
1. Introduction
The variability of the Earth's outer radiation belt during geomagnetic storms requires processes that act on 
timescales that are short relative to storm-phase (Baker et al., 2016; Mauk et al., 2012). Deformation of Earth's 
geomagnetic field in response to impulsive solar wind pressure variations and associated changes in the interplan-
etary magnetic field is perhaps the leading cause of broad-range storm time “drop-outs” of radiation belt popula-
tions (Turner et al., 2012). However, this is not the only process active in the modulation of radiation belt electron 
fluxes during these times (Horne and Thorne, 1998; Millan & Thorne, 2007; Ozeke et al., 2017). Furthermore, 
the transverse scales of pervasive storm-time broad-band electromagnetic fluctuations outside the plasmapause 
in the ULF/ELF range coincide with the gyro-radii of radiation belt electrons (Chaston et al., 2015). These fluc-
tua tions may act to violate the invariants governing electron motion through the inner magnetosphere and drive 
rapid transport across L-shells and scattering through pitch-angle (Chaston, Bonnell, Wygant, et al., 2018; Chas-
ton, Bonnell, Halford, et al., 2018; Chaston et al., 2017; Shen et al., 2022a; Shen et al., 2022b).

A characteristic of the broad-spectrum field variations distinct from observations of the classical ULF wave 
spectrum, is their mixed polarization and deviation from planarity (Chaston et al., 2020). These characteristics, 
combined with a distinctive power-law spectrum as a function of spacecraft frame frequency (fsc) are more char-
acteristic of electromagnetic turbulence than MHD resonances of the geomagnetic field often used to account for 
the inner magnetospheric ULF spectrum (Rae et al., 2019). Nonetheless, cross-spectral analyses of orthogonal 
electric and magnetic fields comprising the broad-band spectrum reveal phase relationships consistent with the 
presence of field-line eigenmodes and counter-propagation. These modes appear as a continuum over a range 
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of fsc where the wave impedance matches that of dispersive Alfvén waves with phase speeds less than the local 
plasma convection (Chaston et al., 2015). Consequently, fsc is largely defined by the Doppler shift of advected 
structure analogous to turbulent cascades of Alfvén waves in the solar wind (Bale et al., 2005) but constrained by 
the closed field geometry of the inner magnetosphere (Chaston, 2022; Chaston et al., 2014).

Observations have shown that field variations of this kind should be important for energetic electron dynamics 
in Earth's outer radiation belt and inner plasma sheet. Measurements from balloons (Chaston, Bonnell, Halford, 
et al., 2018) and cube-sats (Shen et al., 2022b) magnetically conjugate with satellites during wave events provide 
evidence that such waves drive radiation belt electron loss, while energized distributions in similar fluctuations 
provide a radiation belt source population (Usanova and Ergun, 2022). To explore these processes the trajec-
tories of energetic electrons on closed field-lines immersed in an empirically derived 3-dimensional spectrum 
of fluid-kinetic fluctuations in the outer radiation belt are examined and used to derive transport coefficients 
through space (L-shell), pitch-angle (θ) and momentum (p). This approach makes no assumption that such trans-
port is diffusive in nature, nor does it a priori prescribe a mechanism through which this transport occurs.

2.  Wave Model
A model for broad-band Alfvénic fluctuations along geomagnetic field-lines between ionospheres is provided 
via a two-fluid/fluid kinetic approach, formulated in terms of the scalar (Φ) and field-aligned vector potentials 
(Aμ) in dipole coordinates (ν,ϕ,μ) (Chaston et al., 2016). Here, ν points radially outward from a given L-shell, ϕ 
is the azimuthal coordinate and μ is geomagnetic field-aligned. Aμ is assumed periodic as a function of L and ϕ 
with form,

𝐴𝐴𝜇𝜇 = 𝐴𝐴𝜇𝜇(𝜇𝜇)𝑒𝑒
𝑖𝑖

(

2𝜋𝜋𝜋𝜋

𝛼𝛼
+𝑚𝑚𝑚𝑚−𝜔𝜔𝜔𝜔+𝛿𝛿

)

� (1)

where α is the fraction of an L-shell corresponding to one wavelength in ν, m is the azimuthal wavenumber, ω 
is the wave frequency and δ a phase shift. Periodicity in the transverse plane provides differential operators for 
wavelengths in ν and ϕ small relative to plasma gradient scales that can be approximated in terms of local wave 
vectors with kν ≈ 2π/(hvα), kϕ ≈ m/hϕ and 𝐴𝐴 𝐴𝐴2

