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ABSTRACT

The goal of reinforcement learning (RL) is to nd a policy that maximizes
the expected cumulative return. It has been shown that this objective can be
represented as an optimization problem of state-action visitation distribution
under linear constraints. The dual problem of this formulation, which we refer
to asdual RL is unconstrained and easier to optimize. In this work, we rst cast
several state-of-the-art of ine RL and of ine imitation learning (IL) algorithms as
instances of dual RL approaches with shared structures. Such uni cation allows
us to identify the root cause of the shortcomings of prior methods. For of ine
IL, our analysis shows that prior methods are based on a restrictive coverage
assumption that greatly limits their performance in practice. To x this limitation,
we propose a new discriminator-free method ReCOIL that learns to imitate from
arbitrary off-policy data to obtain near-expert performance. For of ine RL, our
analysis frames a recent of ine RL method XQL in the dual framework, and we
further propose a new methddDVL that provides alternative choices to the
Gumbel regression loss that xes the known training instability issue of XQL.
The performance improvements by both of our proposed methods, ReCOIL and
f-DVL, in IL and RL are validated on an extensive suite of simulated robot
locomotion and manipulation tasks.

Project page (Code and Videos)hari-sikchi.github.io/dual-rl/

1 INTRODUCTION

A number of deep Reinforcement Learning (RL) algorithms optimize a regularized policy learning
objective using approximate dynamic programming (ADB9ifsekas and Tsitsikli4995. Popular
off-policy temporal difference algorithms spanning both imitation learnisfrikov et al, 2018 Ni

etal, 2027 and RL Haarnoja et a).2018 Janner et ) 2019 Sikchi et al, 2022k Hafner et al.2023
exemplify this class. As we discuss in Sectiyrone way to develop a principled off-policy algorithm

is to ensure unbiased estimation of the on-policy policy gradient using off-policy Natzhpim

and Daj 2027. Unfortunately, many classical off-policy algorithms do not guarantee this property,
resulting in issues like training instability and over-estimation of the value fundioref al, 2019
Fujimoto et al, 2018 Baird, 1995. To obtain high learning performance, these algorithms require
that most data be nearly on-policy, otherwise require special algorithmic treatments (e.g., importance
sampling Precup et a).2007], layer normalizationBall et al, 2023, prioritized sampling Yecerik

et al, 2017) to avoid the aforementioned issues. Recently, there have been developments leading
to new off-policy algorithms with improved performance for RkuUmar et al, 202Q Garg et al.

2021, Kostrikov et al, 2027 and IL [Zhu et al, 202Q Ma et al, 2022, Garg et al.2021, Florence

et al, 2029. These methods are derived via a variety of mathematical tools and attribute their success
to different aspects. It remains an open question if we can inspect these algorithms under a uni ed
framework to understand their limitations, and subsequently propose better methods.

In this work, we consider a speci ¢ formulation for RL that writes the performance of a policy as a
convex program with linear constraintgdl@dnne 1960. This convex program can be converted into
unconstrained forms using Lagrangian duality, which is more amenable for numerical optimization.
We refer to the class of approaches that admit the dual formulatidbeaRL Dual RL approaches
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\ Method dual-Q/V  Gradient Objective Off-Policy Data
AlgaeDICE, GenDICECQL Q semi regularized RL Arbitrary
RL OptiDICE \Y full regularized RL Arbitrary
XQL, REPSf -DVL \% semi regularized RL Arbitrary
VIP, GoFAR \% full regularized RL Arbitrary
Logistic Q-learning Qv'! full regularized RL 7
IQLearn, IBC Q semi D:p } Eq Expert-only
OPOLO, OPIRL Q semi Dup } Eq Arbitrary
SMODICE \% full Dup } Eq Arbitrary
DemoDICE, LobsDICE Y full Dup }5q Dwup } Rqg Arbitrary
IL PIL Q! full Dep } BEq 7
ReCOIL-Q Q full DiPmx } ok Q Arbitrary
ReCOIL-V \% full DtpP mix } rEn'is q Arbitrary

Table 1: A number of recent works can be studied together under the uni ed umbrelleabRL . These
methods are instantiations of dual-RL with a choice of update strategy, objective, constraints, and their ability to
handle off-policy dataBold names correspond to the methods proposed in the papdatinchames correspond

to methods that aren't yet known to be dual-approaches.

naturally provide unbiased estimation of the on-policy policy gradient using off-policy data, in a
principled way. They avoid explicit importance sampling that leads to high variance and ensures
training stability and convergenceégitsiklis and Van Roy1994. Related approaches in this space
have often been referred to as DICE (Dlstribution Correction Estimation) methods in previous
literature Nachum et a].2019 Kostrikov et al, 2019 Lee et al, 2021, Ma et al, 2022, Zhang et al.

202(. We note that the linear programming formulation for the RL objective has been used and
studied inManne[196(0, Denardd1970, de Ghellinck and Eppef1967, Borkar[1988, Malek

et al.[2014 and the general duality framework for regularized RL was rst introduceldachum

and Dai[2024.

Our rst contribution is to extend the work dfachum and D&i202Q and show that many recent
algorithms in deep RL and IL can all be viewed as different instantiations of dual problems for
regularized policy optimization, see Tablefor the complete list. These algorithms have been
motivated from a variety of perspectives and differing derivations. For example, ®@tg|et al,

2023 focuses on introducing Gumbel regression into RL, C®&urar et al, 2027 aims at learning

a pessimisti® function, IQLearn Garg et al.2021 and OPOLO Fhu et al, 202Q use the change

of variables for IL, and IBCIlorence et a).2023 uses a contrastive loss for imitation learning, but
as we show all can actually be derived from the dual formulation.

Secondthe dual uni cation in IL reveals an important shortcoming of prior methods that learn to
imitate the expert by leveraging arbitrary off-policy data. Prior woflafet al, 2022 Zhu et al, 2020

Kim et al,, 20221 imposes a coverage assumption (the suboptimal data covers the visitations of the
expert data) and learn a density ratio between suboptimal and expert data via a discriminator to use
it for downstream learning. In an of ine setting, with limited data and coverage, learning a density
ratio between suboptimal and expert can be challenging, and the inaccuracies of the discriminator can
compound in downstream RL, negatively affecting resulting policy performance. We show that by a
simple modi cation to the dual formulation, we can get away from this limitation. In Sec¢tjove
presenReCOIL, a simple, theoretically principled, and discriminator-free imitation learning method
from arbitrary off-policy data. We empirically demonstrate the failure of previous IL methods based
on the coverage assumption in a number of MuJoCo environments and show substantial performance
improvements oReCOIL in Section?.

Third, the presented uni cation also provides us with a useful tool to examine the limitation for a
recent of ine RL method, XQL (5arg et al.2023. XQL's success was originally attributed to better
modeling of Bellman errors using Gumbel regression. On the other hand, XQL also suffers from
training instability, also caused by Gumbel regression. By situating the implicit policy improvement
algorithms like XQL in the dual RL framework, in SectiGnwe are able to propose a family of
implicit algorithmsf -Dual V Learning { -DVL), which successfully addresses the training instability
issue. The empirical experiments on the D4RL benchmarks establish the superior performance of
f -DVL, see Sectiofi.

These methods use a different regularizer. More details in Appehdix
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2 RELATED WORK

Off-Policy Methods for IL Imitation learning has bene ted greatly from using off-policy data

to improve learning performanc&g@strikov et al, 2018 Agarwal et al, 202Q Zhu et al, 202Q

Ni et al,, 2021, Sikchi et al, 20223. Often, replacing the on-policy expectation common in most
Inverse RL formulationsiebart et al. 2008 Swamy et al.2021] by expectation under off-policy
samples, which is unprincipled, has led to gains in sample ef cieKogfrikov et al, 201§. Previous

works have proposed a solution in the dual RL space for principled off-policy imitation but is based
on a restrictive coverage assumptidvd et al, 2022 Zhu et al, 202Q Kim et al, 2022 which
requires estimating a density ratio using a discriminator and further limit themselves to matching a
particularf -divergence. In this work, we eliminate this assumption and allow for generalization to all

f -divergences, presenting a principled off-policy discriminator-free approach to imitation.

Off-Policy Methods for RL Off-policy RL methods promise a way to utilize data collected by
arbitrary behavior policies to aid in learning an optimal policy and thus are advantageous over
on-policy methods. This promise falls short, as previous off-policy algorithms are plagued with
a number of issues such as overestimation of the value function, training instability, and various
biases Thrun and SchwartZ1993 Fu et al, 2019 Fujimoto et al, 2018 Kumar et al, 2019. A
common cause for a number of these issuelsisibution mismatchAs we shall discuss later, the

RL objective requires on-policy samples but is often estimated by off-policy samples in practice.
Prior works have proposed xing the distribution mismatch by using importance weigresuip

2004, which can lead to high variance policy gradients or ignoring the distribution mismatch
completely Haarnoja et a).2018 Fujimoto et al, 2018 Sun et al.2022 Ji et al, 2023 Chen et al.
20218. Unfortunately, these approaches do not carry over well to the of ine setting. For example,
when deploying the policy online, the overestimation bias can be corrected by the environment
feedback, which is infeasible for of ine RL.A number of solutions exist for controlling overestimation

in prior work—f -divergence regularization to the training distributid et al, 2019 Fujimoto

etal, 2019, support regularizatiorfingh et al,2023, implicit maximization Kostrikov et al, 2021],
Gumbel regressiorarg et al.2023 and learning a Q function that penalizes OOD actidsmar

et al, 2020. Dual-RL methods consider a regularized RL setting suitable for of ine RL as well as
xing the distribution mismatch issue in a principled way.

3 PRELIMINARIES

We consider an in nite horizon discounted Markov Decision Process denoted by the tuple
M p S;A;p;r; ;dog whereS is the state spacd is the action spacq is the transition
probability function,r :' S A N R is the reward function, P [®;1qis the discount factor,
anddp is the distribution of initial statsg. Let pAqgdenote the probability simplex supported
onA. The goal of RListo nd apolicy : S N pAqthat maximizes the expected return:

E P, 'rp;aq,wherewe us&€ todenote the expectation under the distribution induced by
a plstgs: 1 pplsi»a:G We also de ne the discounted state-action visitation distribution
dp;ag pl g pasq t8 o PPt s| «¢ The unique stationary policy that induces a
visitationdps; agis given by pa|sq dps;aq{ ,dps;ag We will used® andd® to denote the
visitation distributions of the behavior policy of the of ine dataset and the expert policy, respectively.
f -divergences are denoted by and measure the distance between two distributions. For a more
formal overview of the above concepts, refer to Apperiglik

Value Functions and Bellman Operators LetV : S N R be the state.value function of V psq
is the expected return when starting frerand following :V psq E ?0 ‘rps;;acqlso S
Similarly, let Qe : S A N R be the state-action value function of, such that
Qm;aq E ?0 rpsg;aqlso S;a a. LetV andQ denote the value functions
corresponding to an optimal policy . LetT, be the Bellman operator with policyand reward
functionr such thafl, Qps;aq rps;aq Est pplsiagat p|Slqupsl; a'gs We also de ne the
Bellman operator for the state value functib’Vps;aq  rps;aq  Eg pp |S;aqupslqs

3.1 REINFORCEMENTLEARNING VIA LAGRANGIAN DUALITY

RL optimizes the expected return of a policy. We consider the linear programming formulation of the
expected return\lanne 1960, to which we can apply Lagrangian duality or Fenchel-Rockfeller
duality to obtain corresponding constraint-free problems. We now review this framework, rst
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introduced byNachum and D&i2020*. Consider the regularized policy learning problem
maxJp q Eg maqTps;ags D ¢pd ps;aq||d®ps;aqq (1)

whereD¢ pd ps; aq ||d® ps; aqgis a conservatism regularizer that encourages the visitation distribution
of to stay close to some distributial?, and is a temperature parameter that balances the expected
return and the conservatism. An interesting fact is Shatgcan be rewritten as a convex problem
that searches for a visitation distribution that satis esBeiman- ow constraints. We refer to this
form asprimal-Q

primal-Q maxJp q max méax Edps:agff 8,208 D ¢ pdps; aq [|d°ps; aqq

stdm;ag pl  odopsg palsq sia1 A% @'opps|s’ a'q pajsg @ PS;aPA :

We can convert this to an unconstrained problem with dual varigaesaqde ned for alls; a P
S A by applying Lagrangian duality and the convex conjugate, giving udtlaéQ formulation:

dual-Q max mingpl s gy  psaQPS;80S  Epsaq aoff PIT, Qpsiaq  Qps;ags{ as  (3)
wheref is the convex conjugate ®f. In fact, one can note that Problgf) is overconstrained—the
constraints already determine the unique solutionrendering the inner maximization w.dt
unnecessary. Therefore, we can relax the constraints to obtain another problem with the same optimal
solution andd , which we callprimal-V  below:

primal-V. max Eqpaq'tpsia0s D + pdps; aq || d° ps; aqq

st eadm;ag pl  qropsq wiaigrs a dps’; a'opps|stalg @ PS:
Similarly, we consider the Lagrangian dual &§,(with dual variable&/ psqde ned for alls P S:
duaV  minpl  oEs gfVpSds  Egsaq wo f, PTVpsiag Vpsags{a;  (5)

wheref ; is avariant of de ned asf, xq maxp0; f 1 1p<qq;aq f pmaxp0; f 1 1p<qquuch
modi cation is to cope with the nonnegativity constradys; aq ¥ 0in primal-V . Note that in
both cases fodual-Q anddual-V , the optimal solution is the same as their primal formulations
due to strong convexity. See Appendixl for a detailed review, connections between Fenchel and
Lagrangian duality, and discussion of computingfromV for thedual-V formulation.

)

(4)

Remarks.The dual formulations have a few appealing properties. (a) They allow us to transform
constrained distribution-matching problems into unconstrained forms w.r.t previously logged data.
(b) One can show that the gradientchfal-Q w.r.t , whenQ is optimized for the inner problem, is

the on-policy policy gradient computed by off-policy daldaichum and Dai2020d. This property is

key to relieving the instability or divergence issue in many off-policy learning algoritfimsip and
Schwartz 1993 Fu et al, 2019 Fujimoto et al, 2019.

4 A UNIFIED PERSPECTIVE ONRL AND IL THROUGH DUALITY

In this section, we discuss how a number of recent RL and IL algorithms can be cast as dual-RL
methods. We restrict ourselves to demonstrating this equivalence on a subset of mettiaas RL

and IL settings from Tablé whose shortcomings we study via the uni ed viewpoint. In later sections,

we present approaches for addressing these shortcomings in both RL and IL. For the interested reader,
a complete discussion on Tableparticularly how algorithms like implicit behavior cloning, CQL

and OPOLO can be cast as dual-RL, can be found in Appetdi¥e further discuss the extension

of dual-RL formulation to the online setting in Appendix All proofs are deferred to the appendix.

