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In its canonical formulation, general relativity is subject to gauge transformations that are equivalent to
space-time coordinate changes of general covariance only when the gauge generators, given by the
Hamiltonian and diffeomorphism constraints, vanish. Since the specific form taken by Poisson brackets of
the constraints and of the gauge transformations and equations of motion they generate is important for
general covariance to be realized, modifications of the canonical theory, suggested for instance by
approaches to quantum gravity, are not guaranteed to be compatible with the existence of a covariant space-
time line element. This caveat applies even if the modification preserves the number of independent gauge
transformations and the modified constraints remain first class. Here, a complete derivation of covariance
conditions, regained from the canonical constraints without assuming that space-time has its classical
structure, is presented and applied in detail to spherically symmetric vacuum models. As a broad
application, the presence of structure functions in the constraint brackets plays a crucial role, which in an
independent analysis has recently been shown to lead to higher algebraic structures in hypersurface
deformations given by an L. bracket. The physical analysis of a related feature presented here
demonstrates that, at least within the spherically symmetric setting, new theories of modified gravity
are possible that are not of higher-curvature form.
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I. INTRODUCTION

General relativity cannot be a complete fundamental
theory valid on all scales because a large number of relevant
solutions are limited by space-time singularities. Quantum
effects might change this outcome, but they are also
expected to modify general relativity away from singular-
ities. Since general relativity has a large and nontrivial
gauge content, which classically ensures general covari-
ance, possible modifications that could describe quantum
effects at least in an effective formulation are highly
constrained. In a metric formulation based on space-time
tensors, for instance, the class of admissible effective
theories is given by higher-curvature actions. The obser-
vation that the speed of gravitational waves is very close to
the speed of light puts strong constraints on phenomeno-
logically viable higher-curvature actions [1-4]. It is there-
fore of interest to look for new alternatives.

Some aspects of classical gravity and, in particular, of
possible equantizations are more conveniently expressed in
a canonical formulation, in which space-time tensors are
replaced by a combination of spatial tensors on spacelike
hypersurfaces in a space-time foliation, with flow equations
that determine how these fields change from hypersurface
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to nearby hypersurface. Depending on how they are
applied, the flow equations may present a picture of
evolution for the spatial tensors in a given foliation, or
they may be used to determine how the spatial tensors and
other quantities change if one transforms to a different
foliation. For these hypersurface deformations to be equiv-
alent to general covariance, the spatial tensors on any
hypersurface must obey the Hamiltonian and diffeomor-
phism constraints of canonical general relativity [5]. These
constraints, at the same time, generate the flow equations
via their Hamiltonian vector fields. This equivalence is
often used in practice when one interchangeably refers to
coordinate invariance and slicing independence in an
analysis of space-time solutions in general relativity.
Both concepts are usually included in the condition of
general covariance, but it turns out that there are subtle
differences between them, owing to the requirement that
constraints are to be imposed.

An immediate implication is that canonical gravity is a
Hamiltonian gauge theory with first-class constraints.
However, unlike in gauge theories encountered for instance
in the standard model of particle physics, Poisson brackets
of the constraints do not define a Lie algebra because they
do not have structure constants: In ADM notation [6,7], the
diffeomorphism constraint H[M], depending on a spatial

shift vector field M of an infinitesimal tangential deforma-
tion of a spatial hypersurface, and the Hamiltonian
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constraint H[N], depending on a spatial lapse function N
that determines how much a hypersurface is deformed in its
normal direction within space-time, have Poisson brackets

{HIN]. HM]} = H[q"*(No,M — Mo,N)] ~ (3)

that depend not only on M and N, but also on the inverse of
the spatial metric ¢,;, on a spatial hypersurface.

A closed set of brackets is obtained only if the defor-
mation functions M and N inserted in the constraints,
including the diffeomorphism constraint on the right-hand
side of (3), depend not only on space-time coordinates, but
independently also on the spatial metric. Starting with
phase-space independent M and N and iterating Poisson
brackets, such as

{H[N],{H[N], H[M]}}
= {H[N]. H[q"*(N9,M — Md,N)]}
—H[q**(No,M — Md,N)d,N)]

-

+ H[{H[N]. q""}(No,M — Mo,N)].

shows that not only the diffeomorphism constraint in (3)
appears with a metric-dependent shift, but also the
Hamiltonian constraint shows up with a metric-dependent
lapse function. Iterating further, different dependencies on
the metric are generated in each step that adds a new factor
of the inverse metric. However, if we allow phase-space
dependent lapse and shift in the Poisson brackets on the
left-hand sides of (1)—(3), there are additional terms on the
right-hand sides that, via the chain rule, depend on
derivatives of the deformation functions by the spatial
metric. These terms disappear only when the constraints are
imposed and the theory is taken on shell, giving rise to the
on-shell condition for an equivalence between the gauge
symmetries of hypersurface deformations and coordinate
changes. Off shell, however, there is a difference between
hypersurface deformations and space-time coordinate
transformations.

Mathematically, the dependence on the spatial metric is
conveniently expressed in an algebroid picture, in which
Egs. (1)—(3) are related to a suitable bracket structure for
sections of a fiber bundle over the base manifold of spatial
metrics (or a suitable substitute or extension of this space),
rather than a bracket for elements in a Lie algebra as it
appears for constraint brackets without structure functions.
Moreover, as has been shown in an explicit form only
recently [9], the same metric dependence also implies that a
consistent algebraic bracket corresponding to (1)—(3) is not
Lie but rather an L, bracket in which the Jacobi identity is

violated in a specific way. The gauge content of canonical
gravity is therefore described by a higher algebraic
structure.

The purpose of the present article, in brief, is to perform
a complete physical analysis of geometrical consequences
of structure functions in hypersurface deformation brack-
ets. As suitable for physical evaluations of canonical
gravity through Hamiltonian vector fields generated by
the constraints, we will employ Poisson brackets, which by
definition obey the Jacobi identity and, when directly
applied to the constraint functions on phase space, do
not show the algebraic features of an L, bracket. We will
discuss how the structure function of hypersurface defor-
mation brackets for a given set of modified constraints,
such as a general expansion up to a certain order in
derivatives of an effective field theory, can be used to
derive a space-time geometry in which the corresponding
constraints generate hypersurface deformations, and which
is subject to a complete set of covariance conditions. In an
analysis of new theories of modified gravity, the resulting
spatial part of the space-time metric may be distinct from
the original phase-space function ¢,, in which the con-
straints have been formulated. Since the precise form of the
space-time metric then does not have a close relationship
with the fundamental fields and must be derived using the
form of gauge transformations, it is emergent within this
broad set of emergent modified gravity.

This new possibility of modified gravity relies on the
presence of structure functions, just like the higher alge-
braic structures found earlier. At this point, however, we are
not aware of a more detailed relationship between these two
properties. From a mathematical point of view, we are
looking for different realizations of the classical algebraic
structure underlying hypersurface deformations, which
guarantees that new models will be amenable to standard
space-time analysis using for instance line elements. We are
not interested in modifications of hypersurface deforma-
tions or of the underlying L. structure. Our strategy is
comparable to the well-known derivations of modified
gravity in space-time form, which lead to different real-
izations of higher-curvature actions that all share the same
space-time structure with standard covariance symmetries,
expressed canonically through hypersurface deformations.
The main difference with our approach is that we aim to
derive modified theories fully on the canonical level,
arriving at a space-time picture only at the very end through
covariance conditions on the canonical constraints and their
Poisson brackets. Rather surprisingly, we will show that
new modified theories can be obtained in this form that are
not of higher-curvature form. The crucial feature that makes
such new theories possible is that we allow for the resulting
(emergent) space-time metric to be different from the
fundamental fields that enter the defining equations, given
here by the constraints. In our case, the correct space-time
metric cannot be identified before a detailed covariance
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analysis has been performed, in contrast to other theories of
modified gravity in which a space-time metric must be
known before the theory is defined through its curvature
tensors. From a mathematical point of view, the identi-
fication of an emergent space-time makes use of a redefi-
nition of the spatial metric, which could be formulated as a
diffeomorphism on a suitable extension of the base mani-
fold of the L, algebroid, and an application of nonconstant
sections of the fiber bundle. These steps in our construction
do not change the algebraic structure of an L, algebroid,
but they can change the geometry and physics of space-
time solutions of the constraints, equipped with the new
emergent metric.

As a specific example of new theories, brackets of
the form (1)—(3) may be obtained not only for metric-
independent M and N, for which they have been derived
from canonical general relativity via Poisson brackets, but

also for M and N with a specific dependence on the spatial
metric and perhaps also extrinsic curvature of a hypersur-
face. For this to happen, any contributions from partial

derivatives of M and N that initially appear in a calculation
of the Poisson brackets would have to cancel out. There is
then a new on-shell interpretation as a gravity theory
associated to these metric and extrinsic-curvature depen-

dent M and N , but it need not be the same as the original
theory of canonical general relativity because the structure
function, used as the inverse spatial metric of an emergent
space-time line element, need not be of the classical form
where it is identical with one of the basic phase-space
degrees of freedom. This identification of the emergent
space-time metric through structure functions depends on
the off-shell behavior of the theory, just as the higher
structures in hypersurface deformations.

In a modified theory of gravity that has a chance of being
generally covariant, the brackets (1)—(3) are of the classical
form, but possibly with a modification of the structure
function that classically equals inverse spatial metric g“°.
Uniqueness results [10,11] that show how classical general
relativity follows from the brackets (1)—(3) on-shell can be
circumvented by such a modification. Canonical gravity
then has a potential to allow consistent modifications that
are not of higher-curvature form. [All higher-curvature
effective actions have the brackets (1)—(3) without a
modification of ¢%® [12].] If g** in (3) is replaced with
a different phase-space function, however, it is not guar-
anteed that its inverse can still play the role of a spatial
metric in some space-time line element, together with a
lapse function and shift vector for the time components.
Our analysis of modified gravity in canonical form there-
fore requires an extension of the classic results of [10,11] in
which not only the dynamical equations, but also space-
time structure (that is, the existence of a consistent space-
time line element) must be derived, or regained from the
constraints, their brackets, and from the gauge transforma-
tion they generate. As a general contribution of this paper,

we present a complete set of covariance conditions in
canonical form, building on previous constructions in [13].

As an example, the Poisson brackets of constraints with
phase-space dependent lapse and shift are guaranteed to
equal a linear combination of the constraints. They are first
class and present a consistent gauge theory in canonical
form. For the underlying gauge transformations to corre-
spond to space-time symmetries via hypersurface deforma-
tions, we require in addition that new contributions to the
brackets depending on partial derivatives of lapse and shift
by phase-space degrees of freedom cancel out. A new set of
brackets of the form (1)—(3) is then obtained from which a
candidate for an emergent inverse spatial metric can be read
off via the structure function. (We refer to this metric as
“emergent” in this case because it is not one of the
fundamental fields and must be derived from covariance
conditions, unlike in standard general relativity.) As we will
show, the appearance of a candidate spatial metric in the
brackets does not guarantee that it can be part of a consistent
and coordinate independent space-time line element. We
will derive an additional, previously unrecognized condition
on the gauge flow generated by the Hamiltonian constraint
that guarantees matching symmetries and therefore an
invariant emergent space-time line element. Together with
the cancellation property, this covariance condition imposes
strong restrictions on possible dependences of M and N on
the spatial metric or on extrinsic curvature. We will specify
all these conditions and evaluate them in spherically
symmetric models, demonstrating that new theories of
modified gravity are indeed possible in this setting. Some
of the new models we derive are closely related to recent
constructions of consistent modified theories in canonical
spherically symmetric models [14—17], and they explain the
origin of these modifications.

As a part of our new discussion of general covariance
from a canonical theory, we construct a complete procedure
to derive an emergent space-time line element from
canonical hypersurface-deformation brackets, extending
previous results from [13]. In addition to the construction
of emergent modified spherically symmeytric models based
on phase-space dependent lapse and shift, we also construct
more general consistent theories that include potential
modifications possibly implied by quantum gravity, such
as nonpolynomial terms in extrinsic curvature instead of
the classical quadratic form. In this case as well, we will
see that general covariance imposes previously unrecog-
nized conditions on possible modifications of canonical
gravity theories, in addition to the usual condition that the
constraints remain first-class and resemble hypersurface-
deformation brackets. General covariance in an emergent
line element is therefore recognized as a restrictive con-
dition on possible quantum space-time effects, required to
be consistent with a geometrical continuum theory of
space-time at low curvature. These general properties will
be derived and discussed in Sec. II.
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We will work out specific versions of generally covariant
emergent modified gravity theories in Sec. III, using
spherically symmetric reductions. We will first redefine
the classical constraints by replacing them with phase-
space dependent linear combinations. The resulting modi-
fied theories demonstrate that off-shell properties of
hypersurface deformations are indeed relevant for physical
implications because they make it possible to evaluate the
cancellation condition and the structure function. We will
also revisit the partial Abelianizations of brackets proposed
in [18,19] in Sec. III D and, following [20,21], reanalyze
their off-shell structure from our new perspective.
Examples of modifications that obey the new conditions
are those of [15,22]. Section IV will present the general
case of modified Hamiltonian constraints up to second
order in spatial derivatives that are consistent with the
covariance condition, including a discussions of the free-
dom implied by applying canonical transformations. As an
application, in Sec. IVF, we will use our constraints
and related methods to derive new, nontrivial partial
Abelianizations compatible with general covariance.

