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Abstract. The enduring tension between local and distant measurements of Hy remains
unresolved. It was recently pointed out that cosmic microwave background (CMB) and
large-scale structure (LSS) observables are invariant under a uniform rescaling of the gravi-
tational free-fall rates of all species present and the Thomson scattering rate between photons
and electrons. We show that a unique variation of the fine-structure constant o and the elec-
tron mass me can leverage this scaling transformation to reconcile the CMB and LSS data
with a broad spectrum of Hubble constant values, encompassing those inferred from local
measurements. Importantly, this study demonstrates that the constraints on the variation
of fundamental constants imposed by the specific recombination history are not as stringent
as previously assumed. Our work highlights the critical role of the Thomson scattering rate
in the existing Hubble tension and offers a distinct avenue of exploration for particle model
builders.
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1 Introduction

A well established inconsistency, known as the Hubble tension, is posing a major challenge
to the established models of cosmology and particle physics [1-12]. More specifically, the
tension is caused by the divergence of local and distant estimates of cosmological distance
scales leading to discrepancies in the observed rate of expansion of the Universe [13-15].
Local measurements typically employ Type Ia supernovae calibrated with local anchors,
while distant scales are inferred from Cosmic Microwave Background (CMB) observations.
These distinct approaches calibrate the redshift-distance relation differently, leading to the
peculiar observation that locally determined distances often place celestial objects physically
closer than their CMB-derived counterparts. This intriguing discrepancy between distance
measurements does not only present an issue to be resolved, but also a unique opportunity
to explore physics beyond the standard models of both cosmology and particle physics.



The path to resolving the Hubble tension may lie either in modifications to the local
or distant Universe. Both strategies entail invoking physics beyond the Standard Model,
typically by introducing new dynamics within the unseen dark sector. Efforts towards a model
that locally resolves this discrepancy, whilst maintaining unchanged distances to Type Ia
supernovae, are underway, albeit challenging [16-54]. Consequently, our focus shifts towards
innovations in the distant Universe [55-59]. This endeavor is undoubtedly challenging due to
the tight constraints imposed by detailed observations of the CMB and large scale structure
(LSS) [1-3]. Nonetheless, recent explorations into the Universe’s dynamics have uncovered
an overlooked symmetry of cosmological observables, known as the Free-Fall, Amplitude, and
Thomson (FFAT) scaling [60]. This scaling embodies a universal rescaling of the Universe’s
various length and rate scales, permitting significantly higher values of the Hubble parameter
(H) while preserving CMB spectra and LSS observations.

Essential to the FFAT scaling is the rescaling of the Thomson scattering rate in the early
Universe. The Thomson scattering rate is the dominant process controlling photon diffusion
in the pre-recombination plasma and is the second most important rate to understanding
the structure of the CMB anisotropies, behind only the background expansion rate. The
scattering rate is often assumed to be a fixed feature of the cosmological model, but its
variation is essential to exploring the overarching tension. Indeed, CMB spectra are sensitive

to the ratio %, where £(z) is the Thomson scattering rate with respect to redshift z. Any

variation to H(z) without equally scaling £(z) will change the timing of photon decoupling,
the thickness of the last scattering surface, and the suppression of power at high ¢ in CMB
spectra. The observational constraints of the CMB may imply a relationship between the
Hubble tension and the Thomson scattering rate.

While our comprehension of the relationship between the Hubble tension and the FFAT
scaling is yet nascent in contrast to other established approaches like early dark energy mod-
els [61, 62], progress is being made exploring this new model space. Ref. [60] effectively scaled
% in the FFAT scaling direction, generating CMB spectra that aligns with observational data
and allows for higher values of H. Their methodology, however, necessitated a decrease in
the primordial helium abundance, a parameter stringently constrained by Big Bang Nucle-
osynthesis (BBN). Inspired by this line of research and the tantalizing opportunity to explore
new physics, we propose a different path: varying the electromagnetic fine-structure constant
and the electron mass to achieve the desired scaling of £. The idea of varying fundamental
constants is not new, it was first suggested by Dirac in the 1930s, who proposed that the
values of physical constants could be related to the age of the Universe [63, 64]. Presently,
lab measurements and astrophysical observations restrict possible variations of a and me
up to a redshift of z &~ 7, assuming the constants vary as a function of a simple power
law. The fundamental constant variation also affects the recombination history which was
previously thought to be well constrained in the A Cold-Dark-Matter (ACDM) model of cos-
mology [65—69]. In this work, we highlight the protective role of the FFAT scaling against
alterations to the recombination history caused by variations in fundamental constants. This
relaxation of observational constraints set by the ACDM model on fundamental constant vari-
ation widens the scope for model builders to delve into the FFAT scaling direction without
disrupting other cosmological observables. We demonstrate the efficacy of the FFAT scaling
and fundamental constant variation to reconcile CMB, baryon acoustic oscillations (BAO),
and local observations of Hy, without worsening the fit to any of these observations. This
constitutes a significant stride towards comprehending the interplay between the Thomson
scattering rate and the Hubble tension.



The structure of this paper is as follows: section 2 elucidates the FFAT scaling, which
upholds the invariance of cosmological observables under changes to the background expan-
sion rate H. A specific fundamental constant variation, constructed to ensure near invariance
of the recombination history when paired with the FFAT scaling, is detailed in section 3. Our
method of integrating the gravitational effects of the FFAT scaling with the fundamental con-
stant variation into the cosmological code CLASS is delineated in section 4. Subsequently,
section 5 demonstrates how our approach broadens the posterior for Hy, accommodating the
locally measured value of Hy = 73.04 + 1.04km/s/Mpc [9]. Finally, in section 6, we encap-
sulate our findings and suggest potential directions for further investigation into resolving
cosmological tensions using this technique. Note that throughout this paper, we use units in
which ¢ = h = kg = 1.