4,1 DuUAL FORMULATION FOR EXISTING IMITATION LEARNING ALGORITHMS

We rst consider the standard imitation learning setup where the agent is given a set of expert
demonstrations, i.e. state-action trajectories, and does not have access to environment reward. We
consider two possible of ine IL settings — 1) only expert demonstrations are available and 2) we
additionally have access to suboptimal transitions from the environment. Intuitively, these suboptimal
transitions should aid in better matching the expert behavior.

a. Of ine IL with Expert Data Only Imitation learning, or occupancy matchingtasemipour
et al, 202Q is a direct consequence of the regularized RL problem {[egthen the reward is set to
be0 uniformly across the state-action space and the regularization distributiaifaae set to be
the expert visitation distributiod® . The correspondindual-Q under these conditions simpli es

"We use Lagrangian duality instead of Fenchel-Rockfeller duality for ease of exposition.
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to:

dual-Q max mingpl  (Bdypsq pajsq’QPS;a0s  Esa aerf Py Qps;aq  Qps;ags{ gs (E_S)
Interestingly, this reduction directly leads us to IQLeaBafg et al. 2021, which was derived using
a change of variables in the form of an inverse backup operator.

Proposition 1. IQLearn [Garg et al, 2021] is an instance oflual-Q using the semi-gradierit
update rule with a (soft) Bellman operator, whems;aq 0@ PS;aPA,d° df.

b. Ofine IL with Additional Suboptimal Data Unfortunately, the dual-RL formulations
above offer no way to naturally incorporate additional suboptimal data To remedy this,
prior methods have relied on careful selection of thdivergence and aoverage assumption
to craft an off-policy objectiveZhu et al, 2020 Hoshino et al. 2022 Ma et al, 2022 Kim

et al, 2022hal. More precisely, under theoverage assumptiothat the suboptimal data
visitation covers the expert visitatiord j 0 whereverd® ; 0) [Ma et al, 2029, and
with the KL divergence, we obtain the following simpli cation for the imitation objective:

dps; aq dps; aq d>ps; aq
. E .
DKL ICUIUS, aq ”d ps;aqq Es:a dps;aq lOQ dE ps; aq Es;a dps;aq IOg dSpSi aq IOg dE ps; aq
dSps; a
Esa dpsiaq 109 dgi. ag D pdps; aq || d°ps; aqq
The nal objective now resemblgzimal-Q  whenr ps; aq log d*miag ong correspondingly

dE ps;a

we obtain the followinglual-Q problem using Eq3: e

dual-Q  max msgMiNgeacll O omq misQPS;a0s Esa as f Pl Qpsiag Qpsiaqq,  (7)
whereT, = denote Bellman operator under thgeudo-rewardunctionr ™ps; aq log g: -
This objective also allows us to cast IL method OPOILADY et al, 202q in the dual-Q framework
(see AppendixZ.3). The pseudo-reward is a logarithmic density ratio learned using a discriminator
and is later used for policy learning by optimizing Equatiobensity ratio learning is dif cult in a
limited data regime as well as when the expert and suboptimal data share low coverage, and errors in
learned discriminators can cascade for RL training and deteriorate the performance of output policy.
We show how a simple modi cation to the imitation objective can allow us to relax the coverage
assumption and propose a discriminator-free IL method that learns performant policies from arbitrary
suboptimal data, see Sectibn

4,2 DUAL FORMULATION FOR EXISTING REINFORCEMENT LEARNING ALGORITHN

Now that we have seen how IL can be understood as a special case of the full regularized RL
objective, we consider the full objective in E(.). Regularized policy learning, in its various
forms [Nachum et a.2019 Wu et al, 2019, is a natural objective for of ine RL algorithms,
preventing the policy from incorrectly deviating out-of-distribution by regularizing against the of ine
data visitation. However, implicit policy improvement (XQGérg et al. 2023, 1QL [Kostrikov et al,

2021), one of the most successful classes of of ine RL methods which uses in-distribution samples
to pessimistically estimate the greedy improvement taQHenction, has evaded connections to
regularized policy optimization. Propositi@rshows, perhaps surprisingly, that XQL can be cast as a
dual of regularized policy learning, concretely aduaml-V  problem.

Proposition 2. XQL is an instance oflual-V under the semi-gradient update rule, where the

f -divergence is the reverse Kullback-Liebler divergence, @fhds the of ine visitation distribution.

The success of XQL was attributed to the property that Gumbel distribution better models the Bellman
errors [Garg et al.2023. Despite its decent performance, XQL is prone to training instability (see
e.g., Figure?), since the Gumbel loss is an exponential function that can produce large gradients
during training. Situating XQL in the dual-RL framework allows us to propose a solution to the
training instability problem, a new insight we discuss in Secfion

A consequence of uni cation in RL: Of ine RL can be broadly categorized in three approaches: 1)
regularized policy learning, 2) pessimistic value learning e.g. GQinjar et al, 2027, ATAC [ Cheng

et al, 2027 and 3) implicit policy improvement algorithms (e.g. XQL). The latter two frameworks
have seemingly been exceptions to the regularized policy learning formulation (e.¢L))Edn
Propositiord, we show that with an appropriate choicef aflivergence, CQL and ATAC can be cast
as adual-Q problem. Overall, our results (Propositidrand Propositior?) are the rst, to our

2For an overview of semi-gradient vs full-gradient methods please refer to AppBridix
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knowledge, to bring together the latter two approaches, pessimistic value learning and implicit policy
improvement as dual approaches to regularized policy learning.

5 ReCOIL: IMITATION LEARNING FROMARBITRARY EXPERIENCE

As demonstrated in Secti@nl, previous off-policy IL methods often rely on the coverage assumption
and train a discriminator between the demonstration and the of ine data to obtain a pseudo-reward
r'mtWe propose&RElaxedCoverage folOff-policy I mitationL earning ReCOIL), an off-policy IL
algorithm that relaxes the coverage assumption and eliminates the need for the discriminator. To
achieve this, we consider an alternative way to leverage suboptimal data for imitation: matching two

mixture distributions!S,, : dps;aq pl  odSps;agandds> : dEps;aqg pl  qSps;ag
where P ®; 1qis a xed hyperparameter. We consider the following problerprimal-Q  form:
primal-Q max - D pnps; ad |y ps; ad

st@PS;aPA; dms;ag pl  cdopsqg palsq taiges A dPSS @'pps|st a'q palsq (8)
This is a valid imitation learning formulatiorighasemipour et gl202( since the global maximum
of the objective is attained dt  df, irrespective of the suboptimal data distributith The primal
formulation (Eq.8) deters of ine learning, as it requires sampling frahto estimate thé -divergence.
We thus consider its dual formulation that allows us to derive an off-policy objective that only requires
samples from the of ine data. We term this formulation and associated appReCOIL.
Theorem 1. (ReCOIL objective) Thdual-Q problem to the mixture distribution matching objective
in Eq.8is given by:
max ming Pl Ea,; rQPS;ags Eg, ges If PTo Qps;ag Qpsiad® pl  Ega asfTo Qpsiag Qpsiacs (9)
and recovers the same optimal policy as Eq.8 since strong duality holds from Slater's conditions.

In other words, imitation learning can be solved by optimizing the unconstrained pret#@oI1L

with arbitrary off-policy data, without the coverage assumption. Besides, as opposed to many previous
algorithms,ReCOIL uses the Bellman operat®s which does not need the pseudo-rewardf,

making it discriminator-free. Although the pseudo-reward is not needed for traR&@QOIL allows

for recovering the reward function using the learigd, which corresponds to the intent of the
expert. Thatisrps;ag Q ps;aq T, pQ ps; aqq Moreover, our method is generic to incorporate
anyf -divergence. We also present teal-V form for ReCOIL in AppendixD but defer its
investigation for future work.

A Bellman Consistent Energy-Based Model (EBM) View for ReCOIL InstantiatingReCOIL
with 2 Divergence, we present a simpli ed objective (complete derivation in Appendixto:

max ming PEgs; pajsefQPS; A0S Eqe psiaqfQPS;a0sq 0:25E, qes oo, PO B: ps'gq Ops;agd . (10)

One can see th&eCOIL learns a score functio whose - - >
expected value is low over the suboptimal distribution bffgorithm 1: ReCOIL (ofine, ~)
high over the expert distribution, while ensuring tiat 1 Initialize Q ,V ,and , mixing
is Bellman consistent over the mixture. The Bellman ratio , conservatism,
consistency is crucial to propagate the information of how temperature

to recover when the policy makes a mistake. Thealue 2 DS p s; a; slgbe suboptimal
can be interpreted as a score as it is not representative of dataset

any expected return, and thReCOIL is an energy-based 3 DE p s;a;slgbe expert dataset.
model with Bellman consistency. Figusen the appendix 4 fort 1:T iterationsdo
illustrates this intuition. s TrainQ usingmin Lp g

e TrainV usingmin Jpq

7:

8:

Practical Algorithm In Algorithm 1 we consider
three parameterized functiolg ps;ag V psq and
Furthermore, we rely on Pearsof divergence (EqL0)
as it has been shown to lead to stable learning for the

imitation setting (3arg et al.2021. Our practical algorithm usessemi-gradienupdate that results

in minimizing the following loss foQ :

LP O PEas; pajsaQ PSi80S EgepsagfQ PS;adsq 0:225Eg, ges 00 PV s Q psiaqd @ (11)
Naively maximizingQ over in Eq. 10 can result in the selection of out-of-distribution actions
in the of ine setting. To prevent extrapolation error in the of ine setting, we rely on an implicit
maximizer [Garg et al. 2023 that estimates the maximum over tQefunction conservatively with

Update viamax Mp g
end for




Published as a conference paper at ICLR 2024

in-distribution samples.
IPa Egy ¢ mad®PR miaq Vpsqa{q pQ ps;aq Visqa{gs  (12)
Finally, the policy is extracted via advantage-weighted regress§ietefs and Scha&007:
Mp q maxEg, dES ps:aql EXPP R ps;aq V psqqdogp  pe(sqqs (13)

6 f-DVL : BETTERIMPLICIT MAXIMIZERS FOR OFFLINE RL

Proposition2 shows that XQL is a particuladual-V  problem where the Gumbel loss is the
conjugatef , corresponding to reverse KL divergence. This insight allows us to extend XQL by
choosing different -divergences, where the conjugate functions are more amenable to optimization.
We further show that the proposed methods enjoy both improved performance and better training
stability in Sectiony.

Implicit policy improvement algorithms iterate two steps alternately: 1) regfyssaq to
res;aq V pslgfor transitionps; a; s'gand 2) estimat® psq  maxapa Qps; ag The learned,

V functions can be used to extract a policy. As fordhial-V formulation, see Appendik.1.6
Step 1) is akin to theolicy evaluatiorstep of generalized policy iteration (GPI), and step 2) acts
like the policy improvemenstep without explicitly learning a policypsq  arg max, Qps; ag The
crux is to conservatively estimate the maximun(oin step 2.

Consider a rewriting oflual-V  with the temperature parameteand a chosen surrogate function
f, that extends the domain bf to R. We discuss the need for a surrogate function below.

minpl  oEs qo'VPSaS  Epsaq oo, fp QPSiad Vpsq (14)
where Qps; aq denotesstop-gradient o ps; aq < ppsls;advpslaqq Let x be a random
variable of distributiorD . Eq(14) can be considered as a special instance of the following problem:

mvinpl v Ex o fp X vQ; (15)
wherex is analogous t@ andyv is analogous t& . As opposed to handcrafted choic&®§trikov
etal, 2021, Garg et al.2023, we show through Propositiohbelow that objectivg15) naturally
gives rise to a family oimplicit maximizerghat estimatesup, p xas N 1.

Proposition 3. Letx be a real-valued random variable such tiatpx i x q 0. Letv be the
solution of Problen{15). It holds thatv , & v ,, @ 1 > 1. Further,lim g1V X .

Figure5 provides an illustration for Propositidh We propose a family of maximizers associated
with differentf -divergences and apply them dmal-V . We call the resulting methods-DVL
(Dual-V Learning).

Practical Considerations and Algorithm A - - -

practical issue for optimizing Eéis thatf , is not Algorithm 2: 1 -DVL (Under Stochastic

well de ned over the entire domain &. To remedy Dynar.n.|c§)

this, we consider an extensionfof onR that leads Inltlla::tze Q .V, ,temperature,

to the surrogate function denoted hy: for (1) Total weig .

Variation: g(q L 106 v bymaxg(/'z)q @ 2 LetD psiar sl_qbe of ine dataset
P 2 P ' s fort 1:T iterationsdo

Pearson ® divergencef kg px 1¢; f, p/q 4 TrainQ by minimizing:

maxp}ly2 y; 00 We defer the derivation of these Esas: 0 PQ ps;aq prps;aq VvV psiqqd

surrogates to Appendix.3. Recall that XQL uses s.  TrainV by minimizing Eql4

the implicit maximizer associated with reverse KL with surrogatef ,

divergence, wherg, is exponential. Compared with &  Update by maximizing:

XQL, our f, functions are low-order polynomials Esa pre R M4 V sddjog  pslags

and are thus stable for optimization. Algorithtn 7. end for
details the steps fdr-DVL.

7 EXPERIMENTS

Our experiments aim to answer the following four questidhs.1) How doesReCOIL perform and
compare with previous of ine IL methods? 2) C&eCOIL accurately estimate the policy visitation
distributiond and the reward function/intent of the expeRR: 3) How doed -DVL perform and
compare with previous of ine RL methods? 4) Is the training eDVL more stable than XQL?
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Figure 1: (a) [Left] shows an MDP that starts at the leftmost state and transitions to one of the ve absorbing
states on the right. Under the given expert and replay/of ine visitation we study if a prespeci ed policy's
visitation can be inferred whose ground truth visitation is known [Right] shows MSE error plots with policy's
ground truth visitation wherBeCOIL perfectly infersd whereas a method that only relies on expert data or the
replay data with the coverage assumption fails. Results averaged over 100 seeds. More details in Apfendix
(b) RecoveredR andV on a simple grid-world environment ieCOIL.

In order to circumvent the intricacies associated with exploration and direct our attention towards the
intrinsic nature of dual RL formulation, we focus on the of ine setting in this section, although the
approaches can also be applied to online settings. We consider the locomotion and manipulation tasks
from the D4RL benchmarkHu et al, 2020, and report the results in Sectignl and7.2, respectively.

