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Despite considerable progress in tropical cyclone (TC) research, our current understanding and prediction
capabilities regarding the TC intensity—size relation remain limited. This study systematically analyzes
the key characteristics and performance of different types of mathematical models for TC intensity-
size relations using the 6-hourly Tropical Cyclone Extended Best Track Dataset spanning 1988 to 2020.
The models investigated include statistical, idealized (e.g., Rankine vortex), parametric, and theoretical
models. In addition to directly comparing the solutions obtained from individual models to the observed
TC records, we assess the models that can produce a unique finite-sized radial profile of surface winds
for each TC record—a minimal requirement to ensure that the predicted radial profile of the surface winds
would align with the observed profile. The results reveal that a sufficient condition to guarantee a unique
radial profile of surface winds is that the associated model can be written as a radial invariant quantity,
although it does not guarantee a finite-sized profile. Only the effective absolute angular momentum (eAAM)
model, among all the models examined in this study, meets the minimum requirement. Furthermore, the
solutions obtained from the eAAM model are well correlated with their observational counterparts (85 to
95%) with little systematic bias and small absolute mean errors that are very close to the observational
resolution. The eAAM model’s ability to capture the complex intensity-size relation of observed TCs, in
combination with these desirable features, suggests its high potential for gaining a better understanding
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of the underlying physics governing the observed TC intensity—size relation.

Introduction

Tropical cyclones (TCs) are very destructive storms that may
result in severe loss of lives and properties, especially for intense
TCs that are referred to as “typhoons” over the western North
Pacific Ocean basin or “hurricanes” over the North Atlantic
Ocean basin. In addition to the translation speed, TC intensity
and size are the two key factors in determining TC damage
potential [1] because they are closely related to the severity of
TC swirling winds, precipitation, and storm surge. The TC
intensity refers to the maximum 1-min sustained surface wind
(Vyax)> and the TC size is herein denoted by the maximum
radial extent of gale-force surface wind (i.e., 17 m s~' wind
denoted as V,; R;,). The TC intensity and intensification rate
are closely related to the initial TC size, as shown by both obser-
vational and numerical modeling studies [2-8]. Although there
have been continuing improvements in forecasting TC tracks,
limited progress has been made in TC intensity forecasts [9,10].
Toward the goal of improving forecasts for TC intensity and
size, this study investigates the strengths and weaknesses of
previously published models for TC intensity-size relations.
Since TC intensity and size are two key factors that manifest TC
thermodynamic and dynamic processes, improving the under-
standing of the TC intensity-size relation will help us gain
insight into the core development mechanisms and the genesis
of TCs.
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Numerous studies have been carried out to represent or
improve the TC intensity-size relationship, including the radial
profiles of TC surface winds. In addition to numerical modeling
studies, the models for the radial profiles of TC surface winds
or the TC intensity-size relationship can be categorized into
the following four types: (a) statistical models, (b) idealized
models, (c) parametric models, and (d) principle-based models.
Statistical models are based on linear regression between the
observed TC intensity and size, which can be used to estimate
TC intensity from size information or TC size from intensity
information [11-14]. Some statistical models also consider
environmental parameters, such as sea-surface temperature,
synoptic flows, and track types [5,8,15-18]. However, the
observed TC intensity and size exhibit a weak correlation,
which also varies greatly when different datasets are used
[11,19]. Even with most up-to-date observation data and
higher-order nonlinear regression functions, recent studies still
indicate weak correlations between TC intensity and size
[8,20-23]. Recently, Guo and Tan [6] introduced a size-related
compound parameter, referred to as “T'C fullness.” The TC full-
ness is proportional to the annulus area encircled between the
radii of Vy;,x and V. The TC intensity is better correlated with
its size after sorting TC records by their fullness. The studies
of Wu and Ruan [24] and Ruan and Wu [25] have confirmed
the higher correlation after segregating T'C records according
to the radii of V.
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Studies on TC wind profiles can be traced back to the use
of the Rankine [26] vortex model by Deppermann [27], which
essentially treats the relative angular momentum of a TC as a
radial invariant quantity. Since then, various versions of Rankine
vortex models have been proposed by considering a nonlinear
dependency of the relative angular momentum on radii [28-31].
A widely used idealized model for radial profiles of TC surface
winds was proposed by Holland [32] (H80 hereafter) and later
revised by Holland et al. [33] (H10 hereafter) under the assump-
tion of cyclostrophic balance of TC surface wind, instead of a
simple radial invariance of the relative angular momentum.
Because of the use of cyclostrophic balance, as demonstrated
by Zhang et al. [34], the H10 model represents a noticeable
improvement over the other versions of Rankine vortex models
in characterizing the radial variation in surface winds in the
inner core region of TCs. However, the H10 model is not valid
in the large-sized outer region of TCs because it neglects the
planetary angular momentum.

Parametric models describe the radial profile of TC surface
winds as a function of its distance from the storm center.
Observational evidence suggests that the rotational wind within
the TC vortex core behaves like a solid-body rotation [28,35-38].
Parametric models assume a circular wind flow pattern in the
surface layer and usually use a few (2 to 5) parameters to fit
“typical” radial profiles of observed TCs [36,37,39]. Wang et al.
[40] proposed a single-parameter wind profile model, which
shows a good fitting skill against TC wind profiles simulated
by numerical models. Some parametric models, such as the
piecewise multiparameter model by Wood and White [39], can
partition the wind profile into separate components according
to the actual numbers of maximum wind cusps in the wind
profile to better match the realistic observations of single-,
dual-, and triple-concentric eyewall complex vortex structures.
The parameters in these models can typically be adjusted to
individual observed or simulated TC profiles for a wide range
of applications, such as hurricane risk modeling or initializing
wind fields for numerical models. Parametric models are often
used to construct initial wind profiles for numerical TC simu-
lations [41], storm surge modeling [42], and tornado model-
ing [43,44].

The seminal work by Emanuel [45] was the first theoretical
study to introduce the Carnot engine model for TC intensity.
Emanuel [46] (E04 hereafter) developed a theoretical formula
for the radial derivative of the absolute angular momentum
(AAM) of TC surface winds, which can be used to construct
the radial profile of TC surface winds. An analytical solution
from the Carnot engine model was later derived by Emanuel
and Rotunno [47] (hereafter ER11), in which the AAM at any
radius in the boundary layer of the inner convective core region
is related to the radial loss of enthalpy and momentum. The
analytical solution reported in the ER11 model also serves as
a model for the radial profile of TC surface winds. By recogniz-
ing that the E04 model focuses more on the outer region of TC,
whereas the ER11 model focuses more on the inner core region
where kinetic energy is generated, Chavas et al. [48] (C15 here-
after) merged the ER11 model for the inner region with the
E04 model for the outer region as a single model for the entire
radial profile of TC surface winds. Recently, Cronin [49] pro-
vided an alternative approach to obtaining the entire wind
profile as in C15 but with much less computational effort.
Specifically, he derived an analytical function of the E04 model’s
wind speed as a function of radius, which is then merged with
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the inner region solution represented by ER11. Note that this
analytical solution can also be used to directly estimate the
radius (R,), where TC wind vanishes, using the maximum
wind information without obtaining the entire wind profile.
Inspired by the work of ER11, E04, and C15, Sun et al. [50]
(S22 hereafter) recently put forward an effective AAM (eAAM)
model, which combines the AAM and the loss of both the
relative angular momentum and planetary angular momentum
due to surface drags as a radial invariant quantity, instead of
the relative angular momentum or AAM itself. In the eAAM
model, the AAM of an air parcel in the surface layer, as it flows
cyclonically from the outer region to the radius of the maxi-
mum sustainable wind, decreases inwardly because of surface
drag. Note that the radial invariant of eAAM in the eAAM
model would be reduced to the radial invariant of AAM when
the coefficients for the loss terms are set to zero, which is not
the case in the E04, ER11, and C15 models. The advantage of
considering a radial invariant quantity is its potential to have
the quality of physical laws when calculating the TC intensity-
size relationship.