I1I. MODIFIED GRAVITY IN A CANONICAL
FORMULATION

As usual in canonical theories, we assume that space-
time, or at least a region of interest, is globally hyperbolic:
M = X x R with a three-dimensional “spatial” manifold Z.
In a generally covariant theory, there is no unique embed-
ding of X in M, but we can parametrize different choices by
working with foliations of M into smooth families of
spacelike hypersurfaces Z,, € R, each of which is homeo-
morphic to X. For a given foliation, ¥ can be embedded in
M as a constant-time hypersurface: X~ %, = (I, 1) <
M for any fixed t,.

A. Canonical decomposition

Given a foliation into spacelike hypersurfaces %,, a
metric g,, on M induces a unique spacelike metric
qap(to) on any X, . (As in this example, we use greek
letters for indices of space-time tensors, and latin letters for
indices of spatial tensors.) Using the unit normal vector
field n* on %, , the induced spatial metric is obtained by
restricting the space-time tensor g, = g, + 1,1, to vector
fields tangential to the hypersurface, while g, n" = 0.
The space-time metric is therefore expressed as a time-
dependent family of spatial metrics. Since spatial hyper-
surfaces within a foliation of a covariant theory are
invariant under spatial diffeomorphisms, interpreting the
time dependence of ¢,,(f) as unambiguous evolution
requires an additional structure that relates points on
infinitesimally related hypersurfaces defined by different
values of ¢. This additional structure can be expressed as a
time-evolution vector field

t* = Nn* + Nsh (4)

in space-time, with the lapse function N and shift vector
field N [7]. The three vector fields s%(z) inject TX, into
TM such that g, n*sz = 0.

The new ingredients N and N“ describe the frame of an
observer in curved space-time who measures the evolving
g (1). In the four-dimensional picture, the frame corre-
sponds to a choice of space-time coordinates which
completes spatial coordinates on X by a time coordinate
tin M such that %, = M,_, . The space-time metric or line
element is then in one-to-one correspondence with the
family (q,,(7), N(¢), N(¢)) of spatial tensors on the
foliation (%,,7) & M. We have

ds? = —=N2dr* + g, (dx® + N@dt)(dx” + N°dr). (5)
A hypersurface in the foliation has extrinsic curvature

1
Kab = EﬁnQab (6)
related to the Lie derivative of the spatial metric in the
normal direction. Expressed through a “velocity” of ¢,
with respect to the time-evolution vector field #, it takes
the form

1
Ko = ﬁ%c%d(ﬁrch — LxnGca)- (7)
Evolution on a given foliation, defined by a choice of ¢
and # (or N and N%), is Hamiltonian: Infinitesimal changes
of g, and K, are obtained via Poisson brackets of these
tensors with a Hamiltonian H[N, N“|, where the Poisson
bracket is defined by considering

w  Vdetg
Pt =

= Yo (ke — Keq) 8

as canonically conjugate momenta of ¢,. Given the
original manifold M as well as general covariance of the
relativistic dynamics, evolution within a foliation is closely
related to transformations of the foliation to a new one. We
merely have to reinterpret N and N¢ as gauge parameters ¢°
and e“ that parametrize an infinitesimal change of the
foliation.

Evolution and gauge transformations are therefore
described by the same flow, which implies that the
dependence on ¢g,, and p® of the Hamiltonian H[e?, ¢9]
of the gauge flow is the same as the dependence of the
Hamiltonian H[N, N°] for evolution. In its role as generator
of a gauge flow, however, H [eo, €] must be a constraint,
HI[e®, €] = 0 for all ¢ and €, in order to have a well-
defined symplectic structure on gauge-invariant observ-
ables. The dynamics, therefore, is also fully constrained:
H[N,N%] =0 for all N and N“ (We assume that our
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manifolds do not require nontrivial boundary conditions, in
which case some choices of N and N¢ may not be
considered gauge.) Since spatial and normal deformations
of hypersurfaces are independent, there are two different
constraint functionals, the Hamiltonian constraint H[N]
and the diffeomorphism constraint H,[N“] such that
H[N,N“| = H[N] + H,[N“]. Physical solutions of the
theory are “on shell,” that is, they have ¢,, and p® on
each hypersurface of a foliation such that H[N] =0
and H,[N“] = 0.

The constraints generate gauge transformations for any
given phase-space function O, depending on ¢, and p,
via the Poisson bracket 6,0 = {O, H|[€’, ¢%]}. These are
indeed gauge transformations because the constraints obey
the hypersurface-deformation brackets (1)-(3) and are
therefore first class. Within each foliation related by a
gauge transformation, the canonical fields g,, and p“’, or
any function O of them, evolve according to O = 5,0 =
{O,H[N,N“]}. Poisson brackets of this form do not
immediately provide gauge transformations of N and N¢
because they do not have momenta, and they do not
physically evolve because they specify a frame with respect
to which evolution is defined. However, N and N“ must be
subject to gauge changes because the corresponding
coefficients in the line element (5) depend on the foliation.
These gauge transformations can be derived from the
condition that the gauge transformation of an evolution
equation should be consistently related to evolution of
gauge-transformed phase-space variables. This condition
refers to commutators of gauge transformations and evo-
lution, and is therefore sensitive to the structure functions in
(1)—(3). Gauge transformations obeying this condition are
given by [13,23,24]

65.N = &° + €9,N — N“9,€", 9)

SN = é* + €29, N — N0,e”
+ q*(€°9,N — No,e), (10)

where the structure function appears in the last term.

The final ingredient required for a discussion of general
covariance in canonical form is a relationship between
gauge transformations generated by a Hamiltonian and Lie
derivatives along a space-time vector field . Components
of the latter refer to coordinate directions, while hypersur-
face deformations refer to the normal direction. These basis
choices are linearly related by

&= Ont 4 etsh = Efpt 4 Eagh, (11)
or
0 0
t:€_ a:a_e_Na 12
¢ N f=e T (12)

if we assume that the same spatial coordinate systems are
used, as in (5). If the constraints and equations of motion
are satisfied (on shell or “0.S.”), the gauge transformations

{qap f][gmo.s. = L&qap,
{Qab’ H[GO}HO.S. = ﬁeonqab (13)

together with the gauge transformations of lapse and shift,
(9), are equivalent to infinitesimal space-time diffeomor-
phisms of the metric in (5),

569}41/'0‘5‘ = ‘Cégﬂw (14)

identifying time derivatives by using evolution equations
generated by the same constraints.

Off-shell, however, hypersurface deformations are rather
different from coordinate changes. The presence of struc-
ture functions in the description of hypersurface deforma-
tions implies that a closed set of brackets can be obtained
from them only if lapse and shift are allowed to depend on
the spatial metric, in addition to their dependence on space-
time coordinates. However, if one computes Poisson
brackets of the phase-space functions that provide the
Hamiltonian and diffeomorphism constraints smeared with
phase-space dependent lapse and shift, additional terms
appear compared with (1)—(3), given by constraints evalu-
ated with partial derivatives of lapse and shift by compo-
nents of the spatial metric. These terms do not change the
first-class nature of the constraints or their on-shell proper-
ties, but in general they are not compatible with the
equivalence (14) if one attempts to extend it to off-shell
metrics. Only specific phase-space functions for lapse and
shift may be compatible with general covariance, provided
they obey conditions that we will derive in what follows.
Changing lapse and shift in this way is equivalent to
redefining the Hamiltonian constraint or the normal direc-
tion in a corresponding space-time geometry. The normal
direction together with the spatial metric determines the
emergent space-time geometry. In order to evaluate whether
this basic property could lead to new theories of modified
gravity, we have to look look more closely at possible
modifications of the constraints and their resulting brackets.

B. Hypersurface-deformation brackets
and covariance conditions

There are different sources for possible modifications of
the constraints in models of canonical gravity. As just
described, there may be new terms in their brackets if lapse
and shift are allowed to be phase-space dependent. In
addition, one may be interested in studying possible
modifications of the dependence of the Hamiltonian and
diffeomorphism constraints on the canonical fields. For
instance, higher-order terms beyond the classically at most
quadratic dependence of the constraints on momenta could
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be motivated by quantum effects, as a canonical version of
higher-curvature effective actions but without higher time
derivatives that usually accompany the latter. We will
derive general conditions for a covariant modification,
making two common assumptions: that the spatial structure
of hypersurfaces is unmodified (governed by the classical
diffeomorphism constraint) and that the theory remains
spatially local (with a Hamiltonian constraint that depends
on spatial derivatives up to some finite order).

Any modification of a canonical gauge theory is subject
to consistency conditions. First, the constraints must remain
first class, or vanish on shell, which is guaranteed if we try
to modify the classical theory by using phase-space
dependent lapse and shift, but not necessarily by modifi-
cations of the phase-space dependence of the constraints, as
implied by higher-order terms in momenta. Second, for the
modified theory to be considered a space-time theory, any
modified brackets of the constraints must in some way
exhibit an equivalence with space-time coordinate changes,
at least (and usually only) on shell, as in (14). Since the
structure functions of classical hypersurface deformations
imply the correct transformations of lapse and shift via (9),
the modified brackets must be of the classical form (1)—(3).

While this condition leads to brackets identical in form to
the classical ones, an opening for new theories of modified
gravity can be found in the possibility that lapse, shift, and
spatial metric as they appear initially in H[N| and H[N“] are
not required to be identical to the same objects seen as
components of the space-time metric (5), in which form
they have been derived classically. There may be an
emergent lapse N, shift N and spatial metric §,, that
depend on N, N¢, and ¢q,, as they appear in the constraints
and define the phase-space structure together with p?”, but
are not identical to them. An emergent extrinsic curvature
K, would then be derived as well for hypersurfaces in the
emergent space-time line element defined by N, N* and
G .»- This possibility had been exploited in [13] to show, via
(9), that a sign change of the classical structure function
amounts, under certain conditions, to signature change in
an emergent space-time consistent with general covariance
in the modified theory. The additional conditions, however,
were quite restrictive as they only allowed emergent spatial
metrics obtained from g, by multiplication with a spatially
constant function [which was allowed to depend on time
when used in a completion to a space-time metric as in (5)].

1. Emergent space-time metric and general covariance

More generally, whenever modifications lead to brackets
of the form

{H[N). H[M]} = H[LM), (15)

{HIN). HIN]} = —H[N"9,N]. (16)

{H[N]. H[M]} = —H[3"*(No,M — Md,N)] (17

without additional terms off-shell for phase-space inde-

pendent N and M, but with a modified structure function
G # g as some phase-space function, then §,, rather
than ¢, should be used as the spatial metric of an emergent
space-time line element:

ds? = —=N2d#* + G (dx® + N@dr)(dx? + N°dr).  (18)

(For now we assume that §° is invertible; see Sec. II C for
the more general case of §*° that may be noninvertible on
submanifolds of codimension at least one in space-time.)
Under gauge transformations, lapse and shift then trans-
form as

6N =& 4 €%9,N — N“0,€°, (19)

8.N® = &% + €’9,N* — N0, e”
+ G (e%9,N — No,e°), (20)

consistent with corresponding coordinate changes in the
new emergent line element.

Here, our construction differs from that in [13], where
factors that multiply the classical ¢’ in a modified
structure functions were attempted to be absorbed in a
redefined lapse function. Such a choice is more natural in a
discussion of signature change, which is expected to affect
the time components of the space-time metric where the
lapse function appears, but it leads to strong conditions on
allowed modifications. Redefining the spatial metric rather
than the lapse function agrees with the constructions of
[16,17] and earlier in [25], where signature change did not
occur. Our general treatment here allows for signature
change as well as redefined spatial metrics, as we will see.

A third, and final, condition appears because a modified
structure function §* is not guaranteed to gauge transform
in a way compatible with an interpretation as the inverse of
a spatial metric in a space-time line element. This condition
has not been analyzed completely in previous studies. We
say that the theory is generally covariant if there are
sufficiently many independent fields f (fundamental or
composite) such that (i)

5ef|o.s. = E§f|o.s.’ (21)

and (ii) they can be arranged as components of a space-time
line element (18). The space-time geometry regained via
(18) is then generally covariant:

Sedwlos. = LeGuwlos.- (22)

This covariance condition is not automatically satisfied
just by virtue of the hypersurface deformation brackets,
(15)—(17), even after a redefinition of the spatial metric or
lapse and shift. In order to see this, we look at each
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component of the covariance condition, using (15)—(17)
and performing the ADM decomposition with (12). In what
follows, it is understood that each covariance condition is
required to hold only on-shell, but we drop the symbol
“0.S.” for the sake of simplicity.

