Eq. (7)] as long as
Eq. (13) is satisfied. To demonstrate how the local gap
protects the existence of a nonlinear solution, we begin
with the unperturbed topological nonlinear mode 1\, ob-
tained here in Fig. 1(e), and calculate its solution curve
using our nonlinear solver as we turn on the perturbation
strength w = 0 — w; [see Methods III]. Each point on
the solution curve is calculated using the previous point
as an initial guess [see Supplementary material [50] for
additional information]. During this procedure, either
w = wy is reached; or after some finite value w = w, the
nonlinear solver is not able to continue the solution curve,
namely the solver is not converging given the previous
nonlinear solution with w < wy used as an initial guess.
As we simulate an ensemble of hundreds of perturbation
configurations that include on-site mass-like, ¢;-like, and



to-like perturbation terms drawn from a uniform distri-
bution [—w/2,w/2], we fail to converge to a solution only
when || AH (we)|| > pSy, [Fig. 2(b)]. Figure 2(c) and 2(d)
give a example over a single perturbation configuration
of the solution curve in the (w, Exr,) and (w, |AH (w)]|)
spaces, respectively. Altogether, these simulations justify
the claim that the topological robustness of a nonlin-
ear mode guarantees the existence of a similar nonlinear
eigenstate of the perturbed system.

E. Probing topological dynamics in nonlinear
systems

The spectral localizer is capable of directly resolving
topological dynamics of nonlinear systems. As the non-
linear spectral localizer is a pseudospectral approach that
simultaneously accounts for both the system’s spatial and
energy information, its local markers can assess the sys-
tem’s topology while accurately incorporating any spa-
tial inhomogeneities in the nonlinear system’s occupation
during the system’s time-evolution. In contrast, it is not
possible to accurately assess such topological dynamics
using band theory, as band theory requires assuming that
the nonlinear system’s occupation is effectively infinite so
that the full system is periodic, resulting in a spatial aver-
aging of the system’s evolution. Moreover, any complete
theory of nonlinear topology must include a mechanism
to resolve topological dynamics, as nonlinear systems are
famously known to exhibit a wide range of dynamical
behaviors. For example, depending on the parameters
of the system and the initial conditions, a nonlinear sys-
tem’s dynamics can cross a bifurcation point where its
evolution can qualitatively change to become stable, pe-
riodic or even chaotic if slightly perturbed [51].

To illuminate how the non-linear spectral localizer can
be used to ascertain a system’s nonlinear topological dy-
namics, we consider the general nonlinear rate equation
with a Gaussian source s, (t) coupled to the system with
coupling coefficient ng at the ng-th site

d N
ialbn = zl:[HNL(lp)]nll-')l + nsSindins,  (16)

where N is the total number of sites in the lattice. The
rate equation [Eq. (16)] is integrated using a fourth-order
Runge-Kutta method with 1, = 0, Vn as initial condi-
tion, and the Gaussian source given by

, (t—to)*
sin(t) = spe™te™ 272 | (17)

with sg the source amplitude, w the source frequency,
and tg and 7 the temporal center and width, respec-
tively, of the source. In particular, the nonlinear spectral
localizer’s temporal analysis is demonstrated using two
systems built from a Haldane model, the first of which
includes a saturable nonlinear term on the inversion-
breaking mass term m, while the second includes a Kerr-
like term on the next-nearest neighbor coupling ts.

1. Self-sustained topological nonlinear moving modes

As a first example, we look at a phenomenon where a
self-sustained moving topological nonlinear mode is ex-
cited [25, 27, 29]. This effect is illustrated by considering
a linear Haldane lattice in its trivial phase, with added
nonlinearities that can locally drive the system into a
topological phase. The system is realized by using state-
dependent inversion-symmetry-breaking mass terms [29]

—myo
L+ [y

(18)
where mg is a reference inversion-symmetry-breaking
mass term, 1, is the complex valued amplitudes on the
n-th lattice site (which could be either on the A or B
sublattice), and v is the saturation coefficient. The non-
linear Hamiltonian matrix Hyp, is then written as

mM(,) = —2

= Wa mng) (Wn)

[HNL(lb)]nl = [HO}nl + mn(]-l)n)(snl» (19)

with m,, (1,,) being either m%A)(Q)n) or mng)(ll)n) if the
n-th site is in the A or B sublattice, respectively.