2 The FFAT scaling

The FFAT scaling, first presented in ref. [60] and used in ref. [70], provides a powerful
tool to understand the origins of cosmological constraints on new physics parameters. The
transformation consists of a simple rescaling of rate and length scales by a constant factor
A that play key roles in the dynamical evolution of the Universe. Since CMB and LSS
predictions are left invariant under the transformation, it also allows the exploration of
theoretical models that predict a high value of Hy that are automatically compatible with
these observations. The set of scaling transformations is given by

FF: /Gp; EN M Gp;,
A Ay 2 AN (2.1)

A
T: orne = Aorne,

where 2 indicates the FFAT scaling, G is Newton’s gravitational constant, p; is the energy
density of the ™" component, Ay is the amplitude of the primordial curvature power spectrum,
ng is the scalar spectral index, o is the Thomson cross-section, and n, is the free electron
number density. We would like to emphasize that A is not a physical parameter in the model,
but rather X\ captures the change in H of a derived model compared to the baseline model, like
ACDM. A restricted version of this transformation (i.e. FF + A in the above), valid only on
very large scales, was initially presented in ref. [66]. By adding the Thomson rate rescaling
(T), ref. [60] showed that this transformation leaves CMB and LSS observables invariant
over a broad range of scales. This paper focuses on a possible physical implementation of a
transformation involving variation of fundamental constants and the T scaling. For clarity,
we briefly review each element of the FFAT scaling, emphasizing their role in maintaining
the invariance of cosmological observables.

2.1 Free fall

The scaling of the gravitational free fall rate (FF), +/Gp; 2 A/ Gp;, is possible by scaling
the energy density p; LN A2p;. 12 The energy density of the Universe is directly related to the

'The FF transformation can also be achieved by scaling the gravitational constant G (as in ref. [66]),
perhaps including the FFAT transformation into a theory of modified gravity.

2For species with non-constant equations of state, such as massive neutrinos, it’s imperative to scale the
pressure in the same way as the density.



expansion rate, H(z), as described by the Friedmann equation [71]

H(z) = ,/W. (2.2)

Therefore, the FFAT scaling enables model builders to increase the value of H(z) such that

H 2 MH. A model realizing A ~ 1.08 would bring the CMB inference of Hy into an
agreement with the locally observed value and resolves the Hubble tension without putting
other observations into further disagreement if the complete FFAT scaling is realized [1, 9].
The FF scaling keeps key cosmological quantities unchanged, including; (1) cosmological
angles, (2) the redshift of matter-radiation equality, (3) the free-streaming fraction of the

radiation density %, and (4) the matter clustering fraction.

o Cosmological Angles. The FFAT scaling leaves cosmological angles tied to the baryon-
photon sound horizon invariant. This includes the angular size of the acoustic sound
horizon as measured directly in CMB observation 6y, as well as the angular size of the
baryon acoustic oscillation (BAO) feature imprinted on the distribution of galaxies at
lower redshifts. To understand this invariance, consider 6, which is given by

Tx

6* = D(Z*) I

(2.3)

where r, is the comoving sound horizon, D(z,) is the comoving angular diameter dis-
tance, and a x references the value at the surface of last scattering. r, and D(z,) are

given by
cs(2)
= 2.4
7’* - F[(Z) dZ’ ( )
Zx 1
D = d 2.
(Z*) 0 F[(Z) Z, ( 5)

where ¢ is the sound speed of the photon-baryon fluid given by ¢s = 1/4/3 (1 + %),

refs. [72, 73]. Since the FFAT scaling leaves ratios of energy densities invariant, the
sound speed ¢s is left unchanged. Equations (2.4) and (2.5) are then both scaled by
a factor of 1/\ (from the 1/H(z) factor), leaving the ratio 6, = r,/D(z,) invariant.?
Similarly, the FFAT scaling leaves the angular size of the baryon acoustic oscillation
(BAO) feature imprinted on the distribution of galaxies at lower redshifts invariant.

o Redshift of Matter-Radiation Equality. The redshift of matter-radiation equality, zeq,
marks the transition from radiation domination to matter domination in the Universe.
CMB spectra observations are sensitive to zeq via the early integrated Sachs-Wolfe
effect (eISW) where photons interact with a time-dependent gravitational potential
and introduce additional CMB anisotropies [74-77]. To keep the CMB temperature
spectra invariant under the FFAT scaling, zeq must remain invariant. z.q is given by

0

Zeq = 0 (26)
T

3In principle, the integration bounds of equations (2.4)—(2.5) are shifted when generally changing the
background cosmology. However, as detailed later in section 4.2, the FFAT scaling ensures that the redshift
of decoupling is left invariant compared to the ACDM model.



where p2 and p? are the present-day energy densities of matter and radiation. Simi-
larly, the FFAT scaling leaves energy density ratios invariant, so the eISW effect is left
unchanged under the FFAT scaling, which in turn leaves the low ¢ Cy’s invariant.

o Free-Streaming Radiation Ratio. Free-streaming particles that propagate faster than
the sound speed of the pre-recombination plasma contribute to the decay of grav-
itational potentials which drive acoustic oscillations [78-80]. The free-streaming to
radiation fraction is given by

f fs — % (2.7)

Pr

where pg is the energy density of free-streaming radiation. Including additional free
streaming radiation pulls on the wavefront of the slower propagating plasma, smoothing
the perturbation [81]. This damping would have noticeable effects on the CMB by
introducing a phase and amplitude shift into the peaks of the temperature spectra.
Again, the FFAT transformation uniformly scales all energy densities such that pg and
pr are evenly scaled, and fg is left invariant.

e Matter Clustering Fraction. The growth of matter structure at early times is dictated
in part by the fraction of the total matter density that is pressure-supported [82].
Indeed, baryons cannot contribute to density fluctuations until the end of the baryon
drag epoch, leaving only the dark matter to establish gravitational potential wells
prior to this time. These potentials impact the CMB through the Sachs-Wolfe effect
and set up the initial conditions for what would eventually become the large-scale
structure of the Universe. Subtle changes to these potential is tightly bounded by the
data and is a major source of constraints on physics beyond ACDM [70]. Since the FF
transformation equally scales the pressure-supported and non-supported matter content
of the Universe, it leaves these gravitational potentials unchanged. Once coupled to the
A and T scalings (see below), the FF transformation thus keeps observables related
to matter clustering such as og, the matter power spectrum, and lensing of the CMB
invariant.