⟂
= 𝑘𝑘2

𝜈𝜈 + 𝑘𝑘2

𝜙𝜙
 . Here hν,hϕ and hμ are the metrics for the dipole coordinate 

system (Cummings et al., 1969). The wave equation is then,

� (2)

where λe is the electron inertial length, 𝐴𝐴 ∇2 ≈ 𝑘𝑘2
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 is a finite gyro-radii correction (Johnson and Cheng, 1997) with Io the zeroth 
order modified Bessel function. The electromagnetic fields are then given by solving the wave equation for Aμ 
with b⊥ = ∇ × Aμ, E = −∇Φ − ∂Aμ/∂t and,
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The derivation of Equations 2 and 3 is provided in Chaston et al. (2016). For simplicity in solving Equation 2 
an infinitely conducting ionosphere is assumed where 𝐴𝐴 𝐴𝐴 = 0 and eigenmode solutions derived iteratively via a 
“shooting” method for the semi-empirical plasma profiles detailed in Supporting Information S1.

To examine the trajectories of radiation belt electrons in the observed broad-band fluctuations the observed spec-
trum is replicated by superimposing 100 eigenmodes centered on L = 5.7 spaced logarithmically in wavenumber 
over the range with 0.1 ≤ k⊥ρieq ≤ 10 where the “eq” subscript indicates values at the equator. This specific L 
value is selected because it is central to the range of L-shells over which these fluctuations are observed and is 
where published measurements of the field structure have been reported. These modes comprise a range of field-
line harmonics with fixed amplitude over the duration of the simulation and increasing obliquity with increasing 
k⊥. Filamentary structure is generated by pairing the eigenmodes at each k⊥ as,

𝑘𝑘1𝐿𝐿𝐿𝐿𝐿𝐿 = 𝑘𝑘⟂ cos 𝜃𝜃𝑤𝑤, 𝑘𝑘1𝜙𝜙𝜙𝜙𝜙𝜙 = 𝑘𝑘⟂ sin 𝜃𝜃𝑤𝑤�
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𝑘𝑘2𝐿𝐿𝐿𝐿𝐿𝐿 = 𝑘𝑘⟂ cos(𝜃𝜃𝑤𝑤 + 𝜃𝜃𝑓𝑓 ), 𝑘𝑘2𝜙𝜙𝜙𝜙𝜙𝜙 = 𝑘𝑘⟂ sin(𝜃𝜃𝑤𝑤 + 𝜃𝜃𝑓𝑓 )� (4)

where θw and θw + θf are the angles between the radial direction and k1⊥eq and k2⊥eq respectively. The eigenmodes 
comprising each pair together define an array of time varying elliptical loops of magnetic field with eccentricity, 
or filamentation, 𝐴𝐴  = 𝑡𝑡𝑡𝑡𝑡𝑡(𝜃𝜃𝑓𝑓∕2) ranging between zero (planar current sheets) and one (cylindrical current fila-
ments). θw is randomly distributed between 0 and 2π with 𝐴𝐴  prescribed to reproduce the observed log-normal 
distribution in filamentation defined as,

 = 𝑒𝑒𝜗𝜗𝜗𝜗+𝜉𝜉 ≤ 1� (5)

here ϑ is a normally distributed random number with standard deviation 1, and η = 0.51 and ξ = −1.21 are the 
standard deviation and peak of the distribution in log-space derived from the case study measurements of Chaston 
et al. (2020).

The amplitude of each eigenmode pair is defined by the statistical spectrum compiled from measurements near the 
magnetic equator outside the plasmapause (Chaston et al., 2015). This spectrum over the range 0.1 ≤ k⊥ρieq ≤ 10 
varies as k −ζ with ζ transitioning from 2 to 3. Using this result the amplitude of each mode is given by,

