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A B S T R A C T   

The Fe-Nb and Fe-Nb-Ni systems are remodeled using updated sublattice models for the topologically close- 
packed (TCP) phases of Laves_C14, δ and μ with new experimental data and first-principles and phonon calcu
lations based on density functional theory (DFT). Scanning electron microscopy (SEM) imaging, electron probe 
micro-analyzer (EPMA), and wavelength-dispersive spectroscopy (WDS) are used to determine phase composi
tions and tie-lines in the Fe-Nb-Ni system through a diffusion multiple isothermally treated at 1373 K. The three-, 
three-, and five- sublattice models are used for Laves_C14, δ, and μ phases according to their Wyckoff positions, 
respectively. DFT calculations are employed to predict thermochemical data as a function of temperature for 
Laves_C14, δ, and μ phases. The new thermodynamic description of the Fe-Nb-Ni system includes a new hex
agonal phase named - hP24 - and the updates for the Fe-Nb system and reproduces better the experimental and 
computational thermochemical and phase equilibrium data from the present study and the literature. The new 
results will improve thermodynamic predictions of TCP and other phases in both Fe-based and Ni-based alloy 
systems.   

1. Introduction 

Topologically close-packed (TCP) phases, also known as Frank- 
Kasper phases [1], refer to a group of intermetallic compounds with 
complex crystalline structures and high coordination numbers. These 
phases are commonly observed in metallic alloys, including Ni-based 
superalloys [2], Co-based superalloys [3], and high-entropy alloys [4]. 
The formation of TCP phases can lead to the depletion of refractory el
ements from the matrix, resulting in a reduction of solid solution 
strengthening in the matrix such as FCC-based γ phase in Ni-based su
peralloys [2]. Furthermore, TCP phases are often brittle and hence 
detrimental to mechanical properties of alloys; for instance, the Lav
es_C14 phase (termed as C14 in the present study) in P92 steel reduces 
the Charpy toughness to 25% of the as-received samples after 3000 h of 
ageing [5]. Similarly, the formation of μ-Nb7Ni6 after 100 h of ageing 
decreases ~150 MPa in yield strength in a Ni-based superalloy [6]. After 
stress relief heat treatment, the formation of approximately 10 vol.% of 
δ-NbNi3 was found to cause a 45% decrease in the fracture strain in 
Inconel 625 [7]. Therefore, TCP phases play a crucial role in deter
mining mechanical properties of relevant alloys. Hence, to design and 

develop advanced materials with optimized properties for applications, 
it is important to have a better understanding and prediction of the 
formation of TCP phases. 

This study focuses on thermodynamic properties and phase equi
libria of the TCP phases in the Fe-Nb-Ni system, which includes the C14 
phase P63/mmc (No. 194), the δ phase with space group Pmmn (No. 59) 
[8], and the μ phase with space group R3m (No. 166) [9]. Our study 
includes diffusion multiple experiments, first-principles calculations 
based on density functional theory (DFT) [10] and machine learning 
(ML), as well as CALPHAD thermodynamic modeling. There are three 
Wyckoff sites (2a, 6h, and 4f) with space group P63/mmc (No. 194) in 
C14, three Wyckoff sites in δ, and five Wyckoff sites in μ, as shown in 
Table 1. A complete description of these phases thus requires the three-, 
three-, and five-sublattice models, respectively, while models with fewer 
sublattices have been used in previous publications such as a 
two-sublattice model for μ plus an arbitrary value of 5000 J/mol-atom 
assigned to enthalpy of formation (Δf H) for a number of endmembers 
with one element in each sublattice [11]. Furthermore, new experi
mental data have been published for the Fe-Nb and Fe-Nb-Ni systems 
after the latest CALPHAD modeling study by Mathon et al. [11], 
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requiring remodeling of the Fe-Nb and Fe-Nb-Ni systems. In the current 
study, both the binary and ternary systems are remodeled using the 
sublattice models based on Wyckoff sites of the TCP phases and data 
acquired in the present study including experimental phase equilibria 
measurements in the Fe-Nb-Ni system at 1373 K and enthalpies of for
mation of all endmembers predicted by DFT-based first-principles 
calculations. 

2. Overview of previous CALPHAD modeling 

2.1. Previous CALPHAD modeling of Fe-Nb 

The Fe-Nb binary system contains two TCP phases (C14 and μ) and 
three solution phases (BCC_A2, FCC_A1, and liquid). Several thermo
dynamic descriptions have been developed for Fe-Nb [11–20] with the 
sublattice models summarized in Table 2. Coelho et al. [14] and Sri
kanth and Petric [15] treated μ as a stoichiometric compound without 
considering the composition range in μ as measured by Voβ et al. [21] 
and Zelaya et al. [22,23]. Huang et al. [12] and Lee et al. [13] described 
μ with a narrower solubility than that in experimental data by Zelaya 
et al. [22,23]. Toffolon and Servant [19] used a two-sublattice model 
(Fe,Nb)2(Fe,Nb)1 for C14 and three-sublattice ((Fe)18(Nb)18(Fe,Nb)3) 
and four-sublattice ((Fe,Nb)1(Fe,Nb)2(Fe)6(Nb)4) models for μ. Mathon 
et al. [11] used (Fe,Nb)1(Fe,Nb)2 for C14 and (Nb)6(Fe,Nb)7 for μ in 

order to reduce model parameters in the Fe-Nb-Ni system. Liu et al. [16] 
used (Fe,Nb)1(Fe,Nb)2 for C14 and (Fe,Nb)1(Nb)4(Fe,Nb)2(Fe,Nb)6 for μ 
and employed DFT-based calculations to predict their enthalpies of 
formation. 

In modeling the Fe-Mn-Nb-C system, Khvan and Hallstedt [17] 
revised the Fe-Nb system by Liu et al. [16], to reproduce the experi
mentally determined activity of Nb in the austenite at low temperatures. 
He et al. [18] used the same model by Liu et al. [16] and revised the 
model parameters to improve the agreement of the Nb solubility in C14 
in the Fe-Al-Nb system with experimental phase boundaries by Voβ et al. 
[21]. Pan et al. [20] remodel Fe-Nb based on the heat capacity of C14 
and μ measured by Silva et al. [24]. However, Pan et al. [20] used the 
sublattice models of (Fe,Nb)7(Fe,Nb)4(Fe,Nb)2 for μ and (Fe,Nb)1(Fe, 
Nb)2 for C14, which cannot fully describe the atomic behavior in 5 
Wyckoff positions. 

It is clear that the simplified sublattice models used in the literature 
cannot reproduce site occupancy in TCP phases such as those of Nb in 
the μ-Nb7Ni6 phase in the Nb-Ni system [25]. Additionally, experimental 
data from Silva et al. [24] were published after previous modeling 
studies [11–19]. In the present study, the Fe-Nb system is remodeled 
with the three-sublattice model (Fe,Nb)1(Fe,Nb)2(Fe,Nb)3 for C14 and 
the five-sublattice model (Fe,Nb)1(Fe,Nb)2-(Fe,Nb)2(Fe,Nb)2(Fe,Nb)6 
for μ, based on their Wyckoff positions as shown in Table 1. The com
plete sublattice model can provide accurate description of atomic 
behavior in each Wyckoff positions and offer more reliable predictions 
of TCP phase formation. 