For each algorithm, we train instances with different seeds and report their average return and
standard derivation. Complete experiment details can be found in Appendix

7.1 OFFLINE IL

Benchmark Comparisons For every task, our agent is given 1 expert demonstration and a set
of suboptimal transitions, both extracted from the D4RL datasets. We follow the construction
of suboptimal dataset in SMODICBVa et al, 2023. For locomotion tasks, the suboptimal
dataset consists of 1 million transitions of the random or medium D4RL dataset20énd
expert demonstrations, which we label as random+expert’ and ‘'medium+expert’, respectively.
We also consider suboptimal datasets mixed with d@yexpert demonstrations, which are
calledrandom+few-expert andmedium+few-expert  to simulate a more dif cult setting.
Similarly, we construct datasets for the manipulation tasks. More details in Apperadix

Suboptimal Datasef Env | RCE | ORIL | SMODICE | BC (only expert data) BC (full dataset)| 1Q-Learn (ofine) | ReCOIL | Expert
random+ hopper 51.41 38.63 | 73.93 11.06 | 101.61 7.69 452 1.42 5.64 4.83 1.85 2.19 108.18 3.28 || 111.33
halfcheetah) 64.19 11.06 | 60.49 3.53 | 80.16 7.30 2.2 0.01 2.25 0.00 4.83 7.99 80.20 6.61 88.83

expert walker2d 20.90 26.80 2.86 3.39 | 105.86 3.47 0.86 0.61 091 05 0.57 0.09 102.16 7.19 || 106.92
ant 105.38 14.15| 73.67 12.69| 126.78 5.12 5.17 5.43 30.66 1.35 42.23 20.05 126.74 4.63 || 130.75

random+ hopper 25.31 18.97 | 42.04 13.76| 60.11 18.28 4.84 3.83 3.0 0.54 1.37 1.23 97.85 17.89 || 111.33
halfcheetahl 2.99 1.07 2.84 5.52 2.28 0.62 -0.93 0.35 2.24 0.01 1.14 1.94 76.92 7.53 88.83

few-expert walker2d | 40.49 26.52 | 3.22 3.29 | 107.18 1.87 0.98 0.83 0.74 0.20 0.39 0.27 83.23 19.00 || 106.92
ant 67.62 15.81 | 25.41 8.58| -6.10 7.85 0.91 3.93 35.38 2.66 32.99 3.12 67.14 8.30 130.75

medium-+ hopper 58.71 34.06 | 61.68 7.61 | 49.74 3.62 16.09 12.80 59.25 3.71 12.90 24.00 88.51 16.73 || 111.33
halfcheetah) 65.14 13.82 | 54.66 0.88 | 59.50 0.82 -1.79 0.22 42.45 0.42 25.67 20.82 81.15 2.84 88.83

expert walker2d | 96.24 14.04 | 8.19 7.70 2.62 0.93 2.43 1.82 72.76 3.82 59.37 30.14 108.54 1.81 || 106.92
ant 86.14 38.59 | 102.74 6.63 | 104.95 6.43 0.86 7.42 95.47 10.37 37.17 41.15 120.36 7.67 || 130.75

medium hopper 66.15 35.16 | 17.40 15.15| 47.61 7.08 7.37 113 46.87 5.31 11.05 20.59 50.01 10.36 || 111.33
halfcheetah) 61.14 18.31 | 43.24 0.75 | 46.45 3.12 -1.15 0.06 42.21 0.06 26.27 20.24 75.96 4.54 88.83

few-expert walker2d | 85.28 34.90 | 6.81 6.76 6.00 6.69 2.02 0.72 70.42 2.86 73.30 2.85 91.25 17.63 || 106.92
ant 67.95 36.78 | 81.53 8.618 | 81.53 8.618 -10.45 1.63 81.63 6.67 35.12 50.56 110.38 10.96 || 130.75

pen 19.60 11.40 | -3.10 0.40 | -3.36 0.71 13.95 11.04 34.94 11.10 2.18 8.75 95.04 4.48 106.42

cloned-+expert door 0.08 0.15 -0.33 0.01 | 0.25 0.54 -0.22 0.05 0.011 0.00 0.07 0.02 102.75 4.05 || 103.94
P hammer 1.95 3.89 0.25 0.01 | 0.15 0.078 2.41 4.48 545 7.84 0.27 0.02 95.77 17.90 || 125.71

relocate -0.25 0.04 -0.29 0.01 1.75 3.85 -0.17 0.04 -0.24 0.01 -0.1 0.12 67.43 14.60 | 118.39

pen 17.81 591 -3.38 2.29 | -2.20 2.40 13.83 10.76 90.76 25.09 14.29 28.82 103.72 2.90 || 106.42

human-+expert door -0.05 0.05 -0.33 0.01 | -0.20 0.11 -0.03 0.05 103.71 1.22 5.6 7.29 104.70 0.55 || 103.94
P hammer 5.00 5.64 1.89 0.70 -0.07 0.39 0.18 0.14 122.61 4.85 5.32 1.38 125.19 3.29 || 125.71

relocate 0.02 0.10 -0.29 0.01 | -0.16 0.04 -0.13 0.11 81.19 7.73 -0.04 0.22 91.98 2.89 | 118.39

partial+expert | kitchen | 6.875 9.24 | 0.00 0.00 | 39.16 1.7 | 2.5 5.0 | 455187 | 0000 | 600570 | 750
mixed+expert | kitchen | 1.66 2.35 | 0.00 0.00 | 425 2.04 | 2.2 38 | 421112 | 0000 | 52010 | 750

Table 2: The normalized return obtained by different of ine IL methods trained on the D4RL suboptimal datasets
with 1 expert trajectory. Methods with avg. perf within the std-dev of the top performing method is highlighted.

We compardreCOIL against recent of ine IL methods RCIE}senbach et 312027, IQLearn [Garg

et al, 2021, SMODICE [Ma et al, 2023, ORIL [Zolna et al, 2020 and behavior cloning. We

do not compare to DEMODICEim et al, 2022 and ValueDICE Kostrikov et al, 2019 as
SMODICE was shown to outperform DEMODICE Ma et al.[2029 and IQLearn was shown

to outperform ValueDICE inGarg et al. 2021 on the same environments. Both SMODICE and
ORIL require learning a discriminator, and SMODICE relies on the coverage assumption. RCE
also uses a recursive discriminator to test the proximity of the policy visitations to successful
examples. In contrasReCOIL is discriminator-free and does not need this coverage assumption.
Table2 shows thaReCOIL strongly outperforms the baselines in most environments. SMODICE
exhibits poor performance in cases when the combined of ine dataset has few expert samples
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Dataset BC 10%BC DT TD3+BC CQL IQL XQL(r)| f-DVL (x?) f-DVL (TV)
halfcheetah-medium-v2 42.6 425 426 483 440 474 474 47.7 475
hopper-medium-v2 52.9 569 67.6 593 585 663 68.5 63.0 64.1
walker2d-medium-v2 75.3 75.0 740 837 725 783 814 80.0 81.5
halfcheetah-medium-replay-v2 || 36.6 40.6 36.6 44.6 455 442 44.1 429 44.7
hopper-medium-replay-v2 18.1 759 827 609 950 947 95.1 90.7 98.0
walker2d-medium-replay-v2 26.0 625 66.6 81.8 772 739 58.0 52.1 68.7
halfcheetah-medium-expert-v2 [ 55.2 929 86.8 90.7 91.6 86.7 90.8 89.3 91.2
hopper-medium-expert-v2 525 110.9 107.6 98.0 1054 915 94.0 105.8 93.3
walker2d-medium-expert-v2 107.5 109.0 108.1 110.1 108.8 109.6 110.1 110.1 109.6
antmaze-umaze-vQ 54.6 628 59.2 78.6 740 875 47.7 83.7 87.7
antmaze-umaze-diverse-v0 45.6 502 53.0 714 840 622 51.7 504 48.4
antmaze-medium-play-v0 0.0 54 0.0 106 612 712 31.2 56.7 71.0
antmaze-medium-diverse-v0 0.0 9.8 0.0 3.0 537 700 0.0 48.2 60.2
antmaze-large-play-v0 0.0 0.0 0.0 02 158 396 10.7 36.0 41.7
antmaze-large-diverse-v0 0.0 6.0 0.0 0.0 149 475 3128 445 39.3
kitchen-complete-v0 65.0 - - - 438 625 56.7 67.5 61.3
kitchen-partial-v0 38.0 - - - 498 463 48.6 58.8 70.0
kitchen-mixed-v0 51.5 - - - 510 510 404 53.75 52.5

Table 3: The normalized return of offline RL methods on D4RL tasks. XQL(r) denotes the results obtained
under the standard evaluation protocol. Results aggregated over 7 seeds. Highlighted results are within one
performance point of the best-performing algorithm.

(random+few—expert) or where the discriminator can easily overfit (high-dimensional
environments like dextrous manipulation).

Estimation of the Policy Visitation Distribution and Reward Recovery Correctly estimating a
given policy’s visitation distribution d™ is key to testing its closeness to the expert visitation. d™
can be computed via Eq (49) (appendix). Figure la and Figure 11 show that ReCOIL can estimate
d™ more accurately than SMODICE [Ma et al., 2022] which relies on coverage assumption and
IQLearn [Garg et al., 2021] which only utilizes expert data. This empirically validates our hypothesis
that a learned discriminator with low coverage can lead to poor performance of the downstream
policy. Further, Figure 1b shows the reward function recovered by ReCOIL for a simple grid-world
task. For Hopper and Walker, we respectively observe a Pearson correlation of 0.98 and 0.92 between
the recovered reward with the ground truth. See more details in Appendix G.3 and G.10.

7.2 OFFLINE RL

Benchmark Comparison Table 3 shows that f-DvI ~ apmaze-medium-diverse-v0  animaze-large-play-v0
outperforms XQL and other prior offline RL methods [Chen “

et al., 2021a, Kumar et al., 2019, 2020, Kostrikov et al., 2021, \L_ ®

Fujimoto and Gu, 2021] on a broad range of continuous control L Mee | 1
tasks. We note an inconsistency between our reproduced XQL "t o e o
results and the results reported in the original paper: their
results were reported by taking the best average return during
training as opposed to the standard practice of taking the . = ¢ - F-DVL fixes this
average of the last iterate performance across different seeds at problem by using more well-behaved
1 million gradient steps. Such inconsistency can be validated  f_djvergences.

by comparing their training plots and reported results (Fig 11

and Table 1 in Garg et al. [2023]). XQL(r) shows the results for XQL under the standard evaluation
protocol.

Average Value

Figure 2: XQL training diverges
due to the numerical instability of

Training Stability As pointed out by the authors, the exponential loss function of XQL causes
numerical instabilities during optimization. As discussed in Section 6, this is a by-product of reverse
KL divergence. Fig. 2 confirms that this is fixed by f-DVL by using other f-divergences with more
stable loss functions. Additionally, Fig. 13 demonstrates that f-DVL is competitive to XQL and SAC
in the online setting as well. See Appendix F for additional experimental details.

7.3 ADDITIONAL EXPERIMENTS

We conduct additional experiments in Appendix G. We =~ «dmmerv0 (Bpet) [A26] . Hammer-v0 (Expert)

further demonstrate a) when incorporating off-policy data £ =~ ER

in online training, traditional ADP-based methods can £ ™ o

suffer from the over-estimation of value functions, and the & ™ g

performance gain is limited, whereas dual-RL methods o BT o T
can leverage the same data to achieve better performance —— SAC (no addional data) SAC + offpolicy Data
(Figure 3 and Appendix G.1); b) the reward functions SRR RS gesECR)

learned by ReCOTL are of high quality (Appendix G.10); Figure 3: Augmenting SAC with expert data
c) the hyperparameter ablation for f-DVL (Appendix G.8) at the start of training destabilizes value

and qualitative results for ReCOIL (Appendix G.4). function learning (r), but dual-RL approaches
can make effective use of the additional data

to learn performant policy (1).
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8 CONCLUSION

Our work uni es a signi cant number of recent developments in RL and IL. The insights gleaned
from the uni cation allow us to identify key gaps and subsequently improve performance and
training stability in imitation learning and reinforcement learning. Leveraging this uni cation,
we propose 1) a family oétable of ine RL method$§-DVL relying on implicit value function
maximization, 2)ReCOIL, a generaloff-policy IL methodto learn from arbitrary suboptimal
data while being discriminator-free. We show thabVL andReCOIL both outperform previous
methods in online/of ine RL and of ine IL domains, respectively. We demonstrate that Dual-RL
algorithms have great potential for developing performant algorithms and warrant further study. We
direct interested readers to read our Appendix containing more insights into Dual-RL and potential
directions for improvements and new algorithms.
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A LIMITATIONS AND NEGATIVE SOCIETAL IMPACTS

Limitations: Notably, none of the supervised learning approaches, like Upside-Down
RL [Schmidhuber2019, DT [Chen et al.2021a Zheng et al.2023 and RvS Emmons et a].2021],

can be cast as instances of this framework. The main reason is that there is no return optimization
term in the supervised learning loss for those approaches. Second, our framework is constrained
to the regularized RL setting where the regularization coef cient 0 (see Eqg.l ). Finally, our
framework considers a static regularization distributi®n and we believe that regularization with
dynamically changing distributions, like those in on-policy methods (P&Rdilman et a]2017,

TRPO [Schulman et al2019, etc) requires a more careful theoretical treatment. Another limitation

of the paper is the assumption that the expert demonstrations used in the imitation learning process
are always of high quality and provide the desired behavior. In practice, obtaining high-quality
demonstrations can be challenging, especially in complex environments where the behavior of the
expert is not always clear. The performance of the proposed approach could be limited in cases where
the expert demonstrations are of poor quality or where the behavior of the expert does not correspond
to the desired behavior.

Negative Societal ImpactsAs machine learning algorithms continue to grow in sophistication, it is
important to consider the potential risks and harms associated with their use. One such area of concern
is imitation learning, which involves training a model to imitate a desired behavior by providing it
with examples of that behavior. However, this approach can be problematic if the demonstration data
includes harmful behaviors, whether intentional or not. Even in cases where the demonstration data
is of high quality and desirable behavior is learned, the algorithm may still fall short of providing

suf cient guarantees of performance. In high-stakes domains, the use of such algorithms without
appropriate safety checks on learned behaviors could lead to serious consequences. As such, it is
crucial to carefully consider the potential risks and bene ts of imitation learning, and to develop
strategies for ensuring safe and effective use of these algorithms in real-world application

B DUAL REINFORCEMENTLEARNING

B.1 A RevViIEw OF DUAL-RL

In this section, we aim to give a self-contained review for Dual Reinforcement Learning. For a
more thorough read, refer ttlachum and Dai202(d. Our proofs will take a different approach
than Nachum and Dai202d which we believe leads to easier exposition and understanding.

B.1.1 GONVEX CONJUGATES ANDf -DIVERGENCE

We rst review the basics of duality in reinforcement learning. £etR N R be a convex function.

The convex conjugate : R N R off isde ned by:

f g suger Xy fmxas (16)
The convex conjugates have the important propertyfthas also convex and the convex conjugate
of f retrieves back the original functidn We also note an important relation regardingndf
o d pflg?l, where the notation denotes rst derivative.
Going forward, we would be dealing extensively with-divergences. Informally,

f -divergencesRényi 1961 are a measure of distance between two probability distributions. Here's
a more formal de nition:

Let P andQ be two probability distributions over a spagesuch thaP is absolutely continuous
with respect taQ °. For a functiorf : R N R that is a convex lower semi-continuous dnilg O,

3Let z denote the random variable. For any measurablg setZ ,Qqz PZq O0impliesPz PZq O.
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Divergence Name Generatof pxq Conjugatd  pyq
Reverse KL x log x ey 1d

Squared Hellinger p? X 1¢ Ty

Pearson 2 > 1 y %

Total Variation ix 1 yify Pr 1;Zsotherwise8 *
Jensen-Shannon| p x 1q|ong2—1q x logx log2 €q

Table 4: List of commotfi -divergences.

thef -divergence oP fromQ is
Pprq |
DipP ||Qq E; o f omq 17)
Table4 lists some commoh-divergences with their generator functidnand the conjugate functions
f

B.1.2 AN OVERVIEW OF REINFORCEMENTLEARNING VIA LAGRANGIAN DUALITY

In this section, we give a more detailed review than we are able to in the main text due to space
constraints. We consider RL problems with their average return considered in the form of a convex
program with linear constraintdfanne 1960, to which we apply Lagrangian duality to obtain
corresponding constraint-free problems. This framework was rst introduced in the wdtaaifum

and Dai[202(, which obtains the same formulations as ours via Fenchel-Rockfeller duality. Here
we use Lagrangian duality for its simplicity and popularity.