𝑏𝑏⟂(𝑠𝑠) =
√

𝜀𝜀𝑆𝑆=1𝑠𝑠𝜁𝜁𝑑𝑑𝑑𝑑� (6)

where s = k⊥ρi, εS is in units T 2/ds and 𝐴𝐴 𝐴𝐴⟂ =

√

𝑏𝑏𝜈𝜈
2
+ 𝑏𝑏𝜙𝜙

2 . The amplitude along the field-line is then defined using 
b⊥(s) to scale the envelope of the corresponding eigenmode solution with ζ = 2 and εs = 1 = 4 × 10 −18T 2 at the 
equator. δ is randomly distributed over 0 to 2π. While the variation of the solutions across L-shells is described 
by Equation 1, a finite wave region is imposed by applying a Gaussian in L-shell centered on L = 5.7 with width 
1. This is representative of the evanescence of the fluctuations with displacement from the L-shell on which the 
eigenmode solutions are centered (Mann et al., 1995). Note that this profile has negligible effect on the transport 
results because the particle orbits remain within one standard deviation of the peak while the associated compres-
sional magnetic field can be ignored relative to the wave field amplitudes. The amplitude of each mode in the 
azimuthal direction is invariant over the range in ϕ through which the particles drift. This is generally less than 
45° and less than the longitudinal width of observed wave regions that can extend over several hours of magnetic 
local time (Hull et al., 2020).

Figures 1a and 1b show a 3-D representation of the wave model in 𝐴𝐴 𝐴𝐴⟂ =

√

𝑏𝑏𝜈𝜈
2
+ 𝑏𝑏𝜙𝜙

2 and 𝐴𝐴 𝐴𝐴⟂ =

√

𝐸𝐸𝜈𝜈
2
+ 𝐸𝐸𝜙𝜙

2 . To 
allow the equatorial fields to be visible, the color scale is saturated close to the ionosphere providing the inequali-
ties in the upper z-axis labels. Fourier analysis along the synthetic spacecraft trajectory shown through the volume 
provides the spectra of Figures 1c–1e. The frequency in the “spacecraft” frame is for a relative speed between 
the plasma and the spacecraft of 30 km/s. This speed returns s = 1 at fsc ≈ 0.2Hz as inferred from statistical wave 
dispersion/impedance measurements (Chaston et al., 2015) and consistent with E×B0 drifts during wave events 
of this kind (Chaston, 2022). Noting that the specific form of the wave spectra is dependent on the trajectory, the 
spectral scaling of energy density (Figures 1c and 1d) and the associated wave impedance (Figure 1e) qualitatively 
replicate those reported in the statistics of Chaston et al. (2015). The corresponding filamentation in field-aligned 
current and flow vorticity is shown in Figures 1f and 1g - these qualitatively reproduce those reported in Chaston 
et al. (2020). Except for a consideration of intermittency, this model is statistically equivalent to that observed. A 
movie showing the temporal variation of bν in the X−Z plane is provided in Supporting Information S1.

3.  Particle Simulations
To explore how the wavefields modify the outer radiation belt, electron trajectories over an energy range from 
50 keV to 5 MeV are traced after equatorial injection at L = 5.7. This is achieved via the solution of the equations 
of motion defined as,

𝑑𝑑𝒑𝒑

𝑑𝑑𝑑𝑑
= 𝑞𝑞𝑒𝑒(𝑬𝑬 + 𝒗𝒗 × 𝑩𝑩) and

𝑑𝑑𝒙𝒙

𝑑𝑑𝑑𝑑
= 𝒗𝒗� (7)

where p = γmev, γ is the Lorentz factor, me is the electron rest mass, v is the electron velocity and x is the particle 
position. Gravitation has been included in the calculations but makes almost no difference for the energy range 
considered. The solution is performed using a modified midpoint technique (Press et al., 2002) with a recursive 
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test for convergence at each time step. Alternate solution techniques have been implemented for a limited number 
of cases to confirm reliability.

Figures 2a and 2b show the trajectory of an En = 500 keV electron with initial equatorial pitch-angle of θeq = 45° 
over an interval of 45  s. The color gradient along the trajectory represents time, starting with purple-blue 
shades, then green-yellow, and ending in red while the green-red shading represents a snapshot of bν taken 
midflight. The superposition of the bounce motion between hemispheres over multiple bounces, and motion 
across L-shells, forms the bright crescent shaped feature in the 𝐴𝐴

√

𝑋𝑋2 + 𝑌𝑌 2, 𝑍𝑍 plane shown in Figure 2a. With 
each bounce the latitude of mirroring varies erratically but generally increases with increasing L. Figure 2b shows 
the trajectory mapped adiabatically into the equatorial plane with the curve thickness representing the projected 
gyro-diameter. The white curve in the same panel shows the guiding center drift without the wavefields. The fine 
scale semi-periodic oscillations of the colored curve are a consequence of the displacement of the guiding center 
due to the action of the wavefields over each bounce between hemispheres. The concatenation of these small 
displacements as the particle drifts azimuthally leads to the larger scale meandering motion of the guiding center 
across L-shells corresponding to radial transport.

