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ABSTRACT: The accurate determination of chemical properties is Graph-|Q)(C|: Parallel quantum circuitand 1™ 1, T Tr
known to have a critical impact on multiple fundamental chemical  classical computing blocks: reduced circuit depth - ! ——
problems but is deeply hindered by the steep algebraic scaling of Classical Nodes Lot Te T
. : . . electronic Nodes & o—> - t oy
electron correlation calculations and the exponential scaling of  cture codes Nodes & : 2 )
quantum nuclear dynamics. With the advent of new quantum Gaussian 2 é 2t
. . . . Psii j°N o
computing hardware and associated developments in creating new Q' - g 8 S
) ; . wantum Ly
paradigms for quantum software, this avenue has been recognized as Espresso 3 5 -
: . Simplex < € Edges | i
perhaps one way to address exponentially complex challenges in Weights: el s — —=
o . . . . es Q : T
quantum chemistry and molecular dynamics. In this paper, we discuss My o= 5 ogt!
a new approach to drastically reduce the quantum circuit depth (by L T -
several orders of magnitude) and help improve the accuracy in the EERTap-UCCSD (3 _ piT () | z -1 Z (EUCeso _ porry
quantum computation of electron correlation energies for large !¢ i & “rae

molecular systems. The method is derived from a graph-theoretic

approach to molecular fragmentation and enables us to create a family of projection operators that decompose quantum circuits into
separate unitary processes. Some of these processes can be treated on quantum hardware and others on classical hardware in a
completely asynchronous and parallel fashion. Numerical benchmarks are provided through the computation of unitary coupled-
cluster singles and doubles (UCCSD) energies for medium-sized protonated and neutral water clusters using the new quantum
algorithms presented here.

1. INTRODUCTION depth in quantum chemistry problems and associated methods
that help alleviate this challenge. Consequently, this article is
organized as follows: In Section 2 we explain the critical
underpinnings behind the increase in quantum circuit depth in
electronic structure calculations. Given these challenges, in
Section 3 we outline a hybrid quantum/ classical algorithm based
on a graph-theoretic decomposition of molecular structure to

Accurate and efficient computation of electron correlation and
nuclear dynamics is central to modern computational quantum
. . . Cqo1=37. 1 L 14-10
chemistry, with ongoing impact on materials,” ~~ biological,
. 11513 .
and atmospheric processes. However, such studies are
limited by (a) the steep algebraic scaling of electron correlation

methods'*™"® and (b) the exponential scaling of quantum : X
nuclear dynamics.'®~* Several classical algorithms have been perform electron correlation calculations on an ensemble of

developed that reduce the scaling for electronic structure and quanFum a‘nd clas.si.cal hardware systems. The algorithm is alsc’)’
nuclear dynamics.2%26~3* explained in detail in refs 79 and 80 and called “graph-1Q)(Cl

Orthogonally, the promise of solving exponentially hard and contains independent sets of classical and quantum

. L 79,80
problems using novel quantum hardware and quantum software algorlthmilc C(})lmpo}llqents wrﬁuln onel umb};ella. d 3
is a rapidly evolving frontier.”>*® Many quantum computing 3.1, we a slo s .0}‘:' fow grap }')Qg<c can be usIe Sto provide a
37-40 cuperconducting coils, "2 quantum algorithm for many-body expansions. In Section 4, we

technologies, such as ion-traps,” ; )
. . 43-45 present our results from our quantum algorithm for medium-
Bosonic processors with photons,

quantum dots inside cavities,"*~*’ and Rydberg atoms*’~>* have

In Section

solid-state devices and

emerged as potential computational platforms. In addition, Received: June 25, 2023
algorithms to approximate electron correlation” " for small Revised:  October 2, 2023
molecules and quantum nuclear dynamics problems®'~*” have Published: October 31, 2023

been implemented on quantum hardware devices.
However, critical challenges remain. Here, we discuss one
such challenge, namely, the rapid increase in quantum circuit
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sized protonated and neutral water clusters. We show that graph-
IQ)(ClI reduces the quantum circuit depth problem, shown in
Table 1, by several orders of magnitude while providing milli-
hartree accuracy. Conclusions are given in Section S.