Beginning with the fa components, the left-hand side of
the covariance condition (22) is

5€§ta = Nbéeéah + Qab(Ser- (23)

If we assume that 6.g,, = L:Jap, then this covariance
condition can be written as

GapON® = LeG1y — NP LG,
= Gap(N"0,E" + 0,8" — NPN©0.&'
— N°0." + &09,N?) — N?0,&,
= Gup(€" + €“0,N” — N°0,€")
+€%9,N — Na,e°, (24)

where we have used (12) in the last step. This result is
consistent with the canonical gauge transformation of the
shift, (20). The derivation also shows that the classical
relation (12) between a coordinate basis and one adjusted to
hypersurfaces should not be modified: Because there is a
term in the final result for §,,6.N” that depends on §,,, and
one that does not, all components of this relation have been
used independently in its derivation. [This conclusion
might be circumvented by using metric-dependent coef-
ficients in a modified version of (12), but such a choice
would complicate other equations.]
Similarly, the left-hand side of the ## component is

(Segtt = _2N66N + NaNbéeéab + ZZ]abNaaeNh' (25)

If we assume again that 6,.G,, = L:3,, and that the shift
transforms as (20), then the ¢ component of the covariance
condition can be written as

2N§.N = 2N(&° + €“9,N — N%9,¢%),  (26)

which is consistent with the canonical gauge transforma-
tion (19) of the lapse function.

Lastly, the spatial components of the covariance con-
dition are

5ezlab = Efgabv
el .
= Nzlah + 66066&#} + QL'aabeC + QL'baaec
e — ‘
- N (NC acQab + QCaath + qcbaaNc) (27)

from (12). To proceed with our evaluation of this equation,
we make the common assumption that the diffeomorphism

constraint remains unmodified, which implies that g, is a
spatial tensor and that its Poisson bracket with the diffeo-
morphism constraint equals a spatial Lie derivative along
the shift vector. The time derivative §,;, = {5, H[N. N°]}
inserted on the right-hand side of (27) and the gauge
transformation 8,3, = {§u. H[e®, €]} on the left-hand
side of this equation then have matching terms for all
spatial derivatives in (27) to cancel out. We are left with the
equation

el -
{Gab» Fl[eomo.s. = N {Gap» HIN]} o35 - (28)

We now assume that the modified theory remains local,
such that H[e°] depends on spatial derivatives of the phase-
space degrees of freedom up to some finite order. As a local
functional of ¢, the normal gauge transformation of the
spatial metric takes the generic form

{Gap- H[e]} = Qupe® + 05,0.€° + 050,046+ -+, (29)

where the Q tensors are phase-space dependent and the
series truncates at some finite order. Substituting this
expansion into (28), we obtain

0,.€° 0,.0,€°
[ cd Zc%d
ab €0 + Qab €O + 05,
o.N 0.9;N
= Q¢ <4 Q< .. (30)
ab N ab N 0S.

(neglecting boundary terms that may result after integrating
by parts). For a generally covariant theory, the gauge
generator functions (€, e*) must be independent of each
other, and of N, N as well as phase-space functions that
they are supposed to transform. Thus, each Q tensor in (29)
must vanish independently, and we obtain a series of
conditions on the gauge transformation of the emergent
spatial metric or its inverse:

(627"

_— =...=0. 31
0.S. a(ac0d€0) ( )

O.S.

Since this tensor is determined by the structure function in
the hypersurface-deformation brackets of a modified
canonical theory, generally covariant modifications are
subject to additional conditions that go beyond the basic
requirement that the brackets remain first class. They must
be first class with structure functions obeying (31). Because
the structure function and its gauge transformation are both
determined by the constraints, these are nontrivial con-
ditions on the modified Hamiltonian constraint. This
condition has been overlooked in several previous treat-
ments of canonical gravity and possible modifications, such
as models of loop quantum gravity, but it is essential for
complete covariance.
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2. Extrinsic curvature and the geometry
of embedded hypersurfaces

In our discussion so far, we have used the constraint
equations and the gauge flow (28) or the equation of motion
of the emergent metric. The condition that this transforma-
tion is equivalent to the Lie derivative of a spatial metric led to
a nontrivial consistency condition (31) for general covari-
ance. Owing to modifications of the structure function, the
emergent spatial metric that obeys this condition need not
agree with the basic phase-space function ¢, of the
canonical theory, unlike in classical theories of gravity. In
the same way, the momentum p® canonically conjugate to
q.» need not be linearly related to extrinsic curvature if the
structure function is modified. Instead, the emergent space-
time line element (18) may be used to derive a suitable
extrinsic curvature tensor K ,;, in the same slicing in which the
emergent metric g, is induced by (18) as the spatial metric.
Since extrinsic curvature by definition depends on normal
derivatives of the spatial metric, equations of motion of the
canonical theory could be used to relate K, to the original
canonical fields g,, and p“, just as §,, is not a basic
canonical field but depends, in general, on both ¢, and p®
in a nonlinear way.

Such an extrinsic curvature tensor K ,, would be derived
from a consistent space-time geometry and would therefore
be a proper covariant two tensor. This property implies that
there is no additional momentum-version of the covariance
condition derived from § ,,. If one is interested in comparing
canonical gauge transformations of K, defined through the
relationship between this tensor and the phase-space func-
tions g,;, and p“?, with space-time coordinate transforma-
tions of this tensor, one would make use of the momentum
version of the gauge transformations (or of the correspond-
ing equations of motion) (28). The full set of gauge trans-
formations is therefore used if one compares gauge
transformations with space-time Lie derivatives for both
3., and K,,. However, since the structure function of
hypersurface-deformation brackets uniquely determines
the complete space-time line element, only the gauge
transformations of g,, yield nontrivial covariance condi-
tions, while covariance of K, is then implied. Heuristically,
the correct transformation of K, is implied because K, is
defined as a certain space-time coordinate change of .
(This transformation is not a Lie derivative because extrinsic
curvature depends on the slicing. It is a spatial tensor on a
fixed hypersurface but not a space-time tensor.) A detailed
derivation together with explicit equations for the correct
coordinate transformations can be found in Appendix A.

Covariance of the spatial metric tensor therefore implies
covariance of the extrinsic-curvature tensor. While all
equations of motion are used if one derives explicit trans-
formations for both §,, and K, only the former lead to
nontrivial covariance conditions. This result reinforces the
heuristic understanding that the equations of motion for g,

determine geometrical properties of an embedded hyper-
surface (the relationship between extrinsic curvature and
normal derivatives of the spatial metric), equations of
motion for g, determine the dynamics of the theory
and therefore physical properties.

3. The necessity of emergence for modified gravity

As an example, consider a theory in metric variables,
where the phase space is composed of the “bare” spatial
metric ¢, (used to define the phase-space structure) and
its conjugate momenta p®, and the emergent spatial
metric equals the bare spatial metric (that is, the structure
function remains classical). The covariance condition (31)
then implies, from {q,,, H[e"]} = 6H[e"]/5p?", that the
Hamiltonian constraint must not contain spatial derivatives
of p® . If we use only up to second-order spatial derivatives
of q,;,, the Hamiltonian constraint is uniquely determined
by the hypersurface deformation brackets, (15)—(17), up to
the choice of Newton’s and the cosmological constant, and
assuming parity symmetry [10,11]. It must therefore be
classical, and generally covariant modifications are ruled
out under the stated conditions.

If the spatial metric is considered a composite function of
the phase space, as it happens when the space-time line
element has an emergent spatial metric g, distinct from the
phase-space function ¢, (and not just obtained by directly
applying a canonical transformation), the regaining pro-
cedure of [10,11] is modified and may result in new
gravitational theories even at second derivative order.
The covariance condition (31) is nontrivial in this situation.
For instance, if the emergent spatial metric depends on the
momenta, as it happens in the examples discussed in the
next section, spatial derivatives of the bare metric, which
always appear in the Hamiltonian constraint, also contrib-
ute to the covariance condition and could cancel out with
unwanted terms from spatial derivatives of the momenta.
The covariance condition and the concept of an emergent
metric then present important ingredients in constructions
of modified canonical gravity, in addition to the require-
ment that hypersurface-deformation brackets of the form
(15) be realized. Although there are then different versions
of ¢g,, in such a theory, given by the bare metric and the
emergent metric, it is not an example of bimetric gravity: A
unique metric, the emergent one, is singled out by the
covariance condition, if the latter can be solved at all.

Results similar to those of the present section can be
formulated for triad variables, in which case the spatial
metric has the status of a composite field even in the
classical theory.

C. Noninvertible structure functions
and signature change

The definition of an emergent line element from a
modified structure function *° requires that this spatial
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tensor is invertible in a space-time region in which it is
applied. If this condition is not strictly fulfilled but still
holds on a dense submanifold in space-time, then there are
hypersurfaces (possibly timelike or lightlike and not just
spacelike) that separate regions in which g7 is invertible.
Emergent line elements then exist only in these regions but
not on the separating hypersurfaces. Moreover, they may
differ from one another by certain sign factors of
sgn det §%°. Space-time then has distinct regions in which
emergent line elements exist but no global line element.
(A single space-time object is defined by solutions of the
constraints before they are equipped with emergent line
elements.) An example for such emergent space-times is
given by models with dynamical signature change [26,27].
If we are in a region where sgn det §*” = —1, then the
emergent line element (18) is of (negative) Euclidean
signature (—1,—1,—1,—1) and no longer Lorentzian as
in the classical limit. (We assume that the signature remains
spatially isotropic in order to prevent the existence of a
distinguished spatial direction in the resulting gravity
theory.) Combining our constructions with those in [13],
it follows that this emergent line element is equivalent to
one with positive Euclidean signature (+1,4+1,+1,+1)
because we may define the emergent spatial metric as

(':]ab = Sgn(det Z]ub)Z]ab (32)
and introduce an emergent line element

ds? = —sgn(det §**)N*dr?
+ 5., (dxe + Nd)(deb + NPdr).  (33)

Because sgn(det g*) is spatially constant in any region in
which G is invertible, the conclusions of [13] apply and
show that the new definitions guarantee general covariance.

III. SPHERICALLY SYMMETRIC THEORY
OF GRAVITY IN VACUUM

Following the general results of the previous section,
we will now focus on spherically symmetric models. We
choose the basic phase-space variables to be certain extrinsic-
curvature components as the configuration variables and
densitized-triad components as their conjugate momenta, as
used frequently in models of loop quantum gravity [28,29].

A. Classical spherically symmetric theory

In the spherically symmetric classical theory, the space-
time metric is

ds® = =N2dr* + g, (dx + N'dr)* + qg9dQ%,  (34)
where dQ? = d9? + sin® 9dg?. The spatial metric compo-

nents are related to the radial and angular components of a
densitized triad, E* and E?, respectively, via

(E?)*
QXx = Ex ’

qe9 = E*, (35)

which, for the purpose of the present paper, may be
considered a part of a canonical transformation of the
phase space in metric variables. Extrinsic-curvature com-
ponents are then transformed to radial fields K, and K,
such that

{K(x), E(y)} = {K,(x), E(y)} =

(We choose units such that 2G = 1.) The geometrical
interpretation of K, and K, follows from their equations
of motion, generated by the Hamiltonian and diffeomor-
phism constraints,

S(x—y). (36)

{ 7
|Ex E?  2./|EY|
K2
®

E?K
- —2K,\/|E¥|K,
2 E
ST S,
and
HIV| = [ (ke - K(EY). 39

where the primes are radial derivatives.
The hypersurface-deformation brackets in this case are
{H[N"],

H,[M"|} = H.IN"(M")' = M"(N")],  (39)

{H[N]. H,[M"]} = —H[M"N'], (40)

{HIN], HM]} = H,[¢"(NM' = N'M)]  (41)
with the structure function ¢** = E*/(E?)?, which indeed
follows from Poisson brackets of the constraints for phase-
space independent N and M’. The structure function
determines off-shell gauge transformations for lapse and
shift as

5N =& + N — N7(eY, (42)

N(e%)).  (43)

Condition (14) for the covariance of the metric is
satisfied, and the gauge generator functions are related
to the two-component vector generator of infinitesimal
diffeomorphisms by

6€Nr :ér+€r(Nr)/_Nr(€r)/+qxx(€0N/_

&= Onk 4 e st = Et 4 Er gt (44)
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with components

0 €0
, r=e — N 45
S == (43)

B. Modified spherically symmetric theory

We consider modifications to the spherically symmetric
theory with canonical variables (K, E?) and (K, E¥). If
we modify the Hamiltonian constraint, then the brackets
(39)—(41) determine the emergent radial spatial metric via
Gy = (§)7" if the modified structure function G** is
invertible everywhere, and therefore positive definite. The
angular component of the metric gy cannot be determined
in this way because it does not appear in the classical
brackets. We will therefore keep it unmodified in the
present section. The emergent space-time line element is
then given by

ds? = —=N2df* + G (dx + N'dr)? + EdQ?  (46)

if g > 0 is strictly positive. If §** is not positive definite,
then we define the emergent line element as

ds? = —sgn(7*)N2d + §,,(dx + N"dr)? + E*dQ2  (47)

with G, = |**|~", choosing the second option of Sec. II C
in order to avoid a distinguished role played by the radial
direction in space-time signature. This choice is determined
by our decision to keep ggy unmodified.