Consider the following regularized policy learning problem
maxJp q Eqg maqps;ags D ¢pd ps;aq||dps; aqq (18)
whereD¢ pd ps; aq ||d° ps; aqdis a conservatism regularizer that encourages the visitation distribution

of to stay close to some distributial?, and is a temperature parameter that balances the expected
return and the conservatism.

An interesting fact is thal p gcan be rewritten as a convex problem that searches fachievable
visitation distribution that satis es thBellman- ow constraints:

Jpq max EdpsaqTP5;80s D ¢ pdps; aq || d°ps; aqq

19)
stdps;aq pl  qdopsg mRlsq sua1 At a'opps|st alg palsq @ PS;aPA:
Applying Lagrangian duality and convex conjug#i) to this problem, we can convert it to an
unconstrained problem with dual variabl@gs; agde ned for alls;aPS A:
minpl - GFs doa palQPS; A0S Epsiaq a0 rf pfM, Qps;aq Qps;ags{ gs  (20)

wheref is the convex conjugate 6f. We defer the derivation to the next section. As prob(és)

is convex, strong duality holds and proble(is) and(20) have the same optimal objective value up
to a constant scalifigWe refer to the nested policy learning problem whepeqis of form (19) as
primal-Q and the joint problem with scaletb gof form (20) asdual-Q .

primal-Q  maxrJp gin the form Eq. 9)]; (21)

dual-Q max mingpl  GEs da  pqf@PS;a0S  Egsaq aoff P, Qps;aq  Qps;ags{ gs
(22)
In fact, problem(19) is overconstrained — the maximization wd.is unnecessary, as for a xedthe
[S| | A| equality constraints already uniquely determine a solufiofPuterman2014. Let ;d
be the optimal policy and corresponding visitation distribution. In fact, we can relax the constraints
to get another problemAgarwal et al, 2019 with the same optimal solutiod , which we call

4For our derivations, we will consider smooth extensions of TV conjugate function
SWe scaled the dual problem iy for derivation simplicity.
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primal-V  below:
primal-V max Edps:aq5;80s D ¢ pdps; aq ||d° ps; aqq

st padpsiag pl gdopsq staigrs A OPS’ @'gpslst a’g @ PS:
(23)
Comparing with problen(19), the constraints are relaxed and there is no poliay this formulation.
In fact, as opposed tprimal-Q , which needs to solve nested inner probleprgnal-V  solves a
single problem to obtaid , from which we can recover via Eq. @4)°:
pajsq d ps;ag{ ,pa d psiag (24)
Similarly, we consider the Lagrangian dual @8], with dual variabled/ psqde ned for alls P S:
dual-vV. minpl s ¢VPSAS  Epsaq oo fp PTVPSiaq Vpsqas{q; (25
wheref ; is a variant of de ned in Eq. ¢7). Such modi cation is to cope with the nonnegativity
constraintdps;aq ¥ 0 in primal-V . This constraint is ignored iprimal-Q because the
constraints of the inner proble(f9) already uniquely identify the solution. See Appen#ix.4for
the derivation. As before, strong duality holds here (up to a factéf of, and we can compute the
optimal policy  after obtainingy . We discuss this in detail in Appendix 1.6

Remark 1.The above formulations generalizes to the popular MaxEnt RL framework, where the
objectiveJ p gcontains an extra policy entropy regularizer. One only needs to replace the Bellman
operatorT, by its soft variantT,. . «Qps;aq  rps;aq  EsuairQpsaly log palis'gs

Remark 2We derive the dual problems via the Lagrangian duality. Takingtireal-Q problem

as an example, the key step which bridges its Lagrangian dual preblegmaxy L pQ; dgand the

nal formulation dual-Q is that the maximized of the inner problem has a closed form solution.
Equivalently, we can rewrite the inner problenaxy L pQ; dqvia the convex conjugate?2), which
eliminates the variabld. The Fenchel-Rockerfeller duality provides an alternative way to directly
reach the same formulation, where one rst rewrites the linear constraints as part of the objective
using the Dirac delta functioNachum and Dai202(.

Remark 3.The dual formulations have a few appealing properties. (a) They allow us to transform
constrained distribution-matching problems, w.r.t previously logged data, into unconstrained forms.
(b) One can show that the gradientdhfal-Q w.r.t , whenQ is optimized for the inner problem, is

the on-policy policy gradient computed by off-policy data. This key property relieves the instability or
divergence issue in off-policy learning. (c) The dual framework can be extended to the max-entropy
RL setting, wherel p gconsists of additional entropy regularization, by replacing Bellman-operator
with their soft Bellman counterpartsiparnoja et aJ.2017.

B.1.3 DeRIVING DUAL-Q

We again consider the RL problem as a maximization of a convex program for estimating
policy performance p qby considering optimization overchievablestate-action visitations (i.e
max Jp o):

max  max Eqpsaq'fPs;a0s Dy pdps; aq || d°ps; aqq (26)
stdmiag pl  olopsq palsq  dps’ a'oppsist a' palsq ; 27)
stal

where allows us to weigh policy improvement against conservatism from staying close to the
state-action distributiod®. We will assume thatl® has non-zero coverage ovdr A for the
derivation below.

A careful reader may notice that the inner problem is overconstrained and overparameterized. The
solution to the inner maximization problem with respeatlis uniquely determined by th&| | A|

linear constraints, and the nonnegativity constrdi¥t O is not necessary. Moreover, given a xed
policy , the solution of the inner problem is its visitation distributitin

5Eq. (24) can be easily computed for discrete actions, yet it is dif cult for continuous actions. While our
analysis focuses on the tabular case, we discuss two methods for recoverfog continuous actions in
AppendixB.1.6

19



Published as a conference paper at ICLR 2024

The constraints of the inner problem are known asBh#man ow equationshat an achievable
stationary state-action distribution must satisfy. The next question is how can we solve it? Here
is where Lagrangian duality comes into play. First, we form the Lagrangian dual of our original
optimization problem, transforming our constrained optimization into an unconstrained form. This
introduces additional optimization variables - the Lagrange multipQers

As mentioned before, we can discard the nonnegativity consttain® as the other constraints imply
a unique solution fod. Focusing on the inner optimization problem, we optimize the Lagrangian
dual problem:

min maxEsa apmaqfPs;ags D ¢ pdps; aq ||d° ps; aqq
Qps;aq d

Qm;aq pl  olopsg palsq  dpsha'gppsist 'y palsq  dpsiaq
s;a shal
whereQps; agare the Lagrange multipliers associated with the equality constraints. We can now do
some simple algebraic manipulation to further simplify it:

min MaxEsa dpsaqfPs;aqs D ¢ pdps; aq ||d°ps; aqq

Qpsiaq d
Qm;aq pl  qlopsg plsq ds’a'opsistaly palsq  dps;aq (28)
s;a slal
Qrgsi;lgqm?xpl Fdopsg palsa'QPS; aGS

Esa o rs;aq  pslisiaq pais'Qsta'y Qps;ag D ¢ pdps; aq || d°s; aqg
slgal
(29)
where we swap the maximum and minimum in the last step as strong duality holds for this problem.
This is equivalent to solving the following scaled objective (scaled{by).

. P q .
min max Edopsg pajsqfQps; ags

Qpsiaq d

Esa o« PPs;aq  ppslis;aq mlis'Qpsta’y Qps;aga{ Dy pdps;aq ||d°ps; aqq

Sl;al
(30)
m g |
Qrglgq —Edopsg palsq’QPB; ags
Esa a0 f popsiaq i ppsls; aq palis'Qpstaly Qps;aqaf q ; (31)

skal
where we applied the convex conjugate (Etp)) in the last step. To see this more clearly,

let yps; aq rps; aq sta1PBYs; aq palis'Qps’aly Qps;ag { . Then, under mild

conditions that the interchangeability principRdj et al, 2017 is satis ed, andd® has suf cient
support oveS A [Nachum and Da202(, it holds that

maxEsa aryps;aqs Dy pdps; ag ||d° ps; aqq (32)
dps;aq dps; aq

m(?XEs;a do mylf&aq f s aq (33)

Eqo rf pyps; aqqgs (34)

We have transformed the problem of computihg qto solving Eqg.(31). Finally, the policy

optimization problemmax Jp qis reduced to solving the following min-max optimization problem,

which we will refer to adual-Q : o

max ming B—Eq,q misfQPS;a0S Esa o f pOPS;aq sta: PBYs; aq plis'aQpsh a'g Qps;aqa{ g .-
(35)

Table4 lists the corresponding convex conjugattesfor commonf -divergences.
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In the case of deterministic policy and deterministic dynamics, the above-obtained optimization takes
a simpler form:
Pl q . . 1 .
—E ,psqfQps; p800s Esa g0 f ppps;ag  Q pss ps'gg  Qps; agqa{ q

(36)
Now, we have seen how we can transform a regularized RL problem irdoatsQ form which
uses Lagrange variables in the form of state-action functions. Interestingly, we can go further to
transform the regularized RL problem into Lagrange variables (V) that only depend on the state, and
in doing so we also get rid of the two-player nature (min-max optimization) inltizd-Q .

max min
palsqQps;aq

B.1.4 DeERIVING DUAL-V

One important constraint we have not discussed so far is that the vatial@l@re optimizing must be
nonnegative. This constraint is not neededdomal-Q , as for the inner probler?), the solution

is uniquely determined by the constraints. Nonetheless, it is important we consider this constraint for
primal-V  and derive the correct dual problem.

In primal-V , we formulate the visitation constraints to depend solely on states rather than
state-action pairs. Note that doing this does not change the solutidar the regularized RL
problem (E((18)). We consider 1 for the sake of exposition. Interested readers can derive the
result for lasinthedual-Q case above. Recall the formulationpfmal-V

max Eqps;aqlP5; a0s Dy prps; ag ||d° ps; aqq
st dms;ag pl  odopsq  dps’a'oppsisha'y (37)

aPA skal
As before, we construct the Lagrangian dual to this problem. Note that our constraints now solely
depend ors.

; . . O -
U‘p‘sr;@agEs;a dps;aqt P8;a0s Dy pdps; aq |[d™ ps; aqq

Vpsqg pl odopsq  dshalppslsbaly T dpsiaq (38)

s stal aPA
Using similar algebraic manipulations we used to obthial-Q in SectionB.1.3 we have :
min max Ega apsadfP;a0s Dy pdps;aq ||d°ps; aqq

V psqdps;ag¥ 0
Esa o 'Ps;aq  ppslis;advps'y Vpsq Dy pdps;aq ||dps; agq (39)
o
min max pl - (FgopmqrV FE0S
Esa o riaq  ppsls;advpsly Vpsq Dy pdps;ag || d°ps; aqq (40)

sl

min max rV psas
Vpsqdps;aq¥0pl Fopsa"V 0

Eva @ fopay (a0 pisiadVpsly Vs Ea oo f gopemy  (41)
Sl

Let wps; aq d‘ﬂ,”;?;q and yps;aq rps;aq < psls;advpslq  Vpsqdenote the TD error.
The last equation becomes

min- max pl  OFq,pqV BSOS Esa dorwps;agpy ps;adqs Ega go rf pyvps;aqgs  (42)
V psqwps;ag¥0

We now direct the attention to the inner maximization problem and derive a closed-form solution for
it. Consider the Lagrangian dual problem of it:
min Max Esa go 'Ws; adpy p5;a40s  Esa g0 If pyvps; aqas " psiagwps;ag  (43)
wps;aq sa
where the parametergs; aqfor all s P S anda P A are the Lagrange multipliers. Since strong
duality holds, we can use the KKT constraints to nd the optimal solutienps; agand ps; ag
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1. Primal feasibility w ps;aq ¥ 0 @s;a
2. Dual feasibility ps;aq ¥ 0 @s;a

3. Stationarity d®ps;agp f'pv ps;aqq  vps;aqq  ps;aq O @s;a
4. Complementary Slacknessv ps;aq ps;aq 0O @s;a

Using stationarity we have the following:

_ dops;adf ‘v ps;aqq dops;aqvpsiag psiaq @a (44)
Now using complementary slackness only two cases are possilpieaq ¥ Oor ps;aq ¥ 0.
Combining both cases we arrive at the following solution for this constrained optimization:

w ps;ag max 0;f! ‘pyps;aqq (45)

We refer to the resulting function after plugging the solutionorback in Eq.(42) and refer to the
closed form solution fod in second and third term 4 .

fopvps;aqq w ps;agpyps;aqq fpw ps;agq (46)
Plugging inw ps; agfrom Eq. @5) to Eq. @6), we get:

fopvmiagq max O;f! 'pypsiaqq pvpsiaqq f max O;f!'pypsiaqq  (47)

Note that we get the original conjugdte back if we do not consider the nonnegativity constraints:

f miaq ! 'pypsiaqapypsiagq fpit "pyps;agaq (48)
Finally, we have the following optimization to solve fdual-V when considering the nonnegativity
constraints:

dual-V @ minysqpl  GEs 4,IVPSAS Epaq a0 fp P vis;adq

Some works e.g. SMODICBMa et al, 2023, ignore the nonnegativity constraints and use the
correspondinglual-V  formulation

dual-V  (w/o nonneg. constraintsininy pl. ~ oEs d,'VPSAs Egaq ao If pvs;ags

B.1.5 DiscussiON ONDUAL FORMULATIONS

In summary, we have two dual formulations for regularized policy learning:

dual-Q :max mingpl  CEgypmq pajsqfQIS; ags
Esa aoff prps;aq < Psls; aq palis'eQps’ alg  Qps; aqas

and

dual-V : minypsqpl  GEs 4,IVPSAS Epaq a0 fp P vips;aqq

The above derivations for dual of primal RL formulatiodual-Q anddual-V brings out some
important observations

» dual-Q anddual-V present off-policy policy optimization solutions for regularized RL
problems which requires sampling transitions only from the off-policy distribution the policy
state-action visitation is being regularized against. The gradient with respect to policy
whend is optimized indual-Q can be shown to be equivalent to the on-policy policy
gradient under a regularized Q-function (see Section 5.1 fidacfium and Da202Q).

» The above property allows us to solve not only RL problems but also imitation problems
by setting the reward function to be zero everywhere dhdo be the expert dataset,
and also ofine RL problems where we want to maximize reward with the constraint
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that our state-action visitation should not deviate too much from the replay bdffer (
replay-buffer).

e dual-V formulation presents a way to solve the RL problem using a single optimization
rather than a min-max optimization of tpemal-Q or standard RL formulatiordual-V
implicitly subsumes greedy policy maximization.

B.1.6 HoOw TO RECOVER THE OPTIMAL POLICY INDUALV ?

In the above derivations fatual-Q anddual-V we leveraged the fact that the closed form solution
for optimizing Eq.(16) w.r.td is known. The value ofi for which Eq.(32) is maximized can be
found by setting the gradient to zero (stationary point) leading to:

d ps;aq , 1 Ymsiaq
O aq max O;pf Iy
This ratio can be utilized in two different ways to recover the optimal policy:

(49)

Method 1: Maximum likelihood on expert visitation distribution

Policy learning can be written as maximizing the likelihood of optimal actions under the optimal
state-action visitation:

maxEsa 4 rlog palsgs (50)
Using importance sampling we can rewrite the optimization above in a form suitable for optimization:
d ps;aq
maxEs.q go mlog pajlsq  maxEgs, qorw ps;aglog palsgs (52)

This way of policy learning is similar to weighted behavior cloning or advantage-weighted regression,
but suffers from the issue that policy is not optimized at state-actions where the of ine défalsas
no coverage bud j O.