2.2. Previous CALPHAD modeling of Fe-Ni and Nb-Ni 

The Fe-Ni system was widely studied [26–35]. There are five stable 
phases in Fe-Ni, - liquid, FCC_A1, BCC_A2, FCC_L12, and FCC_L10. The 
modeling parameters by Ohnuma et al. [35] as shown in Fig. S1 (a) are 
adopted in the present study due to their capability to account for 
experimental results at temperatures above 673 K and both chemical 
and magnetic ordering. Since Ohnuma et al. [35] adopted Xiong’s 
magetic parameters (TC and β) for pure Ni in BCC_A2 and FCC_A1 phase, 
with slight modifications made to incorporate magnetic parameters 
from the Scientific Group Thermodata Europe (SGTE) [36]. As a result, 
this study can be integrated with other ongoing studies that utilize the 
same magnetic parameters from SGTE. In their study, FCC_A1, FCC_L12, 
and FCC_L10 are modeled with the same Gibbs energy model as the latter 
two are the ordered solution phases of FCC_A1. 

The Nb-Ni system comprises six phases, - three solution phases 
(FCC_A1, BCC_A2, and liquid) and three intermetallic compounds (μ, δ, 
and NbNi8). The Nb-Ni system was modeled six times using the CAL
PHAD approach [37–42] and was recently remodeled by the some of the 
present authors [25] as shown in Fig. S1 (b) which was employed in the 
present study since it used sublattice models based on Wyckoff positions 
for the TCP phases, i.e., five-sublattice (Nb,Ni)1(Nb,Ni)2(Nb,Ni)2 (Nb, 
Ni)2(Nb,Ni)6 for μ and three sublattice (Nb,Ni)1(Nb,Ni)1(Nb,Ni)2 for δ, 
with a better description of phase diagram and thermochemical data. 

2.3. Previous CALPHAD modeling of Fe-Nb-Ni 

The Fe-Nb-Ni ternary system contains ten phases, i.e., liquid, 
BCC_A2, FCC_A1, C14, FCC_L12, FCC_L10, hP24 (see its definition 
below), μ, δ, and NbNi8. Mathon et al. [11] modeled the Fe-Nb-Ni system 
with a two-sublattice model for δ: (Fe,Nb,Ni)1(Fe,Nb,Ni)3, a 
two-sublattice model for C14: (Fe,Nb,Ni)1(Fe,Nb,Ni)2, and a 
two-sublattice model for μ: (Nb)6(Fe,Nb,Ni)7; as shown in Table 3. 
Mathon et al. [11] did not include the hexagonal A3B-type phase with 
Pearson symbol of hP24 (termed as the hP24 phase hereafter) reported 
by Takeyama et al. [43], which was further treated by Hasebe et al. [44] 
as a stoichiometric phase. The solubility range of Fe in C14 at 1473 K 
from the model by Mathon et al. [11] is 35.4 to 100.0 at. % Fe which 

Table 1 
Wyckoff positions of the C14, δ-NbNi3 and μ-Nb7Ni6 phases in coordination x, y, 
z.  

Wyckoff positions of C14 a x y z 

2a 0 0 0 
6h 0.830 0.660 0.25 
4f 0.667 0.333 0.933 
Wyckoff positions of δ b x y z 
2a 0 0 0.318 
2b 0 0.5 0.651 
4f 0.75 0 0.841 
Wyckoff positions of μ c    

3a 0 0 0 
6c (1) 0 0 0.167 
6c (2) 0 0 0.346 
6c (3) 0 0 0.448 
18h 0.5 0.5 0.590  

a C14 with space group P63/mmc (no. 194), Pearson symbol hp12, Struktur
bericht designation C14, and prototype of MgZn2 [117]. 

b δ with space group Pmmn (no. 59), Pearson symbol oP8, Strukturbericht 
designation D0a, and prototype of β-Cu3Ti [8]. 

c μ with space group R3m (no. 166), Pearson symbol hR13, Strukturbericht 
designation D85, and prototype of Fe7W6 [9].  

Table 2 
Sublattice models for both C14 and m (Fe7Nb6) used in previous CALPHAD 
modeling studies.  

References Models for Laves_C14 Models for m 

Huang et al. [12] (Fe)2(Nb)1 (Fe)7(Nb)2(Fe,Nb)4 

Lee et al. [13] (Fe,Nb)2(Fe,Nb)1 (Fe)7(Nb)2(Fe,Nb)4 

Coelho et al. [14] (Fe)2(Nb)1 (Fe)7(Nb)6 

Srikanth and Petric [15] (Fe)6(Fe,Nb)2(Fe, 
Nb)4 

(Fe)21(Nb)19 

Toffolon and Servant  
[19] 

(Fe,Nb)2(Fe,Nb)1 (Fe)18(Nb)18(Fe,Nb)3 

(Fe,Nb)1(Fe,Nb)2(Fe)6(Nb)4 

Mathon et al. [11] (Fe,Nb)2(Fe,Nb)1 (Nb)6(Fe,Nb)7 

Liu et al. [16] (Fe,Nb)2(Fe,Nb)1 (Fe,Nb)1(Nb)4(Fe,Nb)2(Fe, 
Nb)6 

Khvan and Hallstedt  
[17] 

(Fe,Nb)2(Fe,Nb)1 (Fe,Nb)1(Nb)4(Fe,Nb)2(Fe, 
Nb)6 

He et al. [18] (Fe,Nb)2(Fe,Nb)1 (Fe,Nb)1(Nb)4(Fe,Nb)2(Fe, 
Nb)6 

Pan et al. [20] (Fe,Nb)2(Fe,Nb)1 (Fe,Nb)2(Fe,Nb)4 (Fe,Nb)7  
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disagrees with the 30.0 to 100.0 at. % Fe reported by Takeyama et al. 
[43]. As shown in Section 2.1, the phase boundaries around μ calculated 
from the database by Mathon et al. [11] disagree with experimental data 
from this work. In the present study, a five-sublattice model for μ and 
three-sublattice models for C14 and δ are used to remodel the ternary 
Fe-Nb-Ni system together with the three binary systems discussed above. 
Hasebe et al. [44] also modeled the Fe-Nb-Ni system with a 
two-sublattice model for δ: (Fe,Nb,Ni)1(Fe,Nb,Ni)3, a two-sublattice 
model for C14: (Fe,Nb,Ni)1(Fe,Nb,Ni)2, and a two-sublattice model for 
μ: (Nb)6(Fe,Nb,Ni)7, and also (Fe)0.246(Nb)0.216(Ni)0.538 for hP24 phase. 
However, the parameters are not provided in Hasebe et al. [44]. 
Therefore, comparions are only done with the modeling by Mathon et al. 
[11] in section 5.5. 

3. Current status of thermochemical and phase equilibrium data 

3.1. Thermochemical data of Fe-Nb 

The values of Δf H in the Fe-Nb system were measured by four groups 
[45–48]: Meschel et al. [44] using direct reaction calorimetry, Syutkin 
et al. [48] using drop solution calorimetry, Drobyshev et al. [46] using 
electromotive force (EMF) at 1224 – 1393 K, and Barbi et al. [47] using 
EMF at 1000 – 1400 K. However, large differences (around 15 
kJ/mol-atom) were found among the measurements as shown in Fig. 1. 

To investigate the measured Δf H from different methods, Δf H values of 
six compounds (including Fe2Ta, Fe3Y, Fe2Y, Fe2Nb, Co2Nb, and Nb3Ni) 
are collected in Fig. 2 from direct reaction calorimetry by Meschel et al. 
[45], drop solution calorimetry [48], EMF [46,49–55], and DFT values 
from OQMD [56] and Materials Project (MP) [57]. Fig. 2 shows that the 
Δf H values of six compounds by Meschel et al. [45] are systematically 
less negative than those from the drop solution calorimetry [48], EMF 
[49–55], and DFT, likely due to the incompletely reaction of the samples 
in the measurements by direct reaction calorimetry [45]. For 
Nb-containing compounds (Fe2Nb, Co2Nb, and Nb3Ni), Δf H from EMF 
[46,52–55] is lower than both the values from DFT. This is because EMF 
used NbO as the measured electrode, resulting in large errors in evalu
ating the chemical potential of Nb from possible NbO. Therefore, the 
values from both DFT and experimental data by Syutkin et al. [48] were 
employed in the present study. 