2.2 Amplitude

The Boltzmann equations that describe the evolution of photon, baryon, neutrino, and dark
matter perturbations depend on the Fourier wavenumber k. This introduces another length
scale into the problem (beyond the Hubble and Thomson rates; see next section for the latter)

which must be appropriately scaled (i.e. k LN Ak) to leave the equations of motion invariant.
However, as shown in references [66, 70], one could bypass this scaling by noting that the
solution to the Boltzmann equations ® under the scaling of the Hubble and Thomson rates
can be written in terms of the original solution @ (i.e. in the absence of scaling) but with a
different wavenumber k' = &/,

d(k,a,\) = ®(K,a, A= 1). (2.8)

Here, ®, ® stand for any perturbation variable entering the Boltzmann equations. The above
identity is important as it allows us to show that the impact of simultaneously scaling the
Hubble and Thomson rates on the CMB and large-scale structure can be entirely absorbed
into a modification of the primordial amplitude of scalar fluctuations, as we now show. Taking



the CMB temperature power spectra as an example, we can write its rescaled version as

dk ~
Fr () = [ L) Ar(k )P, (29)
where P(k) is the primordial spectrum of curvature fluctuations and Ar¢(k, \) is the photon
transfer function, which only depends on @ [67, 83-95] 4 This means that the transfer function
obeys the identity Arp(k, \) = Ape(k/A\ A =1). We take P(k) to have the form

ns—1
P(k) = As <k> , (2.10)

where Ay is the power spectrum amplitude at some pivot wavenumber kj, and ng is the scalar
spectral index [96]. Using the scaling of the photon transfer function, it is straightforward
to show that the CMB temperature spectrum is left unchanged by the FF transformation if

Ag is simultaneously scaled by Ag A % such that

ns—1
dk A E\™
TT ak  Ag L — 1|2
Co (N = [ (kp> |Aqy(k/A, A =1)]
ns—1
k' Ay (A (2.11)
=) W (k) BrliA= 00
=C/T(A=1).

A similar argument applies to the polarization and cross temperature-polarization power
spectra, as well as to several large-scale structure observables including cosmic shear power
spectra.

2.3 Thomson

After the Hubble expansion rate, the Thomson scattering rate is the next most important
rate affecting the structure of the CMB and LSS as it governs interactions between photons
and free electrons before and during the recombination epoch. It is given by

Kk = aneor, (2.12)
where o is the Thomson cross section given by
81 [ o \?
=—|— . 2.13
7T 3 (me > ( )

% controls photon diffusion, and thus the damping of small-scale CMB anisotropies [97]
and polarization generation [98, 99]. The overall level of photon diffusion is determined by
the ratio
f(2)
H(z)’

which must be kept fixed to preserve the shape of CMB temperature and polarization spectra.

(2.14)

To preserve equation (2.14) under a H M NH scaling, £ must also be scaled as & A A Tn the

4As noted earlier, the specific scaling of the Thomson scattering rate preserves the visibility function
relative to the ACDM model. This ensures a high degree of similarity between the photon transfer functions
for both models.



familiar language of the CMB sound horizon and Silk damping scales [100], simultaneously
scaling both H(z) and k(z) automatically leaves both scales invariant. Conversely, any
cosmological model that does not preserve the i(z)/H(z) ratio lead to a differential change
to the CMB sound and damping scales, which typically limits the capability of these models
to address the Hubble tension. It is interesting to highlight that, although the scattering rates
of photons to baryons differ greatly from those of baryons to photons, attributable to their
respective number densities differing by order 10?, both species undergo equivalent density
scaling. This ensures that the photon to baryon energy density ratio remains consistent with
ACDM, thus leaving both scattering rates remain invariant. This highlights the key role that
Thomson scattering plays in our understanding of cosmology.

2.4 Cosmological anchors: breaking the scaling invariance

In our Universe, the FFAT scaling invariance is broken by key observations that essentially
anchor the transformation, and thus underpin our entire knowledge of cosmology. Here we list
some of these cosmological anchors, ordered roughly from most impactful to least impactful.

e COBE-FIRAS. The CMB spectral energy distribution measurements by COBE-FIRAS
indicate a nearly perfect black-body with a temperature of Ty = 2.726 4+ 0.002K to-
day, placing strict constraints on the photon energy density of the Universe [101, 102].
This introduces a significant anchoring effect for the FF scaling of the FFAT sym-
metry, which requires a uniform scaling of all energy densities, including the photon
energy density. Getting around this COBE-FIRAS anchor is the most important model-
building challenge necessary to fully exploit the FFAT transformation as a means to
address the Hubble tension.

e Big Bang Nucleosynthesis. BBN depends on the background temperature and expan-
sion rate as they affect the neutron-to-proton ratio at the onset of nucleosynthesis.
Changing these factors affects the creation of light elements as the neutron abun-
dance will be changed. The measured primordial helium and deuterium abundances,
Yp = 0.2449 +0.0040 and D/H = 2.53 4+ 0.15 x 107> respectively, tightly constrain the

Hubble rate during BBN [103-108], and hence anchor the transformation H M NH. A
way around this BBN constraint is to assume that whatever physics exploits the FFAT
scaling to yield a large Hubble constant today was not active at the time of nucleosyn-
thesis. Unless otherwise mentioned, we will work under this assumption in what follows.

e Recombination. The ionization history of the Universe near the CMB epoch depends
sensitively on the ratio of the hydrogen recombination rate to the Hubble expansion
rate. Changing the latter without a corresponding rescaling of the former would thus
modify the recombination history, which would in turn change the CMB’s last scat-
tering surface. However, since Thomson scattering and hydrogen recombination are
similar electromagnetic processes, they have nearly identical parametric dependence,
with both rates proportional to on. at leading order (i.e. when neglecting the details
of hydrogen atomic physics). This means that the FFAT transformation leaves the
recombination history of the Universe approzimately invariant. It does not, however,
leave it exactly invariant as other subleading atomic rates also enter the detailed evolu-
tion of the hydrogen ionization history, most notably the forbidden 2s — 1s transition
rate. These residual changes to the recombination history under the FFAT scaling
were studied in refs. [60, 70], where it was shown that they only become important for
relatively large values of A 2 1.1.