Inserting a narrow-frequency signal at the boundary
of this saturable Haldane model, with a frequency within
the linear lattice’s bulk band gap, results in an edge state
that remains localized to, and propagates only along, the
system’s boundary, as shown in Fig. 3. This phenomenon
has been previously identified as being a self-sustained
topological nonlinear moving mode [25, 27, 29], and it it
was proposed that a topological phase transition occurs
in the system if the source’s amplitude sq is sufficiently
large. However, previously, the topological phase transi-
tion could only be qualitatively explained using topolog-
ical band theory, which required the assumption that the
moving mode could be expanded to fill an entire, infinite
lattice, to meet the necessary periodicity requirements
for applying Bloch’s theorem [25, 27, 29].

Instead, the local topology underlying the phenomena
of self-sustained topological nonlinear moving modes can
be directly captured in time using the nonlinear spectral
localizer framework. In particular, real-space snapshots
of the topological dynamics quantitatively prove that the
nonlinear mode’s presence forces the system into a topo-
logical phase with a non-zero local Chern number in its
vicinity [Figs. 3(d),(e)]. Moreover, the topologically non-
trivial domain dynamically follows the nonlinear mov-
ing mode as it propagates around the lattice’s bound-
ary. Finally, the nonlinear spectral localizer can quan-
titatively confirm that a topological non-trivial region is
only created when the source’s intensity is high enough

[Fig. 3(c)].

2. Self-induced topological transition

As a second example for probing the dynamics of the
nonlinear topology, we investigate the effect of the exci-



(a) (b) 1.00f (c)
0%0%0%0%%% % %% 0.20f
0090900,9,0,0,0,0,0
D] 0%0%0%0%0%0%¢%0%e % o 0.75¢ NEIJOO 15
C| ®e®®e®e®e®e®e®e®* @ ~
Ol 0%0%0%0%e®e®e®e®e®e Py o~
=l 3, o *0.50 30.10
Of o® % & %cz
ol ee o 0 =
® % 0.25f
Ne o 0
00— 0 20 30 40 50 60
Time t/tl
Td) t/t; =24.83 t/t; =31.05 t/t; =39.31
0%0%0%0%0%0% %% % 0%0%0%0%0%0%:%0% % 0%0%0%0%0%0%0%0%0% °
00000,0,0,0,0,0,0,0 040,0,0,0,0,0,0,0.0 040,0,0,0,0,0,0,0,0 °
| 0%0%0%0%0%0%0%0%e% 0%0%0%0%0%0%0% %% 0%0%0%0%0%0%0%0%0% °
C| 26%0%0%0%®0®e®6®%e® 0,0,0,0,0,0,0,0,0,0 0,0,0,0,0,0,0,0 0,0 °
._g 0%0%0%0%0%0%:%0% % 0%0%0%0%0%0%:%0% % 0%0%0%0%0%0%0%0%0% °
Bl 00940004060406%4%° 040,0,0,0,0,0,0,0,0 040,0,0,0,0,0,0,0 0 °
O| 0%0%0%0%0%0%¢%0%e% 0%0%0%0%0%0%% %% 0%0%0%0%0%0%0%0% % °
M| ®6°%6%6®e®®e®e®e® 0,0,0,0,0,0,0,0,0.0 0,0,0,0,0,0,0,0.0, 0 °
0%0%6%0%0%0%:%0% % 0%0%0%0%0%0%:%0% % 0%0%0%0%0%0%0%0%° °
©,0,0,0,0,0.0,0,0.0 0,0,0,0,0,0.0.0,0.0 040,0,0,0,0,0,0 0 0 °
Position = 0
(e)
_ 1E apw |
< : : : : :
2 | : 1B
7] : : : : ~
o : : : :
. G s E o
..... e R T T I | SN B | I SO
\ Position x y
FIG. 3. Dynamics of a nonlinear moving mode in a saturable lattice. (a) Schematic of the lattice considered.