There are three sets of experiments on the enthalpy of mixing of 
liquid at the Fe-rich region of the Fe-Nb system [58,59] as shown in 
Fig. 3 (a). Iguchi et al. [58] measured the enthalpy of mixing of liquid at 
1873K using the isoperibol calorimeter method, showing values of 0 to 
-9.60 kJ/mol-atom from 0 to 25.0 at. % Nb. Sudavtsova et al. [59] 
measured the enthalpy of mixing of liquid at 1960 K through the calo
rimeter method with values of 0 to -10.60 kJ/mol-atom from 0 to 20.0 

Table 3 
Sublattice models used by the present modeling work, Pan et al. [20], and 
Mathon et al. [11].  

Phases This model Mathon et al. [11] Pan et al. [20] 

BCC_A2 (Fe,Nb,Ni)1(Va)3 (Fe,Nb,Ni)1(Va)3 (Fe,Nb)1(Va)3 

δ (Fe,Nb,Ni)1(Fe,Nb,Ni)1 

(Fe,Nb,Ni)2 

(Fe,Nb,Ni)1(Fe,Nb,Ni)3  

FCC_A1 (Fe,Nb,Ni)1(Va)1 (Fe,Nb,Ni)1(Va)1 (Fe,Nb)1(Va)1 

FCC_L12 (Fe,Nb,Ni)1(Fe,Nb,Ni)1 

(Fe,Nb,Ni)1(Fe,Nb,Ni)1 

(Va)4 

(Fe,Nb,Ni)3(Fe,Nb, 
Ni)1(Va)4  

FCC_L10 (Fe,Nb,Ni)1(Fe,Nb,Ni)1 

(Fe,Nb,Ni)1(Fe,Nb, 
Ni)1(Va)4   

C14 (Fe,Nb,Ni)1(Fe,Nb,Ni)2 

(Fe,Nb,Ni)3 

(Fe,Nb,Ni)1(Fe,Nb,Ni)2 (Fe,Nb)1(Fe, 
Nb)2 

liquid (Fe,Nb,Ni)1 (Fe,Nb,Ni)1 (Fe,Nb)1 

μ (Fe,Nb,Ni)1(Fe,Nb,Ni)2 

(Fe,Nb,Ni)2(Fe,Nb,Ni)2 

(Fe,Nb,Ni)6 

(Nb)6(Fe,Nb,Ni)7 (Fe,Nb)2 

(Fe,Nb)4(Fe, 
Nb)7 

NbNi8 (Nb)1(Ni)8    

Fig. 1. Predicted values of enthalpy of formation (Δf H) of the Fe-Nb system from DFT-based calculations OQMD [56], the Materials Project (MP) [57], Liu et al. [16], 
Mathon et al. [11] at 0 K and CALPHAD modeling at 298 K from the present study (blue solid line), and results from Pan et al. [20] (green dash line) in comparison 
with experimental data by Syutkin et al. [48], Meschel et al. [45], Drobyshev et al. [46] and Barbi et al. [47]. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.) 

Fig. 2. Enthalpy of formation (Δf H) of six compounds (Fe2Ta, Fe3Y, Fe2Y, 
Fe2Nb, Co2Nb, and Nb3Ni) from direct reaction calorimetry from Meschel et al. 
[45], drop solution calorimetry [48], EMF [45,48–54], and DFT values from 
both OQMD [56], and the Materials Project (MP) [57]. 
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at. % Nb. Schaefers et al. [60] determined the enthalpy of mixing of 
liquid at 1935 K and 2035 K by the levitation alloying calorimetry, 
showing values of 0 to -11.53 kJ/mol-atom from 0 to 38.6 at. % Nb. The 
results from Iguchi et al. [58] and Schaefers et al. [59] are in agreement 
with each other, with a difference less than 2 kJ/mol-atom. However, 
the value from Sudavtsova et al. [59] shows a large deviation (4 
kJ/mol-atom) at 20 at. % Nb. Therefore, the data obtained by Iguchi 
et al. [58] and Schaefers et al. [60] are employed in the present 
assessment. 

The activity of Fe in Fe-Nb was measured by Ichise and Horikawa 
[58] at 1873 K using the Knudsen cell mass spectrometry, as shown in 
Fig. 3 (b). This result is included in the present study. Heat capacities of 
C14 and μ were measured by Silva et al. [24] using the differential 
scanning calorimetry (DSC) as presented in Fig. 4, which are also used in 
the present CALPHAD modeling. 

3.2. Phase equilibrium data in Fe-Nb 

Paul and Swartzendruber [61] presented a critical review of exper
imental data of the Fe-Nb system with two intermetallic phases (C14 and 
μ) [62–70]. Zelaya et al. [22,23] further studied the system using optical 
microscope (OM), X-ray diffraction (XRD), differential thermal analysis 
(DTA), and electron probe microanalysis (EPMA) and observed a nar
rower composition range of C14 (32 – 37 at. % Nb at around 1673-1773 
K) and a higher melting temperature (1793 K) for μ than those reviewed 
by Paul and Swartzendruber [61]. The homogeneity ranges of C14 and μ 

were investigated by Gruner et al. [71] at 1373 K and Takeyama et al. 
[43] at 1473 K using EPMA. Voβ et al. [21] measured the homogeneity 
ranges and the invariant reactions in Fe-Nb using OM, EMPA, and DTA. 
All the invariant reactions are summarized in Table 4 and plotted in 
Fig. 5. (a), and all the experimental data presented above are considered 
in the present modeling. 

3.3. Phase equilibrium data in Fe-Nb-Ni in the literature 

Peard and Borland et al. [72] observed the formation of both δ and 
C14 at 1048 K in a 56.4Fe-3.8Nb-39.8Ni sample (at. % and the same 
thereafter). Leitch and Chaturvedi [73] reported the compositions of 
FCC_A1 as 68.5Fe-2.1Nb-29.4Ni at 1523 K and 70.3Fe-0.6Nb-29.1Ni at 
1073 K when it is in equilibrium with C14. Manenc et al. [74], Kirman 
[75], Manenc [76], and Quist et al. [77] reported a D022 phase. How
ever, this phase was not observed by Hasebe et al. [44], and is thus not 
considered in the present modeling. 

Panteleimonov and Aleshina [78] reported a three-phase equilib
rium between liquid (6.2Fe-27.0Nb-56.8Ni), C14 
(38.8Fe-29.8Nb-31.4Ni), and δ (5.1Fe-25.6Nb-69.3Ni)) at 1563 K by 
XRD, Scanning electron microscopy (SEM), and DTA. Varli et al. [79] 
observed a continuous μ phase across the ternary from Fe7Nb6 to Nb6Ni7 
by XRD on samples that was annealed at 1223 K for 600 h. Skakov et al. 
[80] studied the influence of cooling rate on formation of phases, which 
are not considered in the present study due to the non-equilibrium 
conditions. Savin [81] found C15, C36, and μ through quenching 

Fig. 3. (a) ΔHmix values of liquid at 1935 K from the present study and Pan 
et al.’s CALPHAD modeling [20] in comparison with experiments data by 
Iguchi et al. [58] at 1873 K, and by Schaefers et al. [60] at 1935 K and 2035 K. 
(b) Activity values of Fe at 1873 K from the present study and Pan et al.’s 
CALPHAD modeling [20] in comparison with experiments data by Ichise and 
Horikawa [58]. 