Method 2: Reverse KL matching on of ine data distribution (Information Projection)

To allow the policy to be optimized at all that states in the of ine dataset + actions outside the dataset
we consider an alternate objective:

min Dy pd®psg  palsq [|dpsq  palsqq (52)
The objective can be expanded as follows:
min Dy pd°psq palsq || d°psq  palsqq (53)
. pa|sq
min Es 4o psqa alsa (54)
: pajsod s psg °palsq
min E . lo 55
s d%pqa 9 rmlscd psad®psq °plsq (53)
. pa|sq . d psq
Min Es 4o psqga log 5ralsq logpv ps;aqq log s (56)
MINEs gomwga rlogp palsqq logp °palsqq logpw ps; aqgs (57)

This method recovers the optimal policy at the states present in the dataset but has the added
complexity of learning another policy’pajsg One way of obtaining °pa|sqgis by behavior cloning
the replay buffer.

B.1.7 SEMI-GRADIENT AND FULL-GRADIENT

RL algorithms often learn via Bellman backups which minimize an error of the fopng

Epsasiq prPQ ps;ag prps;aq Ear Q pslalqd . Full stochastic gradient differentiates
through the entire objective, whereas semi-gradient methods do not differentiate throQoitha'g

term in the bootstrapping target and is generally implemented through a stop-gradient operator. Note
that the semi-gradient update still changes the value of the bootstrapping target when used at the
next iteration as is updated. Semi-gradient optimization is a common choice in deep RL and often
enables signi cantly faster learnin@fitton and Barta2018.
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C A UNIFIED PERSPECTIVE ONRL AND IL ALGORITHMS THROUGH DUALITY

Figure4 shows an alternate viewpoint on the landscape of dualRL methods and highlights the gaps in
algorithms that we are able to successfully address in this work. Now we discuss in detail how recent
algorithms can be uni ed via duality viewpoint for both RL and IL.

The Dual-RL Landscape

Deep RL
(offline and online)

Imitation Learning

Offline
(only expert data)

IQLearn
AlgaeDICE , (Implicit
GenDICE (CQL) Behavior
Cloning)

OPptiDICE (XQL),
111

No discriminator
learning needed.

Off-policy (Online/Offline)
with coverage assumption

Off-policy (Online/Offline)
with arbitrary data

dualQ
OPOLO 2-player
game
dualVv
SMODICE ReCOIL-V 1-player
optimization

No discriminator
learning needed.

Discriminator
learning needed!

Figure 4: We show that a number of prior methods can be understood as a special case of the dual RL framework.
Based on this framework, we also propose new methods addressing the shortcomings of previous works (boxed

in green).

C.1 DuaL CONNECTIONS TOREINFORCEMENTLEARNING

We begin by showing reducing popular of ine RL class of methods: pessimistic value learning
(CQL [Kumar et al, 2024, ATAC [Cheng et a].2023) and implicit policy improvement (XQLGarg

etal, 2021) to thedual-Q anddual-V framework respectively. Then, we show how thel-V
framework under a semi-gradient update rule leads to a family of of ine RL algorithms that do not

sample OOD actions.

Proposition 4. CQL is an instance ofiual-Q under the semi-gradient update rule, where the
f -divergence is the Pearsort divergence, and® is the of ine visitation distribution.

Proof. We show that CQLKumar et al,

RL methods are a special casedofal-Q
generator functiof pt

2020 and ATAC [Cheng et al.2023, popular of ine
for of ine RL. Consider the ? f -divergence with the

f -divergence thelual-Q optimization can be simpli ed as:

pl

pl

Let's simplify the rst two terms:

1
- p]- CEdo; palsqupS;aqs Es;a do

| =

pL cEdo; pa|squF1523qS Es;a do

q  dopsq palsqQps;aq

sa

pl

s,a

q .
Edo; pa|squ[B1aqS Es;a do

q .
= pa|squ|cs, ags Ega go

1¢f. The dual functiorf is given byf  p % tgq With this
a;ns a;ns
yps ar 7 ys 9 (59)
;s ;arn s
yps 9 En o U ar ' (59)

ppslis; aq palis'Qps’a'y  Qps;aq

stal

rps; aq
(60)
prs'is;aq palls'aQpsta’y  E.u uorQmiags Euf olrrfsldas

slal

(61)

d°ps;aq’ ppss;aq plis'gQpsha’qy Eg, g0 rQps;ags
51

(62)
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S pl g dopsq palsa@ps;aq xdO;P Qy  Ega g0 FQps;ags (63)
s;a
= pl g dopsq palsaQps;ag xP d9;Qy  Ega o rQps; ags (64)
s,a
1 . . .
= pl g dopsq palsoQps;aq palscQps;aq pps|sh a'odps’aly  Ega go rQps; ags
s:a s;a skal
(65)

1. X
= pdopsq pps|s’; a'ops’; a'gq palsaQps;ad  Esa g0 rQpS;ags  Esa o ITPS; ags

s;a sla;t
(66)
= d°psq palsiQps;aq  Ega g0 rQPs;agqs Ega qo ITPS;ags (67)
s;a
1
- Es do;a erS; ags Es;a do I’QFB; ags (68)

whereP denotes the policy transition operatBr, denotes the adjoint policy transition operator.
Removing constant terms (E(51)) with respect to optimization variables we end up with the
following form for dual-Q :

1 . . yps; a;r; s'ef
~  Rootowod§38inB88 0ooobeeatt $8BN3B ooooodtsa 12 (69)
reduce Q at OOD actions increase Q at in-distribution actions
Hence thedual-Q optimization reduces to:
. ;a;rs
mameln Es goa rQps;ags Ega qorQps;ads  Ega go M (70)

Our proposition assumes semi-gradient update, i.e the gradients are not backpropogated through
the bootstrapping targ€ps’; ps'ggwhen updating or Q. The bootstrapping target is regularly
updated with the most recent parameters. Thus, maximization with respect to policy just amounts
to maximizing the rsttermEg 40, rQps; ags This update equation matches the unregularized
CQL objective (Equation 3 irHumar et al, 202() and the ATAC objective (Equation 1 itCheng

et al, 2023 when 0:25). One of they key differences between CQL and ATAC is the use

of optimization strategy — CQL uses Gradient Descent Ascent whereas ATAC uses a Stackelberg
formulation. O

Proposition 2. XQL is an instance oflual-V under the semi-gradient update rule, where the
f -divergence is the reverse Kullback-Liebler divergence, @fhds the of ine visitation distribution.

Proof. We show that the Extreme Q-Learnin@drg et al.2023 framework for of ine and online
RL is a special case of the dual framework, speci cally thel-V using the semi-gradient update
rule.

Consider setting thé -divergence to be the KL divergence in tldeal-v  framework, the
regularization distribution and the initial state distribution to be the replay buffer distribution
(d® dR anddy, dR). The conjugate of the generating function for KL divergence is given by

fnq etl

Lngsr]qpl FaopsVPEUS Esa ar | rps;aq ppstis;advpsly Vpsaq { (71)

sl
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gnrjsr;pl EaomsqVIBAS Esa gs eXp  rps;aq ppsis;avpsly Vpsqq {1
sl
(72)

A popular approach for stable optimization in temporal difference learning is the semi-gradient update
rule which has been studied in previous worgsifton and Barta201§. In this update strategy, we
x the targets for the temporal difference backup. The target in the above optimization is given by:
Qps;aq  rps;aq prs'is; adV ps'g (73)
sl
The update equation for V is now given by:

mpl Edopsa’VIBAS Esa gr X Qps;ag Vpsaq{ 1 (74)
where hat denotes thstop-gradient operation. We approximate this target by using

mean-squared regression with the single sample unbiased estimate as follows:

Min Esass v PAPSIa0 PIris;aq Vps'gq4 (75)

The procedure (alternating E.4) and Eq.(75)) is now equivalent to the Extreme-Q learning and is
a special case of thdual-V framework. O

C.1.1 f-DVL: A FAMILY OF IMPLICIT POLICY IMPROVEMENT ALGORITHMS FORRL

Chi-square Implicit Hellinger Implicit Jensen Shannon Implicit | tion Reverse KL Implicit
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Figure 5: lllustration of a family of implicit maximizers corresponding to diffeferdivergences. The underlying
data distribution is a truncated Gaussiadwith mean0, variancel and a truncation range 2; 2g We sample
10000 data points froNand compute the solution of Problem(15). As N 1, the solutionv becomes a
more accurate estimation for the supremum of the random variable

Proposition 3. Letx be a real-valued random variable such tiatpx | x q 0. Letv be the
solution of Problen{15). It holds thatv , & v ,, @D 1 > 1. Further,lim g1V X .

Proof. The behavior of dual-V (Equatios) whenf is reverse KL to serve as an implicit maximizer
was established ifJarg et al.2023. In this section we consider other divergences from Tdble
under the rewriting of dual-V in terms of temperaturand a surrogate extention fby (de ned
below). We analyze the behavior for the following optimization of interest.

minpl  Ex prvs  Ex o fppc Vg (76)
f, Ptqis given by (using the de nition in Eq4(7):
fopg  f maxg? 'nq0q tmax f! 'pgo (77)
Accordingly, the functio@p admits two different behaviors given by:
. ff!'pag o 'pg fopg iff! g O 78)
p f POg otherwise

wheref is the convex conjugate déf-divergence. We consider dlldivergences for whiclf

is strictly increasing irR , and note that TV divergence will need special treatmenf &g *

is not well de ned. Some properties of note dréandf 'q * is non-decreasing, 0 q ¥ 0
andf pxq ¥ 0 @ ¥ O for the divergences we consider. A key limitation of formulating an
optimization objective with forms df-divergences is their domain restriction®f . First, we note
as a result of restriction df toR thatf': R N rl; 8q for somel PR and as a consequence
fflg®:r;8q N R . Since our objective function depends grig pxqbeing well de ned
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on R, We consider an extension that preserves the non-decreasing propgrty df such that
g 'mxq Oforx P p8 ;ls We also know from above thatfarj |, g *xgj Oas
o g ! is non-decreasing. We de ne the surroghgeto be a particular extension for with | 0.
Similar extensions can be found in prior wofki¢ard-Weibel and Gued?022a GoIdFqu.

We analyze the,second term in Eg6). It can be expagded as follows:

pxcf px - vepx f POoppxodx (79)
x:pf g px vqj O x:pflg 1px vge0
From the properties df, we use the fact thaf g *px  vqj Owhenx v i Oorequivalently
Xi V. » »
pxef X vedx f pOgppx apix (80)

Xj Vv Xa v
The rst term in the above equation decreases monotonically and the second term increases
monotonically (thus the combined terms decreasey axreases untiv  x (supremum of
the support of the distribution) after which the equation assumes a constant valde g

Going back to our original optimization in E(.6), the rst term decreases monotonically with
As N 1, the minimization of the second term takes precedence, with increasintl saturation
(v x ). We can go further to characterize the effect abn solutionv of the equation. The

solution of the optimization can be written in closed form as (using stationarity):
pl d EX D fp lp( v(Q (81)

. 1. . . . .
Using the fact that ,  is non-decreasing, we can show that the right-hand term in the equation above
increases/stays the samevadecreases. This in turn implies that for afl, , suchthat ; @ , we
havethawv , & v ,

TV divergence require a special treatmenpia®| * is not de ned. We construdt, by noting thaf

for TV exists even iff g ! does not. A concise proof can be found in Example 8.1 f@anidfeld
Thus, for TV we consider a smooth extensiorRin by usingf pxq x. For Squared Hellinger and
RKL, f is discontinuous. The problem can be addressed by considering random varialide
upper bounded by 1 arid 2 for Hellinger and RKL respectively. This can be ensured by rescaling
rewards so that the maximum rewardlis andpl  gIin@2gfor hellinger and RKL respectively.
AppendixF.3 outlines the derivation of surrogate implicit maximizers that we use in practice.

O

C.1.2 (ONNECTIONS OFCQL TO ALGAEDICE AND XQL TO OPTIDICE

Kumar et al.[2020 shows that CQL outperforms a family of behavior-regularized of ine RL
methods Fujimoto et al, 2018 Wu et al, 2019 Nair et al, 2020, which solve different forms

of primal-Q using approximate dynamic programming. The above result indicates that CQL's
better performance is likely due to the choicef aflivergence and more amenable optimization
afforded by the dual formulation. Moreover, the satiial-Q formulation has been previously
studied for online RL in AlgaeDICENachum et a].2019, and proposition! suggests that CQL is

an of ine version of AlgaeDICE.

We also highlight that the full-gradient variant of theal-V framework for of ine RL has been
studied extensively in OptiDICH ke et al, 2021] and propositior? highlights that XQL is a special
case OptiDICE with a semi-gradient update rule.

C.2 DuaL CONNECTIONS TOIMITATION LEARNING

This section outlines the reduction of a number of algorithms for Imitation Learning to the dual
framework. Most prior methods can either take into account expert-only data for imitation whereas
the other methods which do imitation from arbitrary of ine data are limited by their assumptions and
the form off -divergence they optimize for. We walk through explaining how prior methods can be
derived through the uni ed framework and also why they are limited.

C.2.1 CFFLINE IMITATION LEARNING WITH EXPERT DATA ONLY

We saw in Sectiod.1, how using thedual-Q framework directly led to a reduction of
IQ-Learn [Garg et al. 2021 as part of the dual framework. This was accomplished by simple
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setting the reward function to be 0 uniformly and setting the regularization distribution to the expert.
Garg et al[202]] uses this method in the online imitation learning setting as well by incorporating
the replay data as additional regularization which we suggest is unprincipled, also pointed out by
others Al-Hafez et al, 2023 (as only expert data samples can be leveraged in the above optimization)
and provide a x in the Sectiof. In this section, we show how the same approach can directly lead
to another method for learning to imitate from expert-only data avoiding the alternating min-max
optimization of 1Q-Learn.

IV-Learn: A new method for of ine imitation learning:  Analogous talual-Q (of ine imitation),
we can leverage th@ual-V (of ine imitation) setting which avoids the min-max optimization given
by:

IV-Learn ordual-V (of ine imitation from expert-only data):

U‘p‘sqqpl Edopsg’VIBUS Esa gerf pToVpsiaq Vpsqs{ gs (82)
We proposalual-V (of ine imitation) to be a new method arising out of this framework which
we leave for future exploration. This work primarily focuses on imitation learning from general
off-policy data.

Proofs for this section:

Corollary 1. IBC [Florence et al, 2023 is an instance oflual-Q using the full-gradient update

rule, whererps;aq 0 @ PS;a P A, d© d®, and thef -divergence is the total variation
distance.