The upward and downward yellow triangles depict the position of the Gaussian source (upward) and the position where the
state’s amplitude is captured (downward), namely the complex-valued amplitude Pout at that site. (b) Temporal evolution of
the (normalized) Gaussian source sin, with a source frequency w/t; = 0, a temporal center to/t1 = 25, and temporal width
7/t1 = 8. (c) Normalized intensity of the propagating mode at the output site Pout against the source amplitude so, with the
white (magenta) region illustrating the topological trivial (non-trivial) regime. The output site intensity is captured at time

t/t1 = 46.54. Snapshots over time of (d) the excited state || and (e) the local Chern number C<Lac,y,0)

in real-space, given a

source amplitude sg = 4.4 [magenta dot in (c)]. In (e), the black dotted lines are a guide-to-the-eye for the lattice geometry and
the white (red) regions stand for C* = 0 (C™ = 1). The parameters for the saturable Haldane model are chosen such that the
lattice constant a = 1[a.u.], the (next-)nearest-neighbor coupling ¢; = 1[a.u.] (t2/t1 = 1/3), inversion-symmetry-breaking mass
term m/¢; = 0, Haldane phase ¢ = 7/2, and mo = 2, and k = 1[t1/a] has been set for all the local Chern number calculations.
The rate integration has been solved with a time-step dt = 0.001 and coupling coefficient 7s/t1 = 1.

tation source on self-inducing a topological phase tran-
sition across a full, finite system. To do so, we consider
a Haldane lattice that is topologically trivial in the lin-
ear regime with added Kerr-type nonlinearities on the
next-nearest neighbor couplings, and excited by a spec-
trally broad Gaussian source, see Figs. 4(a),(b). The full
nonlinear Hamiltonian for this system is

[HNL(W)t = [Holm+g D>, ([Wal? + [Wi?) €7, (20)
lefn)

where (n) indicates the next-nearest neighbors to the n-
th lattice site and ¢,,; is Haldane phase for the couplings
from site [ to n [49]. Notably, this example is distin-
guished from the previous example in Sect. II E 1 because
the model in Eq. (20) considers longer range nonlineari-
ties; the local effect range is not on the single site where
the state is, but on a longer range due to the nonlinear

next-nearest-neighbor interaction.

Using the nonlinear spectral localizer framework, the
long-range nonlinear Haldane model can exhibit a range
of different regimes with distinct topological dynamics.
Depending on the excitation source amplitude sg, the
source partly or fully forces the unoccupied trivial lattice
into a topologically non-trivial phase after a transient
regime [Fig. 4(c)]. These different dynamical regimes can
be quantified using the area of the system with non-trivial
local topology Atopo, normalized using the total lattice
area Agot, of the system considered (including the triv-
ial region outside the lattice). If the source amplitude is
too small, the injected power to the lattice is not suffi-
cient to induce a topological phase transition. Increasing
the source amplitude only partly changes the lattice’s lo-
cal topology, and realizes a dynamic topological regime
where the location(s) of the non-trivial topology evolve
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Nonlinear dynamical regimes from a topological point-of-view. (a) Schematic of the lattice considered.
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the trivial region outside the lattice), against the source amplitude so. The white, orange and magenta regions illustrate the
topologically trivial, partly non-trivial and mostly non-trivial regimes, respectively. The curve is plotted at time ¢/t; = 50.
Snapshot over time of the local Chern number C%z,y,o) for a source amplitude (d) so = 5.8 [orange dot in (c)] and (e) so = 9.2
[magenta dot in (c)]. The black dotted lines are a guide-to-the-eye for the lattice geometry and the white (red) regions denote
C"™ =0 (C¥ = 1). The parameters for the nonlinear Haldane model are chosen such that the lattice constant a = 1[a.u.], the
(next-)nearest-neighbor coupling ¢, = 1[a.u.] (t2/t1 = 1/3), inversion-symmetry-breaking mass term m/t; = 2, Haldane phase
¢ = m/2, and k = 1[t1/a] has been set for all the local Chern number calculations. The rate integration has been solved with

a time-step dt = 0.0005, coupling coefficient ns/t1 = 1.