The erratic variation in L-shell and of the location of mirroring with each bounce suggest that all three adiabatic 
invariants are violated. Details characterizing this process are presented in Figure 2c–2h showing the temporal 
variation in L, first adiabatic invariant (μa) and energy (En) along with probability distributions (PDFs) describing 

Figure 1.  Semi-empirical wave model. (a) and (b) 3-D snapshots of total perpendicular electric and magnetic fields at t = 0. (c–e) “Observed” spectral quantities along 
a Van Allen Probes pass. (f) and (g) Filamentation in field-aligned current, J∥, and vorticity, Ω∥, derived from a polarization analysis of b⊥ and E × B0 velocity fields.
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the statistics of displacements in each quantity over a bounce. While it is difficult to identify the operation of 
specific wave-particle resonances within the broad-band spectrum, these displacements and the distributions 
they provide can be understood in terms of the integrated effect of the electromagnetic forces acting along the 
drift-bounce orbit of an electron in the dipolar geomagnetic field (Chaston et al., 2017; Chaston, Bonnell, Wygant, 
et al., 2018; Chaston, Bonnell, Halford, et al., 2018; Dungey, 1964). In the following gyro-average expressions 
describing the associated transport rates arising from these forces are provided with the derivation and a more 
complete description of each contribution given in the references cited.

The variations in L are predominately due to the distortion of the geomagnetic field associated with fluctu-
ations in b (Chaston, Bonnell, Wygant, et  al.,  2018). This is demonstrated in Figure 2d showing the PDF of 
bounce-averaged displacements through L-shell with the perturbed magnetic field everywhere equal to zero (red 
curve), the rest frame electric field equal to zero (blue) and the full electromagnetic fields (black). Here the 

Figure 2.  Electron transport at En = 500keV, θeq = 45 o and L0 = 5.7. (a) Electron trajectory projected into the 𝐴𝐴
√

𝑋𝑋2 + 𝑌𝑌 2, 𝑍𝑍 plane superimposed on bν field model 
midflight. Rainbow color scale shows time. (b) Electron trajectory mapped adiabatically into the equatorial plane. (c–h) L-shell, first adiabatic invariant (μa) and energy 
(En) along the trajectory with corresponding bounce averaged PDFs.
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distribution accumulated in the full electromagnetic fields is nearly identical to that accumulated in the absence 
of E except in the tails of the distribution. For the prescribed values of En and θeq, 𝐴𝐴 |

𝑣𝑣𝜇𝜇𝑏𝑏𝜈𝜈

𝐵𝐵0

| > |𝐸𝐸𝜙𝜙∕𝐵𝐵0| and the trans-
port across L-shells along a bounce-drift orbit is dominated by effective vμbν/B0 drifts with rate (Dungey, 1964, 
Equation 29),

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
≈ 𝑣𝑣𝜇𝜇𝑏𝑏𝜈𝜈𝐿𝐿

3 𝑠𝑠𝑠𝑠𝑠𝑠3 𝜆𝜆∕𝐵𝐵0𝑅𝑅𝐸𝐸� (8)

where λ is the colatitude and RE the Earth radius. The tails in the distribution apparent in the full electromag-
netic field case (Figure 2d, black curve) are a consequence of an interval of extended coherent interaction with 
large-scale Eϕ (Chaston et al., 2017). This effect is manifest as the secondary peaks bracketing the central distri-
bution of Figure 2d that appear when b is absent (red curve).

The variation in μa in Figure 2e is also mostly a consequence of distortions of the geomagnetic field. This is 
demonstrated in Figure 2f which shows that the PDF is almost unaltered if E is set to zero (blue curve) but is 
substantially reduced in width if b is set to zero (red curve). Noting that ω/Ωe ≪ 1, the “observed” transport is  a 
consequence of reversible changes in μa associated with radial transport in the distorted geomagnetic field on 
large scales and irreversible changes due to pitch-angle scattering off gyro-radii scale structuring in b (Chaston, 
Bonnell, Halford, et al., 2018). In a single mode the gyro-averaged rate of change in μa along an electron orbit via 
the scattering process is,