Table 1. Quantum Circuit Depth Complexity, Represented
through the Number of CNOT Gates Needed for Minimal
Basis Electronic Structure Calculations for H,-Clusters and
Water Clusters”

system #CNOT gates
H, 3
[H,], 615
[H,], 4684
(H,], 16,285
(H,], 47,312
[H,], 107,190
(H,], 205,192
[H,]s 389,472
H,0 5678
(H,0)H" 14,842
(H,0), 137,468
(H,0),H 722,044

“Quantum circuit depth grows prohibitively with the system size.

2. RAPID GROWTH OF CIRCUIT DEPTH IN QUANTUM
COMPUTATION

Most efforts at computing electronic structure on quantum
hardware are hindered by the depth of quantum cir-
cuits.”?%3728%%0 Consequently, the complexity of the circuit,
combined with limited gate fidelities on quantum hardware,
leads to an enormous increase in error.

In Table 1, we show how the standard quantum circuit
models”" available to study electronic structure leads to a rapid
increase in the quantum circuit depth and the number of CNOT
gates, which greatly affects accuracy. The data in Table 1 is
obtained as follows. (a) Hartree—Fock orbitals for each system
are precomputed on classical hardware. (b) The second-
quantized Fermionic Hamiltonian consistent with a unitary
coupled cluster (UCC) wave function ansatz’>”* is then
converted into quantum circuits using the software development
kit, Qiskit,”" using a parity mapping protocol.”* (c) The
quantum circuits are then executed on a Qiskit built-in state-
vector simulator. The resultant energies are optimized using the
sequential least-squares programming (SLSQP) optimizer.”®*®
No noise model is used in these simulations. The corresponding
circuit parameters are listed in Table 1.

This rapid increase in circuit depth is also consistent with the
theory behind quantum Shannon decomposition,””” which
allows one to decompose an arbitrary unitary system into a set of
universal gates using an alternating sequence of cosine—sine
decomposition” and multiplexor demultiplexing methods.””
Briefly, though, a system with N qubits needs a 2V by 2V
evolution operator which has in general ~4" elements that
describe the time-evolution of the system. Hence, an arbitrary
problem can have an exponential number of parameters
necessitating an exponential number of gates, and this may
also be indicated by the data from Qiskit in Table 1.
Additionally, Table 1 is also consistent with ref 99, where the
authors show the exponential scaling in the number of two-qubit
gates for UCCSD-VQE.
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The rapid increase in the CNOT gate count shown in Table 1
contributes to an accumulation of error in the following ways.
Quantum gate fidelity for CNOT gates is roughly 95%°*'*°
since these require maximally entangling XX(7/2) gates that
have lower quality performance® compared to small angle XX
gates. The associated increase in error, as shown in Table 1,
restricts both the size and the quality of performance. Thus,
despite the growing number of available quantum hardware
platforms and accompanying quantum algorithms, performing
accurate quantum chemical calculations remains a significant
challenge.

3. GRAPH-IQ)(Cl ALGORITHM

This section is organized as follows: In Section 3.1 we discuss a
general projection operator formalism that helps decompose any
complex quantum circuit into a family of circuits of much lower
complexity. This approach is used to provide efficient algorithms
for many-body theory (Section 3.2, also see Section S.I. in the
Supporting Information) and ONIOM'”'-type extrapolation of
correlation energy (Section 3.3). Computational details are
discussed in Section S.I. In essence, as part of Section 3.3 the
overall computational workload is partitioned into (a) classical
computing sections to be carried out on traditional classical
electronic structure platforms, such as Gaussian,'”” Psi4,'**
Orca,'’* and Quantum Espresso,105 and (b) quantum
computing sections to be carried out using quantum circuit
models. Graph-lQ)(Cl is quantum hardware agnostic and is
designed to be used on an ensemble of quantum hardware
simultaneously and asynchronously for a given calculation.