in time [Fig. 4(d)]. Finally, when the source is strong
enough, most the of the lattice is forced into a topolog-
ically non-trivial phase [Fig. 4(e)]. This model system
exemplifies how a nonlinear system can be used to dy-
namically create topological interfaces, as well as to un-
derstand the lifetimes of these interfaces.

IIT. CONCLUSIONS

In conclusion, we have developed a general framework,
based on numerical K-theory, for classifying topology in
nonlinear topological insulators. Using variants of the
Gross-Pitaevskii equation [52, 53], we have demonstrated
the ability of the proposed framework to capture the
topological landscape in both real-space and energy, as

well as the topological dynamics of the system. In do-
ing so, we have rigorously studied and mathematically
proven a number of qualitative claims present in the lit-
erature of nonlinear topological insulators [15]. Indeed,
given the nonlinear spectral localizer’s ability to provide
a quantitative definition of nonlinear topological modes
based on their ability to induce a topological interface,
we can directly determine these modes’ topological ro-
bustness, and have shown that this topological protection
guarantees a nearby nonlinear eigenmode solution to the
nonlinear Hamiltonian. Moreover, we have demonstrated
how this approach enables the study of topological dy-
namics within nonlinear topological insulators, where dif-
ferent dynamical regimes can be obtained depending on
the source amplitude. Looking forward, we anticipate
that the nonlinear spectral localizer can be used to de-



sign systems whose topology can be dynamically con-
trolled in more sophisticated arrangements that involve
energy transitions and higher-order nonlinear processes
such as multi-wave mixing [31-34], and that potentially
yield topological pump-probe experiments. Moreover, as
the linear spectral localizer can be applied to aperiodic
systems [34, 54], non-Hermitian systems [55], and realis-
tic photonic crystals [40], the nonlinear spectral localizer
should be able to predict nonlinear topological modes
and topological dynamics across a broad range of mate-
rials and experimentally realizable platforms.

METHODS

For the sake of completeness, we provide the details
of the methods utilized to solve the nonlinear eigen-
value equation [Eq. (1) in the main text] with Hyy, the
(N x N) nonlinear Hamiltonian matrix, which is explic-
itly composed of a linear part Hy and a nonlinear part
Hi (W |?), Wy, the nonlinear (N x 1) eigenvector, and
Eny the nonlinear eigenvalue, where N is the total num-
ber of sites. Particularly , we mainly used variant of
the function fsolve in Matlab [56] that uses a specific
gauge and a power constraint, and a discrete version of
the Petviashvili method [57, 58].

A. fsolve from Matlab

The function fsolve in Matlab [56] is used to solve a
system of nonlinear equations. The problem is typically
specified by a loss function G that fsolve tries to min-
imize given an initial guess of the unknowns. For that
purpose, Equation (1) is re-written as

F() = Hxo (W) — Ep =0, (21)

where F(1) is a (N x 1)-vector. For better convergence,
Equation (21) is separated into its real and imaginary
part

Re [F ()]
S = ( 1 ip ) .

and the problem is now specified by
G(u)=0 (23)

where G is a (2N x 1)-vector-valued function, and u =
(c.oyan, oy Bny-. ., E)= (P, E)isa (2N +1 x 1)-vector
composed of the 2N + 1 unknowns, with ¥,, = a,, +i6,.