Fig. 4. Heat capacity values of (a) Laves_C14 and (b) μ from both the present 
study (red line) and that by Pan et al.’s CALPHAD modeling [20] (blue line) 
with experimental data from Silva et al. [24] and phonon results of 
C14_Fe1Nb2Fe3 and μ_Nb6Nb6Nb6Fe18Fe3 endmembers from this study (green 
line). (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.) 
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directly from the melting temperature by XRD and SEM with EDX. 
However, the quenching rate was very high (100-1000 K/s), resulting in 
the formation of non-equilibrium phases like C15 and C36. Ueyama 
et al. [82] annealed the 10.0Fe-15.0Nb-75.0Ni alloy at 1473 K for 240 h 
and observed the formation of δ and FCC_A1 by XRD and EPMA. 
Takeyama et al. [83] annealed seven different alloys and four compo
sitions later [43] at 1473 K for 240 h and reported the formation of 
FCC_A1, δ, C14, and μ via XRD and EPMA. Hasebe et al. [44] annealed 
eight different alloys at 1473 K for 240 h and 1373 K for 480 h and 
reported a ternary compound with the A3B-stoichiometry, ordered 
hexagonal hP24 phase based on XRD, SEM, EPMA, and WDS in the 
composition range of (18.7-21.7)Fe-21.5Nb-(56.8-59.8)Ni. This phase is 
also observed experimentally in the present study and is considered as a 
stable phase in the present CALPHAD modeling. The experimental data 
from Takeyama et al. [43,83], Hasebe et al. [44] and Ueyama et al. [82] 
are used in the present assessment since the samples were annealed at 
high temperatures for at least 240 h. 

4. Methodology 

4.1. Experimental procedure 

In diffusion multiples, several pure elements or alloy blocks are 
assembled to form solid solutions and intermetallic compounds at high 
temperatures [84–89]. This approach can incorporate many binary, 
ternary and multicomponent systems in one sample. In the present 
study, the isothermal section of the Fe-Nb-Ni system at 1373 K was 
investigated using this approach with the diffusion multiple shown 
Fig. 6. 

The surfaces of the blocks were well polished before assembled and a 
hot isostatic pressing (HIP) run was performed to ensure the close 
interfacial contact between and among the metal blocks. The sample 
was then encapsulated in a quartz tube and annealed at 1373 K for 1000 
hours, followed by water quenching to ambient temperature. A slice of 
the annealed sample was cut using electrical discharge machining 
(EDM), mounted, and polished with 0.05 μm silica suspension at the 
final step. Backscattered electron (BSE) images were taken using the 
XEIA3 TESCAN SEM with a voltage of 10 kV. The compositions in the Fe- 
Nb-Ni area were measured by EPMA line scan and WDS X-ray mapping 

Table 4 
Predicted invariant reactions in the Fe-Nb system by the present CALPHAD modeling in comparison with available experiments [118,119].  

Type Compositions (at. % Nb)    Temp. (K) Source 

Congruent Liquid ↔ C14      
33.3  33.3   1903 This study  
33.5  33.5   1915 Pan et al. [20]  
33.3  33.3   1918 Expt. [11]       

1923-1933 Expt. [63]       
1903±5 Expt. [22,23] 

Peritectic Liquid + C14 ↔ μ    
52.7  38.0  49.1 1794 This study  
51.9  38.0  47.7 1814 Pan et al. [20]  
52.0  37.6  46.5 1796±2 Expt. [21]  
56.0  37.0  49.0 1793 Expt. [23] 

Eutectic Liquid ↔ μ + BCC_A2    
58.3  51.6  91.0 1774 This study  
60.0  50.5  89.2 1773 Pan et al. [20]  
58.6  51.0  91.0 1781 Expt. [21]  
59.0  54.0  93.0 1773 Expt. [23] 

Eutectic Liquid ↔ BCC_A2 + C14    
9.1  3.0  26.9 1650 This study  
8.9  2.6  26.5 1654 Pan et al. [20]  
8.2±0.7  3.2  25.1 1646±1 Expt. [21]  
10.6  3.3  32.0 1643 Expt. [23]  
11.3-11.7  7.6  33.9 1629 Expt. [63]  
9.8     1638 Expt. [62]  
12.0  3.3   1643±1 Expt. [66]  
10.6     1645±2 Expt. [65]  
10     1621 Expt. [61] 

Eutectic BCC_A2 ↔ FCC_A1 + C14    
2.0  1.5  27.3 1476 This study  
1.5  0.9  26.9 1466 Pan et al. [20]  
1.5  1.1       

26.5 1456±15 Expt. [21]     
1.3  0.1  33.9 1493 Expt. [63]  
6.3  1.0  32.0 1463 Expt. [23]  
10.  1.6   1481 Expt. [66]       

1473 Expt. [65]       
1463 Expt. [68]       
1493 Expt. [64] 

Eutectic FCC_A1 + C14 ↔ BCC_A2    
0.7  28.0  1.0 1230 This study  
0.3  27.9  0.6 1222 Pan et al. [20]    

27.6   1216±25 Expt. [21]  
0.5  34.8  3.1 1238 Expt. [63]  
0.4  32.0  0.7 1223 Expt. [23]       

1262 Expt. [64]       
1223 Expt. [68]  
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with an accelerated voltage of 20 kV and beam current of 50 nA on 
Cameca SX100 to obtain the tie-lines under the assumption of local 
equilibrium at the phase interfaces. 

4.2. Frist-principles calculations 

Helmholtz energy of a given atomic and spin configuration as a 
function of temperature and volume can be predicted using the DFT- 
based quasiharmonic approach as follows [90]: 

F(V, T) = E0(V) + Fvib(V, T) + Fel(V, T) (1)  

where F represents the Helmholtz energy, V the volume, T the absolute 
temperature, E0(V) the static energy at 0 K without vibrational contri
bution as a function of volume, Fvib the contribution from lattice vibra
tions as a function of V and T, and Fel the contribution from thermal 
electrons as a function of V and T. The equilibrium volume at each 
temperature can be determined by solving −∂F

∂V = P for a given pressure 
P. 

Each endmember in a phase with sublattices represents one config
uration. The values of E0(V) for each configuration were obtained at 
seven volumes around its equilibrium volume and fitted by the 4-param
eter Birch-Murnaghan (BM4) equation of state [46], 

E0(V) = k1 + k2V−2/3 + k3V−4/3 + k4V−2 (2)  

in which k1, k2, k3, and k4 are fitting parameters. The bulk modulus and 
the pressure derivative of bulk modulus can be obtained from the 
equation. 

The vibrational contribution Fvib was obtained by the phonon density 
of states (pDOS) [91], 

Fvib(T, V) = kBT
∫∞

0

ln
[

2sinh
ℏω

2kBT

]

g(ω) dω (3)  

where g(ω) is the pDOS as a function of V and frequency ω. The thermal 
electronic contribution Fel was calculated using the Mermin statistics, 
where Fel=Eel − TSel with Eel and Sel being the internal energy of thermal 
electrons and the bare electronic entropy, respectively [91]. 