Considering the growing interest in the TC intensity-size
relationship and its importance in assisting operational assess-
ment of TC severity and potential damage, we systematically
examine the performance skill of each model type for TC
intensity-size relation against observations and compare them
to that of the eAAM model using the 6-hourly Tropical Cyclone
Extended Best Track Dataset (EBTRK) [51]. The rest of the
paper is organized as follows. The next section describes the
data and the metrics used for this study to quantify the perfor-
mance skill of the four different types of models. In the
“Performance evaluations” section, the performance evalua-
tions are compared against the observations of all models ana-
lyzed in this study. The “Mathematical characteristics for
enabling a better physical understanding” section discusses the
mathematical characteristics of these models in terms of their
feasibility for gaining a physical understanding of the observed
TC intensity-size relation. A summary and concluding remarks
are given in the final section. In Appendix A, we outline the
procedures for obtaining the solutions to the models.

Materials and Methods

The variables used in this study are derived from the 6-hourly
EBTRK covering TC records from 1988 to 2020 over the North
Atlantic Ocean region, which is downloaded from https://
rammb?2.cira.colostate.edu/research/tropical-cyclones/tc_
extended_best_track_dataset/. They include the maximum
(sustained) surface wind speed (Vy;,x), which represents TC
intensity, the radius of maximum wind speed (Ry;,x), and the
radius of gale force wind (R,,), which represents TC size, in
addition to latitude and longitude information of each corre-
sponding TC record. The speed of the gale force wind is equal
to 34 knots or 17.5 m s~', which is denoted as V,. Following
Guo and Tan [6], we consider the average of the four values of
R,; as the TC size, although in many other studies [52], the
largest R, value in the four quadrants is used as R, after mul-
tiplying a correction factor (0.85 in [52]). According to the
EBTRK dataset, the resolution of maximum TC surface winds
is 10 knots (approximately 5.2 m s~'), and the resolution of
radii (both Ry ,x and R;,) is 5 n mi (approximately 9.3 km).
The EBTRK dataset from 1988 to 2020 has a total number
0f 12,235 TC records. We only consider 4,984 of them that meet
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the following conditions for the purpose of our study: (a) contain-
ing both V), and Ry, x, with at least three quadrants of R,
available; (b) Ryax < Ry (c) at least the strength of tropical
storms; (d) TC over the ocean region (distance to the nearest land
pointis greater than R,,); and (e) (AAM)ax (i-e., AAM at Ry;5x)
smaller than (AAM),, (i.e., AAM at R,,). Notably, condition (e)
is necessary for the existence of the solutions to the E04, ER11,
C15, and eAAM models. Note that the TC records that do not
meet condition (e) cover less than 5% of the total TC records. In
terms of TC intensity, the 4,984 TC records used in this study
consist of 2,360 tropical storms and 1,438 category 1, 522 category
2, 328 category 3, 299 category 4, and 37 category 5 cases of hur-
ricanes. Notably, the calculation of the distance to the nearest
land in the EBTRK data omits islands with an area smaller than
that of the island of Trinidad (approximately 4,800 km®).

There are two types of considerations for evaluating the per-
formance skill of individual models regarding the observed TC
records. The first is a set of quantitative metrics that facilitate
direct comparison between the solutions obtained from indi-
vidual models and the observed TC records. These metrics are
listed in Table 1. The “Performance evaluations” section focuses
on the performance evaluations using the metrics listed in Table
1. The second type of consideration is a list of mathematical
characteristics that are deemed necessary to gain a better
understanding of the underlying physics governing the observed
TC intensity-size relation, which will be discussed in the
“Mathematical characteristics for enabling a better physical
understanding” section. These mathematical characteristics that
allow for gaining a better physical understanding include

a. The uniqueness of profiles for winds and radii: Both the
profile of surface winds as a function of R [i.e., V(R)]
and the profile of radii as a function of surface winds
[i.e., R(V)] exist, where R(V) is the same as the inverse
function of V(R), and vice versa.

b. Finite-sized TC profiles: Surface winds vanish at finite
values of R, = R(V=10) and V(R=R,) =0.

c. Similarity: The probability density function of the intensity—
size relation obtained from a model should resemble that
observed.

Table1. A list of metrics for the direct comparison against observations

We recognize that the models being assessed are not inher-
ently tailored to optimize performance on the metrics. Our
focus on these metrics is intended to assess the individual mod-
els’ capacity for gaining a better physical understanding, rather
than merely for their numerical accuracy. For example, models
that possess characteristics (a) are expected to generate unique
solutions. Because of the uniqueness, the condition that the
solution is accurate against the radial profile of an observed TC
at a given radius would automatically ensure that the solutions
are equally accurate over the entire radial profile. Unless meet-
ing the uniqueness condition, achieving good skill in both
predicting TC intensity using size information and predicting
TC size using intensity information by the same model would
not be feasible. Thus, models that do not meet the uniqueness
condition would have limited potential to gain a better physical
understanding of the TC intensity-size relation. The radius of
zero azimuthal wind, while challenging to precisely identify
through observations, is considered a theoretical limit for TC
winds. This limit exists in numerical models for isolated TCs, such
as the cloud model 1 by Bryan and Fritsch [53]. Consequently, it
is an essential feature that provides an upper bound for the
outermost radius of azimuthal winds in the range of 5 to 10 m
s~!. Therefore, models that possess characteristics (b) would
have the potential to improve our understanding of the outskirt
wind structure and its link to the inner core wind structures.
Models that fulfill characteristics (a) to (c) can be considered
to have met the minimum necessary conditions to demonstrate
the quality of physical laws, because such models are expected
to produce solutions that agree with observations within the
range of observational resolution, regardless of whether wind
or radius is used as an input variable.

It is worth mentioning that a secondary eyewall is typically
associated with high-intensity TCs, while none of the analytical
models examined in this study have the capability to make its
prediction. Moreover, since there is no information in the
EBTRK dataset about TC asymmetry and the secondary maxi-
mum wind speed, two implicit assumptions must be made for
TC wind for our examination, i.e., axisymmetric and mono-
tonically decreasing outward. Accordingly, all following results
are based on these assumptions without considering a secondary

Names

Definition

Mean absolute errors (MAE)
Correlation (Corr)

Mean errors (MErr)

Number of unphysical solutions

MAE = IXsqution _Xobs I ‘

(Xsolution_ solutiun)(xobs_E) a
T—\2 T\
\/(Xsolution_Xsqution) \/(Xobs_xobs)

X a

obs

Corr =

MErr = X

solution

Number of unphysical solutions °

®The overbar is the averaging operator over all TC records; X can be any of the four variables: V\;, (maximum wind speed), Ry (radius of maximum wind

speed), V;; (gale-force wind speed), and R, (radius of gale-force wind speed).

® For Vyax unphysical solutions include no real number solutions, and Vi < (Vi7)ops: for Vy7, unphysical solutions include no real number solutions, V;; < 0,
and Vi > (Vuax)oss: fOr Ryax, unphysical solutions include no real number solutions, Ryax < 0, and Ryax > (R17)ss: fOr Ry7, unphysical solutions include no real

number solutions, and Ry < (Ryax)ops-

Sunet al. 2024 | https://doi.org/10.34133/0lar.0035

$20T ‘6T YOIBIA UO NIed 939[[0)) pueAIRIA JO ANSIOATU() 1k S10-00uaros'[ds//:sdyyy woiy papeojumoy


https://doi.org/10.34133/olar.0035

Ocean-Land-Atmosphere Research

eyewall. Therefore, the models that possess characteristics (a)
to (c) may not be comparable to the TC records for asymmetric
TCs with/without secondary wind maxima. Nevertheless, mod-
els meeting the uniqueness condition would still yield an over-
all better skill than models that do not meet these conditions.

Performance Evaluations

In this section, we systematically evaluate the performance of
representative models from each of the four categories (i.e.,
statistic, idealized, parametric, and physical-based models) and
the eAAM model against observations using the metrics listed
in Table 1.