In order to greatly speed-up the computation, we pro-
vide to fsolve the Jacobian, J, of G

G,
- 8ul ’

Tt (24)
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which, in term of terms of the derivatives of F', explicitly
reads

0G Re[%}
uy Im{aF] ’

o

(25)

where the derivatives of F' are given by:

% = [Holw + g (2an(an + i) + (af + B7)) S
- Eénl
(26)
oF, . . 9 2
8—& =iH,;+g (Qﬂn(an + Zﬂn) + 'L(an + 6n)) Onl
— i E0y
(21)
oF, .
E = —(an +1iBn). (28)

1. fsolve from Matlab, with gauge

The problem specified by Eq. (23) is actually not well
defined because there is 2N + 1 unknowns for 2N equa-
tions. To work out this issue, one can either provide an
additional equation such as by constraining the power
W] to some finite value, or simply to get rid off of one
unknown. We here choose the latter, namely we get rid
off of one unknown by fixing the U(1) gauge freedom of
the system. Indeed, if w = (P, E) is a solution of the
nonlinear equation Eq. (1), then @ = (Pe'?, E) is also a
solution because of the [{p|? term in H;. Besides, if we
have Eq. (21), then we also have

() - E— =0, (29)
with Z some constant. We therefore decide to fix the
gauge by defining Z as

Z = ay, (30)

with argmax;—i,.. N [|Re(1bj)|] =
argmax;—i, . n [|aj|]. This is equivalent as setting
one real-part component to 1, and thereby removing it
from the set of unknowns.

Consequently, we solve a slightly modified problem
specified by the “gauged” function G

1% =

Ga)=0 (31)

where G is a (2N x 1)-vector-valued function, and @ =
(o @nyee ey @1, 1, @ity s By E) is a (2N +1 x
1)-vector composed of the 2N unknowns, with &, =
oy /Z and Bp = Bn /Z. Finally, the solution of the origi-
nal equation [Eq. (1)] is retrieved by multiplying by Z

P = Z. (32)



As we are solving for the “gauged” function G, the cor-
responding Jacobian is also slightly modified. Nonethe-
less, the “gauged” Jacobian can still be written in terms
of of the “ungauged” Jacobian, namely using the un-
gauged variables. Indeed, we have

_ 8 1
F(...,an,...,0n,...,E)= EF( sy ey By B,
(33)
thereby:
oF, OF,
= — 4
8&1 80417 (3 )
OF, OF,
D= 35
8& 8@ ( )
OF, 10F,
9E " Z 0B (36)

2. fsolve from Matlab, with gauge and constraint on power

For some of the nonlinear modes obtained we also
decided to add a constraint to the nonlinear solution,
namely to fix the total power of the mode P = |[{]|? to
some finite value. Keeping the “gauge” used previously,
the additional power constraint is realized by changing
Eq. (21) as

Y ¥ _
HNL(‘ann) “Ez =0 37)

which gives
G(P;a) =0, (38)

where G is a
tion, P is the given parameter, and u =
(...’dn,...’dyil717dy+1’...7ﬂn7..-7E) is a
(2N +1 x 1)-vector composed of the 2N unknowns, with
an = ap/Z and B = Brn/Z. The rest of the method

(2N x 1)-vector-valued func-
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proceeds as in Sect. IIT A 1, except here we did not pass
a Jacobian to fsolve.

B. Petviashvili

The Petviashvili method is another method comput-
ing nonlinear solutions [57, 58]. For the purpose of the
Petviashvili method, Equation (1) is re-written as

M =), (39)

with
M = —(Hy — EI), (40)

and
W = Hy (). (41)

The p superscript in tl)(p roughly stands for its polyno-
mial degree, namely p = 3 for the case of a Kerr-like term
- = [Pn|*Pn, and I is the identity matrix.
leen an initial guess 1, the Petviashvili method is
an iterative method that computes

W1 = SEM P, (42)

where 7 is a constant, w;cp ) is @ [Eq. (41)] calculated
with ll) = 1I)k‘7 and

(Mg, )

(W), )
with (v, w) = > vfw;. Then, the iteration stops when-
ever

b

otherwise the iteration continues by replacing P, —
P;,. In Equation (42), v is a constant that can be heuris-
tically chosen as

= My)[1 <e, (44)

v=—. (45)
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