2.5 Avoiding symmetry-breaking with a mirror world dark sector

We now present a phenomenological model which can exploit the FFAT scaling while avoiding
the constraints from the prior section. The strictest constraint is imposed by COBE-FIRAS.
The FFAT scaling requires a uniform scaling across all energy densities, including those of
photons. However, COBE-FIRAS only detects the visible photon energy densities. One pos-
sible avenue to circumvent the COBE-FIRAS constraint while satisfying the FFAT scaling
is to introduce an energy component within the dark sector that behaves as radiation. The
required dark radiation [109, 110] can be included into the dark sector utilizing a “mirror
world dark sector” (MWDS) containing a copy of photons, baryons, and neutrinos [111-138].
A MWDS presents a compelling avenue for moving along the FFAT scaling direction, par-
ticularly within the realm of dark sector models containing an explicit Zs symmetry, as
exemplified by twin Higgs models [139, 140]. In this setup, the dark sector mirrors the
Standard Model in terms of particle content and gauge interactions, but can have different
masses for the corresponding particles. When combined with an Affleck-Dine condensate
mechanism which populates both sectors, it inherently circumvents numerous fine-tuning
challenges and minimizes the total number of additional parameters required [141]. This in-
cludes fine-tuning concerns regarding the timing of the dark sector recombination compared
to the visible sector [133]. Indeed the approach of ref. [141] naturally leads to the ratio of
binding energy to background temperature to be similar in both sectors. This preserves the
radiation free-streaming fraction evolution, which must be unchanged to stay along the FFAT
scaling direction.

Such a model also naturally explains the additional baryon density requirement. We can
introduce the required baryon density as atomic dark matter, thus satisfying the baryon scal-
ing requirement and preserving the effective (visible 4+ dark) baryon-photon ratio [142-147].
This form of atomic dark matter constitutes a fractional percentage of the total dark matter
budget and consists of two fundamental fermions charged under a U(1) symmetry, analogous
to the visible proton and electron [148, 149]. Lastly, the additional neutrinos ensure the ratio
of free-streaming to coupled radiation energy density remains invariant.

The next constraint originates from BBN. Present knowledge places limits on fluctua-
tions in H(z) during BBN, considering the formation of light elements is intricately linked
to the expansion rate. Consequently, we work under the assumption that the mechanism re-
sponsible for reheating the dark sector must activate post-BBN, see e.g. refs. [141, 150-156].
We thus set Yp = 0.2449 in our model to avoid possible symmetry-breaking effects arising
from BBN. Similarly, we assume that the physics responsible for changes in fundamental
constants is not present during BBN.

The final and weakest constraint comes from recombination. Recall that along the FFAT
scaling direction, recombination is only slightly broken. We choose to leave this symmetry
breaking intact and in section 4, explore its impact numerically. However, implementing
the MWDS with FFAT scaling and fundamental constant variation in existing cosmological
code poses computational challenges. Consequently, in subsection 4.1, we propose an alter-
native methodology to mimic the MWDS with FFAT scaling into the CLASS code [157-160].
This approach successfully reproduces the leading-order gravitational effects that the MWDS
exerts on the observable Universe, while keeping the recombination history and cosmologi-
cal observables intact. A later publication will present the full MWDS with FFAT scaling
implementation, and probe the nature of the more complex dark sector.



3 Fundamental constant variation

To implement the FFAT scaling, one must choose how to scale the Thomson scattering rate
to achieve the required phenomenology. Recent studies [60, 70] have opted to increase &
by scaling the helium fraction Yp, while keeping the baryon density constant. The scaling

(1-Yp) 2 A(1—Yp) effectively raises n, and thus & by a factor of A, preserving the invariance
of the ratio in equation (2.14). These studies confirm that the FFAT scaling allows for
increased values of H(z) while keeping other CMB and LSS observables in agreement. It
however requires a value of Yp that is strong tension [60] with direct measurements of the
helium abundance [103-108].

In this study, we postulate that the Thomson cross-section in the early Universe diverged
slightly from its current value, rather than change the predicted helium abundance. This
deviation suggests that the fundamental constants appearing in the Thomson cross section,
specifically the fine-structure constant « and the electron mass me, had subtly different
values around the time of decoupling compared to their present-day measurements. The
following sections elucidate the nature and magnitude of the fundamental constant variations
required to realize the desired Thomson rate scaling, while minimally altering the intricacies
of hydrogen atomic physics.

3.1 Thomson cross section rescaling

When scaling the Thomson cross section, care must be taken to leave the atomic physics of
hydrogen nearly invariant. The most important quantity to leave unchanged is the hydrogen
binding energy By o mea?, which controls the onset of hydrogen recombination and, ulti-

mately, the redshift of photon decoupling. In order to meet the condition o LN Ao without
disturbing By, a specific variation is necessary as outlined by ref. [70],

me 2 A Vme & a X Ao, (3.1)

Addressing the Hubble tension using the FFAT scaling combined with fundamental constant
variation necessitates a value of A ~ 1.088 (corresponding to Hp = 73.3km/s/Mpc) [9]. This
corresponds to a modest, yet significant, variation of 2.76% in m. and 1.41% in « from
their respectively measured local values. While these changes might appear small, these
early-Universe variations are magnitudes greater than those permissible in the low-redshift
Universe (see section 3.2). Also, conventional understanding of fundamental constant vari-
ation during the recombination epoch suggests that the Universe’s recombination history
places constraints on possible variations, a topic that will be revisited in the following sub-
section. The implementation of the FFAT scaling with fundamental constant variations (3.1)
safeguards the crucial ratio depicted in equation (2.14), but introduces minor alterations
to hydrogen recombination given the different parametric dependence of other atomic rates
on « and m,e which we discuss in section 3.3. For brevity, the FFAT transformation with
fundamental constant variation given by equation (3.1) will be referred to below as the true
FFAT (tFFAT) scaling.

3.2 Fundamental constant variation constraints

A variety of methods, including atomic clock comparisons at z = 0 [161-164], the Oklo
phenomenon (a naturally occurring fission reaction) at z ~ 0.14 [165-167], assessments of
radioactive elements derived from meteorite dating at z &~ 0.45 [168], observations of the



Sunyaev-Zeldovich effect at z ~ 0.5 [169], and inspection of quasar spectra at z ~ 7 [170, 171],
offer an extensive set of measurements to constrain the time variation of o and me. This
is not a complete list of methodologies, and there are several reviews which provide a more
complete discussion [172, 173]. The collection of these methods finds that there is nearly no
time variation allowed for the constants in the redshift range 0 < z < 7. However, they do
not place bounds on what the allowed level of variation is at the time of photon decoupling,
z ~ 1100.