Another immediate implication of this decision is that
qg9 = E* is not a composite field in the emergent line
element. As in our general discussion, we therefore con-
clude that modified constraints cannot depend on spatial
derivatives of the variable K, canonically conjugate to E*:
The covariance condition (31), evaluated for the angular
component of the metric, implies

0H
oK',

_of
os. 0K

=...=0, (48)
0S.

using 50 E* = —6H[e] /5K .

Radial derivatives of K, in A can be consistent with the
covariance condition only if one considers a more general
emergent angular metric component g9 that depends not
only on E* but also on other phase-space variables such as
extrinsic curvature. Within spherically symmetric models, a
choice of gg9 # E* could therefore be justified if one would
like to include a specific term, for instance with spatial
derivatives of K, in a modified Hamiltonian constraint.
Such terms have been considered in [30] but without
finding a closed version of the modified constraints.
Alternatively, a modified angular metric could potentially
be determined by constraint brackets if they are derived
from the spherical reduction of a consistently modified full
theory, or from a model system with less symmetry than

spherical models. We will leave these possibilities for
future research.

The radial component of the covariance condition takes
the form

9(60q™)

0(60)/

_ 0(60G™)
0.. 0(60)”

Since g%, like ¢** itself in a triad formulation, is a
composite field, this condition is more complicated than
the angular version (48). We will consider specific modified
constraints and their structure functions in our evaluations
of this condition.

A direct application of the covariance condition (49) to
the emergent space-times considered in [15,22] confirms
that these two models are both covariant. The space-times
proposed in several other works, among them [13,19], can
be shown not to satisfy covariance, even though the
underlying modified constraints are first class and have
constraint brackets of hypersurface-deformation form. In
the next subsection we construct a new example by using
phase-space dependent gauge generator functions, as per-
formed in a different way in [18,19].

=...=0. (49)
0.S.

C. Linear combination of constraints
with phase-space dependence

We have now specified conditions for general covariance
of an emergent line element determined by the structure
functions of hypersurface-deformation brackets. As a first
application, we can now test whether it is possible, at least
in spherically symmetric models, to construct modified
gravity theories by using different versions of phase-space
dependent lapse and shift in such a way that the structure
function no longer agrees with a basic phase-space variable.

From the point of view of a canonical gravity theory,
phase-space dependent lapse and shift matter because they
imply additional terms in off-shell gauge transformations.
Consider two phase space functions Q and B, and a lapse
function N that is phase-space independent. The gauge
transformation of Q generated by the Hamiltonian con-
straint H with gauge function BN instead of N is given by

(0. H[BN]} = / ay{Q. H()B(y)}N(y)

- / ay({0. H(y)}B(y)
C{Q.BOHOING)  (50)

with a new term {Q,B} # 0. While this new term is
multiplied by H(y) and therefore disappears on shell, it
changes the form of off-shell gauge transformations. Off-
shell gauge transformations, applied to the constraints
themselves, are relevant for properties of hypersurface-
deformation brackets and may contribute to their structure
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functions and thereby to emergent line elements. Our new
methods from the previous section bring us in a position to
evaluate these implications.

For the sake of simplicity, we will implement phase-
space dependent lapse and shift in a way that does not
change spatial diffeomorphisms. Only the Hamiltonian
constraint will then have a phase-space dependent multi-
plier. As a generalization of (50), in addition to replacing N
with BN we may also add a contribution from the diffeo-
morphism constraint to the new normal deformation.
Formally, we may arrive at such linear combinations by
the substitution

N — BN, N" — AN + N” (51)
in the original constraints with phase-space independent N
and N”. The original constraints obey the brackets (39),
while phase-space dependent A and B imply additional
terms in the brackets of H,[N’] with a new Hamiltonian
constraint

H™Y)[N] = H[BN] + H,|AN] (52)
derived from the complete Hamiltonian
H[BN,AN + N'] = H[BN| + H,[AN] + H,[N"] (53)

after the substitution (51), collecting all N-dependent terms
in the definition of H™W)[N]. This procedure of imple-
menting a phase-space dependent linear combination of the
constraints follows a construction proposed in [18,19] that
allows one to eliminate structure functions. Off-shell
consistency conditions and covariance, however, had not
been considered in these papers, which is made more
difficult, if not impossible, by the very act of eliminating
the structure function that determines consistent space-time
structures. In the present paper we are not interested
specifically in eliminating structure functions, but our
methods are general enough to analyze covariance also
in this context. We will briefly return to this question after
our derivation of general consequences of phase-space
dependent linear combinations.

In general, the off-shell Poisson brackets of H®")[N]
and H,[N’] are not of the form (39). The existence of a
covariant emergent line element is therefore not guaran-
teed. We will now use our methods from the previous
section to derive new results that tell us under which
conditions on A and B a covariant emergent line element
exists, based on (48) and (49).

1. Anomaly-freedom and the covariance condition

We now consider the same canonical variables (K P E?)
and (K., E*) as well as the diffeomorphism constraint H,
from (38) as used in spherically symmetric gravity. Our
derivations in this subsection are general enough to allow

for a generic initial Hamiltonian constraint H*'9 that
could, for instance, correspond to a dilaton gravity model.
We will then implement a phase-space dependent linear
transformation of the form just described, replacing H©'9)
with H™Y) defined as in (52). Because H*'Y) and H("")
(before smearing) are densities of weight 1 and H, is a
density of weight 2, it follows that B has density weight 0
and that A has density weight —1.

By construction, the gauge transformations 5" gen-
erated by the new constraint (52) are equivalent to a
combination of gauge transformations generated by the
old constraint and the diffeomorphism constraint, with
partially phase-space dependent generators:

5§new) = 5(new) o é(old) (54)

Ve T YBel A0+et

In order to highlight new terms implied by phase-space
dependent multipliers, we define for label="new” and
label="0ld” the contribution

100 = [ Q) F)E0)
4 / (0. H,(0)F,(0)E0)  (59)

to normal gauge transformations, where ¢ and €” are
phase-space independent, while Q, F,, and F, are phase-
space functions. Assuming that we already know the gauge
transformations generated by the old constraints, we can
then write the new transformations as

new 1d
52 ’ )Q(X) = ﬁg)eo.)/\eoJre’Q(x)
+HCO{O(x), B}’ + {Q(x), A}e’]
+ HO{0(x). A}e"]. (56)
We begin with the condition that the bracket (40) should
be reobtained for H™") and H, if the new constraints

correspond to a realization of hypersurface deformations.
A direct calculation shows

{(HON], H,[M7]}
= —HO [MIN') + H, | (85 AN = (A'M” = A(M")")N]
+ HO (5 BN — B MN). (57)

For this to be of the hypersurface deformation form, we
have the conditions

SYUIA = MTA — A(MTY, (58)

Sy\/B = B'M". (59)
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which are satisfied provided B is of density weight zero and A of density weight —1.
The bracket of the new Hamiltonian constraint with itself contains several terms:

{HO[N], Ho) [M]} = / dxdyN (x)M

) {HCD (), HOD (y)}B(x)B(y) + {B(x),

B(y)}H (x) HC9) (y)

+({B(x). HOY () HOY (x)B(y) = (N < M)

+ {H,(x), H.(y) JA()A(Y) + {A(x), A(Y) }H . (x) H ()

+ ({A), H,(y)}H,(x)A(y) = (N < M))

+ ({H,(x). HO (y)}A(x) B(y) + {A(x). HOY () }H ,(x) B(y) = (N < M)

+({B(x). H,(y) }H (x)A(y) + {A(x). B(y) }H,(x) HO (y) — (N < M))). (60)

The first term contains the old bracket {H©'9) (x), H°'9)(y)} for which we can use the hypersurface-deformation result, but

there are several additional terms which can be written as

{H(new) [N],H new [ ]} H [qu(old)(NM/ MN/) + (ﬁ;;/([ioA) (5;11;10 )M]

+ / dxdy({B(x), A(y)}N(x) HO (x)M (y)H,(y) = (N < M)

+ / dxdy{A(x)

A)IN()H, ()M

("H,.(y)

+/dxdy{B(x),B(y)}N(x)H(old)(x)M( YVHO) (y)

o Id (old)
+H! m)[(ﬁg)M,)oB)N (53301\/0

For this combination of terms to be of the required

)M + AB(NM' = MN'")]. (61)

antisymmetry of the Poisson bracket, and the last line can

hypersurface-deformation form, it must include H,  be written as HO'Y[F(NM' — MN')], where
smeared by qfrfew)(NM’ — MN') where Dlpewy = T 18
the new structure function on which we will impose our (old) old)
F = AB =B A 63
condition for general covariance. These terms are contained aM’ <§BM oB) + <6M’ % )+ ) (63)

in the first three lines of (61).

The last two lines in (61) do not contain H, as an overall
factor, and thus they must vanish. To simplify the analysis
we restrict ourselves to functions B of the form

B = B(E*, K

oo (E)'[E?). (62)

All arguments of such a function are of density weight zero

is independent of M and N. The condition F = 0 directly
relates A to B via

0 (old
A= =530 B). (64)

which is of density weight —1, and therefore fulfills (58).
The first three lines in (61) then determine the

and therefore fulfill the earlier condition (59) on B. With  new structure function via {H"W[N], H™V)[M]} =
this choice, the fourth line in (61) vanishes because of  H,[¢}* Do) (NM' = N'M)]:
|
0B 0A 0B 0A 0B 0A 0B 0A
XX — B2g%x B 5<°ld)A - 4 = = = = 77 7 )yl
Thoew) = B dtow) B 537 O o) G 557 T 3Ew aKT, ~ oK, a(E7) ~ O(EVY 9K
1 /0A 0A n 0A 0A JdA O0A 0A O0A (65)
2 \0E* 0K, ' 0E’ oK), oK,d(E*) oK,d(E’)) "
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where we have neglected possible second-order derivative
terms in A, for which a straightforward extension of the
present analysis would be needed. The covariance condition
(49) applied to the structure function (65) takes the form

0 (new) 0
5 XX
G

— (new) _xx —...=0
(new) |g s, 6(60)// €0 (new) |g g :

(66)

2. Constraints of the spherically symmetric theory
Using the Hamiltonian constraints, (37), and the classical
structure function, g5, = E* /(E?)?, the anomaly-free

linear combination of the constraints of the form (52) is
obtained from (62) and (64):

_ VEY(E*) oB - 0B
A= —Wﬁ—zlgp\/bfm. (67)

The structure function (65) of the resulting anomaly-free
brackets of hypersurface-deformation form then equals

XX o EX K(/lEx oB \/E(Ex)/ ? aZB
C](new)*w 2_(E‘”)ZBE_< 2(E<”)2 > B(()K(p)z
E*(E*) 0B g OB

e Paey PP G
2K,E*(E*) OB
T (E?)? " 0K,0(E*)" (©%)

[The second and third line of (65) vanish identically in the
present case.]
The covariance condition (66) requires that

16K, (3K, 0.B(4K ,02B + 0 B) + B(K (4K ,03B + 30 0.B) — 30.B))
+122[K 0 B(4K,02B + 0k B) + 4K,,0.B(0.B + 2K, 0k, 0.B) + B(K,,(402B + 4K ,0x 02B + d; B) - B)|
+ 122°[0x, B(9.B + 2K 0k, 0.B) + K,0.Bog B + B(dk,0.B + K,0x 0.B)] + 2*[30, Bog B + Boy B|=0.  (69)

where z = (E*)’/E?. If we further simplify the form of B to
B = B(Kq,,Ex), the long condition (69) reduces to two
shorter equations for B:

0B \ 2 *B OB
K [— B(K,———-—)=0, (70
‘ﬂ(a&) " ((”(aw a&) (70)

B 0B B
—5+3— "7 >5=0. (71)

(0K,)’ oK, (0K,)
These equations have the general solutions B =

ciy/ca £ K2 and B = ¢/, + K2 + &K, respectively,

where c¢; and ¢; are free functions of E*. Consistency
between the two solutions yields

By(K,. E*) = u\/1 = s22K2, (72)

|
VES(EY)  s2K,

2
2E7) - sek?