Statistical models

All statistical models suffer a major deficiency, namely, they
can be used to estimate either the intensity from size informa-
tion or the size from intensity information, but not the other
way around without significant changes in model parameters.
As a result, they provide little insight into the observed TC
intensity-size relationship, even though the correlation skill
can be improved by considering nonlinearity and compound
parameters that are related to intensity, size, track types, and/
or environmental variables. Therefore, we evaluate only one of
them to illustrate the performance skill and the general char-
acteristics of statistical models. That is, the statistical model
reported by Wu et al. [20] (W15 hereafter) is evaluated herein,
which was built from a nonlinear regression analysis of R, and
Vuax using the Multiplatform Tropical Cyclone Surface Wind
Analysis dataset (MTCSWA) [54]. Specifically, the W15 model
is given by

Ryy = =123+ 0.07Vygux — 0.0004V2,, (1)

Although the W15 model, by design, is for estimating the
size (i.e., R,,) using the intensity information (i.e., V%), we
still attempt to obtain Vy;,y from R, and R;, from V). We
also note that the W15 model was built using TC records over
the western North Pacific, while here, we attempt to apply the
W15 model to TC records over the North Atlantic basin. As to
be demonstrated shortly, the error magnitude of the W15
model for R,, verified against the TC records over the North
Atlantic basin is comparable to that verified against TC records
over the western North Pacific.

The scatterplots of W15’s solutions versus observations for
Vuax and R, are displayed in Figs. 1A and 2A, respectively.
Figure 3 shows the W15 values of the four metrics listed in
Table 1. The small positive correlation of the W15 solutions for
Vmax With the observed V)« (approximately 0.32; Fig. 3A) is
expected, as the W15 model is designed only for estimating R, ,
using observed V,;,x. However, it is surprising to find that the
W15 solutions for R, also fail to produce a good correlation
with the observed R,, (Fig. 2A), despite being built on the
regression analysis of the observed V,;,x and R,,. In fact, the
correlation between the W15 solutions for R;, and the observed
R,, is even weaker (approximately 0.28; Fig. 3B) than that for
Vuax- This is direct evidence for the lack of correlation between
Vuax and R, in the observations. The relatively good perform-
ance of W15’s solutions for V,,,x over that for R,,, in terms of
MAE, Corr, and MErr, is achieved at the expense of the fact
that nearly 63% of the W15 solutions for V), are unphysical
(i.e., either no real number solutions, which are not shown in
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Fig. 1A, or solutions for Vy;,x < V,, which are marked by red
circles in Fig. 1A), since these unphysical solutions are not used
to calculate the metrics of MAE, Corr, and MErr. The results
shown in Fig. 3A indicate that the error magnitude of the W15
model for R, verified against the TC records over the North
Atlantic basin (approximately 70 km) is comparable to that
verified against TC records over the western North Pacific
(approximately 95 km, as shown in figure 2 of W15).

Because the W15 model does not involve variables beyond
Vuax and R,, it is not applicable to evaluate the performance
metrics for its V|, and Ry, or to provide information related
to the general characteristics (a) to (c) discussed in Materials
and Methods. Although other statistical models very likely have
different error characteristics, the W15 model can still be
regarded as being representative in terms of its inability to pos-
sess general characteristics (a) to (c). Specifically, all the statisti-
cal TC intensity-size models relate a TC parameter on the
left-hand side of the model equation, either intensity or size,
to the other TC parameters on the right-hand side. Therefore,
the statistical models are excluded from possessing these three
characteristics by design, even if they would have a very high
skill for predicting the TC parameter on the left-hand side. As
a result, statistical models provide little physical insight into
the observed TC intensity-size relationship.

Idealized models

The Rankine vortex model [26] first used by Deppermann [27]
is the first idealized model for radial profiles of TC surface
winds, in which the relative angular momentum of a TC is a
radial invariant quantity. Since then, various versions of Rankine
vortex models have been proposed by including a nonlinear
radial dependency of the relative angular momentum [28,30,31].
More widely used idealized models for radial profiles of TC
surface winds are the H80 and H10 models. For the sake of
completeness, we evaluate the original Rankine vortex model
(denoted as the “RANK” model), a modified Rankine vortex
model first used by Riehl [28] (denoted as the “MRank” model),
and the H80 model, whose equations are given by

VMAXRMAXx =VR*,

2
where x =1(=0.5) for the RANK (MRank) model, @

R A (Ruax )
V=VMAX\/< I\;AX> e ( R ) (the H80 model) (3)

In Egs. 2 and 3, R denotes the radius from the center of a
TC and V is the surface wind speed at R. Following [55], we
consider A = 1.5 in evaluating the performance of the H80
model, within the suggested range (0.75 to 2.5) for the value of
A by H80. Note that the main difference between H80 and H10
is that H10 treats the power of the term inside the square root
of Eq. 3 as a function of R instead of a constant, which essen-
tially is a continuous piecewise fitting model.

As indicated in panels B and C of Figs. 1, 2, 4, and 5 as well
as panel D of Fig. 3, there are no unphysical solutions in the
revised Rankine vortex and H80 models. The solutions obtained
from these two models are well correlated with their observa-
tional counterparts with a correlation skill range of 0.6 to 0.95.
The values of MAE for V,,, and R, in the modified Rankine
vortex model are within their observational resolution, but its
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Fig.1.Scatterplots of model solutions for Vy, (ordinate) against observations (abscissa). (A) W15 model. (B) Modified Rankine vortex model. (C) H80 model. (D) WW11 model.
(E) C15 model. (F) eAAM model. Red circles represent the unphysical solutions whose V) is less than 17.5 m s7L

MAE for R, is still large, approximately 4 times (or 40 km) as
large as the observational resolution. Nevertheless, the MAE
values for Vx> Vi, and Ry, of the modified Rankine vortex
and H80 models are no greater than 2 times as large as the
observational resolution. In particular, their MAE values for
V., are less than the observational resolution in winds, and
those for V4« are only modestly greater (approximately 20 to
50%) than the observational resolution in winds. The mean
errors (Fig. 3C) in the modified Rankine vortex are smaller

than those of the H80 model. The latter has a negative system-
atic error in the solution for Vy,,x and Ry,x and a positive
systematic error in the solution for V,, and R, (Fig. 3C). The
larger systematic errors of the H80 model than the modified
Rankine vortex model are also evident from the more notice-
able deviations from the diagonal line in these scatterplots
(Figs. 1C, 2C, and 4C) and the noncentered red line in the
histogram (Fig. 5C). The systematic underestimation of TC
intensity by the H80 model can be reduced substantially by

A W15 model R,; (km) B MRank model R;; (km) C H80 model R;; (km)
800 800
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Fig.2.(Ato F) Asin Fig. 1, except for R;. Red circles represent the unphysical solutions whose Ry, is smaller than the observed Ryy.
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Fig.3.Bar charts for the performance metrics of (A) MAE (mean absolute errors), (B) Corr (correlation skill), (C) MErr (systematic errors), and (D) the number of unphysical
solutions for all the models analyzed in this study (the abscissa). The values of the metrics (ordinate) are evaluated according to their mathematical definitions provided in Tablel,
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used to estimate Ry;a and Ry;, the performance metrics are not applicable, as indicated by vertical lines with “x." Additionally, because the observed V;; is a constant (=1749 m
s7h), the correlation skill is not applicable to the solutions for V;,. For this reason, there are no data for the correlation skill of the solutions for V;, with the observed V, in (B).
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Fig.4.(Ato F) Asin Fig. 1 except for Ry solutions. Note that there are no data points in (A) because the W15 model cannot be used to estimate Ry
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using a larger value of parameter A but at the expense of
increasing the MAE value.

Parametric models
We consider the parametric model of Wood and White [39] as
being representative of parametric models, which is given by

nlpk

V = Vypx ———————
MAX (;1—1(+Kp'7/}‘)2

(4)

where p = R/Rys x4 = 0.5, = 2.0, k = 1.0, and the other sym-
bols are the same as their counterparts defined in Egs. 2 and 3.

Figures 1D, 2D, 4D, and 5D show the direct comparisons of
the solutions of the WW11 model against their observational
counterparts, whereas the performance metrics of the WW11
model are provided in Fig. 3. In addition to no unphysical solu-
tions, solutions from the WW11 model have correlations of
approximately 0.6 to 0.7 that are similar to their counterparts
from the idealized models (i.e., MRand and H80 models), as is
the MAE for R,,, which is approximately 80 km or approxi-
mately 8 times larger than the observational resolution in
radius. However, the MAE values for V,;,x, V},, and Ry« of
the WW11 model are noticeably greater than their counterparts
of the idealized models. In particular, the MAE value for V,x
of the WW11 model is nearly 4.6 times as large as the obser-
vational resolution in winds, or equivalent to an MAE of
approximately 23 m s™'. As indicated in Figs. 1D 2D, 3D, and
4D, the large MAE value for V);,x in the WW11 model is
caused by the systematic excessive overestimation of Vy,y,
which is accompanied by the systematic overestimation of
Ryaxo at the expense of the systematic excessive underestima-
tion of V;, and R,. The systematic overestimation of Vy,x and
Ryax and the systematic underestimation of V;, and R, (Fig.
3C) are also reflected by pronounced deviations from the

diagonal line in these scatterplots for the WW11 model (Figs.
1D, 2D, and 4D) and the noncentered red line in the histogram
(Fig. 5D).