𝑑𝑑𝑑𝑑𝑎𝑎

𝑑𝑑𝑑𝑑
≈ Ω𝑒𝑒cos

2𝜃𝜃
∇𝜇𝜇𝑏𝑏⟂

𝑘𝑘⟂𝐵𝐵0
2

(

𝛾𝛾2 − 1
)

𝑚𝑚𝑜𝑜𝑐𝑐
2[cos(𝑘𝑘⟂𝜌𝜌𝑒𝑒 + 𝜓𝜓) − 𝐽𝐽𝑜𝑜(𝑘𝑘⟂𝜌𝜌𝑒𝑒)cos(𝜓𝜓)]� (9)

(Chaston, Bonnell, Halford, et al., 2018; Equations 3 and 6)) where b⊥ and k⊥ are orthogonal and ψ is the loca-
tion of the gyro-center with respective to wave phase. The displacements in μa that compose the distribution of 
Figure 2f are representative of the integration of Equation 9 over intervals of coherency with specific modes in 
the broad-band model.

On the other hand, the variations in En shown in Figure 2g are necessarily due to acceleration in E. Consequently, 
in Figure 2h the distribution of displacements in En when E is set to zero (blue curve) has values only in the 
∆En = 0 bin. Here Eϕ accelerates/decelerates electrons along the drift orbit at rate,

𝑑𝑑𝑑𝑑𝑛𝑛

𝑑𝑑𝑑𝑑
= 𝑞𝑞𝑒𝑒𝐸𝐸𝜙𝜙𝑣𝑣𝑑𝑑� (10)

where vd is the azimuthal drift velocity. This is complemented by finite gyro-radii effects related to the pitch-angle 
scattering described above that provide,

𝑑𝑑𝑑𝑑𝑛𝑛

𝑑𝑑𝑑𝑑
≈ Ω𝑒𝑒 𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐

∇𝜇𝜇𝐸𝐸⟂

𝑘𝑘⟂𝑣𝑣𝑣𝑣0

𝑚𝑚𝑜𝑜𝑐𝑐
2

(

𝛾𝛾2 − 1

𝛾𝛾

)

[cos(𝑘𝑘⟂𝜌𝜌𝑒𝑒 + 𝜓𝜓) − 𝐽𝐽𝑜𝑜(𝑘𝑘⟂𝜌𝜌𝑒𝑒)𝑐𝑐𝑐𝑐𝑐𝑐(𝜓𝜓)]� (11)

modified from Chaston, Bonnell, Halford, et al. (2018; Equations 2 and 6) for E⊥. The electric field parallel to 
B0 (Eμ) alters details of the trajectories but does not appreciably affect the PDFs for the energy considered. In 
contrast, finite b, while not contributing directly to acceleration, facilitates drifts across equipotentials leading to 
the enhanced energization. In Figure 2h this second order effect provides the extended width of the distribution in 
the full electromagnetic fields (black curve) relative to that compiled in the absence of b (red curve).

4.  Transport Coefficients
The nearly Gaussian form of the PDFs for displacements in L, μa, and En along the trajectory shown in Figure 2 is 
suggestive of a “random-walk.” Assuming for now that this description is appropriate, bounce averaged transport 
coefficients for stochastic transport in the turbulent fields can be estimated as,

𝐷𝐷𝑥𝑥𝑥𝑥 = (Δ𝑥𝑥)
2
∕2𝑛𝑛𝑏𝑏𝜏𝜏𝑏𝑏� (12)

where τb is the bounce period, nb is the number of bounces over which the distribution is compiled and Δx is 
the standard deviation of the PDF. To derive estimates for those coefficients most relevant to radiation belt 
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transport, the distribution of displacements in L, θeq, and p over nb = 1, 2, 3, 4 bounces at L ≈ 5.7 from the 
simulation are compiled for a range of radiation belt energies and pitch-angles. Here p = γmev is the scalar 
momentum with 𝐴𝐴 𝐴𝐴 =

√

𝑣𝑣𝜈𝜈2 + 𝑣𝑣𝜙𝜙2 + 𝑣𝑣𝜇𝜇2 . Results for θeq = 45° are presented in Figure 3 with the colored lines 
in Figure 3a–3l showing PDFs for energies, En = 50, 100, 200, 300, 500, 1,000, 2,000, 3,000, 5,000 keV and 
the dashed curves showing Gaussian fits to each PDF. Moving from left to right the progressive increase in the 
width of the distribution in each panel with the number of bounces considered is qualitatively consistent with 
a diffusive process.