Ay =u (73)

via (67), and

/12 (Ex)/ 2 Ex
AR [} R 74
Tlnew) = # < 1o \aer) ) Y

follows from (68). The classical constraint and structure
function are recovered in the limit A — 0, 4 — 1. The new
structure function is always positive for s = +1 and there-
fore directly determines the radial metric of an emergent line
element. (In this case, the modified theory is equivalent to
what has been analyzed in [16,17] for constant A and a
specific y depending on A. In these papers, the covariance
conditions had been checked specifically for the modified
constraints without a general underlying theory.) For s = —1
there may be regions of signature change.

The case of s = 1 is interesting because the square root in

where s =41, p=pu(E*), A=A(E"). This result (72)thenimpliesabounded curvature component |K,|[<1/4.
implies The modified Hamiltonian constraint in this case equals
|
1 vVE* K,K |E*| vV IEY|
H(new) — 1 — s12K2 —si2 QX x\\2 _ EXY(E?Y ExX)
HyETe ‘”((8 B 2(EPY 1 - siPK2 (E))" =5 oy (B (") + S (EY)
VvVE* E’K E? » K2
2 - (E")K, - - * _2K,\/|E|K, ). 75
+ s 2(E¢)21—S/12K$,( ) 7 2 |Ex| 2 |EX| @ | | ( )
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This constraint was first found in [14,15], up to a canonical
transformation

sin(AK ) E?
K — EV > —— 76
v 7T - cos(1K,,) (76)

(for constant 1) that preserves the diffeomorphism constraint.
The canonically transformed constraint equals

VE* [E‘/’ (1 . M) Lk sin(22K,)

Hee =15 | 2 T
- ((f;)(/:>2 (%cosz(llﬂp) - %2/1 sin(2/1K¢))
BT Y]

+ cos?*(1K,,)

The structure function (72) must then also be trans-
formed, yielding

as =tk (14 (S5 ) ) o 09

By construction, this function implies a covariant emergent
line element. Static space-time solutions of the dynamical
equations generated by the constraint (77) and the classical
diffeomorphism constraint have been studied in [16,17] for

u = 1/v/1+ A%, where covariance was also demonstrated
explicitly. In this space-time, the surface of maximum
curvature K, is a surface of reflection symmetry, as is
readily seen from (77) and (78).

Physical properties of this modified space-time are
independent of the canonical transformation because the
evaluations of dynamics and covariance are based com-
pletely on Poisson brackets. This observation makes it
clear that the curvature bound and the avoidance of the
classical singularity in [16] must be a consequence of the
phase-space dependent linear combination of hypersurface-
deformation generators, which can lead to modified space-
time solutions because it changes the emergent normal
direction.

These physical implications are independent of the use
of the canonical transformation or periodic functions
originally intended to model holonomies of loop quantum
gravity; they are more general properties of emergent
modified gravity. (The canonical transformation is non-
bijective, which has been argued in a different model to
allow new physical effects [31], but this possibility has
been ruled out by [32].) Nevertheless, the application of the
canonical transformation (77) has a technical advantage
because, by its nonbijective nature, the holonomylike
variables can be extended to both sides of the reflection-
symmetry surface. The constraint (75) diverges at the
maximum-curvature surface, 1K, — 1, while the constraint

(77) remains finite, H™") — —uE?/\/E* as K, — m/2.

This behavior is possible because the nonbijective canoni-
cal transformation maps all finite values of E? to infinite
values at AK, = 7/2, suppressing terms that originally
diverge as the maximum-curvature surface is approached.
The nonbijective nature of the canonical transformation
therefore does have an implication, but only on the
convenient parametrization of the surface and not on the
surrounding space-time regions where E? is finite in both
descriptions.

Our solution for s = —1 has not been found before. It
may be transformed canonically as in the s = +1 case,
using hyperbolic instead of trigonometric functions. There
is no curvature bound in this case, but the possibility of
signature change might turn it into an interesting model
system. We leave a detailed analysis to future work.

D. Off-shell partial Abelianization

As another application of our general equations, we can
systematically rederive the partial Abelianization of spheri-
cally symmetric constraints from [18,19]. To this end, we
need to find a function B in (68) that eliminates the structure
function in an anomaly-free way: q)(‘rfew) = q)(“jg) =0.
According to (68), this is possible if

B =K,B,(EY) (79)

with some function B, that depends only on E*, such that

/EX Ex !
A= —# . (80)
(E?)>
This solution of the Abelianization condition ¢7* . = 0 is

(new)
unique up to a choice of B, = B,(E*). The resulting
Abelianized Hamiltonian constraint equals

H(A) _ ( ((Ex)/)Z
B 8+/|E*|E?
E?
—m(l +K3)

VIET(EY)' (E7) | /|EY|(EY)"
B Y7 Y7 >K‘”
VE(EYY

~ Ko (81)

(1+ 8E'K,)

X

- 2K,/ |E*K,

Compared with the constructions in [18,19], our
results provide a local and off-shell pathway to partial
Abelianizations without the need of an additional integra-
tion by parts in the Hamiltonian constraint, integrating the
lapse function. Our method therefore supports one of the
motivations of [18,19], which is to simplify common
quantization procedures that are often untractable in the
presence of structure functions. The fully local construction
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given here provides further simplifications in a quantization
procedure that also aims to supply solutions of the
Abelianized theory with space-time interpretations.
However, space-time considerations require a transforma-
tion back to brackets of hypersurface-deformation form: A
vanishing structure function, as found in a partially
Abelianized theory, makes it impossible to interpret sol-
utions of the theory as emergent space-times because the
theory does not provide an unambiguous choice of gl.
Formally, our covariance condition is trivially satisfied in
this case, but only because there is no emergent line
element to begin with.

Instead of using a full quantization right away, one
may begin with an analysis of modifications that are
sometimes necessary in certain quantization approaches,

|

such as “polymerization” or the substitution of periodic
functions for extrinsic-curvature components in models
of loop quantum gravity. To have a chance of being
covariant, such modifications must be compatible with
suitable corresponding modifications to the hypersurface-
deformation constraint (37), in such a way that the latter
still satisfies the covariance condition (49). If one is
interested in a space-time picture with an emergent line
element, this condition remains in place also for the
Abelian constraint (81).

As an example, we may use the constraint (77) and its
structure function (78), already modeling holonomy mod-
ifications, and then perform the partial Abelianization as
done above using (62), (64), and (65). Considering
B = B(E*,K,,), the resulting Abelianized constraint is

+4K,

B, 2 |E 2 A

HY  VEF [Ew (1 . sin? (Mq,,)) tan(AK,)

+ sec(1K,,)

sin®(AK,) ((E")’)z( 1 sin(21K,) K,

4E* 24 E? 22 E?

2
,sin*(1K,) K,
. -V —+ =

E? A 24

which is again unique up to a choice of B, = B, (E*). This
constraint reintroduces the divergence at AK, = 7/2 owing
to the function tan(AK ). The appearance of tan(AK ) in

the first line and sec(4K,) in the K|, term, complicates a

promotion of Hé?) to an operator and a corresponding

discussion of covariance at the full quantum level.

Another key difference between (82) and the
Abelianized constraint of [18,19] is the lack of K, in the
latter, which facilitates loop quantization as no radial
holonomies are needed. However, imposing the covariance
condition, radial holonomy modifications are not allowed
in the present spherically reduced model, presenting an
ongoing challenge to a complete loop quantization of black
holes. To see this, we will analyze the general case of
modified Hamiltonian constraints in spherically symmetric
models, which may describe combinations of possible
covariant versions of holonomy modifications with phase-
space dependent linear combinations of hypersurface-
deformation generators.

IV. GENERAL MODIFIED
HAMILTONIAN CONSTRAINTS

In the preceding section we have demonstrated that
phase-space dependent linear combinations of the con-
straints can give rise to modified gravity theories. We used
several simplifying assumptions, such as in the limited
dependence of one of the linear coefficients, B, on the
phase-space fields, for this demonstration. In the present
section, we continue to work with the same models, given
by the phase space and diffeomorphism constraint of

(EY) (Sin(,mq,)) . sin(24K,) <(E21)5/a(1;52¢)/ _ (EX)HH ’ (82)

E?

|

spherical symmetry, but aim to derive a more general form
of modified Hamiltonian constraints consistent with gen-
eral covariance according to our new condition.

The results can be understood as modified theories of
gravity in which the Hamiltonian constraint may be subject
to a number of different modifications, motivated for
instance by canonical approaches to quantum gravity.
For full generality, one should then also allow for possible
phase-space dependent linear combinations with the diffeo-
morphism constraint since it is not certain that a theory of
quantum space-time would follow the classical separation
into tangential and normal deformations of spacelike
hypersurfaces. Such linear combinations also provide addi-
tional free functions compared with modifications of the
Hamiltonian constraint by itself. As we will demonstrate,
these free functions help to regain general covariance in an
emergent space-time description of modified constraints.

In this way, we consider general modifications to the
spherically symmetric theory with canonical variables
(K,.E?) and (K, E*), without introducing any additional
degrees of freedom as they would be implied by higher time
derivatives in the action. We therefore explore possibilities
of modified gravity that do not require new degrees of
freedom, reducing the danger of instabilities that might
otherwise arise as in higher-curvature effective actions; see
for instance [33].

Once we modify the Hamiltonian constraint in a specific
way, the constraint brackets (39)—(41) determine the
radial metric component via g, = 1/]g**|. As before,
the angular component of the metric cannot be determined
by the constraint brackets. For now, we include a generic
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expression Ggg = Ggg(E*) for the modified angular com-
ponent. As before, the covariance condition for the angular
component of the emergent metric implies (48) and (49),
using S0 E* = —6H[e°] /5K ,.

The emergent space-time metric is then given by

ds? = —sgn(§*)N?dr* + |G| (dx + N"dr)?

Since the sign of gy is not strictly determined within a
spherically symmetric theory, we assume that this metric
component remains positive. The emergent space-time
line element then follows the second option presented in
Sec. II C, applied to the (1 + 1)-dimensional radial space-
time. In this way, the four-dimensional space-time line
element that includes the angular term does not have a
distinguished spatial direction based on signature.

A. Modified constraint brackets

We follow the procedure employed in [14,15], but
consider an expanded version of the Hamiltonian constraint
to include solutions not contained in these papers. We use
the general ansatz

H = ag+ ((E") ax + ((E?))*ay, + (E*)' (E?) ay,
+ (EY)"ay + (K,)*by, + (K,)"by + (E¥)' Kiycy,
+ (E?)' K¢, + (E?)"cy (84)

for our Hamiltonian constraint, where a, a;;, a, b, b,
¢, ¢;; are all functions of the phase space variables, but not
of their derivatives. (Here and from now on, we drop the
tilde on H with the understanding that we are dealing with
modified constraints.) We have included terms quadratic in
first-order radial derivatives and linear in second-order
radial derivatives of all the phase space variables, except of
K, because this would break covariance as demanded by
(48). Terms linear in K7, with coefficient ¢, or c,,,, may be
viewed as derivative corrections, or as contributions from
the diffeomorphism constraint in a phase-space dependent
linear combination with the Hamiltonian constraint.
Starting from this ansatz we will obtain the conditions
for it to satisfy the hypersurface-deformation brackets
(39)—(41), possibly with a modified structure function g**.

1. {H H,} bracket
The bracket {H[N], H,[N"]} can be written as

(HN], H,[N"]} = / AeN"[NFo + N'Fy + N"F,]  (85)

using integration by parts to avoid derivatives of N’.
For this result to match (40), we set F;, =F,=0
and F;+ H =0. Since all the free functions in the

Hamiltonian constraint (84) are, by definition, independent
of derivatives of the phase space variables, any terms in the
equations implied by (85) that multiply different kinds of
derivatives must vanish independently.

For a generic Hamiltonian constraint as used here, there
is a rather large number of such equations; see Appendix B
for more details. They imply that the constraint must have
the form

g ((E1)) (E*)(E”)
H=—-VE*= |E?A A
2[ 0T T Ae T Ty
(B (K (EYVK,
- E? E?® (4 E? CX(/’
(ErYK;,  (K,)"
where Ay, A;j, B, C;j, and g are free functions of £¥, K ,,

and K,./E?. (The function g has been factored out for
convenience.)

2. {H H} bracket
The bracket {H[N], H[M]} can be written as

(HN], H[M]} = / Ax[(NM' — MN')(Gy — G, + Gy
_ (NM/// _ MN///)gz]’ (87)

where we used several integration by parts. Specific
expressions for Gy, G,, and G, can be obtained from an
explicit calculation of the Poisson bracket of two
Hamiltonian constraints. At this stage, they are quite long,
but some of the terms have direct implications that simplify
the allowed dependence of coefficients on phase-space
degrees of freedom. We will indicate the simplifying
implications first and then proceed to more compli-
cated terms.