3.1. Projected Reduced-Depth Quantum Circuits from
Hilbert Space Decomposition Using Venn Diagrams and
Graphs. We begin with a Venn diagram that divides a
coordinate representation lx)(xl into regions, A, B, C, etc. In
Figure 1a, we superimposed the Venn diagram on a protonated
water cluster. The Venn diagram divides a molecular system into
several regions. Using the principle of inclusion—exclusion,'*®
the resolution of the identity for the Hilbert space depicted
within the Venn diagram may be written as

A B C
/ dclx) (] — / k) (el — / dclc) (-

ANB AnC BNC
f doxloe) {xl
ANBNC
=Pat+ P+ Fe - PAnB - PAnC - PBer
+ Pansnc (1)
where we have introduced projection operators
P, = f daxloc) (ol
A 2)

that project portions of the Hilbert space. The left side of eq 1 is
the identity, and it sums over the entire space represented here
by the set AUB U C.

https://doi.org/10.1021/acs.jpca.3c04261
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While eq 1 arises from the inclusion—exclusion principle ™

and can be generalized to an arbitrary number of sets, an
alternate approach to divide the molecular space can be obtained
by introducing a graph decomposition of molecular structure.
Toward this, a molecular assembly is partitioned into a set of
regions to be represented as nodes, or vertices in a graph. These
nodes may be defined based on chemistry or by using a
numerical criterion. First-order interactions between these
discrete nodes may be captured by creating edges that are the
union of nodes. The set of nodes and edges are represented as V,,
and V, respectively, and together define a graph, G = {V;; V1,
illustrated on the left side in Figure 2 and in Figure 1c. However,
such a graph also contains a set of higher-order rank-r objects, V,,
known as simplexes'’ ™"

{(VIr=012, ..} = {Vp, , V, ...} (3)

and these capture higher-order interactions between nodes.

Simplexes are geometric objects with an arbitrary number of

: : . 107-109
vertices, where all pairs of vertices are connected.

Figure 1. Sets A, B, and C are illustrated for a protonated water cluster,
with graphical representation in (c).
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Figure 2. Implementing eqs 5 and 7 on quantum hardware using the
graph partitioning approach. Using the projection operators in eq 5, the
overall molecular unitary operator, U, may be represented using a
family of independent unitary operators {{,, ,}, that may be processed
in parallel as shown. The associated family of independent quantum
circuits is shown on the right side, one circuit for each fragment.

Using the graph-theoretic decomposition, an equivalent
expression for the resolution of the identity, as in eq 1, may be
obtained using projectors that encompass nodes, edges, and
higher-order simplexes as
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1= MFuo— 2 MFPoi +
a€V, aEV,
Z M a2
a€y,
—Z( )Y MR,
a€V, (4)

where, M, is the number of times the @ rank-r term (in V,)
appears in all rank-m terms (in V,,), for m > r.

We now introduce a quantum circuit depicted by U, a unitary
operator, that propagates the electronic structure for the full
molecular system. As noted above, the complexity of such a
circuit and the associated resources may grow rapidly as the
system size grows. To overcome this, we apply the graph-
theoretically defined resolution of identity in eq 4 to U

R
=3 (-1 Y MI%, U

r=0 a€V,
R
=) (-1 ) MU,
r=0 a€V, (5)
where
U, =%, U (6)

and these represent a family of projected quantum circuits, one
for each molecular fragment, as illustrated in Figure 2.