Figure 3m–3o show the bounce-average transport coefficients derived via the process described above for the 
same energies extended to equatorial pitch-angles, θeq = 5°, 15°, 30 o, 45°, 60°, 75°,85°, 89°. These coefficients 
are averages of those evaluated at nb = 1, 2, 3, 4. The transport characterized by these coefficients is the conse-
quence of interactions over the full range of wave temporal and spatial scales comprising the model spectrum 
with a morphology in En−θeq space that can be understood in terms of those transport mechanisms described 
above.

Figure 3.  PDFs and transport coefficients at θeq = 45° and L0 = 5.7. (a–d) PDFs in L averaged over nb = 1,2,3,4 bounces. Colored lines show PDFs for energies 
En = 50, 100, 200, 300, 500, 1,000, 2,000, 3,000, 5,000 keV with the dashed lines being Gaussian fits. e-h) PDFs in θeq. (i–l) PDFs in p (normalized). m-o) Bounce 
averaged transport coefficients in L-shell, θeq and p (normalized).
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The coefficients for transport across L-shells, (DLL), in Figure 3m increase with increasing energy and, except for 
the most field-aligned electrons, decrease with increasing pitch-angle. This morphology arises because increases 
in energy with decreasing pitch-angle necessarily increase vμ and so from Equation 8 increase 𝐴𝐴

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
 . For the most 

field-aligned electrons however, the increased average strength of B0 over a bounce counteracts the effect of 
increasing vμ and leads to reduced transport. The resulting morphology shown in Figure 3m is equivalent to 
that provided from quasi-linear calculations (Chaston, Bonnell, Wygant, et al., 2018; Figures 3i and 3j) for drift 
bounce resonances in the same wave spectrum. Notably, the corresponding diffusive timescales (1/D) are less 
than a drift period.

The coefficients for transport in θeq, (Dθθ), shown in Figure 3n increase with pitch-angle and energy. This is a 
consequence of increasing gyro-radius with both energy and pitch-angle in the inverse power-law spectrum of 
fluctuations in b shown in Figure 1c. Expressing Equation 9 in terms of θ, the gyro-averaged rate of change in 
pitch-angle along an electron orbit in a single wave is,

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝜃𝜃∕2)

𝑑𝑑𝑑𝑑
≈

Ω𝑒𝑒

2
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

∇𝜇𝜇𝑏𝑏⟂

𝑘𝑘⟂𝐵𝐵0

[cos(𝑘𝑘⟂𝜌𝜌𝑒𝑒 + 𝜓𝜓) − 𝐽𝐽𝑜𝑜(𝑘𝑘⟂𝜌𝜌𝑒𝑒)𝑐𝑐𝑐𝑐𝑐𝑐(𝜓𝜓)]� (13)

(Chaston, Bonnell, Halford, et al., 2018; Equation 7). The inverse power-law k-spectrum provides larger b⊥ at 
larger scales, so as the gyro-radius increases the average change in wavefield amplitude across the orbit increases 
leading to enhanced scattering - hence the increase in Dθθ with En and θeq. The larger amplitudes encountered 
by field-aligned electrons that mirror at high-latitudes do not provide increases in Dθθ for small θeq because the 
k⊥ρe∝[θ,1/B0] dependency through Equation 13 acts to reduce bounce averaged 𝐴𝐴

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝜃𝜃∕2)

𝑑𝑑𝑑𝑑
 . A similar morphology 

is returned via quasi-linear calculations for the same process based on the action of bν alone (Chaston, Bonnell, 
Halford, et  al.,  2018; Figure  3i–3k). Notably, the combined action of bν and of bϕ represented in Figure  3n 
enhances the magnitudes of these coefficients from the quasi-linear estimate to provide scattering of MeV elec-
trons at large θeq on diffusive timescales as short as 100 s.

The action of the electric fields allow the transfer of wave energy and transport in scalar momentum space 
represented in Figure 3o as 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝∕𝑝𝑝2 . These coefficients are a consequence of the same processes that drive radial 
transport and pitch-angle scattering quantified in Figures 3m and 3n albeit without the same energy dependency. 
Specifically, the dependency on 1/v in Equation 11 counteracts the tendency for 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝∕𝑝𝑝2 to increase with gyro-radius 
so that unlike Dθθ, 𝐴𝐴 𝐴𝐴𝑝𝑝𝑝𝑝∕𝑝𝑝2 does not generally increase with En. Quasi-linear estimates (Chaston et al., 2017, Figures 
3i and 3j) indicate the action of Eϕ is most important at low energies and small pitch-angle with a morphology in 
En−θeq space like that shown in Figure 3o. The action of the full spectrum of field variations shown here provides 
bounce-averaged transport coefficients in momentum space comparable to that expected in whistler mode chorus 
(Summers et al., 2007) with particular efficacy for En ≲ 100 keV.