Principle-based models

The principle-based models for radial profiles of TC surface
winds, including the E04, ER11, and C15 models, are built
on the seminal theoretical work of Emanuel [45]. Here, we evaluate
the C15 model, as it represents a major improvement to both the
E04 and ER11 models by using the ER11 solution over the inner
region and the E04 solution over the outer region, which are
expressed as

( AAMR, V) >2_C"/Cd _ 2(R/Ryax)’
AAM(Ryaxs Vaiax) 2-C/Cy [1 - (R/RMAX)Z]

0AAM _ Ca RV
oR Wcool R(z) -R? ’

> RMAX <R< Rmerge

R

‘merge <R<R, (5)

where AAM is the absolute angular momentum per unit mass,
defined as

AAM(R,V) = %ﬂ!z2 + VR (6)

In Egs. 5 and 6, fis the Coriolis parameter; C, and C, rep-
resent the exchange coefficients of enthalpy and momentum in
the surface layer, respectively; W, corresponds to the free
tropospheric subsidence in the convective-free outer region;
R, denotes the radius where surface winds vanish; and R,
is the radius at which the ER11 and E04 solutions intersect.
Following C15, we choose C, = C; =1 and W_,; = 0.002 to
evaluate the C15 model. As in C15, we first solve the two equa-
tions in Eq. 5 independently from Ry, to R, for each of the
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Fig.5.The histogram (probability distribution) of V;; solutions. (A) W15 model. (B) Modified Rankine vortex model. (C) H80 model. (D) WW11 model. (E) C15 model. (F) eAAM
model. The dashed red line represents the 1749 m s~ wind. Note that there are no data points in (A) because the W15 model cannot be used to estimate V.
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TC records, and then use the ER11 solution for Ry;,x < R <
R, erge and the E04 solution for R> R, as the C15 solution
(see Appendix A for details).

Figures 1E, 2E, 4E, and 5E show the direct comparisons of
the solutions of the C15 model against their observational coun-
terparts, whereas Fig. 3 provides the performance metrics of
the C15 model. The C15 model only has 3 unphysical solutions
for Vyax in which Vy,x < V};. In addition, there are three
solutions for V,;,«, whose values erroneously exceed all reason-
able expectations for V)« (Fig. 1E). Here, we note that the
radial profile obtained using the MATLAB codes provided by
Chavas [56] always has a peak wind speed equal to the observed
Vuax- As aresult, it is not suitable for finding a solution for Vy;,«
using the observed Ry, in the scenario, in which the radius of
the observed V,,,x (used as an input to determine the radial
profile) is greater than the observed Ry;,x. We have modified
the MATLAB codes for this scenario such that the inwardly
constructed radial profile is allowed to increase continuously
until the observed Ry, so that the wind speed at the observed
Ryax is the solution for V) ,x. For very small observed Ry,
this modification may yield excessively large values for V.

In terms of the correlation skill, the solutions obtained from
the C15 model have slightly higher correlations with the obser-
vations (approximately 0.7 to 0.8) than the H80 and parametric
models. Their MAEs for winds are within the observation reso-
lution in wind, but their MAEs for radius are 2 to 7 times as
large as the observation resolution in radius. The smallness of
the MAE for V,,,x of the C15 model is achieved by overestimat-
ing Vyax and Ry, and underestimating V,, and R, (Fig. 3C,
or Figs. 1F, 2F, 4F, and 5F). The systematic underestimation of
V., and R,, and the overestimation of V,;,x and R;,x suggest
that C15 systematically underestimates the loss of AAM.

The eAAM model

The eAAM model described in S22 is built based on the ER11
model. The analysis of 4,984 TC records of the EBTRK dataset
reveals that the ER11 model substantially underestimates the
inward loss of AAM between R, and Ry;,x. Unlike the ER11
model, in which the inward loss of AAM is only dependent on
R, the observed loss of AAM is manifested in terms of the loss
of both the RAM (relative angular momentum) and PAM
(planetary angular momentum). On the basis of the observa-
tional analysis, S22 holistically modified the ER11 model by
combining the inward loss terms of RAM and PAM with the
AAM term as a radial invariant quantity, referred to as “effective
absolute angular momentum” (eAAM), namely,

d(eAAM)
i sl ey |
R 7)
where
eAAM = %ﬂzz + VR+ VR - %/IfRﬂ (8)

The first two terms on the right-hand side of Eq. 8 are PAM
and RAM, respectively, whereas the third and fourth terms
represent the inward loss terms of RAM and PAM, respectively.
The four parameters a, f3, k, and 4 are related to environmental
factors in addition to f. Sun et al. [50] show that the four model
parameters in Eq. 8 need to satisfy the following conditions:

k>0,a>1,1>4>0,and2 >f>1 9)
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to ensure that (a) eAAM is a positive definite quantity, (b) the
radial invariant of eAAM always yields an outward decreasing
profile of TC tangential wind, (c) AAM always increases with
radius monotonically, and (d) the inward loss rates of PAM and
RAM are always positive.

We use the default values of the four model parameters,
namely, a =2.0, #=2.0, x =0.22, and 1 = 0.80, to evaluate the
performance of the eAAM. By using constant values of the four
parameters, we effectively evaluate the performance of the
eAAM model under mean environmental conditions. Figures.
1F 2F and 4F and 5F show the direct comparisons of the solu-
tions of the eAAM model against their observational counter-
parts. There are no unphysical solutions in the eAAM model.
The solutions obtained from the eAAM models have the highest
correlations with the observations (approximately 0.8 to 0.95)
among all the models under study, i.e., having the lowest MAEs
among all of the models. Except for the MAE of R,,, which is
approximately 3 times as large as the observation resolution for
radius, the MAEs for Vy;,x, V5, and Ry, are all less than their
corresponding observation resolutions. The small systematic
errors (Fig. 3F) indicate that the distributions of the eAAM
model’s errors for Vyax, V17 Ryax and R, are all close to a
zero-mean distribution, which is also evident from Figs. 1F, 2F,
4F and 5F Nevertheless, the systematic underestimation of V;,
and R, but overestimation of V,;,x and Ry, albeit being the
second smallest among all the models under consideration (the
modified Rankine vortex model has the smallest systematic
errors), suggests that the eAAM model still systematically
underestimates the loss of AAM.

It is well known that TC records of the EBTRK dataset have
substantial uncertainties, particularly in the records for radii.
In Appendix B, we assess the impacts of observational uncer-
tainties in radius on the errors of both the C15 and eAAM
models by introducing random perturbations to the 4,984 TC
records for both R, and Ry,,x. The range of the random per-
turbations is between —50% and 50% of their original values
in the TC records. The results indicate that the impact of obser-
vational uncertainties in radius on errors of the eAAM model
is noticeably weaker than that on errors of the C15 model.

Mathematical Characteristics for Enabling a
Better Physical Understanding

In this section, we systematically examine whether the models
discussed in the “Performance evaluations” section possess the
mathematical characteristics listed in Materials and Methods
that are deemed necessary to gain a better understanding of
the underlying physics governing the observed TC intensity—
size relation.