Eq. (6) suggests that intuitively 1Q-Learn trains an energy-based model in the form of Q where
it pushes down the Q-values for actions predicted by current policy and pushes up the Q-values
at the expert state-action pairs. This becomes more clear when the divefgencieosen to be
Total-Variation ¢ 1), IQ-Learn for Total-Variation divergence reduces to:

Pl Eaomq palsg’QPs;a0s Ega o= ppstsiag palis'Qpsba’y Qps;aq  (83)

shal
p]- cEdopsq; pa|squm; ags Es;a dE ’ pPSHS; aq paHSJCQPSL,an
shal
Esa o 'Qps; ags (84)
First, we simplify the initial two terms:
pl CEdopsq; palsquFS;aqS Es;a dE ’ IODS]152 aq FHHS]CQ[E% a]q (85)
Sl
pl q dopsq palsiQps;aq  dSps;aq’  ppslis;aq palis'Qpstaly  (86)
s;a s;a shal
Pl o dopsq palsQpsiag dEps;agppsts; agq palis'Qpstaly  (87)
s;a slals;a
Pl o dopsq palsQpsiag  mels'oQpstalgp df ps;agppslis;aqq  (88)
s;a slal s;a
Pl o dopsq palsQpsiag  mals'Qpstalgp df ps;agppslis;aqq (89)
s;a stal s:a
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pl q dopsq palsQps;aq  palsaQps;agp  dF psta'ppsist algg  (90)

sa s;a stal
Pl odopsq palsoQps;aq  palsaQps;agp  dF pst a'opps|s’ a'gq (91)
s:a skal
plsQps;aq pl qlopsq  dE st algps|st aly (92)
s;a slal
palsoQps; acd® psq (93)

s,a
where the last step is due to the steady state property of the MDP (Bellman ow constraint).

Therefore 1Q-Learmual-Q for of ine imitation (in the special case of TV divergence) simpli es to
(from Eq. 84)):

pl CEdopsq: palsquFS;aqS Es;a dE | ppsl|s;aq palISJQQIOSJT a]q Es;a dE ers;aqs
Sl;al

(94)

inn EdE psq; pa|squFE; ags Es;a de rQps; ags (95)

The update gradient w.r.t for the above optimization matches the gradient update of infoNCE objective
in Implicit Behavior Cloning Florence et a).2022 with Q as the energy-based model.

C.3 OFF-POLICY IMITATION LEARNING (UNDER COVERAGE ASSUMPTION

Directly utilizing the dual-RL framework for imitation has its limitation as we see in the previous
section — we cannot leverage off-policy suboptimal data. We rst show that it is easy to see why
choosing thd -divergence to reverse KL makes it possible to get an off-policy objective for imitation
learning in the dual framework. We start with themal-Q for imitation learning under the reverse
KL-divergence regularizatiorfs;aq 0 and d® dF):
max Dk pdps; aq || d= ps; aqq
dps;ag¥0; pajsq
stdp;aq pl  qopsg palsq  palsq  dps’a'gops|sh aly (96)
stal

Under the assumption that the suboptimal data visitation (denotetf pyovers the expert visitation
(dS i 0whereverd® >0) [Ma et al, 2027, which we refer to as theoverage assumptionthe
reverse KL divergence can be expanded as follows:

dps; ag dps; aq d°ps; ag
. E -
DKL IOdICB, aq ”d ps; aqq Es;a dps;aq IOg dE ps; aq Es;a dps;aq IOg RE 0s; anSFB; aq
(97)
dps; aq dps; aq
Es;a dps;aq IOg dSpS; aq IOg dE rs; aq (98)
dSps; a
Esa dpsiaq 109 E F;_ ag D pdps; aq || d°ps; agq (99)
Hence thegrimal-Q can now be written as:
max E og EB 2 5 s ag (1 dps: a (100)
dps:aq¥0: palsq s;a dps;aq g hE ps; aq KL PAps; aq ps;aqq
stdms;ag pl  qopsg palsq  dps’a'gpps|sta'y palsg (101)
skal

Now, in the optimization above the rst term resembles the reward function and the second term
resembles the divergence constraint with a new distribwtfgs; aqin the original regularized RL
primal (Eqg.(26)). Hence we can obtain respectifgal-Q anddual-V in the setting for off-policy

P S
imitation learning using the reward function@d®"ps; aq log gE ‘;';Zg and the new regularization

distribution asiSps; ag UsingT, . andT,m: to denote backup operators under a new reward function
rimt. we have
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Input ReCOIL Output

I Expert state-action score  Learned score function

Offline Data Expert Data Learned Policy

m ﬁ 1 Replay state-action score \ m
+ B Non-expert
+/ Bellman consistency W Expert

) argmax,Q(s,a)

Figure 6: Recipe for ReCOIL: Learn a Bellman consistent EBM - A model which increases the score of expert
transitions, and decreases the score of replay transitions while maintaining Bellman consistency throughout.

dual-Q for off-policy imitation (coverage assumption) :

H(lff?) Qr?sir;)(l - W)Epo(S),ﬂ(aIS) [Q(s,a)] + Es g~as [f*(TiaQ(s, a) — Q(s, a))]. (102)
This choice of KL divergence leads us to a reduction of another methods, OPOLO [Zhu et al., 2020]
and OPIRL [Hoshino et al., 2022] for off-policy imitation learning to dualQ which we formalize in
the proposition below:
Proposition 5. OPOLO [Zhu et al., 2020] and OPIRL [Hoshino et al., 2022] are instances of
dual-Q using the semi-gradient update rule, where r(s,a) = 0VYS, A, d° = d¥, and the
f-divergence set to the reverse KL divergence.

Proof. Proof is sketched in the above section, ie. Eq. (102) is the update equation for OPOLO.

Analogously we have dual-V for off-policy imitation (coverage assumption):

1‘51(13(1 —VE o) [V (8)] + Eg gras [f;‘ (Trimi V (s,a) — V(s))] (103)

We note that the dual-V framework for off-policy imitation learning under coverage assumptions
was studied in the imitation learning work SMODICE [Ma et al., 2022].
C.4 LOGISTIC Q-LEARNING AND P2IL AS DUAL-QV METHODS

Logistic Q-learning and Proximal Point Imitation Learning (P?IL) uses a modified primal for
regularized policy optimization:
max B(s.o[r(s,0)] — Dy(d(s,0) || d°(s, ) — H(u(s,0)|u° (5. )

st d(s,a) = (1 —7)do(s) + m(als)y Z w(s',a )p(sls’,a’). (104)
s’,a’
and d(s,a) = u(s,a) (105)
where H(pu(s,a)|pu(s,a)) = . u(s,a)log % denotes the conditional relative entropy and
"

1@ is another offline distribution of state-action transitions potentially the same as d”. The

optimization is overparameterized (setting u = d). This trick was popularized via [Mehta and
Meyn, 2009] and leads to unbiased estimators and better downstream data driven algorithms. We
call these two methods dual-QV as their dual requires estimating both ) and V' as shown in [Viano
et al., 2022, Bas-Serrano et al., 2021]

D RECOIL: OFF-POLICY IMITATION LEARNING WITHOUT THE COVERAGE
ASSUMPTION
Understanding the limitations of existing imitation learning methods in the dual framework, we now

proceed to derive our proposed method for imitation learning with arbitrary (off-policy) data. The
derivation for the dual-0Q setting is shown below. dual-V derivation proceeds analogously.
Theorem 1. (ReCOIL objective) The dual—Q problem to the mixture distribution matching objective
in Eq. 8 is given by:

,,,,,

and recovers the same optimal policy ©* as Eq. 8 since strong duality holds from Slater’s conditions.
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Proof. Let's de ne two mixture distributions that we are going to leverage to formulate the imitation
learning problemdS, s;aq: dps;ag pl  oips;aganddi ps;aq:  dEps;aq pl

oS ps; ag dS., ps; agis a mixture between the current agent's visitation distribution with suboptimal
transition dataset obtained from a mixture of arbitrary policiesdﬁfg ps; agis the mixture between
the expert's visitation distribution with arbitrary experience from the of ine transition dataset.
Minimizing the divergence between these visitation distributions still solves the imitation learning
problem, i.ed df. We again start with the new modi garimal-Q  under this mixture divergence
regularization:

max Dy [y aqs; aq || dfis ps; aqps; aqq
dps;ag¥0; palsq

stdp;ag pl  olopsg palsq  palsq  dps’ a'gps|s’ a'y
shal
Using the same algebraic machinery of duality as before (SeEtibrd) to get an unconstrained
tractable optimization problem, we obtain:

max min D¢ pdS,ps; aq || S 1s; aqq

d ¥0Qpsiaq
Qms;ag pl  odopsg palsq dpsa'gpps|stay palsq  dps;aq (106)
s;a shal
@%Q@Qq Pl CFdopsg palsa"QPS; ads

Esa ¢«  psis;aq mls'Qmtaly Qps;aq Dy pdS,ms:aq ||dhs ps;aqq  (107)
sl

max min i r - ags
:d ¥0Qps;aq PL CFdopsq palsqlQFS; aq

Esa o ppsis;aq mYs'@mstaly Qps;aq

sl

Pl  Eea o5 peis;aq mis'Qpstaly Qps;aq
31
Pl  Esa ¢s  PPlisiag pis‘Qpstaly Qpsiaq Dy pdSypsiag || d5is ps;aqq
sl
(108)

Strong duality allows us to swap the orderméixy andming in order to arrive at the following
result:

Imitation from Arbitrary data (dualQ)
n;;a?s),(q Qrg;qu¥a8( pl CEdO psq; pa|squm; ags
Esa o5 psaq  PSYsiaq pls'gQpsta’y Qpsiaq  Drpdfyps:aq [|dfis ps;agq

S

Pl  CGEsa os  Peisiaq pals'Qpshaly Qmsiag (109)

sl

We can ignore the constraintd ¥ 0) as the primal-Q is overparameterized and the constraints
uniquely determine the distributicsh Therefore, ignoring this constraind & 0) results in the
following dual-optimization for imitation from arbitrary data.
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max min  pl  OEg,psq palsg@IS; 84S
palsqQps;aq oPeq Palsd

Ega o5 maq | P PYsiag palis'Qpsta'y  Qps;aqq

mix
S

Pl  Esa as  Ppslis;aq mis'Qpstaly  Qps;aqg (110)

sl
D.1 ReCOIL-V

A similar derivation can be done M-space to obtain an analogous resultR&COIL-V , although
extra care has to be taken to ensure the non-negativity constraints similar to proof for in Bettion

primal-V max D¢ pdS;ps; aq || d5s ps; aqq
dps;ag¥ 0 o
st .padpsiag pl  cdopsq wiaigrs a dps’; a'opps|st alg @ PS:

(1112)
The dual ofprimal-V  form for mixture distribution matching is given by:
ReCOIL-V miny Al s 6 VPsAs Eoq ges fpPloVpsiad Vpsad pl  Epsaq os/ToVpsiag Vpsas
(112)

O

D.2 SUBOPTIMALITY BOUND FORRECOIL-V

Theorem 2 (Suboptimality Bound for Of ineReCOIL). LetS’ denote the joint support af®
anddt. Letrps;ag  Vpsgq ToVps; agbe the pseudp-reward implied ReCOIL and R nax
maXs.a ' ps; ag LetD d|Prq ps;aqPS’ ¥ 1 be the set of visitation distributions that
havel coverage o5 . Let  be the best policy over all policies whose visitation distribution
isinD . Letgpd; Vg pl  OEgosqfViBas EqrToVps;ag Vpsgs Dy pdps; aq || df ps; aggbe
the imitation learning objective, anttpVq maxqpp gpd; Vg Suppose that we can solReCOIL
with the constraind PD ,fis -strongly convex iV and N 1, then the output policp satis es
thatdp q Jppg e 1+ 2Rma{ -

We provide a suboptimality bound by analyziRgCOIL-V in this section. An important note is
that we consider the settingN 1, which implies that we study the behavior of the optimization
when is a number close to 1 and not exactly 1. This allows us to incorporate suboptimal data in
off-policy imitation learning setting.

Recall thatReCOIL-V admits adual-V form (112). When derivingdual-V , there is one step
(Eq. @1)) where we assumed the importance sampling is exact, i.e.,

Epaq afTVPSia0 VPSS Epsaq a0 gomeasT VIS;a0  Vpsqq: (113)
However, this assumption does not hold in general and is not practical, bet@uaseld might
have different support. The gap between the two terms greatly affects the performance of dual
RL approaches. We shall bound the approximation error introduced by importance sampling for
ReCOIL-V in SectionD.2.1, and then bound the suboptimality of the learned policy in Se€ian?,

under mild conditions. This analysis also results in the suboptimality boutid-béarn  and
IQ-Learn methods.

LetS’ denote the joint support @ andd® . Letrps;aqg  Vpsq  ToVs; agbe the pseudo—r(eward
implied byReCOIL andRnax  mMaxsa |rps; aql LetD d|Prq ps;agPS’ ¥ 1 be
the set of visitation distributions that hate  coverage oS’, wherePry ps;aq PS’ s the
probabily thaigs; aglies in S’ when samplings; agfrom d.

We make the following assumptions for our proof:

Assumption 1 We consider imitation learning under the constrainP D . This is similar to
pessimism assumption when learning from xed datasets in of inelRline et al[202(.

E;S
mix

Assumption 2 The hyperparameter for de ning d°. ps; agandd,> ps; aggoes tol: N 1.

32



Published as a conference paper at ICLR 2024

Assumption 3 The functionhpV gqde ned in SectionD.2.2is -strongly convex.

For Assumption 1ReCOIL-V is able to nd a policy under the visitation constraint as a result of a
combination of implicit maximization, which prevents overestimation and thus choosing OOD action,
and weighted behavior cloning (Advantage-weighted regression), which keeps the output policy close
to the dataset policy.

D.2.1 APPROXIMATION ERROR OF THEIMITATION LEARNING OBJECTIVE

The imitation learning problem can be written in the Lagrangian forprishal-V ~ wherer s; aq
0 everywhere:
min maxpl  Fa,pq’VPSAs EqrToVpsiaq Vpsgs Drpdps;aq||d=ps;aqq  (114)

where we have a constraidt? D due to Assumption IReCOIL-V optimizes a surrogate objective
of Problem(114). To deriveReCOIL-V, consider the correspondipgimal-V  in its Lagrangian
form

minmaxpl  GEgopsarVPSAS  EarToVps;aq  Vpsgs Dy [deixis; aq || dis ps;aqq (115)
Rewriting the second term, we obtain

_ 1
min maxpl  CFaypealV PSS —Ega as, psiaclToVSia0  Vpsgs

D+ pdgyP; aq || diiy psi aqg EgstToVpsiaq Vpsgs — (116)
Now we approximatehe second term via importance sampling, which leads to

. 1 ds. ps;
MM Eapmd VIS “Egy g maq £ LPTOVISIaq VS0g
mix 1
d%ixm;aq .
Edggf maq | PEs 0 EqsrToVps;ag Vpsgs (117)
drix P83 2Q
By expandingdS, . ps;aq  dps;ag pl  odSps; ag we obtain
minmaxpl e rvpsqgs 1E wTV ;aqg Vv
inma dopsal V' P4 sa df maq gEs o Plov P ad Visdq
mix '
dS. ps; aq 1
Eprs oo f JEa EgsrToVps;aq  Vsgs (118)
dmi Psiad di’if ps; aq
This can be further simpli ed to
i Vv E desiad 1 vsiag Vv
”vn{j‘ggXpl Faopsg™VIBAS  Egy 458 (siaq mp oVps;aq Vpsqq
mix !
dRixPs; aq
Epes png | —ma—— (119)
dnix Psiaq dE{ii ps: aq
where we used the fact
d°ps; aq . :
Es;a daif ps;aq dE'SipTOVFB7aq VFqu Es;a ds rTOVFSYaq VFB$

mix !
E;S

as the support ad_’ ps; agcontains the support af®.