3.2. Quantum Circuits for Many-Body Theory. We use
the individual quantum circuits, {4, ,}, to obtain a family of
fragment energies. In this publication, a UCCSD wave function
ansatz is used to construct the quantum algorithm, but this is not
a requirement. (Computational aspects are discussed in
Supporting Information, Section S.IL.). As a result, the energies
obtained from the {%{,, ,} quantum calculations are referred to as

{EUCCSD}. When these energies are used in eq S, we obtain

2( ) Y ECPM,

a€EV,

MBE—-UCCSD
Eqya

(7)

Equation 7 vyields a parallel stream of multiple quantum
processes as illustrated in Figures 2 and 3. It is critical to note
that these independent circuits, {7, .}, are for much smaller

fragments as compared to the full system of interest. Hence, one
may expect, based on Table 1, the error in propagation to be
limited. Indeed, we find this to be the case in Section 4.
However, eq 7 is also closely related to the standard many-body
expansions.''°~""* The details of this connection are presented
in Supporting Information S.II.

A critical underpinning of our graph-theoretic formalism
arises from the fact that simplexes are closed convex hulls.'*”'**
For instance, a rank-r object containing some collection of r
nodes is considered to be a simplex only if all pairs of nodes
within it are connected through edges.

This requirement is the single main constraint and is a critical
feature of our algorithm.

3.3. Improving Quantum-MBE through Extrapolation.
In refs 115 and 116, it has been shown that the accuracy of e(}
can be 1rr1provedlls "2 through a comp051te expression' >’ """
that contains a perturbative ONIOM-type'®" correction to a

https://doi.org/10.1021/acs.jpca.3c04261
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Figure 3. Illustration of Graph-IQ){Cl for eqs 10 and 11. The quantum circuit decomposition on right (also see Figure 2) helps compute
{EQCSPESSGPY in eqs 10 and 11. Classical algorithms (left) help compute {Ej; SEP*™} (in eq 10 and {Epr GEO ey EVe s Ennicy} (in eq 11).
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Figure 4. Algorithmic flow for graph-IQ)(Cl: the classical and quantum processes are asynchronous.

lower level approximation. The perturbative correction is the 7 at geometry X. The quantity, Eysr(X) is computed classically
difference between two many body expansions according to
xtrap—UCCSD DFT (. MBE—UCCSD /.
Eg)a ®) =E" (%) + Eqya (x)- e & r .
DET,/_ EMBE = Z ( - 1) Z E(z,r M(z
Enipe (%) (8) r=0 acey, 9)
. xtrap—UCCSD (Y - .
where the left side, Ela)r(agl (%), is the graph-theoretically The resultant algorithm is shown in Figure 4 and involves the
obtained many-body extrapolation to UCCSD, and the term asynchronous processing of several classical and quantum
E%ﬁFEUCCSD(i) on the right side incorporates the value from eq computations of lower complexity. The resultant final energy
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expression in eq 8, or the one obtained from combining eqs 7—9,
that is

R
Egyie P ®) = B (R) + (-
r=0
3 (B0~ M,
aEV,

(10)

is closely related to other ONIOM-based'""*'~"*” molecular
fragmentation methods''>''#"*"13771%% and developments in
many-body theory.!'?™""*!59713¢ The closely related quantum
embedding methods'”’~'®’ have been used for quantum
computin§ applications.162,163 However, most embedding
methods'® generally allow the description of a chosen part of a
system accurately while retaining the description of the
environment at a lower level. Indeed, such methods are
extremely powerful. The method discussed here, however, is
based on the need to describe a full, and potentially large, system
at a high level of theory but at lower computational complexity.
The approach has been described in detail for classical
computing in refs 115—124, and here we utilize this approach
to reduce the complexity of quantum circuit-based computing.
Additionally, given the current challenges in quantum
computing, in this publication, we perform all {E/-P
calculations as outlined in Figures 2 and 3, up to a maximum
rank of r = R|q using quantum circuits. Thus, the form of eq 10