Uniqueness of profiles for winds and radii

Except for the statistical model, the solutions of all the other
models for Vy;,x and V, are obtained from V(R), whereas the
solutions for Ry, ,x and R,, are obtained from R(V). However,
only Rankine vortex models (both original and modified) and
the eAAM model are capable of obtaining both V), and V,,
of a TC using the same function V(R) and obtaining both Ry x
and R,, using the same function R(V) as those mentioned
above. As explained in Appendix A, solutions for Vy, of the
H80 and C15 (plus E04 and ER11) models are obtained from
Vinward(R)’ V17 from Voutward(R)’ RMAX from Rinward(V)’ and R17
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from R ara(V)- A sufficient condition for a model to satisty
Vinward(R) = Voutward(R) and Rinward(V) = Routward(V) is

OFRR,V) _
oR

where F(R,V) denotes a generic function of R and V. In other
words, to satisfy V(R) = V, .0rd(R) = Voywara(R) and R(V) =
Riward(V) = Ryyiwara( V), the model can be written as a radial
invariant quantity, namely, F(R,V) = constant along the radial
direction. Furthermore, for models that can be written in the
form of Eq. 10, we also have V(R) = RN (V),or R(V) =V Y(R),
where superscript “—1” denotes an inverse function. It follows
that the radial profile of a TC constructed from a model would
be unique as long as the model can be written as a radial invari-
ant quantity.

Figures 6 to 9 show TC profiles produced by the 6 models
under each of the four solution scenarios. These figures are
intended mainly for demonstrating which models would have
a unique TC profile for the same TC record under the four dif-
ferent solution scenarios. For those models that cannot produce
unique TC profiles, one can examine how their TC profiles vary
under different solution scenarios. Therefore, our discussions
below focus mainly on the general shape of these profiles pro-
duced by each model (i.e., comparisons of different panels in
the same figure) and under different solution scenarios (i.e., the
same panel in different figures), rather than their fine details.

Obviously, the Rankine vortex, modified Rankine vortex,
and eAAM models can be written in the general form Eq. 10,
but the H80, WW11, and C15 models, as well as the E04 and
ER11 models, cannot be written in the general form. A compari-
son of the profiles shown in Figs. 6C, 7C, 8C, and 9C, which are
derived from the H80 model, indicates not only V, ..4(R) #

0 (10)

Vutward(R) and Ry a(V) # R wara( V) but also that the inverse
of V,waa(R) is not equal to R;,,..4(V) and the inverse of
Vouward(R) is not equal to R 0ra( V). One can analytically dem-
onstrate these inequalities for the H80 model by examining the
differences between Eqs. A3 and A5. The same can be said for
the WW11 model, whose profiles are shown in Figs. 6D, 7D,
8D, and 9D, and outward and inward solutions are given in
Eqs. A6 and A8, respectively. For the C15 model (Figs. 6E, 7E,
8E, and 9E), we have Vi ..q(R) # V_ eara(R) and Ry ora(V) #
R yiward(V), but the inverse of V,,..q(R) is the same as R, ,,,,.4(V),
and the inverse of V,...a(R) is the same as R, y.ra( V). One can
show these inequalities and equalities from the MATLAB codes
provided by Chavas [56]. Therefore, the solutions for Vy,x,
V15 Ryax and Ry, of a given TC obtained from the H80 and
WW 11 models are along 4 different profiles. For the C15 model,
the solutions for Vy;,x and Ry, are obtained along one profile,
but the solutions for V,, and R, are obtained along a different
profile. Therefore, the nonuniqueness of profiles for the same
TC record obtained from the H80, WW11, and C15 models
makes it nonfeasible to use them to gain a reasonable physical
understanding of the TC intensity-size relation.

The profiles shown in Figs. 6B, 7B, 8B, and 9B, which are
derived from the modified Rankine vortex model, are identical
except for the abscissa and ordinate values at the endpoints.
The same can be said for panel F, which is derived from the
eAAM model. The differences in the ordinate value at the end-
points are due to the errors of the models’ solutions for V, in
Fig. 6 against the observed V,, and the errors of the models’
solutions for V), in Fig. 7 against the observed V. Similarly,
the differences in the abscissa value at the endpoints are due to
the errors of the models’ solutions for R, in Fig. 8 against the
observed R,, and the errors of the models’ solutions for Ry,
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Fig. 6. Outward solutions of winds starting from the observed Ry and Vyax and ending at the observed Ry, of the 4,984 TC records for (A) the W15 model, (B) the modified
Rankine vortex model, (C) the H80 model, (D) the WW11 model, (E) the C15 model, and (F) the eAAM. The wind profiles are obtained by calculating wind speeds for the radius
starting from Ry until Ry;. (A) is blank, as the W15 model cannot be used to obtain TC profiles, and it is intentionally retained here to highlight the fact that none of the
statistical models can be used to obtain TC profiles, making it infeasible to gain a reasonable physical understanding of the TC intensity—size relation. The colors for the wind
profile curves are used to merely differentiate individual TC records of the EBTRK data without any indication of their intensities and sizes.
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Fig.7. (AtoF) AsinFig. 6 except for the inward solutions of winds starting from the observed R}; and V;; and ending at the observed Ry of the 4,984 TC records. Note that because
of the overestimates of V};y, some of the TC profiles derived from the inward solutions of the H80, WW11, and C15 models exceed the upper limit (100 m s71) of the ordinate.

in Fig. 9 against the observed V,,,x. Therefore, the solutions
for Vyax Vip» Ruax and Ry, of a given TC obtained from the
modified Rankine vortex and eAAM models are along the same
profile. Because they are obtained from the same profile, if one
of the solutions has errors, the entire profile would not agree
with the observations. This finding indicates the presence of
errors in the solutions for the remaining three variables. On
the other hand, should one of the solutions for Vy;,x, V17, Ryaxo
and R,, agree with its observational counterpart, the entire

profile would agree with the observations, including the other
three of the four variables (i.e., Vyuxo Vi Ryax and Ry,).
Because of the uniqueness of their profiles for the same TC
record, the Rankine (both original and modified) and eAAM
models would meet a minimal requirement that enables them
to be used to gain a reasonable physical understanding of the
TC intensity-size relation, provided that the errors of their
solutions for Vi .x, V17 Ryax and R, are very close to obser-
vational uncertainties. According to the results reported in the
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Fig.8.(Ato F) As in Fig. 6 except for outward solutions of the radii starting from the observed Ry, and Vy;ux and ending at the observed V,; of the 4,984 TC records.
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Fig.9.(Ato F) As in Fig. 6 except for inward solutions of radii starting from the observed R;; and V;; and ending at the observed Vj,y of the 4,984 TC records.

“Performance evaluations” section, the eAAM model meets the
minimal requirement, as the errors of its solutions for Vv
V., and Ry, are within the observational resolution and the
errors of its solutions for R;, are close to the observational
uncertainties in radius.

In summary, among the six models under study, only the
modified Rankine vortex and eAAM models have the same
wind profiles for each TC record under the different solution
scenarios. Therefore, these two models meet the minimum
requirement for reproducing the observed TC profile, namely,
the uniqueness of TC profiles for each TC record. The unique-
ness of TC profiles is a sufficient and necessary condition that
guarantees the accuracy of solutions under all scenarios if the
solution obtained under one scenario is accurate. Furthermore,
because of the uniqueness of TC profiles, the inaccuracy of the
solution obtained under one scenario also implies inaccuracies
of the solutions obtained under the other scenarios. In other
words, the solution errors of a model meeting the minimum
requirement are interrelated, and the error reduction in the
solutions for one TC parameter (e.g., V;4x) would automatically
guarantee error reduction in the solutions for the other three
TC parameters (i.e., V}, R, and Ry;,x). Specifically, the small-
ness of systematic errors under one solution scenario also
implies the smallness of systematic errors under the other three
scenarios, which is the case for the modified Rankine vortex
and eAAM models (Fig. 3).

The other three models that are capable of producing TC
profiles do not meet the abovementioned minimum require-
ment. (By design, the W15 model is incapable of producing a
TC profile.) As a result, they produce different TC profiles
under different solution scenarios for the same TC record. For
example, for the H80 model, TC profiles produced by the out-
ward solutions for wind speed (Fig. 6C) tend to decrease with
radius much slower than their counterparts by the inward solu-
tions (Fig. 7C), and the outward solutions for radii (Fig. 8C)
are much larger than their counterparts of inward solutions
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(Fig. 9C). The same conclusion can also be obtained for the
WW11 and C15 models.