5.  Discussion and Conclusion
The transport coefficients derived in this study represent the integrated effect of all the field components in the 
empirically derived wave model along each electron orbit. The dominant contributions to the transport across 
L-shells arise through the action of bν, while the combined action of bν and bϕ drive transport through pitch-angle. 
The transport through momentum space is a consequence of the equivalent processes in Eϕ, that also contributes 
to transport across L-shells, and the action of electron gyro-radius scale variations in Eν and Eϕ that together drive 
perpendicular energization. While it is difficult to identify the operation of specific resonances along electron 
orbits in the broad-band spectrum, these results largely confirm quasi-linear estimates for drift-bounce reso-
nances (Chaston et al., 2017; Chaston, Bonnell, Wygant, et al., 2018; Chaston, Bonnell, Halford, et al., 2018) 
albeit returning somewhat larger values. This enhancement is due to the simultaneous action of all field compo-
nents that allows second order contributions and the superposition of contributions from multiple modes and 
bounce harmonics.

The simulation allows an evaluation of the applicability of a diffusive model to the “observed” transport. Intervals 
of extended coherent interaction for example, violate the “random-walk” ansatz and generate extended tails in 
the PDFs and non-linearity in the temporal evolution of (∆x) 2. Figure 4 shows the evolution of (∆x) 2, in L-shell, 
θeq and p at representative electron energies and pitch-angles derived by compiling the PDF of displacements 
in each transport quantity over intervals defined by nb as labeled on the abscissae. As earlier, this is performed 
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by tracing the trajectory of a single electron at each En- θeq over many bounces. Note that ∆L, ∆θeq, and ∆p are 
small relative to L, θeq, and p and the PDFs are symmetric. For classical diffusion (CD) the curves at each En and 
θeq in Figure 4 should follow a straight line such that (∆x) 2/2nbτb is constant and (Δx) 2 ∝ t γ with γ = 1. If γ ≠ 1 
then the temporal evolution of (∆x) 2 is “non-linear.” CD is represented in Figure 4 by the line dividing the light 
and dark blue regions. Above this line the transport is described as super-diffusive (γ > 1; faster than CD) and 
below this line is termed sub-diffusive (γ < 1; slower than CD) (Zimbardo et al., 2015). All three categories of 
diffusion can be found in the PDFs compiled from the particle simulations, with a transition from super-diffusive 
to sub-diffusive behavior with increasing energy and pitch-angle—or more specifically increasing gyro-radius. 
This dependency is analogous to observations in laboratory experiments (Bovet et al., 2015) of supra-thermal 
ion transport in interchange turbulence. Further analysis is required to assess the impact of sub/super diffusion 
on radiation belt transport.

Finally, it is emphasized that these simulations are performed without assumptions concerning the nature of the 
wave-particle interaction. The bounce averaged transport coefficients consequently represent the effect of the full 
spectrum of broadband fluctuations on outer radiation belt electrons irrespective of the underlying mechanisms. 
Notably, this numerical experiment returns coefficients comparable to, or larger than the equivalent coefficients 
in those wave modes classically identified to drive outer radiation belt transport including whistler mode chorus, 
electromagnetic ion cyclotron waves (Summers et al., 2007) and MHD ULF waves (Li et al., 2016). Given the 
prevalence of Alfvénic turbulence during geomagnetic storms it may be expected that these fluctuations play a 
role in the storm-time evolution of the outer radiation belt.

Data Availability Statement
The eigenmode solutions and plasma model defining the turbulent wavefields, along with files containing the 
transport quantities extracted from the particle tracing that provide the results described in this manuscript 
are available at https://figshare.com/articles/dataset/Data_files_for_submission_Electron_Scattering_Trans-
port_and_Energization_by_Alfv_nic_Turbulence_in_Earth_s_Outer_Radiation_Belt_by_C_C_Chaston_to_
Geophysical_Research_Letters/22672933. A PDF file describing the file contents and format is also provided 
at this site.
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