that is implemented here is

extrap—UCCSD /— —
Egie U P(x) = B (x)+
Rig)
UCCSD DFT

Z ( - l)r Z (E(x,r,IQ> - E(l,r,IC>)M:l+
r=0 a€V,

R

r UCCSD DFT r

Z ( - 1) Z (E(l,r,IC) - Ea,r,IC>)M(x

r=Rigy+1 aey, (11)

where 1Q) or IC) is used to denote quantum or classical

processing. Thus, for r < Ry, {EJSSP} are obtained using

ar
UCCSD

quantum algorithms, whereas for r > Ry, {Eg, "} are

obtained using classical algorithms.

4. STUDIES ON WATER CLUSTERS USING QUANTUM
ALGORITHMS

We have applied graph-IQ){Cl to a range of protonated and
neutral water cluster problems.'®*™"”® Water clusters are found
in biological membranes and enzyme active sites,'**'%®
photosynthetic reaction center of Rhodobacter sphaeroides,'**
ion channels,'®® and fuel cells.'”° These have also been
incorporated into carbon nanotubes.'”’™'*” The mass of the
hydrogen nucleus makes quantum nuclear effects critical;' "' ="
additionally, multidimensional quantum nuclear effects are also
known to be critical in such systems.'”>'”® While the key
properties here involve detailed study of electronic and nuclear
degrees of freedom,”'”” with quantum algorithms for such
applications discussed in refs 88 and 89, here, we discuss the
accuracy and efficiency of graph-IQ)(Cl in obtaining post-
Hartree—Fock (coupled cluster) energies for such polarized
systems.

Protonated water clusters of various sizes have been studied
here with graph-1Q)(Cl. Specifically, the analysis of errors due to

9338

the truncation in rank (R in eq S) and the edge length cutoff
used in the graph definition, allows us to gauge the fragment
circuit complexity needed to produce milli-hartree accuracy.
The complexity of our algorithm is determined by (a) the
maximum value of R within the family of quantum circuits:
{U,,),—o.x}, and (b) the maximum edge length used to create
the graphs. For the range of systems considered here, the
distribution of oxygen—oxygen distances is shown in Figure S.

n=5 n=8
- T T T T T
n=6 n=16
T T T T
n=7 n=32
| T | T
0 5 10 15 0 5 10 15

0-0 distance (A) 0-0 distance (A)

Figure 5. Oxygen—oxygen distribution function for protonated water
clusters, (H,0),H".

The yellow dashed line in these figures shows the edge cutoff
length chosen in this study. As this edge cutoff length is
increased, it has been shown in ref 116 that the accuracy
increases provided the maximum value of R in eqs 7 and 8 is also
increased. However, then, the number of fragments grows, and
by extension the number of parallel quantum and classical
processes also grows as dictated by the algorithm in Figure 4.

A significant challenge addressed in this work arises from the
data presented in Table 1. A more detailed set of parameters that
dictate the computational complexity is given in Table 2.
Clearly, a full system calculation using a quantum circuit model
is not only cost-prohibitive at present but also likely to remain
challenging, and efficient algorithms such as those presented
here and elsewhere®®®””"7°~7% may allow larger systems to be
treated accurately as quantum hardware capabilities develop
further.

The set of results for medium and larger water-clusters are
presented in Figures 6 and 7. We present the purely classical
results in Figures 6a and 7a, where all subprocesses in Figure 4
are treated on classical hardware, using classical algorithms. This
baseline establishes the accuracy of the proposed approach. In
Figures 6b and 7b, we then supplement our studies by
computing only rank-0 (node: H,O and H;0") clusters using
the Qiskit QASM simulator’’ with all other clusters treated
classically. That is, as stated in Figure 2, nodes are processed
using quantum algorithms, but all other fragments are processed
classically for DFT as well as UCCSD energies. Also see Figure
4. As the capabilities of quantum hardware and simulators
improve, the load distribution will be adjusted. Furthermore, the
error in quantum processing can then be written as the
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Table 2. Quantum Circuit Resource Requirements When
Standard Techniques Are Used: Illustration for a Family of
H,-Clusters and Water-Clusters

