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ABSTRACT:
Structures with specific graded geometries or properties can cause spatial separation and local field enhancement of

wave energy. This phenomenon is called rainbow trapping, which manifests itself as stopping the propagation of

waves at different locations according to their frequencies. In acoustics, most research on rainbow trapping has

focused on wave propagation in one dimension. This research examined the elastic wave trapping performance of a

two-dimensional (2D) axisymmetric grooved phononic crystal plate structure. The performance of the proposed

structure is validated using numerical simulations based on finite element analysis and experimental measurements

using a laser Doppler vibrometer. It is found that rainbow trapping within the frequency range of 165–205 kHz is

achieved, where elastic waves are trapped at different radial distances in the plate. The results demonstrate that the

proposed design is capable of effectively capturing elastic waves across a broad frequency range of interest. This

concept could be useful in applications such as filtering and energy harvesting by concentrating wave energy at dif-

ferent locations in the structure.VC 2024 Acoustical Society of America. https://doi.org/10.1121/10.0025179
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I. INTRODUCTION

In recent years, frequency-selective structures have

become increasingly important in many engineering fields

due to their ability to act as passive filters for different types

of waves. These structures possess a variety of interesting

attributes. For example, they can improve acoustic wave

sensing, filtering, and sound energy absorption,1–7 as well as

isolate desired frequencies in the multimodal-Lamb wave,

which makes structural health monitoring of thin plates

more efficient.8–10 Among the many potential applications

for these structures, a unique phenomenon is the rainbow

trapping effect.11–17 This effect has been demonstrated to fil-

ter waves both spatially and spectrally18–22 and was initially

applied to electromagnetic waves to control optical delays

and to temporarily store light,23–25 but has since been

applied to acoustic waves as well.26,27

Several studies have investigated the phenomenon of

acoustic rainbow trapping, such as Tian and Yu,28 who used

a wafer-type piezoelectric actuator to investigate the rain-

bow trapping of ultrasonic guided waves in a one-

dimensional (1D) chirped phononic crystal plate in the fre-

quency range of 130–180 kHz. The COMSOL simulation

results were validated with a scanning laser Doppler vibr-

ometer (LDV), confirming the gradual reduction in group

velocity along the structure. Arreola-Lucas et al.29 experi-

mentally examined the mechanical analog of rainbow trap-

ping in 1D elastic systems. More examples can be found in

graded phononic crystals and metamaterials that exhibit gra-

dient effective properties for frequency-dependent manipu-

lation of wave energy.30

Other studies used microphones and speakers to capture

guided waves. They were able to create the mechanical

equivalent of the rainbow trapping effect in the low-

frequency range of 200–500Hz by using a speaker to excite

a single monopolar Mie resonance.31 Furthermore, inspira-

tion from the coiled shape of the cochlear rainbow trapping

effect was studied in the frequency range of 1–10 kHz by

producing sound waves using a small loudspeaker, based on

measurements obtained from a LDV.32 In other research, an

electrodynamic shaker was used to excite the waveguide,

and three-dimensional (3D) LDV was employed to record

flexural waves that were captured by a range of resonators

with varying lengths.33 Additionally, other studies have

attempted to advance the frequency trapping concept by

combining multiple methods, which enhances the system’s

efficiency. For instance, a programmable piezoelectric meta-

material beam containing a graded array of piezoelectric

unit cells connected to synthetic impedance circuits was

used to create a programmable rainbow trapping.

Additionally, the graded array of resonators embedded in a

host structure was used to manipulate wave propagation by

capitalizing on the resonator-structure interaction, thereby
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creating wave confinement.34 In recent years, researchers

have also started to combine the concept of rainbow trap-

ping and topological insulators. Energy trapping with robust

wave propagation characteristics immune to defects or dis-

orders in the structures has been realized.35–37 Furthermore,

a variety of studies have begun to empirically illustrate the

theory of rainbow trapping in other wave forms. These

include spoof surface plasmon polaritons,38 phononics and

acoustics,39 water waves,40,41 and fluid-loaded elastic

plates.42

Achieving rainbow trapping could open several pro-

found applications. For example, broadband energy harvest-

ing devices may be realized by localizing and concentrating

wave energy at different sites. However, most of the existing

research on the rainbow trapping of elastic waves is based

on unidimensional linear phononic crystal structures. This

limits the applicability of these devices as elastic waves in

thin plates, shells, or engineering structures usually propa-

gate along multiple directions. Expanding the rainbow trap-

ping effect into two dimensions can further improve its

performance in real structures and bridge the gap in its real-

world applications.