All DFT-based first-principles calculations in the present study were 
performed using the Vienna ab initio Simulation Package (VASP) [92]. 
The electron-ion interaction was simulated through the projector 
augmented wave (PAW) method [93], while the exchange-correlation 
functional was depicted using the generalized gradient approximation 
(GGA) by Perdew, Burke, and Ernzerhof (PBE) [94]. The 368 eV was 
adopted as the plane-wave cutoff energy for structural relaxations, and 
the 520 eV for the final static calculations to get accurate E-V data. 6 ×

10−5 eV/atom was the convergence criterion of the electronic 
self-consistency for relaxations and static calculations. The k-point 
meshes (8 × 8 × 7), (5 × 5 × 1), and (9 × 9 × 5) were used for relaxations 
and static calculations of δ, μ, and C14 phases, respectively. The pure 
BCC Nb, FCC Ni, and BCC Fe were considered as reference states. The 
number of endmembers is 27, 243, and 27 for δ, μ, and C14 phases, 
respectively. Their crystal structures are taken from Materials Project 
[57]. The ferromagnetic spin-polarization are considered for both Fe and 
Ni atoms. Phonon calculations were performed for the endmembers of 
C14-Fe1Nb2Fe3 and μ-Nb6Nb6Nb6Fe18Fe3 as their enthalpies of forma
tion are negative. The supercells for phonon calculations were (2 × 2 ×

2) for C14 with respect to its crystallographic cell and (2 × 2 × 1) for μ, 
where the employed k-point meshes were (2 × 2 × 2) and (1 × 1 × 1), 
respectively. 

4.3. Machine Learning 

ML was also employed to provide thermochemical data [95–97] as a 
comparison with DFT values. In the present study, all configurations of μ 
phases were predicted by ML using the light model from SIPFENN [97] 
and the model from Alignn [96]. SIPFENN [97] is an open-source ML 
tool to predict enthalpy of formation with input as structural files 
including atomic species and crystallographic information. The light 

Fig. 5. (a) Calculated phase diagram of Fe-Nb from the present CALPHAD 
modeling superimposed with the experiments data [21–23,43,62–71]. (b) 
Calculated phase diagram of Fe-Nb (0.0 at. % Nb – 5.0 at. % Nb, 1200 K – 1800 
K) from the present CALPHAD modeling superimposed with the experiments 
data [21–23,43,62–71]. 

Fig. 6. Photograph of a slice cut from the diffusion multiple after heat treat
ment at 1373 K for 1000 hours. The Fe-Nb-Ni ternary location is marked by the 
open red circle. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.) 
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model in SIPFENN [97] was trained using OQMD data [56,98] with the 
mean absolute error (MAE) of 41.9 meV/atom. Similarly, the enthalpy of 
formation from Alignn [96] also only needs structural files, but Alignn 
[96] was trained based on the properties from JARVIS (Joint Automated 
Repository for Various Integrated Simulations) [99] with the MAE of 
26.06 meV/atom. However, the results from ML only match well with 
those from DFT in stable endmembers. There is large discrepancy be
tween values from ML and those from DFT in nonstable endmembers. 
Therefore, ML values is not used in the present study. Detailed com
parisons between all configurations of μ phase in Fe-Nb-Ni from DFT, 
SIPFENN [97], and Alignn [96] are given in the Supplemental Material 
Fig. S2. 

4.4. CALPHAD modeling 

Eight phases were considered in the present study, i.e., liquid, 
BCC_A2, FCC_A1, FCC_L12, FCC_L10, hP24, C14, δ, and μ. The Gibbs 
energy functions of the pure elements (i.e., Fe, Nb, and Ni) were taken 
from the SGTE database [36]. There were four types of phases, i.e., 
disordered solution phases, ordered solution phases, stoichiometric 
phases, and non-stoichiometric phases, which were all modeled with the 
compound energy formalism [100]. 

The Gibbs energy of disordered solution phases, i.e., liquid, BCC_A2, 
and FCC_A1 can be represented by the Redlich-Kister polynomial [101] 
as follows, 

Gα
m = xFeGα

Fe + xNbGα
Nb + xNiGα

Ni + RT(xFelnxFe + xNblnxNb + xNilnxNi)

+ xFexNb

∑

k=0

kLFe,Nb(xFe − xNb)
k

+ xFexNi

∑

k=0

k LFe,Ni(xFe − xNi)
k

+ xNbxNi

∑

k=0

kLNb,Ni(xNb − xNi)
k

+ xFexNbxNi
(
xFe

FeLFe,Nb,Ni + xNb
NbLFe,Nb,Ni + xNi

NiLFe,Nb,Ni
)

(4)  

where xFe, xNb and xNi are the mole fractions of Fe, Nb, and Ni in phase α; 
Gα

Fe, Gα
Nb, and Gα

Ni are the molar Gibbs energies of Fe, Ni, and Nb with 
respect to their stable-element reference (SER) states at P = 1 bar and T 
= 298.15 K; R is the gas constant; kLi,j denotes the kth binary interaction 
parameter between element i and j; and iLFe,Nb,Ni is the ternary interac
tion parameter for element i. All interaction parameters are modeled by 
a + bT. 

As in the Fe-Ni binary system [35], FCC_A1, FCC_L12, and FCC_L10 
are modelled using one Gibbs energy model with contributions from the 
disordered FCC_A1 phase GA1

m (xs) described by the Redlich-Kister poly
nomial [101], and the ordering contribution described by the split 
compound energy formalism [102]. This can be expressed as follows: 

Gfcc
m = GA1

m (xs) + Gorder
m

(
y1

s , y2
s , y3

s , y4
s

)
− Gorder

m

(
yn

s = xs
)

(4a) 

Gorder
m (y1

s , y2
s , y3

s , y4
s ) represents the Gibbs energy described by the four- 

sublattice compound energy model, and Gorder
m (yn

s = xs) is the disordered 
component of Gorder

m (y1
s , y2

s , y3
s , y4

s ). xs represents the mole fraction of an 
element S and yn

s the site fraction of element S on the n-th sublattice. The 
ordered contribution is obtained by reducing the disordered contribu
tion Gorder

m (yn
s = xs) from the Gibbs energy of the four-sublattice model 

(Gorder
m (y1

s ,y2
s ,y3

s ,y4
s )). In this study, the ordering contributions of FCC_L12 

and FCC_L10 in the Fe-Ni system are implemented based on the study of 
Ohnuma et al. [35]. This model has been implemented into the 
open-source PyCalphad [103,104]. 

The hP24 phase is modeled as a stoichiometric compound with its 
Gibbs energy per mole of formula described by, 

GhP24
Fe:Nb:Ni = 0.226 ∗ 0GBCC

Fe + 0.216 ∗ 0GBCC
Nb + 0.558 ∗ 0GFCC

Ni + A + BT (5)  

where A and B are model parameters, and 0GBCC
Fe ,0GBCC

Nb and 0GFCC
Ni are 

Gibbs energies of BCC Fe, BCC Nb and FCC Ni. 
The C14, δ, and μ phases exhibit composition homogeneity ranges, 

and their sublattice models are based on their Wyckoff sites as shown in 
Table 1. Their Gibbs energies per mole of formula unit are modeled as 
follows 

Gmf =
0Gmf + RT

∑

t
at

∑

i
yt

i lnyt
i+

EGmf (6) 

In this equation, 0Gmf is the Gibbs energy contribution from all 
endmembers based on the sublattice model calculated by summation of 
the product of site fraction (yt

i) of each component (i) in its sublattice and 
the Gibbs energy of the corresponding endmember (0Gem), i.e., 0Gmf =

∑

em

(
∏

t
yt0

i Gem

)

. The second term corresponds to the sum of ideal mixing 

from each sublattice, i.e., 
∑

i
yt

i lnyt
i , weighted by the number of the sub

lattice sites, i.e., at. EGmf represents the excess Gibbs energy including 
two types of contributions: first, mixing of two or more components in 
one sublattice with only one component in each of the other sublattices; 
second, mixing of two or more components simultaneously in more than 
one sublattices. In the present study, only the first type is considered as 
the second part is usually used to describe short-range ordering [105]. 
The first type of interaction is expressed as follows: 

EGmf =
∑

t

∏

s∕=t

ys
l

∑

i>j

∑

j
yt

iy
t
jL

t
i,j:l (7)  

where Lt
i,j:l denotes the interaction parameter between components i and 

j in sublattice t while the other sublattices (s) contain only one compo
nent in each sublattice. 