factors that determine cost for a standard quantum calculation

number number of total

circuit of CNOT number of number of

system depth qubits gates gates parameters
H, 11 2 3 16 3
(H,), 924 6 615 1217 26
(1L,), 5920 10 4684 7370 117
(H,), 21,361 14 16,285 27,021 360
(1) 57,402 18 47312 70,204 875
(H,)¢ 128,469 22 107,190 156,081 1818
(H,), 253,846 26 205,192 313,143 3381
(H,)s 458,233 30 389,472 550,279 5792
H,0 7512 12 5768 8961 140
(H,0)* 18,302 14 14,842 22,564 315
(H,0), 163,099 26 137,468 196,495 2220
(H,0),H" 859,039 28 722,044 2,881,384 3500

difference between energies in eq 10 obtained from graph-I
Q){Cl (that is, eq 11) and that obtained from classical
processing, that is

AElQ)(a(i):

Rig)

2 (-1 Y (BYGHP -

a€V,

ccs
oltjr |C>D)M
(12)
The graph-1Q)(Cl error in eq 12 not only depends on the errors,

(EE,CJ%D - EE,CFC) ), but also the simplex weights, M, which
change as R increases. At the end, the behavior in Figures 6 and

7 is due to the combination of the systematic error in ES,C%D

the associated weights M.

As noted in Table 2, as system size grows, the circuit gets
extremely complex, so much so that it is not even possible to
compute the circuit for many of the larger water clusters treated
in this paper. The graph-IQ)(Cl approach reduces resource
complexity in such cases by reducing the overall circuit needs to
a family of rank-0 (H,, H,O, or (H3O)+), rank-1 ((H,),, (H,0),,
or (H,0),H"), rank-2 ((H,),, (H,0),, or (H,0);H"), and
rank-3 ((H,),, (H,0),, or (H,0),H") terms. For many of the
water clusters treated here (such as (H20)32HJr in Figure 7), this
amounts to a reduction in circuit complexity of several orders of

and

Error (milliHartree)
Error (milliHartree)

8

(H20)5H* (H20)nH*

(a) (b)

Figure 7. Accuracy of graph-IQ)(Cl for protonated water clusters,

32 6 7 8 16 32

(H,0),H". The value of “n” is noted along the horizontal axis, and
results are presented for three different ranks. (a): classical. (b): graph-|

Q)(Cl.

*, quantum circuit complexity need
not exceed that of (H,0),H". This is a significant result in the
current publication.
To systematically dissect the contributions from (Egﬁ%n
S,C|CC§D) and M/, toward the total errors captured in Figures 6
and 7, we first note that from the Cauchy inequality,'”®
over o term in eq 12 is bounded as per

mol accuracy for (H,0),,H

the sum

UCCSD UCCSD
Z (Ea,r,lQ) (1 r,IC) )Mr
a€V,

= UCCSD UCCSD

where we have now introduced vectors with index a and
interpreted the left side above as a dot product. The quantities of
[|-|l; are the L'-norm of a vector. Both vectors are of length
equal to the number of elements in V. It must also be noted that
the Cauchy inequality is generally written in terms of the L*-
norm of a vector. However, it is also true that the L'-norm of a
vector is always greater than its L*-norm, and this is used to
obtain eqs 14 and 15. Accordingly, we dissect the contributions
to AE (%) according to

Z (= IETSS™® -

Ejcs Pl M)
(14)

magnitude. Thus, Figure 7 basically says that to obtain sub-kcal/ or for Rjgy =0
8 8
R=1 R=1