Finite size of TC profiles

It is evident from Fig. 10 that only the C15 and eAAM models
produce profiles with a finite size, namely, the wind profile of
a TC ends at a finite radius from the storm center. It is expected
from Eq. 2 that the wind fields of the original Rankine and
modified Rankine vortex models vanish at R — oo or that the
TC profiles predicted by the original Rankine and modified
Rankine vortex models cannot have finite sizes. According to
Egs. 3 and 4, the TC profiles predicted by H80 and WW11 also
cannot have finite sizes. As pointed out by Zhang et al. [34],
because of neglecting the effect of PAM, both the modified
Rankine vortex model and the H80 model are not valid over
the outer region. A comparison between Fig. 10E and Fig. 10F
reveals that for the same TC intensity, the size predicted by the
eAAM model is larger than that predicted by the C15 model.
This finding is consistent with the fact that the C15 model
underestimates the inward loss of AAM because it neglects the
loss of the PAM term.

The TC intensity-size relation

It is apparent from Fig. 11 that the observed intensity-size rela-
tionship is complex, namely, a large range of different values of
Vuax under the same value of R, and a large range of different
values of R, for the same value of V4, although the observed
Vuax and R still exhibit a weak positive correlation for mod-
est-sized TCs whose R, is less than 300 km. Figure 12 shows
the counterpart results obtained from the solutions of the mod-
els under study. Obviously, the result from the statistical model
(W15; Fig. 12A) does not bear any resemblance with the obser-
vations. The H80 model solutions (Fig. 12C) tend to superfi-
cially favor weak and small TCs whose V), is less than 35 m
5" and R,, less than 300 km. The H80 model also tends to
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Fig.10. (A to F) As in Fig. 6, the outward wind solutions are plotted from the Ry of the 4,984 TC records to 5,000 km.

produce some superficially strong TCs with small sizes and
superficially large TCs with weak intensity. The TCs predicted
by the parametric model (WW11; Fig. 12D) all tend to be
small-sized with R, less than 350 km and tend to be superfi-
cially strong with V), substantially exceeding the maximum
intensity of the observed TCs. The TCs predicted by the modi-
fied Rankine vortex (Fig. 12B), C15 (Fig. 12 E), and eAAM (Fig.
12F) models bear a great resemblance with the observations in
terms of both the shape and high-density area of the probability
density function. As compared to the modified Rankine vortex
and eAAM models, the C15 model tends to overestimate TC
size, as evidenced by a small but noticeable percentage of its
predicted TCs exceeding the observed maximum intensity.

Summary and Concluding Remarks

In this study, we systematically examined the main features and
the performance skill of different types of models for TC inten-
sity-size relations against the 4,984 TC records derived from
the 6-hourly EBTRK data during 1988 to 2020 [51]. The models
under study include the W15 model (a statistical model), modi-
fied Rankine vortex and H80 models for idealized TC profile
models, the WW11 model for a parametric TC profile model,
the C15 model for a principle-based TC profile model, and the
eAAM model. Our evaluations are made under at least two
implicit assumptions: (a) the observed TC intensity-size rela-
tion could be reproduced under the mean environmental con-
ditions, which can be represented by standard constant parameter
values of each model, and (b) each of the 4,984 TC records is
derived from the azimuthal mean profile of TC surface winds,
as all the models under study are for axisymmetric TCs.
There are two types of considerations for evaluating the per-
formance skill of individual models regarding the observed TC
records. The first is a set of quantitative metrics that facilitate
a direct comparison between the solutions obtained from
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Fig. 11. The probability density function (PDF) as a function of the observed TC
intensity (ordinate, V\;,x normalized by 17.5 m s and size (abscissa, Ry; normalized
by 670 km corresponding to the largest value of R;; among the 4,984 TC records).
The PDF is calculated using the Gaussian kernel density estimate algorithm [68].

individual models and the observed TC records. The second
type of consideration is a set of mathematical characteristics
that are deemed necessary to gain a reasonable understanding
of the underlying physics governing the observed TC inten-
sity-size relation.

Table 2 summarizes the main findings of our study. The first
row is for a hypothetically perfect model that could be regarded
as a “physics law” for the observed TC intensity-size relation
because (a) its solutions for Vi x» Ryax V17> and Ry, are close
to their observational counterparts within observational errors;
(b) there are no unphysical solutions, namely, that its solutions
satisfy Viyax >V}, > 0 and R, >Ry« > 0; (¢) its solutions for
Vaaxo Ruaxe Viz» and Ry, of a given TC are obtained along the
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Fig.12.As in Fig. 11 except for the PDF derived from the solutions of (A) the W15 model, (B) the modified Rankine vortex model, (C) the H80 model, (D) the WW11 model, (E)
the C15 model, and (F) the eAAM model. Vy is calculated using observed Ry, V7, and Ry, while Ry, is calculated using observed Vyyuy, Ryax, and Vi;. The acronym “ND”

stands for “nondimensionalized.”

same radial profile of surface winds; and (d) the solutions for
surface winds approach zero at a finite radius from the TC center.
Conditions (a) to (c) would ensure that the radial profile of the
surface winds predicted by the model would overlap with the
radial profile of (azimuthal mean) surface winds of an observed
TC, provided that one of the solutions for Vy;4x, Ryax> V17> and
R, is close to the observed counterpart within observational
errors (i.e., the other three solutions would automatically be close
to the observed counterparts within observational errors).
According to Table 2, the modified Rankine vortex model
behaves comparably to the hypothetically perfect model except
that it does not yield finite-sized TC profiles. The modified
Rankine vortex model only effectively considers the loss of rela-
tive angular momentum by introducing the nonlinear depen-
dency of the regular angular momentum on radius. Because of
the effective inclusion of the loss term of planetary angular
momentum, radial profiles of surface winds produced by the
C15 model are all finite-sized. However, the radial profile of
surface wind for a given TC record produced by the C15 model
is not unique. The inclusion of the loss of both planetary and
relative angular momentum in the eAAM model results in
finite-sized TC profiles and further reduces the MAE of the
solutions R, obtained by the modified Rankine vortex model.
The improvement of the eAAM with respect to the C15 model
is achieved by combining the AAM and the loss terms of AAM
as a radial invariant quantity, namely, the eAAM. As a result,
only the eAAM model is capable of producing a unique finite-
sized radial profile of surface winds for each TC record, which
corresponds to a minimal requirement to ensure that the pre-
dicted radial profile of the surface winds would align with the
observed profile. In addition to meeting the minimum require-
ment, the solutions obtained from the eAAM model are well
correlated with their observational counterparts (85 to 95%)
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with little systematic bias and small absolute mean errors that
are very close to the observational resolution. The eAAM mod-
el’s ability to capture the complex intensity-size relation of
observed TCs, in combination with these desirable features,
suggests its high potential for gaining a better understanding
of the underlying physics governing the observed TC inten-
sity-size relation.

Another unique feature of the eAAM model is its ability to
construct the entire radial profile of (azimuthal mean) surface
winds using the information at any radius of an observed TC,
including the outer regions where TC winds are very weak. As
indicated in Table 2, the only other model besides the eAAM
model that can do so is the modified Rankine vortex model.
However, because the TC profile obtained from the modified
Rankine vortex model does not have a finite value of R, it
would yield a profile of surface winds whose maximum winds
would unrealistically be too strong when using the information
over the outer regions. Sun et al. [50] demonstrated the ability
of the eAAM model to make real-time assessments of TC winds
and size using information over the outer regions where TC
surface winds are only a few meters per second; more details can
be found at https://amccao.wixsite.com/hurricanewindprofile.