For the bracket to match (41), we must set G, = 0 and
G=Gy—G| =H, g™ for some function g** of density
weight —2. The first one of these equations, collecting the
highest derivative terms, implies

EX

C,ﬂq,gzm ((E")" + K, Cpp) = 0. (88)

which, for a nontrivial Hamiltonian constraint, is solved
only by C,, = 0.

The second equation, G = §**H, for some §**, can again
be separated into terms multiplying different derivatives of
the phase space variables. The terms

1
G =7 E'g(09/0K.) ()" + G'K' + G, (EY), (89)

with
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E?
G - —FXG(/, -

ngx aZAO
4(E?)* o(K,/E?)*

(90)

are the only ones that cannot contribute to the diffeo-
morphism constraint and must therefore vanish separately.
The first term in (89) immediately implies that g does not
depend on K ,, and therefore it does not depend on E? either
because such a dependence could occur only in the
combination K,/E?.

In the remaining terms of (89), G* and G, are phase-
space functions that do not depend on spatial derivatives.
Since they appear in the bracket of two Hamiltonian
constraints via terms with only two spatial derivatives,
one in NM' — MN' and one in K’, or (E?)’, they can result

|

G = G’Ki, + G (E") + (Fxo(K,) + F(E))(E")"

(G K + G K + GL(E))PK,
+ G (K + GEY (K (B + G

Explicit expressions for all coefficients are given in
Appendix C. All terms can in principle contribute to the
diffeomorphism constraint. It is therefore convenient to
rearrange the terms according to

G = (0 + 3o (E")" + G2, K}, + (317K, + 313 (E)) K,
+(@19K) + 312 (EY))(E?) + G2, (KS)?

+ q2x(p(Ex) @ + ‘IZxx(( x)/)z)Hr’ (93)
where all the ¢ coefficients contribute to the structure
function of the resulting hypersurface-deformation bracket.

In order to obtain the required factorization as a multiple
of the diffeomorphism constraint, the terms in G must
satisfy the relations

G? G
K, K’ (54
@ X
F? F
— _ xx ’ (95)
E K,
Foo F
_— = (96)
E? K
Grex GY
- Yk (97)
XQ X
X Gxx
(-0 =2, (98)

+ (F™K!, + Fx2¢(E
+ (GG (K, + GL(E¥) K, + G ((E¥)')?)(E?)
EY)' K}, + Gou((EY)).

only from a Poisson bracket of the first term in (86),
proportional to E?A, with some of the other terms. The
presence of (E*)” in any Hamiltonian constraint that has the
correct classical limit implies that A, can be at most linear
in K, as also seen directly from (90), such that any spatial
derivative of {A,, E*} taken after integrating by parts no
longer produces terms with K’.. To summarize this step, g
does not depend on K,/E? and A, is linear in K,/E?:

K
g=g(E*,K,) and Ao:fo‘f'E—;f] (91)
where f( and f, are free functions of E* and K.

The remaining nonzero terms in G. They are of the form

x)/)K;l}

(92)
f

Gy _ _, Gl
g, )

G, G
R e 100
- =-% (100)

Grre G?
= (101)

G?x G)CXX
b, TR (102)

Gy’ - Gix

(1-a) gy =-0-b)F.  (103)

where a, a,, and b, are arbitrary functions of E*, K > and
K./E?. The first three equations can be solved for some of
the coefficients in (86):

11 d ol d
0o — Z2f() ( fo fO n:] fl fle)
1
+Z_2(Axx_f2)’ (104)
ol 2
Cxl/l = all(lg__( xx_f2>’ (105)

7

where z = K/E? and f, = f,(E*,K,). The remaining
relations remain quite long and complicated.
The structure function is now given by

7% =qo+ @+ @2y + 1* + @1+ g3 (106)

084066-17



MARTIN BOJOWALD and ERICK 1. DUQUE

PHYS. REV. D 108, 084066 (2023)

with GP%* G [y
q" = (FK;; X (E )’)wa
G? E)ng af . ExgzK; _ _ anx z_zdzAxx
90 = E(ﬂ 4(E(/,)2 <2fOB flezp +t 5 aK (107) - 2(E(p)6z4 X f2 2 + 2 ()ZZ
x <1 - KX(EX)’>, (110)
—a
F oy _ E'@(EY)"9Cy, G G
QZx _ﬁ<E ) - 4(E¢)4ZZ OZ 5 (108) ql(p = (E(fﬂ K/ K(/}(EX)/) (E(p)l
E**(E*) 0*A [ b
= E?K!, — K. (E*) ), (111
i o (p ™ Ke Ky ). ()
_ E'g °Ky) aBl/W 1
929 = Fo R0 = 20E oz (109)  and
|
— G(qu(p G / Gxxx x\/\2
4= g (KpP = by " (B Ky =2 ()2
E*g 220dlngoA,,
2<E¢)6 4 ( x( fZ) ( XX fZ) + 2 ()Kq, 0z
z dingdlng 1 g 4 PA,, 2f 0A,, O0A,,
T2\0K, 9B T goK,0E o0 2 Ta; K,
1- bl 20k \2 bl / 2 "2
(E?)*(K,,)" — E?K K}, (E*) + K((E¥)')” ). (112)
1
|
B. Covariance condition =fr- T ( foalng ;)IJ; 0 ggi +2f f2>
Now that we have the structure function (106), we can )
apply the covariance condition (49) which in our case is +2°f3 (114)
nontrivial up to the third-order derivative of the gauge
function. where f3 = f3(E*,K,). With this result for A,,, the third

The covariance condition must be evaluated on shell. In
particular, one has to pay attention to the on-shell property
H, = 0, which implies E”K|, = K(E*)" and can mix some
derivative terms that were independent in the off-shell
treatment so far. In order to solve all the covariance
conditions, it is best to focus first on the highest derivative
terms of each one.

The highest-order derivative term of the first covariance
condition is

(5.q4%) gEP?
AV los BT,
X(29f2(2f0—zf1)—4fogAxx zfozﬁ
0A.. of, 0
+gz(fo =y alj;—a%)). (113)
@

The on-shell condition does not affect this equation, which
has the solution

covariance condition,

0(5.94™) g (EY)Y? .
(3(60)"’ = 4(E‘/’)2K4 _<E )/ 27Ay = 2zf> + z?

22 dfo _ dfi
f(f1f2+g 0EX>

+ (& K, - z(E")’)

(pomr= i) 09

vanishes. The highest-order derivative term of the second
covariance condition is

ding
oK

0A
_ 2 XX
¢ 0z >

@

o5.4) _ o(E)"
oSy "B

(E?K{y = K (EY)")f3, (116)

and we conclude that f; = 0.
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We now go back to some of the anomaly-freedom
equations. We note that we can write Eq. (102) in powers
of z, which terminates at second order because of the
quadratic dependence on K . The nonvanishing powers are

2G4 = 2G4 (117)
and

Grux = Gk + 2Gii, (118)

where all G%,()

anomaly-freedom equation (102) requires bl =1 and

and Gxxx are independent of z. Thus, the

G)((gl = 0, which in turn implies

0 (dlng af,
_
O—fo[aEx<a Cw)+20 ] (119)

@

We note that with b, = 1, the function a; drops out of all
equations. Using these results we obtain B, = 0, and the
anomaly-freedom equations (97)—(101) and (103) are
automatically satisfied.

The remaining equations are given by lower-order
derivatives of E* in

0
W(Seq \o.s. =0,

which has only two nonzero terms, with (E*)" and with
((E*)")3, that must vanish separately. The vanishing of the
(E*)" term implies

621ngf ,0ngofy _ Pfi _(fiCy)
T (0K, )2 0K¢ oK, (0K,? 0K,
aC dlng
2 4 12
+3f (CW+ oK, T K, X¢>, (120)

and the vanishing of the ((E*)')? term implies

ol 01 aC, ol
0=( “g+3cw)< Img L cr y Ty ngcﬂp)

oK (0K ,)? oK, 0K,

0 [ Ing oC dlng
— C2 7 C., ). 121
oK, < oK?, The oK, Tk, oK, ’“”) (121)

This exhausts all the anomaly-freedom equations
(94)—(103). Using these values and condition (119), one
can check that the covariance condition (d5.4™/
3(e”)")|o.s. = 0 is automatically satisfied.

To summarize, the general form of an anomaly-free and
covariant Hamiltonian constraint is

~VES b (1ot o)

2 15 ()
Y B, .

_I_

+ (122)

where C,, is given by

1 6lng ofy Oof
Cx(p (f() 2L 1

2 , 123
% dK 6E"+ f1f2> (123)
and g, fo, f1, and f, are functions of E* and K, that must
satisfy Egs. (119)—(121). The structure function is

. of, 1/Ing oC,
XX _ C2 @
i (aK ~ /1 = ((aK¢)2 TSk,

In EYY\?\ ¢ E*
o) (7)) ey
»

Unlike the structure function found in the preceding
section by using only a phase-space dependent linear
combination of the constraints but no further modification,
this structure function is not guaranteed to be positive.
Suitable sign choices are therefore necessary when using

the inverse of this structure function in an emergent space-
time line element, as discussed in Sec. II C.

(124)

C. Applying canonical transformations

By directly solving the required conditions, it can be
shown that the set of canonical transformations preserving
the diffeomorphism constraint (38) and leaving the variable
E* invariant must have the form

- _(of. )\
K,=f.(F*K,), E? = E?| — ,
,= B, (5)

o 0f () 5
K, =k, + B0 (YT (125)
" OB ok,

where the new variables are written with a tilde. This
canonical transformation can be generalized by noting that
the transformation

0(a’E") .
_ (a )va B = a2Ex

6]

is canonical and preserves the diffeomorphism constraint
too, where a = a(E"). We will be using a combination of
these as a subset of all diffeomorphism-preserving canoni-
cal transformations:

(126)
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K, = f.(E*K,).

-1

Er— (27
0K

»
O(a2E¥) - = 0 of \ 7!
K, = (ac )KX—FE(/) f e ch ’
OE* JE" \0K,,
B = a2(E)E", (127)
with type-3 generating function
Fs3(E*, E*,K,.K,)
=—f.(E*,K,)E? — a2(E)E’K,.  (128)

Let us now consider the Hamiltonian constraint (122)
and perform a canonical transformation of the form (127).
By focusing on the (E¥)'(E?)" and (E*)” terms, we see that
the global factor transforms from g(E*, K,,) to g..(E*, K ),
where

dlnaz\ 1 df.
OE" ) 30K,

(129)

gcc(Ex’ K(p) = g(old)(Ex/ag’ fc) (1 -

We then see that the C,,(E*, K,) coefficient transforms to

of .\~ &
C(EX K )= — -
ColE". K,y) (0K¢> K>,
f e (o
L e o gy f (B4 K,)). (130)
K,

By setting f. = f.(K,) and a, = 1, it is therefore possible
to find, at least locally in phase space, a diffeomorphism-
preserving canonical transformation by solving an ordinary
differential equation, such that C%, = 0. After such a
canonical transformation, the Hamiltonian constraint and
the structure function simplify by setting C,, = 0.

Moreover, any modified angular component of the form
Gog = az>(E¥)E* can be mapped to its classical form,
Gg9 — E*, by using the canonical transformation (127)
with f. =K, and the necessary «. which preserves
C,, = 0. With these choices, the residual canonical trans-
formation has the form

N EY
K(p_)foga_,ucp? EY - —,
X
dl 1 ofi
Koo Kot B0k, (s L) - pe e 13y
OE*  f.OE*

where f, = f(E¥) and fi, = ji,(E").

Because the anomaly-freedom equations and the covari-
ance condition are all based on Poisson brackets, canonical
transformations leave them form invariant. Therefore,

C., = 0 becomes a new condition on the free functions
through (123), greatly simplifying the remaining equations.
This observation allows us to obtain exact solutions to all
anomaly-freedom and covariance conditions as follows:
We first solve Eq. (121) for g, then solve Eq. (120) for f,
Eq. (119) for f», and Eq. (123), set equal to zero, for f,.