5. Results and discussion 

5.1. Thermodynamic properties of Fe-Nb 

Fig. 1 plots the enthalpy of formation (Δf H) in Fe-Nb from the pre
sent CALPHAD modeling and the CALPHAD modeling by Pan et al. [20] 
in comparison with various DFT-based calculations from OQMD [56], 
the Materials Project [57], Liu et al. [16], Mathon et al. [11], and the 
present study; as well as experimental data from Meschel et al. [45] at 
1373 K, Syutkin et al. [48], Drobyshev et al. [46] at 1224 – 1393 K, and 
Barbi et al. [47] at 1000 – 1400 K. As mentioned in Section 3.1, the data 
from Syutkin et al. [48] and DFT values were used in the present 
modeling. The results from DFT-based calculations at 0 K (-14.5 to -12.1 
kJ/mole-atom at 33.3 at. % Nb and -13.5 to -9.5 kJ/mole-atom at 46.2 
at. % Nb) show less than 1 kJ/mole-atom discrepancy from the experi
ments by Syutkin et al. [48] (-13.6 kJ/mole-atom at 33.3 at. % Nb). 
Nonetheless, the CALPHAD modeling employed in this study demon
strates a favorable agreement with experimental data by Syutkin et al. 
[48], exhibiting an average difference of 0.5 kJ/mole-atom, with mea
surements by Syutkin et al. [48]. Meanwhile, Δf H from Pan et al. [20] 
shows 1.63 kJ/mole-atom difference with measurements by Syutkin 
et al. [48]. 

Fig. 3 (a) plots the enthalpy of mixing (ΔHmix) values in liquid at 
1935 K from the present and Pan et al.’s [20] CALPHAD modeling in 
comparison with experimental data by Iguchi et al. [58] at 1873 K and 
by Schaefers et al. [60] at 1935 K and 2035 K. Fig. 3 (b) plots the activity 
values of Fe at 1873 K from the present and Pan et al.’s [20] CALPHAD 
modeling in comparison with experimental data by Ichise and Horikawa 
[58]. Both CALPHAD modeling results are in good agreement with 
experimental ΔHmix with the difference less than 2 kJ/mol-atom. 
Similarly, both modeling results from the present study and Pan et al. 
[20] agree reasonably well with experimental activity data by Ichise and 
Horikawa [58]. The present modeling results match better with exper
imental data at 67.0 – 76 at. % Nb, while the results from Pan et al. [20] 
have a better agreement with the experiments at 37.0 – 40 at. % Nb. 

Fig. 4 shows the heat capacities of C14 at 33.3 at. % Nb and μ at 46.2 
at. % Nb between 348 and 1038 K from both the present and Pan et al.’s 
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[20] CALPHAD modeling in comparison with experimental data from 
Silva et al. [24] and phonon results of C14-Fe1Nb2Fe3 and 
μ-Nb6Nb6Nb6Fe18Fe3 endmembers from the present study. The present 
modeling used the data by Silva et al. [24], resulting in differences from 
348 to 1038 K being 0.11 J K−1mol−1 for C14 and 0.25 J K−1mol−1 for μ 
within the deviations of three measurements of 0.05 – 0.48 for C14 and 
0.04 – 0.42 for μ. At the same time, phonon calculations demonstrate a 
favorable agreement within the temperature range of 348 – 698 K when 
compared to experimental data by Silva et al. [24]. The differences 
between calculation from this study and experimental data are 0.23 J 
K−1mol−1 for C14 and 0.55 J K−1mol−1 for μ. The differences between 
calculation from this study and experimental data are 0.27 J K−1mol−1 

for C14 and 0.46 J K−1mol−1 for μ. However, discrepancy increases in 
the temperature range of 733 – 1038 K, where the phonon calculations 
deviate from the experimental data by Silva et al. [24]. The differences 
in this range are 1.19 J K−1mol−1 for C14 and 1.52 J K−1mol−1 for μ. It 
should be nored that the phonon calculations are for one endmember 
only, while the calcualtions from the CALPHAD ”odel’ have contribu
tions from all endmebers and more configurations in addition to the 
ground-state configuration as postulated by the zentropy theory 
[106–108]. 

5.2. Phase equilibria of Fe-Nb 

Table 4 summarizes the calculated invariant reactions from both the 
present modeling and that by Pan et al. [20] in comparison with avail
able experimental data [21–23,62–67,69]. The present modeling agrees 
well with experimental data with the composition differences less than 
1.7 at. % Nb and the variance of reaction temperatures less than 1 K 
[21–23,62–67,69]. In the modeling study by Pan et al. [20], the differ
ence in compositions is up to 1.8 at. % Nb, with the variance of reaction 
temperatures up to 6 K [21–23,62–67,69] from different experiments 
[21–23,62–67,69]. 

Fig. 5 (a) shows the calculated phase diagram from the present 
CALPHAD modeling with the experimental data superimposed [21–23, 
43,62–71]. Fig. 5 (b) presents the calculated phase diagram of Fe-Nb 
from 0.0 at. % Nb – 5.0 at. % Nb and 1200 K – 1800 K) from the pre
sent CALPHAD modeling. The present model parameters are summa
rized in the thermodynamic database (TDB) file in the Supplemental 
Material. It can be seen from Fig. 5 (a) that the present thermodynamic 
description can reproduce well experimental data in terms of phase 
compositions and temperatures of invariant reactions. The phase 
boundaries between C14 and μ from Raman et al. [70] show around 2 at. 
% Nb deviation from the data by Voβ et al. [21], Takeyama et al. [43], 

Fig. 7. (a) SEM BSE image of the Fe-Nb-Ni diffusion triple region of the diffusion multiple; The composition heatmaps of (b) Nb, (c) Fe, and (d) Ni in atomic percent 
using WDS. The black dash lines across phase interfaces in (b) are where the tie-lines were extracted based on the information of both the BSE image and the 
composition heatmaps. 
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Zelaya et al. [23], and Grunner et al. [71] are not reproduced. The liq
uidus data for BCC_A2 by Goldschmidt et al. [62] are high in Nb 
composition (70.0 at. % Nb at 1751 K) comparing with the eutectic 
reaction at 1773 - 1781 K of liquid, (58.6 – 59.0 at. % Nb) ↔ μ (51.0 – 
54.0 at. % Nb ) + BCC_A2 (91.0 – 93.0 at. % Nb), as shown in Table 4, 
and thus not reproduced by the present and Pan et al.’s [20] CALPHAD 
modeling. However, the present modeling shows a better match with the 
data by Goldschmidt et al. [62] with a difference around 185 K while it is 
275 K by Pan et al. [20]; see Fig. 5 (a/b) and Fig. S3. 