In this paper, we study the acoustic rainbow trapping

performance of a two-dimensional (2D) axisymmetric pho-

nonic crystal structure. A 1D graded phononic crystal is first

designed, and the structure is extended into 2D axisymmet-

ric structures for the rainbow trapping of elastic waves in

two dimensions. The performance was assessed both numer-

ically and experimentally using finite element analysis and

laser vibrometer-based measurements. The results showed

that the proposed 2D axisymmetric phononic crystal design

is capable of effectively trapping elastic waves over a wide

range of frequencies. This concept could be beneficial for

many engineering applications, such as energy harvesting

and noise suppression applications.

II. STRUCTURAL DESIGN

To begin with, we designed a 2D axisymmetric pho-

nonic crystal plate structure out of a 3.2mm thick aluminum

plate. It incorporates an array of 34 equally wide grooves

that measure 2.7mm in width (w) and 1.27mm in depth (d).

The overall diameter (D) of the structure is 452mm.

This plate was used to spatially modulate the stop band

and group velocity of ultrasonic guided waves to create a

rainbow trapping effect. Figures 1(a)–1(c) illustrate the

overall structure, the cross section of the plate, and three

consecutive cells: n� 1, n, and nþ 1, respectively. The

extrusion width, Ew, increases from 2mm to 3.65mm along

the x direction of the plate at an interval of e¼ 0.05mm. In

the proposed grooved phononic crystal plate, the length of

each cell increases linearly along the x direction. Since the

difference between two adjacent cells is very small, the

structure can be studied by the quasi-periodic nature of

the unit cells. Thus, we can use the frequency-wavenumber

dispersion relation f ðkÞ. This is derived by numerically solv-

ing a modal analysis problem on a unit cell with

Bloch–Floquet boundary condition to approximate the dis-

persion characteristics at the nth cell in the grooved pho-

nonic crystal plate. Since 2D wave propagation is involved,

the amplitude of the waves will naturally decay when they

travel along the radial direction. In practice, such a condi-

tion can be difficult to model using the Bloch theorem, and

sometimes a modified design needs to be carried out so that

periodicity is enforced.43,44 For simple radially periodic

plates, a closed-form analytic solution may exist,45 however,

the structural configuration of the phononic crystal plate is

complex, and hence its band structure is obtained from

numerical simulations based on finite element analysis. To

simplify the definitions in the numerical setup so that all the

calculations are still carried out in the Cartesian coordinate

system, an effective decay rate denoted as c is established to

ensure energy conservation across the boundaries of the

two adjacent unit cells, as described by the subsequent

equation,45,46

~u2 ¼ ~u1e
ik 1þcð Þ; (1)

where ~u1; ~u2 are the displacement vectors at the boundaries

of the unit cell and k is the wave vector. The cell length in

the chirped phononic crystal plate increases in a linear fash-

ion as it moves along the x direction, leading to different

decay rates along the radial direction. As a result, the unit

cells at various radial distances along the plate will have dif-

ferent frequency-wavenumber dispersion curves.

FIG. 1. (Color online) Schematics of the 2D grooved axisymmetric pho-

nonic crystal plate. (a) 3D view of the proposed structure. (b) Cross-

sectional view of the plate. (c) Illustration of three consecutive cells in the

plate and the associated dimensions.
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To demonstrate the spatial evolution of these curves,

Figs. 2(a)–2(c) depict the frequency-wavenumber dispersion

curves by numerical simulations using COMSOL MULTIPHYSICS

in the first Brillouin zone for cells located at three different

points: x¼ 14mm (the first cell with length L1 ¼ 2mm),

x¼ 95.2mm (the 17th cell with length L17 ¼ 2.8mm), and

x¼ 195.5mm (the 34th cell with length L34 ¼ 3.65mm).