For future convenience we write the residual canonical
transformation of all terms in the Hamiltonian constraint
according to (131) as

Yoc = g(EX7fo(/J _ﬁ(p)fx’ (132)
EY f.K,—ji
Qccf?)c:g(Ex»fo(,,—%) (fO( ff z ﬂ(p)
olnf, 1 0p . _
+< 01;]: _E$>K¢fl(E vfogo_ﬂgo)), (133)
9eefSC = 9(E*, f<Ky — i) f1(E", fxK, = fi,),  (134)

gccfgc = g(Ex’ fo</) - ﬂ(p)fx (f2(Ex» fo(/) - ﬁ(p)

K olnf, 10a,\ 10lng(E", f,K, - fi,)
v\ 9E* ~ f,0E)2 oK

olnf, 1 0,
O0E*  f.0E*) )

D. Classical limit

@

(135)

When solving the anomaly-freedom and covariance
equations as outlined above with C,, = 0 we should keep
in mind that the classical constraint, (37), must be recov-
ered in an appropriate limit. The general solution to (121) is
given by

9= dgcos® (i(K, + ). (136)

where 4, 4, and p,, are free functions of E¥, and its classical
limit is g = 1 as 15 —» 1, 4 — 0. Using this, the general
solution to (120), compatible with the classical limit, is

sin(2A(K,, + u,))
2

gfl = 4&0 (Cf + qCOS(Z/l(Kw +,u(ﬂ))>1

(137)

where ¢ and g are free functions of E*, and its classical
limit is f, - 4K, as Adg,c; — 1 and 4,p,,q — 0. The
general solution to (119), compatible with the classical
limit, is then

_ a sin (2A<K¢ +ﬂ¢)> ﬂa(ﬂﬂw)—i-ﬂ[( oA
4E*  22cos*(A(K, + p,)) ’

J2= OE* ”OE

(138)
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where @, = o, (E"), and its classical limit is f,

sin*(A(K,, + p,)) Ocy

Qo
afo O<Cj0+Ex+ 2

. <1 O(,) sin (24(K, + )

A OE* 2

0(Au,,) sin*(A(K, + p,))

OE* 2

+ 8¢q (—ﬂ

+4K

? OE* 24

where ¢ and a; are undetermined functions of E*. (They
can be combined to a single free function, but it is
convenient to separate them for the purpose of taking
the classical limit.) Its classical limit is gfy — 1/E* as
o, Ay, lo, Cf = 1, j,, q’/’t(p'

These results completely determine the anomaly-free,
covariant Hamiltonian constraint and the structure function
for vacuum up to the undetermined functions of E*. The
classical constraint (37) can be recovered in different limits.
The most straightforward way is to set all the parameters
constant and then take the limits A, cs,a; > 1 and
A, €05 €2 My — 0. The cosmological constant can be
recovered by instead setting ¢y — —A.

E. Periodicity and bounded-curvature effects

The additional restrictions on consistent modified
Hamiltonian constraints, implied by the covariance con-
dition, allow us to clarify the question of possible func-
tional dependences of the constraint on K P with various
properties of relevance for models of loop quantum gravity.

The parameter A can heuristically be interpreted as the
holonomy angular length in models of loop quantum
gravity. We may therefore restrict its form by referring
to specific triangulations of space. For example, we can
choose a fine lattice such that the spheres are triangulated

|

cc = /10fx cos? (’1fo(/))’

dln i < sin (2A(K,, + p,,))
f

— —1/(4E*) as a, — 1. The general solution to (123) equals

sin (2A4(K,, + p,)) 0g

OE* 22 OE*
( o 61n/1> sin*(A(K,, +/4¢))>
4E*  OE* 2?
. < @ lalnl> sin (24(K,, —l—/tq,)))
4E* 2 OEF 22
+ g cos (2/1(Kq,+uq,))>>, (139)

by small squares of side length 1. Each plaquette at radius
VE* then covers an area E*1°. Requiring that the plaquettes
at different radii have equal sizes, we obtain

7 -

7 (140)

where 7 is a constant reference radius at which A = A. This
result satisfies A — 0 as E* — oo, as desired to recover the
classical limit at large distances.

Furthermore, the Hamiltonian constraint obtained from
the previous results would be nonperiodic in K, for
nonconstant A, owing to the last term in (138) and (139).
In models of loop quantum gravity, a Hamiltonian periodic
in K, (if not K, which is harder to achieve) is often desired
in order to motivate a well-defined quantization in a
representation of the holonomy-flux algebra. In addition
to being quite restricted by the covariance condition, such
periodicity properties are not invariant under canonical
transformations. The canonical transformations (132) can
be used to reestablish periodicity if we start with a non-
constant A for which the last term in (138) and (139) is not
periodic.

Upon such a transformation with f,
Hamiltonian constraint terms become

= p,, the

(141)

. 2 . . 2
@ sin“(AfK,) dcy sin (24f,K,,) og a, 0lna\ sin“(Af,K,)
e M Re) 4 xRe) 4 -
JecJ 0" = (Cf 0t et 2 OE YR R AV AP T 22
a, 10In2a\ sin(24f,K,) aln(/lfx) sin(24f,K,,)
8 -— 410K _— 2Af.K,) |, 142
+ q<4E" 2 0E 22 opr MoK\ e +acosAfK,) ). (142)
sin(2Af K,
gccfic = 410 (Cf<27§(p> + qCOS(zﬂfo(p))’ (143)
oln f sin (241K ) oln(Af,)
c _ 2k ) =22 20y 20) g g SV 144
Qccfz /IOfxCOS (ﬂfx (p)( 4E~ OE* 2/10082 (ifo(p)l fx @ OE* ( )
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The phase u,, then drops out of the Hamiltonian constraint.
Furthermore, the constraint is rendered periodic and
bounded in K, by choosing

fa=

x| ol

, (145)

where 1 is a constant. However, this transformation
also removes any E* dependence in coefficients of K,

in periodic functions.
Building upon the constraint obtained by the preced-
ing canonical transformation, a further simplification
|

sin?(1K,,) dcy

A sin (21K ,,) dq

consists in redefining the remaining parameters accord-
ing to

i pe
Ao = do=, q_)q,_l’ Cfo*l—chm

2 dln
ay — /1_2%’ ay = ay +4E* B (146)

Under these redefinitions, the most general Hamiltonian
constraint, up to canonical transformations, is of the form

a, sin’(1K,)

H =~ 2E [E(ﬂ <Cf°+%+2142aEx 2 OE | aET 2 qz@f%)
+ 4K, (cfsm(iK"’) + qcos(2/_1Kq,)> + ((EEX(ZI)Z (- 40; cos’(1K,) %ZZ sm(j;}l@))
+ <(E(])5(/(]§:;‘P) _ (lg w)) cos? (ZK,,,)] :
=l \/EE‘/’ {cﬂ) . a n 2Si1’12<_,zK¢) dc 4sin (251K¢) oq _;12 - % (% . 2&‘)‘7}06)
2 E" 2 OE 2 0B RE T ZPE\EF E* 0K,
- <(EX),(<5 o gﬂ;;) COSZ(ZK(/,)], (147)

with structure function

g = ((cf + <Z§1EE);)/> 2) cos? (1K,,) — 2q1> %)

EX
x A3 7

(148)

The function 1 has been completely absorbed by the
other parameters. Thus, we conclude that nonconstant 4 can
always be traded in for nonclassical functions for the other
parameters but not in an obvious way. Within the setting
of modified gravity, there is no invariant meaning to
specific E* dependencies or periodicity conditions in
holonomies. The classical constraint is recovered in the
limit 4y, ¢y, @; — 1 and A, 0, €2 — 0. The cosmological
constant can be recovered by instead setting ¢;y — —A. In

the following sections we drop the bar in 4 and write this
constant parameter as A for simplicity.

The case 4y, ¢y, a; = 1 and cpy, g — 0 for (147) was first
found in [14] by demanding anomaly freedom and, since
they had no knowledge of the covariance condition derived
here, some functions were only proposed and the rest
obtained by solving the anomaly-freedom equations for a
less general constraint than (84). They also chose constant A
in order to have a constraint periodic in K.

In [14], it was shown that the Hamiltonian constraint in
this case is the result of a specific linear combination of the
classical constraints with phase-space dependent coeffi-
cients, after performing the diffeomorphism-constraint
preserving canonical transformation

sin(4K ) E?

—_— E? - ——. 149
- - cos(AK,) (149)

P ) ’

The emergent space-time it implies was studied in [16],
where it was shown that the classical singularity does not
appear in a black-hole-like solution. Our analysis demon-
strates that this outcome is an implication of the phase-
space dependent linear combination, rather than of periodic
and bounded functions in the Hamiltonian constraint. Our
derivations strengthen this result by showing in Sec. III C
that this constraint is the unique covariant linear combi-
nation of the constraints up to an overall function of E*.

In the constraint (147), the terms containing g are the
only modifications with nontrivial holonomy effects
allowed by anomaly freedom and covariance that have
not previously been considered. However, they do not seem
directly related to holonomy corrections in any obvious
way as some of them survive the limit 4 — 0. Among all the
modification functions found here, cy, 4, ¢, and 4, are the
most characteristic of emergent modified gravity: If we
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require the classical form of the structure function, these
functions must all take their classical expressions. The
freedom of choosing the remaining functions is related to
the emergent metric only through their dependence on a
nonconstant A, but the freedom expressed by these
functions appears even classically in the terms of a
(1 + 1)-dimensional dilaton action. The same argument
shows that the constraints depend at most quadratically on
K, unless a nonclassical emergent metric is considered,
which requires 1 # 0.

F. General partial Abelianization

In a combination of our preceding results, we can now
use linear combinations of the form H™Y) = BH + AH,,
where A and B are phase-space dependent functions as in

the construction as in Sec. III D and impose conditions
other than general covariance on the resulting structure
function Ef(‘rfew). As an example, we derive new partial
Abelianizations by requiring that the new structure function
vanish. The resulting theory would be compatible with
general covariance because this condition has been imple-
mented on the original Hamiltonian constraint, and it might
be more amenable to quantizations using, for instance, the
loop representation because structure functions have been
eliminated in the partial Abelianization.

Assuming some function B = B(E*,K ), the second
function A in the linear combination and the structure
function are uniquely determined, now given by

\/E(Ex)/ a—B

Sec. IIIC, but insert the general modified Hamiltonian A = —Jycos’(1K ) 7 , (150)
constraint H from the present section, given in Eq. (147). 2(E7)" 0K,
Since the Hamiltonian constraint is general, this procedure
should not result in new covariant theories, but we can use and
|
5 E* Jycos(AK,) . sin(1K )
ey = B &7 5 22| 240B| ¢y cos(AK,,) — 22%%
0B - sin (24K,,) ¢
— 29 ————cos (1K, <cf ———7% 4 Z(cos (AK,,) + cos (34K ,))
()K(’, P J 22 2 P @
((EY)")? . —, 0B __,sin(21K,) B .
Jgcos(AK,) | BA* — —34? — 2(AK, 151
+ (B o cos( q,) oK, > + (6Kq))2 cos*( ) (151)

if we apply the procedure to the general expression of a
modified Hamiltonian constraint.

Partial Abelianization requires g, = 0. Because B is
assumed to be independent of (E*)’, the first two lines of
(65) must vanish separately, such that

sin (24K )

+ g cos (2/_11((/,)), (152)

where B, = B (E¥). Inserting this result in the last two
lines, the condition that they vanish too implies

B.Jq = 0. (153)

For a nontrivial Abelianization with 1 # 0, this is realized
only if ¢ = 0. We arrive at the Abelianized constraint

H® E*tan(1K,,) ay . sin?(AK,) dc; a, sin?(2K )
= - Y R ) Rl Sl 2 2> el
B, 2 1 |: (Cf 0+ EX + 2 OFE* ¢y E* 72 >
sin(22K,) (B2 ([ a = K, -,sin(2AK,)
+ 4Kfo 22 + o _4Ex COS (/1K(p) + ﬁzl T
(EX)/(E(p)/ (Ex)// _ /Ex(Ex>/ .
T ( (E*)? T pe COSZ(’%Kéﬂ) - 2(E¥)? (E(pK:p — K.(EY)). (154)

where we redefined B, in order to absorb an overall term
cyhg. This result agrees with the partial Abelianization
obtained in Sec. III D if we choose all parameters except for
2 to take classical values.

The Abelianized constraint H®) has a divergence at

2K, = n/2 implied by the overall tan(1K,) multiplying

the terms of the first line. Looking at the first three terms,
the divergence can be resolved by setting
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6cf 12 o

=—— — ], 155
oEF 2 (Cf 0 B (155)
which is easily solved for ¢, if we use the classical values
ay = 1 and CfO = —-A:

72

cp=1 +%(AE’“ —In(E*/cyp)), (156)
where ¢ is the integration constant. This nonclassical form
of the function ¢, depending on 1, may be considered an
indirect effect of nonconstant holonomy length or a
modified angular metric. [Trying to include the divergence
of the last term of the first line in (154) in this derivation
does not result in a ¢, compatible with the classical limit
for 1 — 0.]

The first three terms of the first line are then free of
divergences in K, while respecting the classical limit of the
Hamiltonian constraint (147), a feat that could not be
accomplished in Sec. I D because nonclassical forms of
¢y were not considered there. However, divergence of the
last term in the first line remains unresolved.

The last line does not show an immediate divergence in
K, but there is one if we put K7, into a manifestly periodic
form:

sin(ﬁ/_lK o)
pr

with some integer . The appearance of sec(S1K. ») makes it

difficult to promote H é?) to an operator in a loop quantiza-

tion because of its divergence at fAK » = 7/2. One possible
resolution might be to consider a modified diffeomorphism
constraint as in [34,35], since K ;, is introduced by taking a
linear combination with this constraint. This divergence
problem is therefore related to the fact [36] that the
diffeomorphism constraint, as the generator of infinitesimal
diffeomorphisms, cannot be directly quantized in the usual
loop representation but is replaced by the action of finite
diffeomorphisms. We leave this problem for future work.