One of our ongoing studies is to further improve the eAAM
model by relating the four model parameters to various envi-
ronmental factors of TCs so that their values can vary under
different environmental conditions, such as SST [47], atmo-
spheric relative humidity or the availability of atmospheric
moisture [57], vertical wind shear [58], and environmental
stratification [59], as well as other internal factors such as
domain-mean radial velocity that is related to latent heat release
[60,61]. The inclusion of the environmentally dependent model
parameters would enhance the eAAM model’s ability to predict
the temporal evolution of a given TC (e.g., intensification or

13

$20T ‘6T YOIBIA UO NIed 939[[0)) pueAIRIA JO ANSIOATU() 1k S10-00uaros'[ds//:sdyyy woiy papeojumoy


https://doi.org/10.34133/olar.0035
https://amccao.wixsite.com/hurricanewindprofile

Ocean-Land-Atmosphere Research

Table 2. Summary of the performance of the TC intensity—size models evaluated in this study

Model Mean absolute errors ? Unphysical solutions Uniqueness of wind Finite Ry
profiles
“Physics laws” Within observational errors None Unique Finite
W15 Viax ~9m s~ Ve N/A Many N/A N/A
Ryux: N/A: Ry, ~ 71km
Modified Rankine vortex Vyax~3ms "V, ~2ms™" None Unique Infinite
Ryax ~ 9 km; R;; ~ 38 km
H80 Viux~Ims LV, ~4ms™! None Multiple Infinite
Rus ~ 17 km; Ry ~ 73 km
Wwwil Viax~22ms™ V,,~5ms™ None Multiple Infinite
Ryya ~ 26 km; Ryy ~ 70 km
C15 Vyax~5ms "V, ~4ms™’ Afew Multiple Finite
Ryax ~ 20 km; R;; ~ 66 km
eAAM Viux~4ms 5V, ~2ms™ None Unique Finite
Ryax ~ 10 km; Rj; ~ 33 km
? Bold numbers indicate MAEs within the observational resolution, which is 5 m s~ for winds and 10 km for radii.
weakening) from the temporal changes of its inward loss rates A(VRY)
of AAM as well as its eAAM value in response to changes in —r = Oor VR* =C (A1)

environmental conditions. In addition, using the environmen-
tally dependent model parameters, one could compare the
radial profile of surface wind obtained from the eAAM model
to that of an idealized “dry TC” studied by Wang and Lin [62],
who demonstrated that the ER11 model can reasonably capture
the radial profile of their simulated “dry TC,” in which latent
heat release is not considered. We believe that the improved
eAAM model could then become a potentially powerful tool
for helping operational models improve the skill of TC intensity
forecasts.

Appendix A Procedures for obtaining solutions
to TC intensity-size models

Here, we briefly describe the procedures for obtaining profiles
of V(R) and R(V) of the W15, Modified Rankine vortex,
H80, WW11, C15, and eAAM models and their solutions for
Vamax Ruvax Vi and R, using the observed values of Vi,
Ryiax Vi and R

The W15 model

Equation 1 shows that the W15 model only involves two vari-
ables, namely, V,;,x and R,. Therefore, the W15 model cannot
be used to obtain profiles of V(R) and R(V). To obtain the solu-
tion for R, of a TC record, we simply plug in the value of
observed Vy,x of the TC record into Eq. 1. Similarly, the
solution for Vy;,x of a TC record is obtained by solving Eq. 1
with the corresponding observed R,. Note that there are 2,097
nonreal solutions for Vy,,y out of the 4,984 TC records due to
a negative “delta-term” of the quadratic equation for V.
Therefore, they are marked as “unphysical solutions” in Fig. 3D.

Rankine vortex model (original and modified)
Both the original and modified Rankine vortex models, as given
by Eq. 2, can be rewritten as a radial invariant quantity, namely,
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where x = 1 for the original Rankine vortex model and x = 0.5
for the modified Rankine vortex model. For each TC record,
we first obtain

C = 0.5[(Viax) gps (Ruax) gps + (V17) gbs (Ri7) s 1(A2)

Then, we obtain V(R) in the domain of R > (Ry;4x) s and
R(V) in the domain of (V;,x) s> V using Eq. Al. As explained
in the “Uniqueness of profiles for winds and radii” section,
because we write the Rankine (original and modified) vortex
models as a radial invariant quantity, the profiles of V(R) in the
domain of (R;)ps = R > (Ryax)ops and R(V) in the domain of
(VMax)ops = V= (V) s are identical except at the endpoints of
their abscissa and ordinate (see the “Uniqueness of profiles for
winds and radii” section for more details). Obviously, surface
winds determined from Eq. A1 will not approach zero at a finite
value of R. Therefore, we only show V(R) of the Rankine vortex
model in the domain of 5,000 km > R > (Ry;ax) obs:

The H80 model
By design, the H80 model, as given by Eq. 3, is used to obtain
V(R) outwardly from (Vi xx)ops at R = (Ryax)ops to a radius

R > (Ryax)ops- For this reason, we label it V...q» namely,

<RMAX>ObS)1'56[1—<—<RMA;%M>"5]

Voutward = ( Vmax ) obs < R
(A3)

We solve Eq. A3 for V_...q as @ function of R in the domain
of Ry > R> (Ryax)qps Because surface winds determined from
Eq. A3 will not approach zero at a finite value of R, we set
Ry = 5,000 km. The solution of V,..q at R = (R;,),;,s obtained
from Eq. A3 corresponds to the solution of the H80 model for
V,,. The profile of R ..q as a function of V is obtained by
solving Eq. A3 for R in the domain of (Vy,x)ops = V > 0. The

obs =
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solution of R ard 8t V = (V};).ps cOrresponds to the solution
of the H80 model for R.

There are two options to make the H80 model solvable start-
ing from (V},) s and (R;;) o, inwardly to R = (Ryax)obe The
first option is to apply Eq. A3 and obtain Vy;,x using (Ryax) obs
namely,

1.5 1.5
(s ) (G

(R17)obs

1
2

Vmax = Viz < (A4)

Then, the equation for V, .4 as a function of R in the
domain (R;;) s = R > (Ryax)ops €ant be obtained by substituting
(Vmax)obs into Eq. A3 with the right-hand side of Eq. A4, i.e.,

Vinward:
1.5 1.5 1.5
V) (R17) gbs e[(“zg;gj;bs) (s )]
17/ obs R (AS)

We solve Eq. A5, for V.. s a function of R in the domain
of (R17)0bs >R> (RMAX)obs' The solution of ‘/inward atR= (RMAX)obs
obtained from Eq. A4, which is the same as that from Eq. A4,
corresponds to the solution of the H80 model for V,;,x. To
obtain the profile of R,.,.,.4 as a function of V, we also first obtain
Ryaxo Which corresponds to the solution of H80 for Ry« using
Eq. A4 by setting Vyax = (Viax)obs: The profile of R, .4 as a
function of V can be obtained by solving Eq. A5 for R in the
domain (VMAX)obs 2Vz= (V17)0bs'

The second option is to simply substitute (Vy,x)qps With
Vinwares R With (R7) s, (Ryiax)eps With R, and V. ..q With

i outwar

(Vi7)obs in Eq. A3, which yields

1.5 1.5
R _ [1_ (RMAX)obs ]
Vi = (V17)0bs < ( 17)obs > e ( (R17)obs ) (A5%)

R

Obviously, both Eqs. A5 and A5* have the same value for
oward &t R = (Ryax)obe: The same can be said for the value of
Vinward at R = (R17)obs' However, (R17)0bs >R > (RMAX)obs’
Eqgs. A5 and A5* would yield different values of V.4 or the
profile determined from Eq. A5 would not be the same as that
from Eq. A5%, except at R = (R;;)ps and R = (Ry;4x)ops- BECaUSE
Eq. A5 is more in accordance with the original design of the H80
model, namely, it is used to solve for V(R) outwardly, the results

for Vv Feported in this study are obtained using Eq. A5.

V.

1

The WW11 model

Similar to the H80 model, the WW11 model given by Eq. 4 is
also designed to obtain V(R) outwardly from (Vi ax)ops at R =
(Ryiax)obs to @ radii R > (Ryax)obs For this reason, we label it
\% namely,

outward?

n*(R/ (Ratax) ops)

[’7 —k+x(R/ (RMAX)obs)nM]

where 1 = 0.5, 7 = 2.0, k = 1.0. We solve Eq. A6 for V.rq @S
a function of R in the domain of Ry > R > (Ry;xx)ps BeCause
surface winds determined from Eq. A6 would not approach

Voutward = (VMAX)obs 4 (A6)
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zero at a finite value of R, we set R, = 5,000 km. The solution
of V iward 2t R = (Ry;),ps Obtained from Eq. A6 corresponds to
the solution of the WW 11 model for V.. The profile of R, .ara
as a function of V is obtained by solving Eq. A6 for R in
the domain of (Vy,x)ops = V > 0. The solution of R ara
at V = (V,,) s corresponds to the solution of the WW11
model for R.