Let gpd; Vgandprecoipd; Vg be the objective functions of Problefhl4) and(119). gpd; Vqis

the original IL objective we want to solve, apfecoipd; V gis an approximation (with importance
sampling) ofgpd; Vqused byReCOIL-V . To simplify the analysis, we consider the case when
mixture ratio N 1 (Assumption 2), so thahe approximation error of the objective function reduces
to the approximation error of importance samplirighat is,

|9pd; V- Breconpd; Val N EarToVpsiad Visas Eges praq gty PloVSiad Visaq :
(120)
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For any visitation distributionl PD , it holds that

EqrpToVpsiag  Vpsads Eges aq g magPloVpsiad  Vpsag

8 Egapsizso MToVis;aq  Vpsgs & max [ToVps;ad Vs 2 R max; (121)
whereS¢ is the support ofl, and the second inequality follows from the de nitionBf . As a
consequence, we can bound the approximation error

RecOL ~ Max gpd; Vg |i,5nlDRec0|Lm;an R max : (122)

Similarly, one can show that fd¥/-Learn , we have
lopd; VA Biviean PO; VAl N EqrToVisiag Vpsas Ega o gy PloVisiag Vpsqq:
(123)

Let SE be the support off. Unlike ReCOIL-V, the objective ofiVLearn suffers from the
following worst-case estimation error

EarpToVpsiaq Vpsaas Ege giomiploVps;aq  Vpsqq

8 Exagesizse MToVps;ag  Vpsgls amax|ToVps;aq  Vpsg| @ Rmax; (124)
and consequently

IVLearn dg[])a?i/ gpd; Vg ”’(rplgIVLearn pd; Vg @ Rpax: (125)

We note that the same approximation error bounds hold similarlffbearn as that ofiVLearn .
ThusReCOIL has a smaller upper bound for the approximation error tidrearn which we will
see in the next sections leads to a better performance guarantd®ttesmn .

D.2.2 PRFORMANCEBOUND OF THELEARNED PoLICY
Recall that recoi. denotes the approximation error of the objective functiolReZ OIL-V :

RecOL  Max gpd; Vag Iigllgpd;Vq: (126)

Lethpvg maxgep gpd;VgandBpVg maxgep lim g1 ppd; Va It directly follows from
Eq. (126) that

IApVa  hpval e 2 recow; @: (127)
We note thatnaxq gpd; V gq(without thed PD constraint) is the standadiial-V  form for imitation
learning, buhpV ghere is de ned as the same optimization under a constrainetiRéx .

Let ¥ arg min,, Apv g and Vv argmin,, hpvg We are interested in bounding the gap
hpPq hpv g It holds that

hpPg hpv q hpPg RpPq RpPg hpv g (128)
hpPq RApPq RApPq Rpv q HApv g hpv q (129)
g 2 pgecoi 0 2 grecoiL (130)
4 RecolL; (131)

where the inequality follows from Eql127) and the fac®  arg min, Rpv g
As a consequence, we have

4 recoiL ¥ hpPq hpv g (132)
¥hv q pv Pahpy g S}V PR hpv g (133)
SV VR (134)

where the second inequality comes from the fact that the fundtpvty is -strongly convex
(Assumption 3) and hpv g 0. Itdirectly follows that |,

VAR 3 P A VAR O R ek (135)

Let be the policy that acts greedily with value functign, which is an optimal policy over all
policies whose visitation distribution is withid . Let p denote the policy that acts greedily with

value function?, i.e., the output policy oReCOIL-V . We then use the results 8ingh and Yee
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[1994 to bound the performance gap begweenandp: c

4 2 ReCOIL o 4 2R max ,
1 1 '
The above results demonstrate tR&COIL is able to leverage suboptimal data with an approximate

in-distribution policy improvement and results in a policy close to the best policy with visitation
almost in-support of the dataset.

J JP o

(136)

D.3 RECOIL WITH 2 DIVERGENCE

In this section, we derive the objective BeCOIL under the chosen? divergence.Starting with the
core ReCOIL objective for Q-update:

maxmin pl - CF,; rQpSians By, e 1 PTo QPSiag Qpsiaqaspl  Esa osrTo Qpsiag Qps;ags
(137)

Under the 2 divergencef{  x?{4 x), we can simplify the Recoil objective as follows. Let
QY g Ea  pigrQpsh algs then:

mamein Pl OFao; rQPs;aqs 0:25E,, s PQ ' g Qps;aqds Esa o 'PQ S, g Qps;agqs

Pl  Fsa as'PQP; 0 Qm;aqas Pl Esa o 'PQ PSS d Qps;aqas (138)
The last term of the ReCOIL objective cancels, simplifying to:
mamein Pl oFa,; rOpsiags 0:25E,, s 1PQ L q Qps;aqds Esa ¢ PQ L q Qps;aqgs

(139)
Finally, rearranging terms we get:

maxmin pl - Fg,fQPS; 0s  Es o IRORST 05 Esa ac QPS;aqs 0256, qes 1PQ S d Qps;aqds

(140)
Equivalently:

. 0:25
maxminpl  Fg,fQPS; 0 Es ac IROPST 0S Esa ac rQpSiagus ——Eg, qes 1PQSY d Qps;adds
(141)

Substituting the initial distribution as the dataset distributipn dS (similar to [Kostrikov et al,

2019 and common practice in off-policy RL), and combining the rst two terms which decrease

Q values at a mixture of dataset states(of ine and expert) under the current policy we obtain the
intuitive de nition of ReCOIL from the paper which indicates to increase Q at expert-state actions
and decrease Q at dataset states under current policy. But this can lead to unbounded Q functions.
Finally, Eq.141in the practical algorithm (Algorithm) implementanax by performing an implicit
maximization.

E TAKING DUAL -RL FROM OFFLINE TO ONLINE SETTING

Imitation Learning Problem(7) naturally extends to online IL, as the suboptimal data does not
need to be static—it can be the replay buffer during online training. The corresponding algorithms
generalize as well, since their key component is estimatin@th&nction usingoff-policy data.

It is worth noting thatd® is dynamically changing for online IL. In contrast, Eg) cannot be
extended to online ILGarg et al[2027 uses IQLearn in the online setting where they add additional
regularization using bellman backups @h. Our results suggest this to be unprincipled (also pointed
out by Al-Hafez et al.[2023), as only expert data samples can be leveraged in this formulation.

Reinforcement Learning Again, all the above-discussed of ine methods naturally extend to online
settings Kostrikov et al, 2021, Garg et al. 2023 Nakamoto et aJ.2023, as their off-policy nature
extends beyond the of ine setup. Our analysis still holds, where the regularization distrid8tion
becomes the visitation distribution of the replay bufir. It is worth noting that® is dynamically
changing over the course of training.
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F IMPLEMENTATION AND EXPERIMENT DETAILS

F.1 OrfFLINE IL: RECOIL ALGORITHM AND IMPLEMENTATION DETAILS

The algorithm for ReCOIL can be found in Algorithin We base the ReCOIL implementation on
the of cial implementation of XQL {5arg et al.2023 and IQL [Kostrikov et al, 2021]. Our network
architecture mimics theirs and uses the same data preprocessing techniques.

In our set of environments, we keep the same hyper-parameters (excpptameter that intuitively
controls the pessimism or the upper expectileQofunction) across tasks - locomotion, adroit
manipulation, and kitchen manipulation. For each environment, the valuesaoé searched
between [2.5,5,10]. We keep a constant batch size of 256 across all environments. For all tasks
we average mean returns over 10 evaluation trajectories and 7 random seeds. We add Layer
Normalization Lei Ba et al, 2014 to the value networks for all environments. Full hyper-parameters

we used for experiments are given in TableéAlthough there might be better alternatives for implicit
maximization, we found the implicit maximizer fronshrg et al. 2023 to be especially performant

in the imitation setting. For policy update, using Advantage weighted regression, we use the
temperature to be 3 for MuJoCo locomotion environments and to be 0.5 for kitchen environments.
The resembles prior worlKpstrikov et al, 2021].

Numerical Stability: In practice a naive implementation of ReCOIL update@orin equationl 1
suffers from numerical instability to learnir@-functions that are unbounded and since our objective
maximizesQ-values at expert distribution, th@ values can be arbitrarily large without any
grounding. The equation f@-update from ReCOIL is given by:
LP O PEas; pajsqQ S80S EgepsadfQ P5;a0SQ Egy ges 0q PV P50 Q psiagd ;

(142)
To avoid this numerical instability we make a small modi cation to the objective, that upper bounds
the Q-function regression target as follows:

Lpq PEas: pajsgfQ P8;a0S  Egepsaq PQ P55 a0 Qmax F Eqa d5S psiaq pV m'a Q ps;aqd ;
(143)
Such modi cations are inspired bys[kchi et al, 2022a Al-Hafez et al, 2023 which have found
that bounding targets can make learning signi cantly more stable.

Hyperparameters for our proposed off-policy imitation learning metRe@OIL are shown in
Tableb.

Hyperparameter | Value
Policy learning rate 3e-4
Value learning rate 3e-4

f -divergence 2
max-clip (loss clipping) 7
MLP layers (256,256)
LR decay schedule cosine
Qmax 200

Table 5: Hyperparameters fReCOIL.

F.2 OFFLINE IMITATION LEARNING EXPERIMENTS

Environments: For the of ine imitation learning experiments we focus on 10 locomotion and
manipulation environments from the MuJoCo physics engifad@rov et al. 2013. These
environments include Hopper, Walker2d, HalfCheetah, Ant, Kitchen, Pen, Door, Hammer, and
Relocate. The MuJoCo environments used in this workliaezmsed under CC BY 4.and the
datasets used from D4RL are algeensed under Apache 2.0

Suboptimal Datasets:For the of ine imitation learning task, we utilize of ine datasets consisting

of environment interactions from the D4RL framewoBRu[et al, 202(d. Speci cally, we construct
suboptimal datasets following the composition approach introduced in SMODEE] al, 2023.

The suboptimal datasets, denoted as random+expert’, random+few-expert', ‘'medium+expert’, and
'medium-+few-expert’ combine expert trajectories with low-quality trajectories obtained from the
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"random-v2" and "medium-v2" datasets, respectively. For locomotion tasks, the 'x+expert' dataset
(where x is 'random' or 'medium’) contains a mixture of some number of expert trajectari€Q)

and 1 million transitions from the "x" dataset. The 'x+few-expert' dataset is similar to “x+expert,’
but with only 30 expert trajectories included. For manipulation environments we consider only 30
expert trajectories mixed with the complete 'x' dataset of transitions obtained from D4RL.

Expert Dataset: To enable imitation learning, an of ine expert dataset is required. In this work,
we use 1 expert trajectory obtained from the "expert-v2" dataset for each respective environment.

Baselines:To benchmark and analyze the performance of our proposed methods for of ine imitation
learning with suboptimal data, we consider four representative baselines in this work: SMODICE
[Ma et al, 2023, RCE [Eysenbach et gl2021], ORIL [Zolna et al, 2020, and IQLearn {3arg et al,

2027. We exclude DEMODICEKIm et al,, 2022 from the comparison, as SMODICE has been
shown to be competitiveMa et al, 2023. SMODICE is an imitation learning method based on the
dual framework, assuming a restrictive coverage. ORIL adapts the generative adversarial imitation
learning (GAIL) Ho and Ermon2014 algorithm to the of ine setting, employing an of ine RL
algorithm for policy optimization. The RCE baseline combines RCE, an online example-based RL
method proposed biysenbach et a[2021. RCE also uses a recursive discriminator to test the
proximity of the policy visitations to successful exampldsygenbach et gl2021], with TD3-BC
[Fujimoto and Gu2021]]. Both ORIL and RCE utilize a state-action based discriminator similar
to SMODICE, and TD3-BC serves as the of ine RL algorithm. All the compared approaches only
have access to the expert state-action trajectory.

The open-source implementations of the baselines SMODICE, RCE, and ORIL provided by the
authors Ma et al, 2027 are employed in our experiments. We use the hyperparameters provided by
the authors, which are consistent with those used in the original SMODICE pdpeat[al, 2023,

for all the MuJoCo locomotion and manipulation environments.

F.3 CALCULATION OF fp FORf -DVL UNDER PRACTICAL CONSIDERATIONS

The main practical consideration when optimizingis that the function is not well de ned iR.
We extend the domain df, from a semi-closed interval; 8q for certainl P R to the set of real

numberskR. Such extension and the behaviorfgfis described in the proof of propositici but
we will discuss it in more detail in this section.

Let us start from Eg.7. Here, the domain of , is the same as' 1. Recall thaff only admits

adomain ofR  r 0;8q. As a consequence, the functibh ! has a limited domain; 8q for
certainl P R (To see this, rst note that ! is non-decreasing dsis convex; further, since the
domain off is bounded from below, the range fofis also bounded from below.). The behavior
off, :rl;8q PNR s then describeg as:

f g if {1 ';xq i 0
C f g otherwise

Next, we extend the domain 6f to R. We usef , to denote the extended function. A natural
choice is to take EG8and extend it tdR. We also note that similar extensions can be found in prior
work [Goldfeld, Picard-Weibel and Gued?0221.

2 divergence In practice, using the de nition of for 2, we use a smoother surrogate objective

that still maintains the property of implicit maximization for Equatithand concisely write:
f, maxpC;x*{4 xgq (144)

Total Variation For the special case of total variation divergence, note that the convex conjugate
f pyqgexists and is given by pyory ify P r %; %s otherwise8 , even iff *  does not exist.
A concise proof can be found in Example 8.1 frodldfeld. The reason is basically that a
closed-form solution for convex conjugate does not exist as equéafiaém our paper no longer
follows (f Lis not invertible). We recover, for total-variation divergence using the de nition in

f,xq

Eq78similarto 2, as follows: $
&X; ifO5i xj O
foXq %8 ; if xj 05 (145)

C f g otherwise
In practice we use a smooth extensiorf pffor TV divergence given bynaxp f p0g xq
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Algorithm 3: f -DVL (Under Stochastic Dynamics)
1 Initialize Q ,V ,and ,temperature , weight
2 LetD p s;a;r;s'gbe data from p (of ine) or replay buffer (online)
3 fort 1:T iterationsdo
4 TrainQ usingmin Lp g

Lp g Esas: o PQ ps;aq prps;aq  Vps'gad

5. TrainV usingmin Jpq

$
&Pl Fsa prVpgs Esa o max@Q ps;ag Vg 0g v
JPq Pl GEsa o'V psas  Esa o maxp® ps;aq Vpsqq 05 psiaq Vpsad;og 2
Pl Fsa pfVpsas Esa o expp Q ps;ag Vsqq 1 RKL/XQL
e Update viamax Mp g
Mp q Esa pre ™ P29V ™djog  pslags (148)

7. end for

Practical Choice ofC While Eq78suggests settinG dependent on the correspondinglivergence,

we found a single value &  0to be a robust choice across our experiments. A comparison between
usingf, t fpoqif x 4;x2{4 x otherwiseiqandf ,  maxp0;x?{4 xqfor 2 divergence

can be found in Tablé below. Choosingc O instead of f pOgled to performance improvements.