5.3. Experimental data for Fe-Nb-Ni at 1373 K 

Fig. 7 (a) shows the SEM-BSE image of the triple-junction area in the 
Fe-Nb-Ni system after annealing at 1373 K for 1000 h. Fig. 7 (b), (c), and 
(d) plot the composition heatmaps of Nb, Fe, and Ni measured using the 
WDS mapping technique, respectively. Near the Fe-Nb binary region in 
the upper left of Fig. 7 (a), two layers of phases are observed and 
identified as C14 and μ, respectively, in terms of the WDS mapped 
compositions and the existing Fe-Nb phase diagram. In the Fe-Ni binary 
region, it is a single FCC phase. The phase analysis is complex for the Nb- 
Ni binary area due to the occurrence of the metastable Nb2Ni phase. The 
formation of Nb2Ni was also found by Zhao et al. [109]. However, our 
recent study [25] showed that the Δf H of Nb2Ni is 15.47 kJ/atom higher 
than the convex hull in the Nb-Ni system. Therefore, the Nb2Ni is 
considered as a metastable phase in the present study. Some data in the 
composition mapping are inaccurate due to the cracks as shown the BSE 
image in Fig. 7 (a). In the lower area of Fig. 7 (b), the blue and red areas 
alternatively appear in the Nb-Ni region, which were identified as the 
Nb2Ni and μ phases, respectively. The δ-Ni3Nb phase was also identified. 

A ternary compound was found at the top-middle area. Its Nb content 
is close to that in δ-Ni3Nb, as shown in Fig. 7 (b), but its Fe and Ni 
contents are distinctly different from those in δ-Ni3Nb, and other phases 
according to Fig. 7 (c) and (d). The previous XRD analysis in the liter
ature identified it as hP24 [110], which is adopted in the present study. 

The tie-lines were extracted based on the composition-versus- 
distance profiles along the black dashed lines across the phase in
terfaces in Fig. 7 (b) and Fig. S4 (b). The isothermal section of Fe-Nb-Ni 
without the metastable Nb2Ni phase at 1373 K is thus constructed and 

presented in Fig. 8. Two sets of tie-line data from the EPMA line scans 
and WDS mapping are consistent. The solubility of Fe in δ is around 8.5 
at. % Nb, and the C14 extends deeply towards Ni, up to 44.5 at. % Ni. 
The Ni primarily replaces Fe in C14. The composition of the ternary 
compound, hP24, is about 22.9Fe-21.0Nb-56.1Ni in good agreement 
with the composition (18.7-21.7)Fe-21.5Nb-(56.8-59.8)Ni reported in 
the literature [110]. The μ phase has a significant solubility of Ni, up to 
23.4 at. % Ni. Due to the formation of Nb2Ni, the μ phase in Fe-Nb and 
Nb-Ni binary sides were separated. As presented in the isothermal sec
tion including the metastable Nb2Ni in Fig. S5, the Nb2Ni-(C14-Fe2Nb) 
tie-lines prevents the extension of μ from the Nb-Ni binary side towards 
the Fe-Nb binary side, and thus the formation of metastable three-phase 
regions, i.e., Nb2Ni-μNi7Nb6-δ, Nb2Ni-μFe7Nb6-C14-Fe2Nb, and 
Nb2Ni-μFe7Nb6-BCC_A2. 

Our experimental data and the collected literature data of the Fe-Nb- 
Ni system at 1373 K are presented in Fig. 9. Overall, the experimental 
tie-line data agree well with the literature data. Our constructed 
isothermal section is comprehensive because of the large amount of tie- 
line data for all the phases in the system. The tie-lines related to C14 and 
μ phases are well mapped, providing critical information in improving 
the modeling of TCP phases. 

5.4. First-principles calculations of Fe-Nb-Ni 

Fig. 10 (a/b/c) show Δf H of 27, 27, and 243 endmembers of C14, δ 
and μ from the present DFT-based calculations at 0 K, respectively, and 
depict the lowest Δf H at 54.0Fe-46.0Nb-0.0Ni and 0.0Fe-54.0Nb-46.0Ni 
for μ, 0.0Fe-25.0Nb-75.0Ni for δ, and 0.0Fe-33.3Nb-66.7Ni and 66.7Fe- 
33.3Nb-0.0Ni for C14, respectively. Specific values of DFT calculations 
for C14, δ and μ can be found in the supplementary materials. Fig. 10 (d) 
plots the corresponding convex hull of Δf H at 0 K for all phases including 
C14, δ and μ, showing that δ is stable at around 0.0Fe-25.0Nb-75.0Ni, 
while μ is stable at around 54.0Fe-46.0Nb-0.0Ni and 0.0Fe-54.0Nb- 
46.0Ni, and C14 is stable at around 66.7Fe-33.3Nb-0.0Ni. From 
Fig. 10 (a/b/c/d), it can be see that the convex hull is formed by the most 
stable endmembers in each phases. The locations of stable phases show a 
good match with the convex hull predicted from the present DFT-based 
calculations, which agree with the experimental data. 

5.5. Thermodynamic modeling of Fe-Nb-Ni 

In the present study, the open-source software tools PyCalphad [103, 

Fig. 8. Measured isothermal section of Fe-Nb-Ni at 1373 K. The green-colored 
tie-line data are from the EPMA line scans, and the red-colored tie-line data are 
from the WDS mapping. The purple-shadowed area with an orange boundary 
represents a single-phase region. The cyan-colored dashed triangles are the 
ternary phase regions. The ternary diagram is plotted in at.% with numbers 
removed for simplicity. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.) 

Fig. 9. Measured isothermal section of Fe-Nb-Ni at 1373 K in comparison with 
the literature data [110]. 
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104] and ESPEI [111,112] were utilized for the CALPHAD modeling of 
the Fe-Nb-Ni system. PyCalphad is a Python-based package that enables 
thermodynamic calculations using various thermodynamic models 
including user-customized models. ESPEI is designed for evaluation of 
model parameters, utilizing PyCalphad as the computational engine to 
perform thermodynamic calculations. ESPEI operates in two steps. First 
step is to generate model parameters of individual phases using ther
mochemical data. Secondly, the model parameters are refined using 
both thermochemical data and phase equilibrium data through Bayesian 
parameter estimation by an ensemble Markov Chain Monte Carlo 
(MCMC) approach [113–115]. 

For the Fe-Nb binary system, the Δf H values for C14 and μ, ΔHmix for 
the liquid phase, and the heat capacity for C14 and μ were first used to 
generate the model parameters for each phase. Subsequently, the model 
parameters were optimized through MCMC in ESPEI, using both phase 
equilibrium and phase boundary information. Once the modeling of the 
Fe-Nb system is complete, the Fe-Nb-Ni system is constructed by 
combining the Fe-Nb, Fe-Ni, and Nb-Ni binary systems. The thermo
chemical data for single phases are then employed to generate model 
parameters, encompassing the Δf H values for C14, δ, and μ. These model 
parameters are subsequently refined through MCMC in ESPEI, utilizing 
phase equilibrium data including tie-lines in Fe-Nb-Ni at both 1373 K 
and 1473 K. 