There are also two options to make the WW11 model solv-
able starting from (V) s and (R;,)p, inwardly to R = (Ryax)obs-
For the H80 model, we will only consider the option in accor-
dance with the original design of the WW11 model, namely,
solving for V(R) outwardly. To do so, we first apply Eq. A6 and
obtain Vy,x with (Rysx)opbe 1€

[11 ~ K+ K ((R17) gps/ (RMAX) obs

"I}'((Rl7)obs/(RMAX)obs)K

Then, the equation for V.4 as a function of R in the
domain (R,;)ps = R > (Ryax)ops Can be obtained by substituting
(VMax)obs ito Eq. A6 with the right-hand side of Eq. A7, which
is

ok
) ] (A7)

Vimax = (V17)0bS

V.

inward =

(R (Ruz) ) [ =+ (Rir) g/ (Rian) )]

( Vl 7 ) obs A
n/4

[’7 =Kk +x(R/ (Ryiax) ops) ] (A8)

We solve Eq. A8 for V,,...q as a function of R in the domain
of (R17)obs >R> (RMAX)obs’ The solution of Vvinward atR= (RMAX)obs
obtained from Eq. A8, which is exactly the same as that from
Eq. A7, corresponds to the solution of the WW11 model for
Vuax- To obtain the profile of R, .4 as a function of V, we also
first obtain Ry, x, which corresponds to the solution of WW11
for Ry ax using Eq. A7 by setting Vyax = (Viax)obs: 1he profile
of Ry arq @s @ function of V can be obtained by solving Eq. A8
for R in the domain of (Vysx)ops = V= (V)

obs =

The C15 model

The C15 model wind profiles are calculated using the MATLAB
codes provided by Chavas [56]. Specifically, the value of C,/C
is fixed as 1, and the value of W__ is 0.002. The calculations
are divided into two groups: (a) an outer-regional profile and
solutions for V|, and R, and (b) an inner-regional profile and
solutions for Vy,,x and Ry,x. For (a), the paired values of
(Vmax Ruax) are taken as input, and the entire wind profile
from Ry« to R, is automatically generated by the codes given
in [56]. Then, the solution for V,, can be found as the wind
speed at the radius that is closest to the observed R,,, and the
solution for R, can be found as the radius where the wind
speed is closest to the observed wind speed of V,. Unlike the
H80 and WW11 models, the outward profiles of V(R) and R(V)
of the C15 model are identical except at their endpoints of the
observed R, and V,, respectively. For (b), the paired values of
(V5 R;) and the value of V. (needed by the codes) are taken
as input, and the entire wind profile from the calculated Ry,
to R, is automatically generated by the codes given in [56].
Notably, the original code provided in [56] calculates only
Ry1ax> Which is often not the same as the observed Ry ,y. In the
scenario in which the calculated Ry, is less than the observed
Ry1ax> we can directly obtain the solution for Vy, using the value

obs*
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of Valong its inward profile at the observed Ry x. In the scenario
in which the calculated Ry, is greater than the observed Ry x,
we have to modify the MATLAB codes such that the inwardly
constructed radial profile produced by the original code is
allowed to extend continuously until the observed Ry,x.
Following ER11, the extended portion of the inward profile for
this scenario is determined by solving the equation given below
for Vas a function of R from the calculated Ry, to the observed
Ryaxo Wherever the calculated Ry, is greater than the observed

Ryax:

2
2((Ryax) catutatea/ Rviax)

2 Zick/cd
((VMAX)obs(RMP\X)calculated+0'5f [(Ryiax) catcutaeal ) _
2
VR+0.5R 2-G /Gy [1 = ((RMAX)(almmed/RMAx)z]

(A9)

Similarly, the inward profiles of V(R) and R(V) of the C15
model are also identical except at their endpoints of the
observed Ry, and V), x, respectively. However, unlike a model
of radiant invariant quantity (e.g., the Rankine vortex mode or
the eAAM model), the outward profiles of V(R) and R(V) in
C15 are different from the inward profiles of V(R) and R(V).

e€AAM model

As indicated by Egs. 7 and 8, the effective eAAM is a radial
invariant quantity. Its solutions can be obtained in the same
fashion as the Rankine vortex model. Specifically, for each TC
record, we first obtain

eAAM = 0-25f{ [(RMAX)obs]z + [(R17)0bs] ’ }+
05X { (Viax) gbs (RMAX) gbs + (V17) g (R17) g |
055K { [(Viax) gps] ~ (Rtax) gbs + [(V17) gps] * (R17) g} =

0.25X /lf{ [(RMAX)obs]ﬁ + [<R17)obs]ﬂ } (A10)

Then, we obtain its V(R) continuously as a function of R in
the domain of Ry > R > (Ry;ax)qbs a02d its R(V) continuously as
a function of V of the TC record in the domain of (Vyy,x)ops >
V=0, using

%fRZ + VR+KkV*R — %Aﬂiﬂ =eAAM,s  (All)

As explained in the “Statistical models” section, the profiles
of V(R) in the domain of (R;;)ps = R > (Ryax)ops and R(V) in
the domain of (Viyax)ops = V' > (V1) are identical except at
the endpoints of their abscissa and ordinate (see the “Statistical
models” section for more details). In the domains of R,> R >
(Ry7)ops and (V) ps = V > 0, the two profiles, V(R) and R(V),

obs =
overlap exactly.

Appendix B Impacts of observational
uncertainties on errors of the C15 and
eAAM models

TC records of the EBTRK have substantial uncertainties, par-
ticularly in the records for radius. Specifically, the amplitude
of uncertainties for V4 is approximately 10.8 knots (~5.6 m
s~"), and that for R, is 16.9 n mi (~31.3 km). In addition to the
official documentation of the EBTRK dataset (i.e., Demuth et al.
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[51]), other studies provide additional information on the
uncertainties of the EBTRK dataset, which include Torn and
Snyder [63], Landsea and Franklin [64], Sampson et al. [65,66],
and Combot et al. [67]. According to these studies, the V), x
uncertainty is in the range of 4 to 6 m's™', the Ry, uncertainty
is in the range of 5 to 20 km, and the R,, uncertainty is in the
range of 20 to 80 km.

Here, we assess the impacts of observational uncertainties
in radius on the errors of both the C15 and eAAM models.
To assess the impacts of observational uncertainties in Ry,
on errors, we solve the eAAM (or C15) model under the same
parameter settings using the 4,984 EBTRK records with the
original Ry;,x (which is supposed to have the largest obser-
vational uncertainty) and perturbed Ry, (the other three
variables being identical to their EBTRK values). Similarly,
to assess the impacts of observational uncertainties in R,, on
errors, we resolve the eAAM (or C15) model under the same
parameter settings using the original R,, and perturbed R,
with the other three variables being unchanged from their
original EBTRK values. The perturbed values of Ry, (R;)
are equal to the sum of their original values and uniformly
distributed random noises ranging from —50% to +50% of
the original values of Ryj,x (R;,). The results are summarized
in Tables B1 and B2.

As expected, the presence of such hypothetical errors in
Ryax (Table B1) and the MAEs of the solutions for Vy,y
Ryax Vip and Ry, all increase in both the eAAM and C15
models. However, the MAEs of the eAAM model under such
a hypothetical situation are more within or closer to the esti-
mated uncertainties of the EBTRK data, except for Vy;,x in
the C15 model, whose MAE is slightly smaller. Similarly, the
presence of such hypothetical errors in R,, and the MAEs of
the solutions for Vy;ux, Ryax Vi and Ry, all increase in both
the eAAM and C15 models. However, the MAEs of the eAAM
model under such a hypothetical situation are more within
the estimated uncertainties of the EBTRK data than those of
the C15 model. It is also of interest to point out that the sen-
sitivity of the eAAM performance to the noises in R, is less
than that to the noises in Ry;,y, but there is little difference
between the sensitivity of the C15 performance to the noises
in R, and that to the noises in Ry .

Table Bl1. The mean absolute errors (MAEs) of the C15 and
eAAM models using the original and randomly perturbed values

s ™ R Vy(ms) Ry (km)
eAAM 3.7 10.5 16 335
eAAM with 48 12.7 2.0 40.0
perturbed

RMAX

C15 4.5 20.2 37 60.1
C15 with 6.9 24.6 4.7 74.1
perturbed

RMAX
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Table B2. The mean absolute errors (MAEs) of the C15 and
eAAM models using the original and randomly perturbed values
of Ry

origis ™ Ry am) Vi (ms™) Ry (k)
eAAM 37 105 16 335
eAAM with 44 128 20 405
perturbed

R17

C15 45 20.2 37 60.1
C15 with 6.2 253 4.7 747
perturbed

R17
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