Dataset f-DVL ( 2,fp maxp0; x2{4 xq) f-DVL(TV) f-DVL ( 2,fp t  fpogif x 4;x%{4 x otherwiseuq)
halfcheetah-medium-v2 477 475 46.19
hopper-medium-v2 63.0 64.1 78.66
walker2d-medium-v2 80.0 81.5 76.85
halfcheetah-medium-replay-y2 42.9 44.7 42.91
hopper-medium-replay-v2 90.7 98.0 97.73
walker2d-medium-replay-v2 52.1 68.7 735
halfcheetah-medium-expert-y2 89.3 91.2 89.3
hopper-medium-expert-v2 105.8 93.3 94.5
walker2d-medium-expert-v2 110.1 109.6 106.54
kitchen-complete-v0 67.5 65.71 67.14
kitchen-partial-vO 58.8 70.0 48.2
kitchen-mixed-v0 53.75 52.5 52.4

Table 6: The normalized return of of ine RL methods on D4RL tasks. Shows comparison of setting the cutoff
constant forf , to beC fpogvsC O

F.4 ONLINE AND OFFLINE RL: f -DVLALGORITHM AND IMPLEMENTATION DETAILS

Rewriting of dual-V using temperature parameter instead of : We found rewriting dualV
using temperature parameterinstead of to be particularly useful in reducing the number of
hyperparameters to tune in order to obtain strong learning performance. We replace the temperature
parameter from to . Notice that our initiabdual-V formulation used the temperature parameter
as follows:

dual-V ran Pl OFs 4,f'VPSAS  Epaq do fp PITVPs;ag Vpsqas{q; (146)
The temperature parametercaptures the tradeoff between the rst term which seeks to minimize V
vs the second term which seeks to maximize V and set it to the maximum value possible when taking
various actions from that state onwards. Depending on diffédrey@nerator functions we would
require tuning this parameter as it has a non-linear dependence on the entire optimization problem
through the functiorf . Instead we consider a simpler objective, that we observe to empirically
reduce hyperparameter tuning signi cantly by trading off linear between the rst term and the second
term using parameter. This modi cation is used in all of our experiments for RL and IL.

dual-V (rewritten) nvnpl Es d4,'VBAs  Epaq a0 fp PTVps;ag Vpsqgsq (147)

Of ine RL : Algorithm F.4 gives the algorithm fof -DVL. This section provides additional of ine

RL experimences along with complete hyper-parameter and implementation details. Fighm@vs
learning curves for all the environments.DVL exhibits as fast convergence as XQL but avoids the
numerical instability of XQL with one hyperparameter across each set of environments. We base our
implementation of -DVL off the of cial implementation of XQL [Garg et al.2023 and IQL from
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Env | Lambda Batch Size  v_updates
halfcheetah-medium-v2 0.7 256 1
hopper-medium-v2 0.7 256 1
walker2d-medium-v2 0.7 256 1
halfcheetah-medium-replay-v2 0.7 256 1
hopper-medium-replay-v2 0.7 256 1
walker2d-medium-replay-v2 0.7 256 1
halfcheetah-medium-expert-v2 0.7 256 1
hopper-medium-expert-v2 0.7 256 1
walker2d-medium-expert-v2 | 0.7 256 1
antmaze-umaze-v0 0.8 256 1
antmaze-umaze-diverse-v0 0.8 256 1
antmaze-medium-play-v0 0.8 256 1
antmaze-medium-diverse-vO | 0.8 256 1
antmaze-large-play-v0 0.8 256 1
antmaze-large-diverse-v0 0.8 256 1
kitchen-complete-v0 0.8 256 1
kitchen-partial-vO 0.8 256 1
kitchen-mixed-vO 0.8 256 1
pen-human-v0 0.8 256 1
hammer-human-v0 0.8 256 1
door-human-v0 0.8 256 1
relocate-human-v0 0.8 256 1
pen-cloned-v0 0.8 256 1
hammer-cloned-v0 0.8 256 1
door-human-vo 0.8 256 1
relocate-human-v0 0.8 256 1

Table 7: Of ine RL Hyperparameters used fofDVL Lambda is the value that controls the strength of the
implicit maximizer. V-updates gives the number of value updates per Q updates.

Kostrikov et al.[2027. Our network architecture mimics theirs and uses the same data preprocessing
techniques.

In our set of environments, we keep the same hyper-parameter across sets of tasks - locomotion,
adroit manipulation, kitchen-manipulation, and antmaze. Contrary to XQL, we nd no need to
use tricks like gradient clipping to stabilize learning. For each set of environment, the values of
were tuned via hyper-parameter sweeps over a xed set of valiiés; 0:7; 0:75; 0:8; 0:9s We keep

a constant batch size of 256 across all environments. For MuJoCo locomotion tasks we average
mean returns over 10 evaluation trajectories and 7 random seeds. For the AntMaze tasks, we average
over 1000 evaluation trajectories. We add Layer Normalizatien Ba et al, 201§ to the value
networks for all environments. For policy update, using Advantage weighted regression, we use the
temperature to be 3 for MuJoCo locomotion environments and to be 0.5 for kitchen environments.
The resembles prior worlpstrikov et al, 2021]. Full hyper-parameters we used for experiments

are given in Table'.

F.5 ONLINE RL EXPERIMENTS WITHT -DVL

Online RL: We base the implementation of SAC pwtorch_sa@nd XQL [Garg et al.2023. Like

in of ine experiments, hyper-parameters were left as default except,fahich we tuned between

r0:6; 0:7; 0:8sand found a single value to work best across all environments. This was in contrast to
XQL's nding which required per environment different hyperparameter. Also, as opposed to XQL we
required no clipping of the loss function. We test our method on 7 random seeds for each environment.

Compute We ran all our experiments on a machine with AMD EPYC 7J13 64-Core Processor and
NVIDIA A100 with a GPU memory consumption of <1000 MB per experiment. Our of ine RL
and IL experiments for locomotion tasks take 10-20 min and the online IL experiments took around
5-6 hours for 1 million timesteps.

G ADDITIONAL EXPERIMENTAL RESULTS

G.1 WHY DuAL-RL
METHODS ARE ABETTERALTERNATIVE TO TRADITIONAL OFF-POLICY ALGORITHMS

Our experimental evaluation aims to illustrate the bene ts of the dual RL framework and analyze
our proposed method for off-policy imitation learning. In the RL setting, we rst present a case
study on the failure of ADP-based methods like SA&a@rnoja et a].201§ to make the most when

bootstrapped with additional (helpful) data. This setting is what motivates the use of off-policy

39



Published as a conference paper at ICLR 2024

Hyperparameter \ Value

Policy updatesiy, 1
Policy learning rat 3e-4
Value learning rate 3e-4
MLP layers (256,256)
LR decay schedul cosine

Table 8: Common hyperparameters feDVL

Hyperparameter | Value
Batch Size 1024
Learning Rate 0.0001
Critic Freq 1

Actor Freq 1

Actor and Critic Arch| 1024, 1024
Buffer Size 1,000,000
Actor Noise Auto-tuned
Target Noise -

Table 9: Hyperparameters for SAC.

algorithms in the rst place and is invaluable in domains like robotickendu et al[2023, Nair et al.
[2020. Our results validate the bene t of utilizing the dual RL framework for off-policy learning.

The limitations of classical off-policy algorithms: In this section, we test the sensitivity of an
ADP method (SACIHaarnoja et a).2018) vs dual-RL methods in the case when we initialize the
replay buffer of both styles of off-policy algorithms with expert or human demonstrated trajectories.
At the beginning of training, each learning agent is provided with expert or human-demonstrated
trajectories for completing the task. We add 1000 transitions from this dataset to the replay buffer
for the off-policy algorithm to bootstrap from. SAC is able to leverage this helpful data and shows
improved performance in Hopper-v2, where the action dimension is small. As the action dimension
increases, the instability of SAC becomes more apparent (see SAC+off policy data and SACfD plots
in Figure7). We hypothesize that this failure in the online RL setting is primarily due to the training
instabilities caused by TD-backups resulting in overestimation in regions where the agent's current
policy does not visit. In Figur8, we observe that overestimation indeed happens in environments
with larger action dimensions and these overestimations take longer to get corrected and in the
process destabilize the training.

Figure7 shows that the dual-RL method (AlgaeDICE) is able to leverage off-policy data to increase
learning performance without any signs of destabilization. This can be attributed to the distribution
correction estimation property of dual RL methods which updates the current policy using the
corrected on-policy policy visitatioNachum et al.2019. Note, that we set the temperature

to a low value (0.001) to disentangle the effect of pessimism which is an alternate way to avoid
overestimation.

G.2 TRAINING CURVES FORRECOIL oN MuJoCo TASKS

We show learning curves féteCOIL in Figure9 for locomotion tasks and Figufie for manipulation
tasks belowReCOIL training curves are reasonably stable while also being performant, especially
in the manipulation setting where other methods completely fail.

G.3 DOESRECOIL ALLOW FORBETTERESTIMATION OF AGENT VISITATION DISTRIBUTION?

In this section, we consider the experiment of visitation estimation for a prespeci ed policy given
expert data and suboptimal/replay data. Our experiments are tabular, so we can have an accurate
estimate of the visitation of the policy by running rollouts in the MDP. We call this estimate the
ground-truth policy visitation. We will estimate the accuracy of dual-RL methods to estimate
visitation density by measuing MSE error against the ground truth agent/policy visitation. The
property of Dual-RL methods to implicitly estimate density ratios (eg.4E)ghas been studied
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Figure 7: Despite the promise of off-policy methods, current methods based on ADP such as SAC fail when the
dimension of action space, denoted by A, increases even when helpful data is added to their replay buffer. On
other hand, dual-Q methods are able to leverage off-policy data to increase their learning performance
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Figure 8: SAC and SACTD suffer from overestimation when off-policy data is added to the replay buffer. We
hypothesize this to cause instabilities during training while dualQ has no overestimation.

before [Nachum and Dai, 2020]. We explain below how to extract visitation density ratios for any
policy m with ReCOTIL. First, we discuss the setup for the experiment.

We consider two settings in our experiments: (1) a 2-timestep MDP where agent states from state
S0 and transitions to one of the states {s1, 2, S3, S4, 85} (from left to right in Figure 1a) which are
absorbing. In this setting, the replay buffer perfectly covers the unknown ground truth agent visitation.
(2) a 2-D gridworld (Figure 1 1) where the agent can move cardinally and the replay buffer distribution
does not cover the unknown ground truth agent visitation. In both environments we have access
to a policy at training time — the task is to estimate this policy’s visitation using the offline dataset
of expert and suboptimal quality. Both figures also demonstrate the ground truth policy visitation
that is used to compute the mean-squared evaluation loss and test the quality of our predictions.

We consider the proposed ReCOIL method and investigate its ability to estimate distribution ratios
correctly. We consider the inner optimization for ReCOIL~-Q:

anin A= ) Eao) ol [Q. )] + By y gz | (v S pl |5, 0)(a[)Q(s' ) — Q(s,0)
— (1= B)Equeas | 7 (8|5, ) (@) QS ') — Q(s, ) (149)
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Figure 9: Learning curves for ReCOIL showing that it outperforms baselines in the setting of learning to imitate
from diverse offline data. The results are averaged over 7 seeds
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Figure 10: Learning curves for ReCOIL showing that it outperforms baselines in the setting of learning to imitate
from diverse offline data. The results are averaged over 7 seeds

The following holds for the inner optimization for ReCOIL-Q when () is optimized:

/ Bd™(s,a) + (1 — B)d*(s,a)

* / AR / N — I I
770 Zolls r@1)QU' o) = Qo) = G )
Thus, given the visitation distribution of the replay buffer d%, expert d¥ and the policy 7, the inner
optimization implicitly learns the distribution ratio in Eq 150, allowing us to infer agent visitation d”.

(150)

Our results (Figure 1a and 11) demonstrate that in the perfect coverage setting, ReCOIL is able to
infer the agent policy visitation perfectly, and in the case of imperfect coverage is able to significantly
outperform other methods (IQLearn and SMODICE). Note that we modify SMODICE with a
(@ objective instead of V' objective to incorporate state-action expert data rather than relying on
state-only expert data. IQLearn does not leverage replay data information, relying only on expert

S
data to infer agent visitation. SMODICE’s reward function — log %, arising from its coverage
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assumption is ill-de ned in parts of state space where the expert has no support leading to poor
downstream density ratio estimation.

Our results on the 2-D gridworld environment that demonstrate the failures of a method that either do
not utilize all available suboptimal data (IQ-Learn) or relies on a coverage assumption (SMODICE).
We saw thaReCOIL is able to perfectly infer the agent's visitation when the replay buffer covers
agent ground truth visitation perfectly (Fig) and here we see thRieCOIL is able to outperform
baselines when the replay buffer has imperfect coverage over the agent's ground truth visitation
(Fig 11). In this task, the agent starts at (0,0) which is the top-left corner. The agent can only move
in cardinal directions with deterministic dynamics. The agent has access to two sources of off-policy
data - expert visitation and replay visitation. The problem is to estimate the agent's visitation
distribution given access to the agent's policy using all the available transition data. IQLearn and
SMODICE predict an agent's visitation that wildly differs from Agent's ground truth visitation
distribution. WhileReCOIL is not perfect as the coverage of the of ine data is limited, we can
estimate some visitation which is qualitatively very similar to the agent's ground truth visitation.
I"#$%&$'()*+,5%-.$

()*+,-.>232-0-245 =+*:0<.>232-0-245 ?@+5-.@,485A.-,8-B.>232-0-24
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Figure 11: Replay buffer consists of data that visits near the initial state (0,0), a setting commonly observed
when training RL agents. We estimate the agent's policy visitation and obBe®@®IL to outperform both
methods which rely on expert data only or use the replay data with coverage assumption

G.4 REeCOIL: QUALITATIVE COMPARISON WITH A BASELINE

In Figure 12, we investigate qualitatively why other baselines fail whBeCOIL succeeds in
high-dimensional tasks. A surprising nding is that the baseline we consider 'SMODICE' almost
learns to imitate. It follows nearly the same actions as an expert but makes small mistakes along
the way - eg. ‘gripping the hammer too loose' or 'picking up the ball at a slightly wrong location'.
SMODICE is unable to recover from such mistakes and ends up having low perfornrReCeIL,

on the other hand, learns a performant task-solving policy from the same data.

G.5 BEvALUATION OF f -DVL FORONLINE RL

Fig 13 shows thaf -DVL is competitive to performant off-policy RL methods in the online RL
benchmarks.

G.6 TRAINING CURVES FORf -DVL ON MuJoCo TASKS (OFFLINE)

Figure14 shows the learning curves during training feDVL. f -DVL is able to leverage low-order
conjugatef -divergences to give of ine RL algorithms that more stable compared to XQL. XQL
frequently crashes in the antmaze environment.

G.7 f-DVL COMPLETE OFFLINE RL RESULTS

Table 10 and Table11 show complete results for benchmarkihgDVL on MuJoCo D4RL
environments. Here we also show the author-reported results for XQL and the reproduced results
(XQL(n) using the metric of taking the average of the last iterate performance across seeds.
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