7 R=2m 1 7 R=2m R
g 6 R=3mm 4 8 6f R=3m .
5 5| 1 5 st .
u o
S 4t 4= a4t a
o o
g 2f 1 £ 2F .
w w

1t I . 1t 1

0 = 0 i

3 4 5 3 4 5
(H20)n (H20)n

Figure 6. Accuracy of graph-IQ)(Cl for neutral water clusters, (H,0),. The value of

two different ranks. (a): classical. (b): graph-1Q)(Cl.
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n” is noted along the horizontal axis, and results are presented for
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extrap—UCCSD UCCSD £ UCCSD
Eogya ®) < IE=oiq) — E=oic))l
=0
M0 (15)
We present the contributions ||(ErU|CQC>SD EH%ESD)H

[IM||, in Figure 8 to gauge the difference in Figure 7.

3 200
180 -
28 160 L
g 5 140
K _ 120
L s F 100+
£ = 80f
g 1 60 -
w
05 4o
20
0 0
5 6 7 8 16 32 5 6 7 8 16 32
(Ha0)pH* (Hz20)aH*
(a) (b)
UCCSD UCCSD
Figure 8. (a) Shows the behavior of||(E,Z 010y — Er=0,¢) )|| ineqlSas

a function of system size for protonated water clusters. (b) Shows the
behavior of || M'=°||,. The energy contributions to the error in eq 15 do
grow with system size but are controlled to within the milli-hartree
scale. However, the multiplicity arising from the graph formalism grows
initially with rank and is responsible for the large discrepancy in Figure
7a,b for lower values of R.

Additionally, it is useful to note that the quantity

I (Eg%ﬁle) EY COC|SC]§) || is the error in the R = 0 result. Clearly,

the growth in mult1p11c1ty is responsible for the large discrepancy
in Figure 7a,b for lower values of R.

As the size of the molecular system grows, the corresponding
circuit complexity, as represented by the number of CNOT
gates, increases exponentially. However, the complexity of
graph-IQ)(Cl only depends on the maximum rank fragment
processed on quantum hardware and hence grows in a much
more gradual fashion while maintaining accuracy in the milli-
hartree range, as can be seen from the figures above. For
example, for the protonated water cluster, the theoretical scaling
of the current quantum algorithm for the larger water clusters,
such as (H,0)3,H", is due to a protonated tetramer ((H,0),H"*
) for sub-milli-hartree accuracy. Clearly, these figures also show
how our results converge with rank. The resources needed are as
dictated by the data in Table 2 and provides a significant
reduction in the resources needed to perform these
computations.

Thus, in general, choice of maximum R and the edge length
cutoff would be based on a compromise between accuracy and
efficiency. However, in all cases, it appears that graph-1Q)(Cl
presents a powerful approach to adaptively tailor the quantum
circuit depth.

5. CONCLUSIONS

The potential to address exponentially complex problems using
quantum comgutmg is an evolving research frontier,”” but it is
now accepted”> that universal, fully fault-tolerant, quantum
computers are a distant dream,” 35,36 and new frontiers such as
noisy intermediate scale quantum (NISQ)*® systems have
emerged. In this paper, we discuss a novel procedure called
graph-1Q)(Cl, which is a hybrid approach to interleave NISQ
processors with classical computers as suggested in refs 35 and
36. In doing so, graph-1Q)(Cl helps greatly reduce the depth of
quantum circuits and helps improve the quality of the results in
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obtaining post-Hartree—Fock electronic structure energies on
quantum hardware. This is achieved as follows: A molecular
system is divided into overlapping regions through a graph-
theoretically generated set of projection operators. These
projection operators allow the decomposition of a complex
quantum circuit into a parallel stream of processes, some of
which can be treated on quantum hardware and others on
classical hardware. Thus, graph-IQ)(Cl can be spawned on to a
potentially large ensemble of classical and quantum hardware
systems that each carry out tasks in an asynchronous fashion.
The approach is demonstrated by computing post-Hartree—
Fock electronic energies for a range of water clusters.
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