The following parameters are used in the simulations for the

aluminum plate: density: q¼ 2700 kg/m3, Young’s modulus

E¼ 68.9GPa, and Poisson’s ratio v¼ 0.33. Within the fre-

quency range shown in Figs. 2(a)–(c), there are two types of

stop bands.

The first stop band, known as the Bragg stop band, is

located at point A on the boundary of the first Brillouin

zone. This stop band is created by the Bragg reflection of

the A0 mode, which disrupts the dispersion curve of the A0

asymmetric mode and stops it from traveling. The second

stop band, the full stop band marked by B in the figures, is

the S0-A0 stop band caused by the coupling between the

symmetric S0 and asymmetric A0 modes. Clearly, as

the extrusion width increases, the full stop band shifts to the

lower frequency range, while other main characteristics of

the band structure are maintained. Figure 2(d) shows how

the stop band frequency changes, depending on the position

along the x axis in the grooved phononic crystal plate with

and without natural decay. As the x-location increases, the

width of the stop band gets slightly smaller and the stop

band moves to lower frequencies. Hence, if guided waves

that carry frequencies in the range 165 to �205 kHz come

into the phononic crystal plate from the first cell and move

in the positive x-direction, different frequency components

will arrive at locations that are on the lower edge of the stop

band. At these places, the waves will stop moving forward.

It should be noted that the stop band frequency shows a

subtle variance when a natural decay is considered, as

opposed to when there is no decay. The most significant dis-

crepancy is observed at the initial few unit cells, diminishing

towards the disk’s periphery. This pattern can be attributed

to the conservation of energy across both edges of each unit

cell, with variations in the effective decay rate c. The rate c
is related to the proportion between the radius of each unit

cell and decreases as one moves outward along the disk’s

radius. The inner edge of the disk experiences the greatest

shift in this rate, primarily because the ratio of radii of two

adjacent unit cells is greatest in this region. However, over-

all, the consideration of the decay does not significantly alter

the operational frequency range of the structure.

Consequently, employing a simplified rectangular model

that disregards the decay can still yield a reasonable perfor-

mance, as will be shown later.

The results indicate that 1D rainbow trapping can be

realized by arranging the unit cells in a graded manner.

FIG. 2. (Color online) Dispersion analysis. (a)–(c) Local frequency-wavenumber dispersion curves in the first Brillouin zone for the 1st cell (left), 17th cell

(center), and 34th cell (right) of the grooved phononic crystal plate, respectively. The solid and dashed curves represent the band structure without and with

natural decay along the radial direction. (d) Variation of local stop band with respect to location x in the phononic crystal plate. The shaded areas represent

stop bands.

J. Acoust. Soc. Am. 155 (3), March 2024 Ellouzi et al. 1761

https://doi.org/10.1121/10.0025179

https://doi.org/10.1121/10.0025179


Next, the structure is revolved to form the 2D phononic

crystal plate. As the structure is axisymmetric, incoming

waves generated at the center of the plate will then get

trapped at different radial distances based on the symmetry

conditions.

III. NUMERICAL SIMULATION

Using COMSOL MULTIPHYSICS, a 3D representation of the

multi-grooved disk was created, taking into consideration

the 2D axisymmetric nature of the structure during the simu-

lation setup. To this end, frequency-domain analysis was

first carried out to examine the frequency response of the

phononic crystal plate based on the equation

�qx2u ¼ r � rþ Fei/; (2)

where the material density is donated by q, the angular fre-

quency is presented by x, and F stands for the external

force, while / presents the phase angle of the applied force

and r is the stress tensor in the structure.