Prior understanding was that the CMB imposed constraints on the permissible variation
of constants, due to the variation’s inability to keep the recombination history unchanged
from the ACDM model. References [65, 174] determined that the distance to the surface of
last scattering, the overall level of diffusion damping [97], and the early integrated Sachs-
Wolfe effect [175] are all related and will all be altered under fundamental constant variation.
The tFFAT scaling preserves these quantities, as discussed in subsection 2.1, thereby avoiding
the constraints set by the CMB on fundamental constant variation. This scaling also mostly
maintains the integrity of hydrogen recombination, as we will discuss in the next section.

Delving further into redshift space allows us to constrain the permitted variation of con-
stants during BBN at z ~ 10°. Alterations in the values of these constants could potentially
disturb the predicted abundances of light elements, an outcome not safeguarded against by
the FFAT scaling. Perturbations to « and me could possibly modify the lifetime of neu-
trons and the mass differential between protons and neutrons [176]. Such changes would
adjust the neutron-to-proton ratio, thereby introducing potential deviations in the predicted
abundances of light elements. Accurately calculating these effects requires intricate QCD
and QED lattice calculations [177]. Therefore, it is of interest to investigate the impact of
fundamental constant variation on BBN abundances to constrain the allowed variation of «
and m, when combined with the broader FFAT symmetry (particularly the expansion rate
scaling) to understand this potential symmetry-breaking effect, but this is beyond the scope
of this paper.

To avoid these constraints set on the variation of fundamental constants, we make
the following conservative assumptions; the mechanism which varies the constants must be-
come active after BBN, the time-scale in which the constants vary must be greater than
the timescale of recombination, and the constants must be at their stable, locally measured
values by z ~ 7.

3.3 Recombination with fundamental constant variation

To track how the tFFAT scaling influences the recombination history, we compute the free
electron fraction X, and visibility function, limiting our discussion to hydrogen recombination
as the visibility function has little support from the specific details of helium recombination.
In our analysis, we consider quantities not protected by the tFFAT scaling and assume a
simplified description of recombination for clarity. A more detailed, multi-level approach
like that used by the cosmological code HyRec [178, 179] reveals similar levels of symmetry
breaking in appendix A.

The Saha approximation (eq. (3.2)) is employed to describe systems in equilibrium and
estimate the redshift of the onset of recombination:

2 3/2
Xe 1 (meT> o~ Bu/T — ¢ (3.2)

- 2

1—Xe np

~10 -



where X, is the free electron fraction, ny, is the visible baryon number density,” and T
is the background temperature. However, it is not invariant under the tFFAT scaling of
me, leading to a symmetry-breaking effect of s 2 \~1/25. While this effect has negligible
influence on the overall X, history, it does shift the equilibrium value of X,. However, X,
falls out of equilibrium at the beginning of recombination and we must transition to a more
comprehensive Boltzmann treatment. This transition necessitates the use of the Peebles
equation [180], which describes the recombination history by evaluating the rate of change
of X with respect to the cosmological scale factor a and is given by

dX. Ca® [(/mT\%? _
P (( 277) e Bu/T(1 - X)) —np X2 |. (3.3)

Here, o?) is the case B recombination rate given approximately by [181]

2 1/2 B
@) o & BH) | <H) 3.4
o m? ( T n|{—)- (3.4)
: : meT\*/? _By/T
In equation (3.3), two factors are not protected by the tFFAT scaling: (ﬁ) e~ Bu/
and Cg‘; ! The first term mirrors the symmetry-breaking term in the Saha equation, introduc-

ing a factor of A=1/2. The second term demands a more thorough examination. Specifically,
2
o) is not invariant under the tFFAT scaling, where the =5 term introduces a symmetry

e

breaking such that (2 A Aa®), Fortunately, this cancels out the factor of A introduced in
the denominator of Cf; ) by H. However, the Peebles C-factor, representing the probability
that a hydrogen nucleus with an electron in the n = 2 shell reaches the ground state before
it is photoionized, is not left invariant and introduces a symmetry breaking term [180]. C' is

parameterized by three key rates and is given by

Ryyo + Aos 15

C= . 3.5
/BB + RLya + A2s—ls ( )
The escape rate of Lyman-a photons, Ry yq, is
8mH
RLyOc = )\3 ) (36)
LyatHT1s

where ny is the number density of hydrogen, x5 is the fraction of hydrogen with an electron
in the ground state, and Ary, is the Lyman-o wavelength given by ﬁ = %BH. The factor
yo

of % arises from the electron transitioning from the first excited state to the ground state.

We observe that Ry, o )\ESQH nﬁl which under the tFFAT scaling becomes

Riya < A2 Hng' 25 A3

Lya Lya(AH)nljll 08 )‘RLya- (37)

The two-photon decay rate, Ags_15, scales as [182]

Aos_15 ¢ aBmg A (Al/Ga)S()\_l/?’me) o< AMoag_1s. (3.8)

°In the tFFAT scaling, the visible baryon density is consistent with ACDM, being anchored by BBN
predictions. It is up to model builders to introduce additional baryon density without putting BBN constraints
into tension. A plausible approach is to invoke a more complex dark sector like that described in section 2.5
in which a fractional amount of dark matter is baryonic.
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The case-B photoionization rate, 8g, is expressed as

meT 3/2 B
53:(%) ¢ Bu/T @), (3.9)

Under the tFFAT scaling, g transforms as:
3/2
B o m2a@ T2 2y (X3 )" (xa®) 792 = X128y, (3.10)
Employing equations (3.6), (3.8), and (3.10), we scale the Peebles C-factor as

C i> RLya + AZSfls
A_1/2/3]3 + RLya + A2s—1s

(3.11)

This introduces a minor symmetry-breaking term due to the photoionization rate g scaling
as A~Y/2, slightly increasing the net rate of hydrogen recombination. In the following section,
we numerically investigate the magnitude of symmetry breaking introduced by recombination.

4 Phenomenological and numerical implementation

4.1 Mimicking the MWDS in CLASS

Here we present the mimic FFAT (mFFAT) scaling which modifies the visible baryon and
photon densities according to equation (2.2). The mFFAT scaling replicates the gravitational
impacts introduced by a MWDS, mimics the recombination history of the tFFAT scaling, and
keeps the observables protected by the FFAT scaling in check. While this model is schematic
instead of physical (since it technically violates the COBE-FIRAS bounds), it captures all
relevant physics to explore variations in o and me as credible pathways to approaching
the Hubble tension. It also highlights the crucial role of the Thomson scattering rate in
maintaining observational congruence and reaffirms the utility of FFAT scaling as a robust
mechanism to safeguard cosmological observables.