Fig. 11 shows the calculated isothermal sections at 1373 K and 1473 
K from the present CALPHAD modeling and that by Mathon et al. [11], 
together with experimental data from the present EPMA line scans and 
WDS mapping and the data by Hasebe et al. [44] and Takeyama et al. 
[43]. Both the present CALPHAD modeling and that by Mathon et al. 
[11] show a good agreement with experimental data about phase 
boundaries between μ and BCC_A2, and between μ and C14 at 1373 K, as 
seen in Fig. 11 (a, b) along with the phase boundaries between δ, 
BCC_A2, and FCC_A1 phases. However, according to the experiments in 
the present study and by Hasebe et al. [44], C14 is observed from 
30.0Fe-33.3Nb-36.7Ni to 66.7Fe-33.3Nb-0.0Ni, while in the modeling 
study by Mathon et al. [11] C14 is stable in a much smaller composition 
range from 37.6Fe-33.5Nb-28.9Ni to 65.8Fe-34.2Nb. In the present 
study C14 is stable from 27.0Fe-31.2Nb-41.8Ni to 66.7Fe-33.3Nb-0.0Ni, 
which in good agreement with the experiments from Hasebe et al. [44]. 
Furthermore, the phase boundary of μ in BCC_A2 + μ two-phase equi
libria calculated from the present model (52.0Fe-48.0Nb-0Ni to 
28.6Fe-53.2Nb-18.2Ni) agree well with the experimentally determined 
values (50.5Fe-49.5Nb-0Ni to 28.6Fe-51.6Nb-19.8Ni). While in the 
modeling study by Mathon et al. [11], it is narrower from 
51.2Fe-48.8Nb-0Ni to 28.6Fe-49.0Nb-22.4Ni. As discussed in Section 
3.3, hP24 is considered as a stable phase at 22.6Fe-21.6Nb-55.8Ni in the 
present study which matches with the present experiments 

Fig. 10. Predicted ΔHform of endmembers in Fe-Nb-Ni from DFT-based calculations, (a) 27 endmembers of C14 with the sublattice model (Fe,Nb,Ni)1(Fe,Nb,Ni)2(Fe, 
Nb,Ni)3; (b) 27 endmembers of δ with the sublattice model (Fe,Nb,Ni)1(Fe,Nb,Ni)1(Fe,Nb,Ni)2. (c) 243 endmembers of μ with the sublattice model (Fe,Nb,Ni)1(Fe,Nb, 
Ni)2(Fe,Nb,Ni)2(Fe,Nb,Ni)2(Fe,Nb,Ni)6. (d) The corresponding convex hull of ΔHform of all phases. 
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(22.9Fe-21.0Nb-56.1Ni) and those by Hasebe et al. [44] ((18.7-21.7) 
Fe-21.5Nb-(56.8-59.8)Ni.). 

From the Fig. 11 (c, d), the phase boundaries between δ and FCC_A1 
at 1473 K are reproduced by both the present and thermodynamic model 
from Mathon et al. [11]. However, Takeyama et al. [43] observed the 
liquid phase at 33.9Fe-16.3Nb-49.8Ni and predicted by the present 
study, which is not shown in the modeling results by Mathon et al. [11]. 
The broad composition range of C14 at 1473 K from 
30.0Fe-33.3Nb-36.7Ni to 66.7Fe-33.3Nb-0.0Ni by Hasebe et al. [44] is 
well reproduced by the present modeling in the range of 
23.2Fe-31.6Nb-55.2Ni to 66.7Fe-33.3Nb-0.0Ni, while it is much narrow 
from the model by Mathon et al. [11] in the range of 
36.5Fe-33.5Nb-30.0Ni to 65.6Fe-34.4Nb-0.0Ni. Additionally, the pre
sent model depicts the presence of hP24 at 1473 K, which is in a good 
agreement with the data by Hasebe et al. [44]. 

5.6. Additional discussion 

In the present study, sublattice models for C14, δ, and μ are built 
based on theirs Wyckoff positions. These comprehensive sublattice 
models have been proven to give an accurate description of the site 
fraction (the behavior of elements in each Wyckoff positions), as shown 
in the Nb-Ni binary system [25]. The ternary system is built upon on 
binaries, thus inaccuracies in binaries will be carried into the ternary. 
Therefore, even if no site fraction data are available for the Fe-Nb-Ni 

ternary system, the complete sublattice models are still critical to 
accurately describe the behavior of elements in each Wyckoff positions 
in C14, δ, and μ. 

DFT calculations are used to provide Δf H for all endmembers in C14, 
δ, and μ. This approach not only provide more accurate value but also 
give a deeper atomistic understanding of the behavior of different ele
ments in different phases. As mentioned in Section 3.1, Δf H of the Fe-Nb 
system from experiments have large differences. For examples, Δf H from 
EMF experiments are lower probably due to the NbO formation whereas 
values from direct reaction calorimetry are higher probably due to 
incomplete reactions. However, DFT offers more accurate values that 
agree with those from Syutkin et al. [48] using drop solution calorim
etry. This agreement shows the accuracy of DFT. At the same time, ΔfH 
from DFT are adopted instead of a random value of 5000 J/mol-atom for 
endmembers with one element in each sublattice [11]. Our choice of 
DFT values offers increased accuracy in thermodynamic properties and a 
more profound atomistic understanding of how different elements 
behave in various phases, enhancing the reliability and robustness of the 
overall modeling. 

Fe-Nb-Ni is very useful for designing functionally graded materials 
(FGMs) transitioning from Ni-based superalloys to Fe-based superalloys, 
since C14, δ, and μ are the major TCP phases formed in both Ni-based 
superalloys and Fe-based superalloys. However, there is no reliable 
thermodynamic database in the intermediate composition region, as 
even commercial databases such as TCFE and TCNI are only valid at the 

Fig. 11. (a) Calculated isothermal section of the Fe-Nb-Ni system at 1373 K superimposed with experimental data from this study and that of Hasebe et al. [44]; (b) 
Computed 1373 K isothermal section using the thermodynamic modeling of Mathon et al. [11] in comparison of the same experimental datasets; (c) Calculated 1473 
K isothermal section from the present thermodynamic assessment superimposed with experimental data from Hasebe et al. [44] and Takeyama et al. [43]; and (d) 
Computed 1473 K isothermal section based on Mathon et al. [11] in comparison with experimental data from Hasebe et al. [44] and Takeyama et al. [43]. 
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Fe or Ni rich corner [116]. With the complete sublattice model, DFT 
computations and new experimental data, the present study will not 
only predict the TCP phase formation, but also to provide many other 
parameters needed to simulate microstructure, processing and proper
ties for FGMs including Fe and Ni based superalloys. 

6. Conclusions 

The present study shows a significant improvement in modeling both 
thermodynamic properties of the Fe-Nb and Fe-Nb-Ni systems using a 
combination of experimental and computational methods. A diffusion 
triple was employed to efficiently collect more data for the 1373 K 
isothermal sections of the Fe-Nb-Ni system, and DFT-based first-princi
ples calculations to predict Gibbs energies of three TCP phases (Lav
es_C14, δ, and μ) in the Fe-Nb-Ni system. Through experimental 
measurements of phase boundaries of Fe-Nb-Ni, new sublattice models 
for the TCP phases, and the CALPHAD modeling for both the Fe-Nb and 
Fe-Nb-Ni systems, following main findings are obtained:  

• The complete isothermal section of the Fe-Nb-Ni system at 1373 K 
was determined, filling the missing information of the TCP phases 
range;  

• Enthalpy of formation for all endmembers of the C14, δ, and μ phases 
were calculated through first-principles calculations plus phonon 
properties of their stable endmembers, providing more accurate and 
precise values as well as a deeper atomistic insight for the TCP 
phases;  

• Thermodynamic models of the C14, δ, and μ phases were built based 
on their Wyckoff positions for more accurate description of the TCP 
phases with three-, three- and five-sublattice models for C14, δ, and 
μ, respectively, resulting in an accurate description of the TCP pha
ses; and  

• Thermodynamic remodeling of the Fe-Nb and Fe-Nb-Ni systems was 
performed using DFT-based first-principles calculations, and exper
imental data from the present study and the literature. This study not 
only refines the thermodynamic modeling but also provides an un
derstanding of thermochemical behavior in the Fe-Nb-Ni system, as 
well as reliable predictions of TCP phases. 
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