To replicate the vibrations from a piezoelectric trans-

ducer, an axial boundary load was applied to the disk’s top

surface between r¼ 0mm and r¼ 3.65mm. Furthermore, to

minimize any unwanted reflections that the boundaries

might cause, a low-reflection boundary was allocated to the

disk’s perimeter. Free boundaries were applied to all

remaining surfaces to prevent any damping effect that can

affect the acoustic trapping simulation results. Five different

acoustic excitation frequencies (165, 175, 185, 195, and

205 kHz) were used in the simulation to examine the disk’s

performance in terms of the acoustic trapping effect within

the frequency range of interest (Fig. 3).

The simulation results show that the normalized total

displacement caused by the piezoelectric transducer in rela-

tion to the disk radius is dependent on the frequency used.

At 165 kHz, the sound wave was able to travel through the

entire disk, leading to non-zero displacement fields across

the whole disk. On the other hand, at 205 kHz, only the inner

part of the disk experienced a significant amount of dis-

placement from the transducer. This decrease in displace-

ment was consistent with the expectation of the acoustic

rainbow trapping effect. As the location of the disk radius

increased, the group velocities decreased until eventually

reaching zero for different frequencies at certain locations.

To confirm the frequency-domain analysis results, a

time-domain simulation was also made in conjunction with

the previous one. A sinusoidal wave with 20 cycles shown

in Fig. 4(a) was used to excite the phononic crystal plate,

and the local normal velocity amplitude was recorded at

three distinct points across the disk. The initial point was

positioned at the first unit cell, located at 14mm away from

the center. The second measurement point was set at the

disk’s midpoint, 95.2mm from the center, while the third

was at the disk’s outer cell, located 195.5mm from the cen-

ter. Three different frequencies were studied, namely 165,

185, and 205 kHz, similarly to the process used in the

frequency-domain analysis. The corresponding normalized

wave amplitudes for each frequency at each point are

depicted in Fig. 4. It can be seen that the results from time-

domain simulations align with those derived from

frequency-domain analyses. Sound waves were able to prop-

agate through the first unit cell for all the three examined

frequencies. Meanwhile, at the midpoint of the disk, sound

wave propagation was detected only at frequencies of 165

and 185 kHz. At the disk’s outer perimeter, sound propaga-

tion was exclusively present at a frequency of 165 kHz,

while the two other frequencies were greatly suppressed,

validating analytical predictions associated with the theory

of the rainbow trapping effect. This pattern mirrors that

observed in a 1D plate, confirming the ability of the 2D axi-

symmetric disk to selectively confine elastic waves based on

their frequency characteristics.

FIG. 3. (Color online) Total displace-

ment field of the 2D axisymmetric

grooved discs at different operating

frequencies. The waves emitted at the

center of the disk stop at different loca-

tions according to their frequencies.
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IV. EXPERIMENTAL RESULTS

To test the device’s performance, a prototype grooved

disk was made from 6061-T6 aluminum sheets with a 3.2mm

thickness using a computer numerical control (CNC) machine.

A ceramic ring piezoelectric transducer (SMR, Davenport,

FL) was glued to the center of the disk, using fast-curing

epoxy (J-B Weld, Pemberton, NJ) to provide the necessary

acoustic actuation. The transducer and disk were suspended in

the air with a custom-made wooden support and hanging

strings to avoid any physical contact with other objects to

mimic a free boundary condition. A function generator

(RIGOL DG4162; Rigol, Portland, OR) was used to combine

a sinusoidal burst with a Gaussian envelope to drive the piezo-

electric transducer. The input signals were amplified by a

radio frequency (RF) amplifier (ENI 3200L; Bell Electronics

NW, Inc., Renton, WA) so that a vibration of sufficient inten-

sity was created within the plate. A digital free beam laser

vibrometer (Optomet Nova, Berlin, Germany) was used to

measure the disk total displacement at several specific points

in the direction of the laser beam. The general experimental

setup can be seen in Fig. 5(a).

The sinusoidal burst input wave helps distinguish

between the direct-transmitted and reflected signals from the

boundaries as they are separated in time. The vibrometer

was used to collect the raw experimental data processed

through OPTOGUI software.