To mimic the gravitational influence that a MWDS would have on the observable Uni-
verse, we remove the COBE-FIRAS constraint from CLASS and replace dark radiation with

4
visible radiation by increasing Tcyp such that p, o TéMB A )\2pr o (ﬁTgMB) . However,

the recombination history is exponentially sensitive to the ratio TcBI\PAIB' Thus, we must ensure
that the ratio of the two remains invariant such that

Bu A VABm
— .
TCMB \/XTCMB

(4.1)

This maintains the ratio in the exponential of equations (3.2) and (3.3), ensuring that the
changes to the recombination history remain negligible.

We also remove the observed baryon density constraint [183] and add visible baryons
as a facsimile for dark baryons. Scaling the visible baryon density equally scales the electron
number density n, by A2. To preserve the ratio in equation (2.14), we must choose a different

scaling of o as op i> %GT to counterbalance the increased mn.. To stay in the FFAT
scaling direction, we also add additional dark matter and neutrinos, thus preserving the
free streaming-radiation fraction and observables related to matter clustering. The new
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constraints provided by equation (4.1) and the Thomson cross section result in a different
variation of fundamental constants given by

me 2 AN 2me & a2 a. (4.2)

As we now describe, this transformation effects recombination in a subtly different way than
the tFFAT scaling, since the Peebles factor (eq. (3.5)) is serendipitously left invariant in this
case. The escape rate of Lyman-« photons in the mFFAT scaling scales as

1A 3 -1
Riya o Myo Hng' 2 (A22ya)” AH) (Xn) o AY2 Riga, (4.3)
The two-photon decay rate Aos_ 15 scales as
Aos_ 15 ¢ @B A as()\l/zme) o A2 Ao 1. (4.4)
The case B photoionization rate scales as
3/2 (2)3/2 A (v1/2. V2 (\=1 @) (v1/27\>/% _ 172
B x ma/ 2o\ T e S ()\ me> ()\ a ) ()\ T) = \/“fB. (4.5)
As a result, the mFFAT scaling leaves the Peebles factor invariant such that

)\1/2R o )\1/2A s
o ya TATTA s o (4.6)
Al/ZﬁB + )\1/2RLya + A1/2A25—1s

Therefore the mFFAT scaling avoids the introduction of a symmetry-breaking term associated
with the photoionization rate, Sg, as seen in the tFFAT case. The mFFAT scaling can thus
be considered as an idealized version of the tFFAT scaling, in which the recombination
symmetry-breaking effects have been suppressed.

4.2 Testing our implementation: the ionization history

To quantify the impact of the Peebles factor’s symmetry-breaking in the tFFAT scaling on
the recombination history and visibility function, we use the mFFAT scaling as a baseline
for comparison and perform a series of numerical tests (figures 1 and 2) to confirm that the
mFFAT and tFFAT scalings accurately approximate the ACDM recombination history and
visibility function. Figure 1 shows X, as a function of redshift with A = 1.088 corresponding
to Hy = 73.3km/s/Mpc for both the mFFAT and tFFAT scalings. The mFFAT scaling
exhibits at most a 0.3% deviation in X, from ACDM due to the small symmetry-breaking
term introduced from the Saha approximation, where the increased visible baryon density
has shifted the equilibrium value. This subtle alteration is clearly seen around redshifts
z ~ 6000 in both models,® where the equilibrium process Helll to Hell is very slightly
changed and also influences the slight changes found at redshift z ~ 2000 during Hell to
Hel recombination. While both scalings display a similar deviation from ACDM up until
z ~ 1500, a significant difference arises at the onset of hydrogen recombination.” This is when
the recombination symmetry-breaking becomes relevant for the tFFAT model, as described

SCoincidentally, the tFFAT model has the same level of symmetry-breaking for the equilibrium value, but
it is due to the change in m. and not the change in the visible baryon density.

"See appendix A for more details regarding the slightly different symmetry breaking introduced by the full
four level model HyRec uses to compute Xe.
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Figure 1. Figures la and 1b compare the expected change in the free electron fraction for the mFFAT
and tFFAT models (blue) to the ACDM model (dotted red), scaled by A = 1.088, corresponding to
Hy = 73.3km/s/Mpc. The tFFAT X, history in figure 1b is similar to the mFFAT scaling until
the onset of hydrogen recombination, where the symmetry-breaking effect from the Peebles C-factor
becomes relevant.

at the end of section 3.3, causing at most a 0.8% deviation. If the level of symmetry-
breaking from the fundamental constant variation is significant enough (A 2 1.1), it can lead
to changes in CMB spectra that deviate from observations. However, in both cases the level
of symmetry-breaking is small for values required to resolve the Hubble tension, as evidenced
by the change to the visibility function seen in figure 2.

The visibility function represents the likelihood that a photon scatters for the last time
before free-streaming away and is given by

_.dr

= (4.7)

g(z) =e

where 7 is the optical depth to photons at redshift z and is given by

LIC))

e = /0 (+28:" (4.8)
There are two critical features of the visibility function: the width and peak of the function.
The peak sets the distance to the surface of last scattering, and the width corresponds to
the duration of decoupling [184]. The mFFAT scaling remains nearly invariant for both the
maximum and width of the visibility function, whereas the tFFAT scaling negligibly shifts
the peak to a slightly earlier redshift. Though the visibility function for the tFFAT scaling is
not precisely invariant due to its integration of /4 (and thus X,) over all redshifts, the changes
in the visibility function are similar to other models that increase Hy while keeping CMB
spectra in agreement with observation [185].
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Figure 2. g¢(z)dz is the visibility function with respect to redshift. The vertical lines indicate the
location of the maximum value of the function. This figure shows that both the mFFAT and tFFAT
scalings keep the visibility function’s maximum and width nearly invariant compared to the ACDM
model, even when Hy = 73.3km/s/Mpc.

Figures 1 and 2 also demonstrate that the free electron history does not severely con-
strain the variation of fundamental constants, as previously thought in refs. [65, 68, 69], when
combined with the FFAT scaling. This allows for the exploration of different cosmological
models with permissible constant variations that maintain a mostly invariant recombination
history. Since the mFFAT and tFFAT scalings have similar effects on recombination and
maintain the similar invariance of cosmological observables, we now focus on the mFFAT
scaling for computational simplicity for the remainder of this paper. In a future publication,
we will explore the tFFAT scaling in the same manner as below for the mFFAT scaling to
explore the parametric freedom of the dark sector.