A notable difference between our result (154) and the
Abelianization of [18,19] is that the latter does not
depend on K, while the former does. This term is harder
to express in a loop representation because so far no
consistent modification periodic in K, has been found,
but it demonstrates that our result is much more general
than the previous partial Abelianizations. If the K, depend-
ence is completely eliminated, while spatial derivatives of
E? are also removed by the construction of [18], the
constraints trivially Poisson commute. However, removing
derivatives of E? requires integrating by parts, which
introduces a certain degree of nonlocality. In our constraint,
neither K, not (E”)" have been eliminated, and we only
used linear combinations without integrating by parts.

K/, = sec(BAK ) (157)

Our construction is completely local and relies on highly
nontrivial cancellations of several terms for the new
constraints to Poisson commute.

V. CONCLUSIONS

Our analysis of canonical gauge transformations acting
on a space-time metric has revealed gaps in the widely
held assumption that the constraint brackets in canonical
models of modified gravity have full control over general
covariance. These brackets ensure the correct transforma-
tion of the “time” components of a compatible space-time
metric, as previously recognized, but by themselves they do
not guarantee the correct transformation of the spatial
metric, determined by the structure function in hypersur-
face-deformation brackets, to reproduce full space-time
diffeomorphisms on shell. The new covariance condition
formulated here is automatically satisfied if the structure
function depends directly on a single phase-space variable,
as in the classical case where the structure function is the
inverse spatial metric. But this is no longer the case if the
structure function is a composite field and depends on
multiple phase-space functions, for instance in modified
theories in which it may also depend on momentum
components. The full covariance condition is essential in
canonical theories of modified gravity, where it presents
strong restrictions on the allowed modifications.

We have specifically applied the covariance condition to
the spherically symmetric model in which the classical
constraints are replaced by phase-space dependent linear
combinations of the gauge generators. As we discussed in
the introduction, modifications are possible because such
linear combinations in the context of hypersurface defor-
mations imply a redefinition of the normal direction. The
normal, together with the spatial metric derived from the
structure function of the constraint brackets, then deter-
mines an emergent space-time metric which need not be
equivalent to the original classical geometry. Our explicit
derivations in the spherically symmetric model, where the
relevant equations that control general covariance can be
solved exactly, confirm this expectation. We derived a new
covariant model in which signature change may be pos-
sible, and confirmed the covariance of a recent model
derived initially by different means [16]. Our results also
demonstrate the covariance of older models, such as [22].
Other examples, such as [13,19], turned out not to be
covariant.

In this process, we have developed a general method to
obtain anomaly-free brackets from the linear combination
of some of the original constraints that resulted in the
computation of a new emergent space-time and a well-
defined, off-shell partial Abelianization along the lines of
[18,19]. This result opens the way to analyzing more
complicated modified constraints and their emergent
space-times, and it restricts the modifications to those
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compatible with general covariance, which had proved
challenging until now.

Finally, we have derived a general expression for
modified Hamiltonian constraints compatible with general
covariance, extending the vacuum results of [14,15] by
implementing the latter condition. A discussion of canoni-
cal transformations implied several simplifications and
revealed redundancies in common choices of modifications
in models of loop quantum gravity, in particular in the
choice of periodic functions with phase-space dependent
periods. As a byproduct, we derived new nontrivial partial
Abelianizations of constraints compatible with general
covariance.
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APPENDIX A: COVARIANCE OF THE
EMERGENT EXTRINSIC-CURVATURE TENSOR

Extrinsic curvature is defined as a Lie derivative of the
spatial metric along the unit normal to a hypersurface.
An analysis of how the tensor transforms therefore requires
an equation for the transformation of the unit normal by
a gauge transformation that changes the space-time slicing.
In this appendix, we assume that there is a covariant space-
time line element with space-time metric g,,. In our
canonical theories, g,, would be the emergent metric
tensor, but here we drop tildes for the sake of convenience.
|

Lent = Eo,n* —n"o,&",

0 1 a 0
_— o, =)t -9, N P I P Y
N N N N

1 €? 0
(o (5)+ (a0 () #)

1 1
=——(°+ 9,N — Nb9,e%)n* -

N
5.N 8.N* — q*(e°0,N — No,e°)
= - nt — s
N N

qab
= b'gn” + W <€OabN — Nabé'o)sﬁ.

In addition to the normal vector, the spatial basis vectors
s, appear in some of the expressions. Before we apply our
results to extrinsic curvature, we make sure that s/, does not

Starting with

Qv = G + n,n,, (Al)
both the unit normal vector and the spatial metric change to
n* + 6.n* and q,, + 8q,, under a gauge transformation.
Since n* is assumed to be normalized, we have n*q,, = 0.
It will remain normalized after the gauge transformation if
and only if 6.(Nn*gq,,) = 0.

It is easier to evaluate this condition if we use the space-
time metric instead of the spatial metric, in which case we
can express normalization of n* as Nn*g, dx" = 6N 2dt
where ¢ =1 for Lorentzian signature and ¢ = —1 for
Euclidean signature. Normalization is then preserved by
a gauge transformation o, if and only if

8.(Nn"g,,)dx" = 26N Ndt, (A2)
where we shall use the transformation of the lapse (9). We
can now expand the left-hand side using the Leibniz rule to
obtain n#6.(Ng,,) + Ng,,6.n". The change of basis n* =

N=!'(# — N9s%) and the component expression g of in
terms of the lapse function and shift vector then imply

1 1
Sn* = ——5.Nn# — —5,.Ns". (A3)
N N

The normal vector is associated to the particular coor-
dinates and foliation we choose, therefore, its transforma-
tion is not directly equivalent to a Lie derivative. (This is
similar to how connections do not transform by a simple
Lie derivative.) In fact, the Lie derivative of n* and its
infinitesimal coordinate transformation are related by

)6 -+(3)2)
) fe-aiv) )

(é’a + €bahNa - Nbabe")s’é,

(A4)

I

change by a gauge transformation. For these vectors to
remain spatial, we have J,(g,,n"s}) = 0. We evaluate this
condition by decomposing
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5.8y, = Apyn* + Bsl, (AS5)
into normal and spatial components. Using (A3) and the
gauge transformations of lapse and shift, the condition that
s% remain spatial directly implies

Ab = gﬂb5en" + n”5€gﬂb =0. (A6)
Furthermore, 8.q,, = 6.(g,,5as}) implies B = 0.
Now, the extrinsic-curvature tensor is given by
1
K/w = E‘qum/ (A7)

and therefore depends on the slicing through the unit
normal. Its transformation should reflect the slicing
dependence because n* changes by a gauge transformation,
as we saw. If we consider the infinitesimal changes

q;w - Q;w + Eéqﬂw (Ag)

nt — n* 4 §.n*, (A9)
under a coordinate transformation, where 5.1 is given by
(A3), the extrinsic-curvature tensor transforms as

1
K/u/ - Eﬁn-k—&é,n(q/w + ﬁiq/u/)

1 1
= K/w + E‘Céanyu + E'Cn’ch”w (AIO)

where we have kept only the first-order term in & for an
infinitesimal transformation. For a gauge transformation of
the same tensor, we have

1
5€K;w = 56 (2 En‘]}w) ’

1 1
= E‘Céfnqlw + z‘cn(éeq”v)' (Al 1)
If the covariance condition, 6.q,, = Lsq,,, is satisfied, this
is precisely the expression derived above. Therefore,
the gauge transformation of extrinsic curvature, derived
from the emergent space-time metric, gives the desired
covariant transformation, keeping in mind that the coor-
dinate transformation is not a Lie derivative which is similar
to the transformation of the normal vector or connections,
as all these cases depend on the foliation. (Extrinsic
curvature is a spatial tensor on a given slice but not a
space-time tensor.)

Since the spatial metric and extrinsic curvature form a
complete set of spatial tensors that define the geometry of
an embedded hypersurface, we conclude that the gauge
transformation of all tensors derived from the spacetime

metric will be equivalent to their infinitesimal coordi-
nate transformations provided the covariance condition
Ocu = Leg,, 1s satisfied.

APPENDIX B: RESTRICTIONS ON THE
GENERAL HAMILTONIAN CONSTRAINT
FROM {H H,}

The third term in (85) must vanish, F, =0, which
implies

dd,
= - E Bl
0 02 + (axq) 3 aEx> ’ ( )
od,
0= 2Cl¢(p - W s (B2)
od,
0= b2+ <C¢$—3E>E¢, (B3)
od,
0= . B4
oK. (B4)
Using this and F; = 0, we obtain
9 9 od, da
i 5 -— ) -K,—2%)=0 (BS
OE? ( OE? <"W aE‘/’> * aKx> (B5)
from the coefficient of (E?)"”,
O (o (w90, P
oK, 0EY 0K, (0K,)?
ob ob
K~ 4 b,,—~>]) = B6
+ X 6Kx [ aK,/, ( )
from the coefficient of K7, and
0 (%, G, Pdy
OE* OE* = OE”  (0E*)?
da,, da,
K -—— | = B7
PR - 0 (87)
from the coefficient of (E*)".
Using these results and F| = —H, we obtain
od,
dy+2—E?=0 B8
2258 (B8)
from the coefficient of (E?)”,
ob, ob, ad,
—FE’+—K,+by,=3—FFE" B9
oE "~ oK, P27 %k, (B9)

from the coefficient of Kﬁ;,
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8612 8612 0d2
2 Ew K —3_2F¢
aEr " o Mt = 5

(B10)

from the coefficient of (E*)”,

ob dc *b b ob
E? PP _ 2 4 3 2 PP K b -2 el
(aE‘/’ oK, (aK,7) "ok, TP T2k,
—0 (B11)
from the coefficient of (K,)?,
da ’d da
3 (2 2 -—"g. =0 (BI2
<0E(” @En)z) T e T 5 (B12)
from the coefficient of ((E?)")?, and
da,, oa *d da da
Eo( -2 Xp XX 3 2 XX g _ 272
( oE* oEv " (aE")2> ok, e T TG
—0 (B13)

from the coefficient of ((E*)’)2.

APPENDIX C: RESTRICTIONS FROM {H H}
Using z = K, /E?, the coefficients in (92) are

2 x 2
g E 6A0 6 A()
G? = 2A0B,, — (2zB C.,) — ,
4E‘/’< 0o = (22Boy ¥ Cor) 57 58 o
(C1)
2
g E* ding 04
G, = Al C,, ——= ] — (2A C.)—
x AE® < 0< xQ 61(,/,) ( xx+Z xq)) aZ
_dAO 02A0 ()
0K, OJE"0z ’
2 X
gE ding 0A,,
F.. = C 2 , C3
x 4(E‘/’)3< w oK, (©3)
2 X
0 _ g E* dCy, ca
TO4(EY) oz ()
2
g°E* 0B,,
Fr? = , C5
4(E*)? oz (©5)
2 X
2 _ 9E (g 9w C6
B G D

oo (C7)

2 X 2
. FE OB *C,
GX(/’ — Y 4 , C8
4(E‘/’)4< 0z +(az)2 (C8)
2 X 2
FE* (0C,, PA,,
G:, = , C9
" 4<E¢>4< oz oy (©)
2 2
o PE* ([ 0B *B
Gl’l’ — _ 2 PP PP , C10
» 4(E‘/’)4< PR PRE (€10)
2 X
PE OB aC, 0*C,
Gf( — _ 21 B [ 4 4 ,
v 4(E‘/')4< < w2 T ) T e
(C11)
G gE* olng .  ,0Aq
B 4(E0)* \ 0K, x 0z
aC A
+ LLANE > C12
oz Z(()Z)z) (C12)
wap:ﬂ —2B2 -(2zB,,+C )aBﬂ_,_%
4(Elﬂ)3 PP o xXQ 0z aK(paZ ’
(C13)
PE* dlng oC
G =-—"——(B,,|3C,, + =" +27—2
a(Eey e\ TR, TS,
0B
+ (24, +2Cy,) a:‘”
oC,, OB *C,., 0*B
C xp _ “Pop xp 99 ) Cl4
TG 0z 0K, 0K,z O0E*0z (C14)
2 x
g E acx
G% =— C: +2A .| B e
2 (G505
dlng 0A oC
C XX X
* X¢<6Kq,+ 2 o )
0A,. OPA oB,, &C
2zB W e - ) Cl15
TP 5y ToK,00 - OE aExaz> (C15)
2 x
gE dlng 0A,,
Go=—-—>——A.—+C,+2
XXX 4(E4,)3 ( xx(aK(p + xXQ + aZ
0A.. 0A.. 0C,, 0A
C XX XX xXQ XX , C16
T2 T oK. T R oz (C16)

4
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