To maintain the measurement signal while eliminating

any background noise, a 10Hz high-pass Butterworth filter

FIG. 4. (Color online) Time-domain simulation of the phononic crystal plate. (a) Single sinusoidal wave input signal. (b), (c), and (d) upper envelope of nor-

malized wave amplitude at the 1st point located at x¼ 14mm, 2nd point at x¼ 95.2mm, and 3rd point at x¼ 195.5mm from the center of the grooved pho-

nonic crystal plate, respectively.

FIG. 5. (Color online) Measurement setup. (a) Photo of the experimental

setup. (b) Schematic showing the measurement setup and the process of

data acquisition.
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was applied. A designated sliding window was further

defined to keep the original burst signal intact while setting

other signals outside the window, including the unnecessary

reflected waves, to zero. Figure 5(b) illustrates the overall

process of data acquisition. In the measurement, the dis-

placement data were obtained at 15 points arranged at a con-

sistent 13mm distance apart along the disk’s radial direction

for measurement accuracy, with the first point positioned at

the center of the first groove, 14mm from the disk center. A

typical measured signal is shown in Fig. 6, where the direct-

transmitted and reflected Gaussian pulses are clearly

observable.

The filtered frequency response data from the grooved

disk were plotted against the simulation results for the

selected frequencies in Fig. 7. The experimental and

numerical results agree well with each other at all frequen-

cies and follow the same curve tendency. At lower frequen-

cies, the waves propagate further to the outer edge of the

edge, and the wave energy is observed at larger radial dis-

tances. On the contrary, the wave energy drops quickly

after being launched by the actuator. Some slight differ-

ences between the experimental and simulation data can be

observed due to experimental noise, fabrication imperfec-

tions, and non-ideal boundary conditions compared to

numerical simulations. The locations where waves stop

propagating forward are nearly the same, and the regions

with intensive energy agree well with each other. At

165 kHz, the experimental results match the simulation

results and spread throughout the radius of the grooved

disk. As expected, only the inner part of the disk is

impacted at 205 kHz.

V. CONCLUSION

This study demonstrated a rainbow trapping effect of

ultrasonic waves in 2D axisymmetric grooved discs with

spatially variant dispersion, group velocity, and stop band.

Through simulation and experiment, we demonstrated rain-

bow trapping of ultrasonic waves in the frequency range of

165 to �205 kHz. The demonstrated rainbow trapping phe-

nomenon is related to the progressively slowing group

velocity in space and the spatially variant dispersion charac-

teristics. As ultrasonic waves travel along the various

grooves of the 2D axisymmetric plate, they gradually slow

down due to the slowing group velocity. This causes the

energy of guided waves to concentrate at the low-velocity

area close to the lower boundary of the stop band.

Additionally, due to the varying dispersion characteristics,

the wave energy of different frequencies can be concen-

trated at separate locations, producing a rainbow trapping

effect. Our work expands elastic wave rainbow trapping into

two dimensions, possessing higher relevance to engineering

structures.47,48

With the achieved results and experimental demonstra-

tion presented in this study, the ultrasonic field will be

enlightened for potential interesting work related to 2D

ultrasonic guided waves through the ultrasonic rainbow trap-

ping effect. The proposed approach can be useful for many

different applications. For example, by focusing wave

energy based on its frequency, various piezoelectric compo-

nents can be placed in areas to maximize output power.

Another potential application can be found in the field of

acoustofluidics, where particles with varying sizes and

attributes can be concentrated using distinct trapped fre-

quencies,49 providing a new way to separate biological sam-

ples based on their population.

FIG. 6. (Color online) Experimentally obtained raw signals. (a) Time-

domain signals show a few cycles of burst signals. (b) Zoomed view of dot-

ted box in the panel. The reflected signals are marked in the red dotted box

and are separated from the directly transmitted signals because of their

propagation time.

FIG. 7. (Color online) Comparisons between experimental and numerical

results at various frequencies.
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