4.3 Explicitly exploring the FFAT symmetry direction

As an initial test, we confirm numerically that the mFFAT scaling produces invariant CMB
spectra while accommodating high values of Hy. To do this, we fix all cosmological parameters
to the typical ACDM values from Planck [1] and introduce the variable A from equations (2.1).
This forces Monte Python [186], the Monte-Carlo-Markov-chain sampler we use to compare
the mFFAT model to data, to explicitly explore the FFAT symmetry direction. As expected,
figure 3 shows that this ‘fixed” mFFAT scaling invariantly scales Hg, flattening it’s one-
dimensional posterior. Only Hy, ngs, and Ty are displayed, while traditional parameters such
as Wp, Wedm, and Ag are scaled from their ACDM values according to equations (2.1). The
flattening of the posterior demonstrates the effectiveness of the mFFAT scaling in invariantly
increasing Hp, while maintaining consistency with observed CMB spectra.
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Figure 3. This triangle plot shows that the mFFAT scaling allows the CMB to be made consistent
with a broad range of Hy values. Planck data used include TT, TE, EE, and lensing data [1]. In this
case, we fix the energy densities p;, A, a, me, and H to their ACDM values, and allow them to vary
exclusively through the FFAT scaling parameter A, directing MontePython to explore the symmetry
direction. We have included the scaling parameter A to demonstrate the tight degeneracy between it
and Hy. The upper bound for Hy is determined by a limitation in the default HyRec implementation,
where the interpolation tables are not expansive enough to accommodate the necessary photon energy
densities.

5 Results

5.1 Naturally exploring the FFAT scaling

In our second test of the mFFAT scaling, we allow all cosmological parameters to vary and
remove the explicit enforcement of the FFAT scaling. As illustrated in figure 4, the FFAT
scaling direction, indicated by the dashed red lines, naturally emerges form the MCMC
exploration. By allowing all cosmological parameters to vary, we find that the MCMC sampler
naturally broadens the posterior on Hj, enhancing our understanding of the relationship
between the Thomson scattering rate and the Hubble tension. We find the correct scaling
between Neg, Wedm, and wy, in accordance with equation (2.2). We also define the variation
of me by e = % — 1 where m, is the varied electron mass. For a list of priors used to
generate figures 3 and 4, please see table 1.

We note that as J. approaches 5%, corresponding to a value of A\ ~ 1.1 (Hy =
74.4km/s/Mpc), the ionization balance shifts, and the symmetry breaking effects introduced

by recombination cause a deviation from the FFAT symmetry direction. This is reflected in
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Figure 4. This triangle plot demonstrates the natural realization of the FFAT scaling. The red
dashed lines indicate the direction of the FFAT symmetry. Note that the contours agree with the
red lines within 1o. We see a 1o range for the posterior on Hj that extends well beyond the typical
ACDM model. A high value of Hj is preferred with no data representing the local measurement. The
grey band represents the local measurement of Hy = 73.3 £+ 1.04 km/s/Mpc from ref. [9].

the one-dimensional posterior for d., which finds very high values of d. to be increasingly less
likely. ANeg shown in figure 4 is a derived parameter given by

T4

COBE

1
7 (4\Y3
8 \11

AN = ( - 1) 3.044 + (5.1)

where T is the CMB temperature that is allowed to vary by the MCMC representing the
additional radiation density, and Tcogg is the COBE-FIRAS temperature measurement of
the CMB equal to 2.7255 K [102]. The prior volume is limited for ANyg from a limitation of
default HyRec interpolation tables for the CMB temperature.

When comparing the best-fit parameters from figure 4 to the best-fit ACDM values,
it becomes evident that the mFFAT scaling prefers a higher value of Hy and is able to fit
Planck and BAO data as effectively as the ACDM model, with a corresponding Ax? = —2.3.
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Figure 5. These plots compare the TT and EE CMB spectra for the ACDM model and the mFFAT
scaling utilizing the best fit values from figure 4 (Hy = 73.97km/s/Mpc). The grey points represent a
subsample of measured values from Planck, accompanied by their respective error bars. The mFFAT
scaling demonstrates remarkable agreement with Planck observations in both the TT and EE spectra,
while preserving locally measured Hy values.

This improvement of y? is expected as we have included two additional parameters into the
model. However, the prior volume effect listed above may influence the shape of posterior,
and a larger volume may find a preference for even higher values of Hy. Taken together,
these findings indicate that fundamental constant variation with the FFAT scaling offers a
promising approach for investigating the Hubble tension.

The CMB temperature-temperature (TT) and polarization-polarization (EE) spectra
obtained with the mFFAT scaling best fit values from figure 4 are compared to those of a
ACDM model in figure 5. The CMB spectra exhibit a high degree of invariance, concurrently
accommodating both cosmological and local observations of the expansion rate, aligning with
the predictions made in section 2.2. This example serves as a successful demonstration of how
the FFAT scaling can be utilized to explore a wider range of cosmological models, without
sacrificing agreement with observational data.

5.2 Relationship with other work

The interplay between variations in fundamental constants and the Hubble tension has been
explored in previous works, though in different scenarios [187-222]. For example, refer-
ence [187] investigated the effect of varying the electron mass to allow for an earlier recombi-
nation time. They outlined four criteria for a “successful” cosmological solution to the Hubble
tension. These criteria include: maintaining the CMB power spectra similar to ACDM, re-
ducing sound horizon size by ~ 10%, ensuring the angular size of the sound horizon aligns
with ACDM, and not worsening the fit to BAO, SNela, and other low-redshift distance mea-
surements. Notably, these four criteria are also naturally satisfied along the FFAT scaling
direction. However, a deviation from the FFAT scaling occurs in their model when increasing
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Figure 6. Posteriors of €, shown up to 3o for the mFFAT model with Planck+BAO data and the
baseline ACDM model with Planck data. In grey is the Pantheon+ derived value of €2, representing
the 1o (dark grey) and 20 (light grey) regimes.

the physical matter density, which alters the redshift of matter-dark energy equality and lim-
its their model in increasing Hy. Furthermore, the variation of m. proposed in reference [187]
is inverse to what the FFAT scaling suggests, aiming for a larger electron mass. These dis-
tinctions could illuminate why models on the FFAT scaling direction demonstrate an increase
in Hy compared to the model presented by reference [187], where only m, is varied.

In a different approach, reference [194] utilizes Fisher-bias information to identify data-
driven extensions to ACDM involving variation of fundamental constants. Their findings align
with the notion that a modified recombination history could ease the Hubble tension when
solely considering CMB data. They find that when, for example, the electron mass is allowed
to vary it is accompanied by a decrease in the physical baryon and cold dark matter densities.
However, much like reference [187], their methodology encounters similar limitations: the
change in the physical matter density changes the redshift of matter-dark energy equality,
veering the models away from the FFAT scaling direction. Indeed, because the FFAT scaling
direction ensures that ratio of the observed matter density to the critical density is left
consistent compared to ACDM (see section 2.1), it is able to accommodate values of {2y,
which are less than 20 discrepant with recent supernova surveys like Pantheon+ [223], as
shown in figure 6, avoiding the constraints prior models encountered.

6 Conclusion

In this research, we have furthered the understanding of the Hubble tension through the
employment of the Free-Fall, Amplitude, and Thomson (FFAT) scaling in conjunction with
a variation of fundamental constants given by equation (3.1). This alternative approach
substantiates the findings of previous studies [60, 70], demonstrating that the FFAT scaling
successfully can bring the local and distant measurements of Hy into concordance with each
other. Here, we briefly outline the key results of our study:

e The FFAT scaling with fundamental constant variation successfully achieves high values
of Hy, corroborating the results of refs. [60, 70] through an alternative approach and
emphasizes the critical role the Thomson scattering rate takes in the context of the
Hubble tension.
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e By safeguarding the ratio of the Thomson scattering rate to the background expansion
rate, the FFAT scaling combined with the variation of fundamental constants signifi-
cantly mitigates the restrictions on fundamental constant variation during the epoch
of recombination. This protection of the recombination history allows for greater flex-
ibility and exploration in cosmological models which vary fundamental constants.

e An MCMC exploration of the FFAT scaling broadens the posterior for Hy, reconciling
the local and distant measurements of Hy utilizing only LSS and CMB data. Including
a prior on the local measurement of Hy would result in a significant improvement to
the fit compared to ACDM.

The methodology proposed in this research lays a robust groundwork for subsequent investi-
gations into the Hubble tension and physics beyond the standard models of particle physics
and cosmology. Our study highlights three promising avenues for future exploration. Firstly,
the incorporation of the complete MWDS into CLASS will allow for exploration of the dark
sector parameter space beyond simple energy densities. Secondly, a thorough examination
of the relationship between the FFAT scaling and BBN may broaden the tight constraints
set on the early Universe by primordial element abundances. Lastly, the development of
particle physics models which encapsulates the MWDS and fundamental constant variation
can potentially elucidate the enigmatic nature of the dark sector.

Acknowledgments

This work was supported by the National Science Foundation (NSF) under grant AST-
2008696. F.-Y. C.-R. would like to thank the Robert E. Young Origins of the Universe
Chair fund for its generous support. We would like to thank the UNM Center for Advanced
Research Computing, supported in part by the NSF, for providing the research computing
resources used in this work.

A Exact scaling transformations for the generalized Peeble’s C-factor

The following discussion is heavily based on the original HyRec publications. For more
details and a clear discussion of the recombination process, please see refs. [178, 179] and the
references therein. The generalized Peeble’s C-factor [178, 179] used by HyRec-2 to compute
the free electron fraction can be given by

Ropt 1
Roes + Raepe 72
(A1)

Cop =

By Rt 15
Bae + Rogpe 725 + Rag1s + Rogaer 2
where f = pif ¢/ = s, { = s if ¢/ = p, and I'y is given by
I'op = Boy + Rog o0 + Rapis- (A.2)

By is the effective photoionization rate of the 2¢ level, R;; is the transition rate from the ith
level to the j** level, and Ty is the effective inverse lifetime of the 2¢ level. This generalized
form represents the probability that an atom in the 2¢ state reaches the ground state by
transitioning to the n = 2 state first or by direct transitions. Before we analyze the generalized
C-factors, we must make the following assumptions that are used by HyREC; first, the rate
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of transitions from the 2s to 1s state are given by A 15. Second, the rate of transitions from
the 2p to 1s state are given by Rpy,. Therefore, we can write the Cas and Cy,, as

Ry,
AQs,ls —+ RQS—>2p 1"2};?

On= (A.3)
2s = /N2s—2p Tap
A s,1s
RLya + R25~>2p 12251 A4
2p - R25—>2p ( ' )

112p - R2S—)2p Tas

The transition rate from the 2s to 2p state is proportional to the fundamental constants
such that
Ras—2p X a®me (A.5)

We see that for both the mFFAT and tFFAT variations, Ros—2p scales as /2,

A.1 tFFAT scaling

The tFFAT scaling retains the symmetry breaking presented above, primarily due to Ags 15
and Rpy, scaling as A rather than A/2. This causes the effective inverse lifetimes of the 2¢
states, I'yy to not be invariant under the transformation such that

DY, i) )\1/2([)’2@ + Rap o0 + (/\1/2)7322,1s)a (A.6)

thus, reducing the effective lifetime of the 2¢ level, corresponding to an increase in the rate
of overall recombination. This agrees with our conclusions in section 3.3.

A.2 mFFAT scaling

Similar to our discussion in section 4.1, the mFFAT scaling leaves the generalized C-factors
invariant. All rates that enter the system (Ba¢, Riya, Raos—2p, Aos s, T'as, and I'yg) all scale
as A\1/2. This leaves Cy also invariant under the mFFAT scaling.

B Prior bounds for MCMC exploration

figure 3 figure 4
wh 0.02238% | [0.02, 0.0322]
Wedm 0.12011* [0.1, 0.173]
h 0.6781% 0.6, 0.75]
Aq 2.101e-9* [None, None]
ng [None, None] | [None, None]
Treio | [0.004, None] | [0.004, None]
Toms | 2.7255% 2.7, 2.87]
b+ 1 1.0* 1.0, 1.095]
A 1.0, 1.13] -

Table 1. This table enumerates the prior bounds used to generate the contour plots of figures 3
and 4. A * indicates the reference values (A = 1) of the parameters that are then scaled according to
eq. (2.1) as A is varied in the MCMC chains.
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