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December 19, 2023

Abstract

Badger’s rule-like correlations between OH stretching frequencies and intensities, and the

OH bond length are used to develop a spectral mapping procedure for studies of pure and

protonated water clusters. This approach utilizes the vibrationally averaged OH bond lengths,

which were obtained from diffusion Monte Carlo (DMC) simulations that were performed

using the general potential developed by Yu and Bowman. Good agreement is achieved be-

tween the spectra obtained using this approach and previously reported spectra for H+(H2O)n

clusters, with n = 3,4 and 5, as well as their perdueturated analogues. The analysis of spectra

obtained by this spectral mapping approach support previous work that assigned the spectrum

of H+(H2O)6 to a mixture of Eigen and Zundel-like structures. Analysis of the calculated

spectra also suggests a reassignment of the frequency of one of the transitions that involves the

OH stretching vibration of the OH bonds in the hydronium core in the Eigen-like structure of

H+(H2O)6 from 1917 cm�1 to roughly 2100 cm�1. For D+(D2O)6, comparison of the measured

spectrum to those obtained using the spectral mapping approach suggests that the carrier of the

measured spectrum is one or more of the isomers of D+(D2O)6 that contain a four-membered

ring and two flanking water molecules. While there are several candidate structures, the two

flanking water molecules most likely form a chain that is bound to the hydronium core.
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Introduction

Assigning vibrational spectra of medium-sized clusters that are held together by hydrogen

bonds has represented a long-standing challenge for theoretical and computational approaches.1–6

Early studies focused on using scaled harmonic calculations to provide assignments.7,8 The chal-

lenge in applying this approach to systems that include strong ionic hydrogen bonds comes from

the large variability of the anharmonicities of the OH vibrations depending on the strength of the

hydrogen-bonding interaction. For example, if we consider the ratio of the harmonic frequencies

to the fundamental frequencies obtained from the assignment of the spectrum of H+(H2O)5, we

find that the ratios for the three vibrations that are assigned to the OH vibrations in the hydronium

core range from 0.770 to 0.935.2,9

Second order vibrational perturbation theory (VPT2) has evolved into a method of choice for

including anharmonicity in semi-rigid systems.10–15 While this approach is effective in reproduc-

ing the anharmonic frequencies and intensities for vibrations that are well-described as perturbed

harmonic oscillators, the approximation breaks down for hydrogen-bonded systems.3,6 This is par-

ticularly notable for ionic hydrogen bonds between a hydronium ion and water molecules where

the large anharmonicity of the OH stretching vibrations and strong couplings of these vibrations

to low-frequency motions that affect the strength of the hydrogen bonds can result in energies of

vibrationally excited states being calculated to be lower than the calculated zero-point energy.3,16

This is also illustrated by H+(H2O)5, where the reported differences between the VPT2 and mea-

sured values for the higher frequency OH stretching vibrations of the hydronium core near 2850

cm�1 are smaller than 20 cm�1, while deviations larger than 250 cm�1 are found for the much

more anharmonic lower frequency OH stretching vibration at 1890 cm�1.2

These problems can be avoided by performing large-scale variational calculations, but the large

density of vibrational states can make such calculations very challenging. Even in cases where such
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calculations can be performed either using multi-configuration time-dependent Hartree (MCTDH)

approaches or vibrational configuration-interaction calculations that are based on the states ob-

tained from self-consistent field calculations (VSCF/VCI),16–20 the assignment of the spectra re-

mains a challenge. An attractive alternative is to use reduced dimensional approaches to explore

spectra.21,22 While studies of this type may be able to approximately capture the position of the

band origins for the OH stretching vibrations, they will fail to fully capture the couplings between

the OH stretching vibrations and the lower-frequency vibrations. Calculations of the vibrational

dynamics of these protonated water clusters are also challenging for the nuclear-electronic orbital

(NEO) approaches,23 although recent work in the development of the CNEO approach by Yang

and co-workers looks like a promising alternative.24–27

A complementary approach to those described above involves using the ground state probabil-

ity amplitude to obtain insights into the spectrum of the protonated water clusters. In a series of

studies, we developed such an approach in which we approximate the integrals that are needed to

evaluate the excited state energies and matrix elements of the dipole moment operator using the

ground state probability amplitude obtained from diffusion Monte Carlo (DMC) calculations.28–30

We used this information to obtain transition frequencies and transition moments, which were then

used to evaluate spectra. The resulting spectra for protonated water dimer, trimer and tetramer as

well as OH�·H2O were shown to be in comparable agreement with experiment when compared

to the results of VSCF/VCI and MCTDH calculations. While these results are encouraging, the

approach requires careful construction of the internal coordinates, and this becomes more compli-

cated as we consider larger clusters that contain ring structures.

A related, and somewhat simpler, approach involves mapping transition frequencies and inten-

sities to structural features of the system of interest. For example, in a study of changes in the

spectrum of the protonated water tetramer upon complexation with H2, N2, CO and one or two

water molecules Wolke et al. showed that the frequencies of the hydrogen-bonded OH stretching

vibrations could be correlated to the distance between the oxygen atoms in the donor and acceptor

water molecules.2 While such a correlation is not surprising, it provides an approach for mapping
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the spectrum onto structural parameters. Likewise, through a series of studies, Xantheas and co-

workers illustrated a linear relationship between the shift in the OH bond length and the shift in the

frequency of the OH oscillator in a variety of hydrogen-bonding environments,31,32 demonstrating

a similar correlation to the one made by Badger that related shifts in diatomic bond lengths and the

force constants.33 The ratio of these shifts in the harmonic frequencies to the shift in the associated

equilibrium OH bond lengths was shown to be approximately �19 cm�1 / 0.001 Å. Somewhat

surprisingly, this ratio has been found to be independent of the level of electronic structure theory

used for the calculations of the equilibrium geometries and harmonic frequencies. It is also in-

sensitive to whether the harmonic frequencies, w , are correlated to the equilibrium bond lengths,

re, or the anharmonic frequencies, n , are correlated to the zero-point averaged bond lengths, r0.34

In the latter case, both the anharmonic frequency and the zero-point averaged OH bond lengths

were evaluated using VPT2. In a more recent study, Xantheas and co-workers identified a similar

relationship for the hydronium ion.35 Interestingly, the same proportionality constant of approx-

imately �19 cm�1 / 0.001 Å applies to the OH bonds in both water and hydronium when they

are compared to the appropriate reference. In analyzing these relationships for water clusters, we

showed that we could relate the linear relationships between the OH bond lengths and frequencies

to the response of these quantities to the local electric field,34 thereby connecting the above treat-

ment to the spectral mapping approaches that Skinner, Geissler and others have used to interpret

the spectrum of water, both in bulk and for water clusters.36–41

The above relationship only provides information about the expected positions of peaks in

the spectra. Modeling spectra also requires information about the intensities of these transitions.

Work on hydrogen-bonded systems, particularly water clusters, has shown that there is also a

linear relationship between the intensities and the frequencies of the OH stretching transitions.42,43

Additionally Kananenka and Skinner showed that they could extend their spectral maps to include

intensity information.38 They used these maps to reproduce the spectrum of the book form of

water hexamer that had been reported by Johnson and co-workers.44 These results indicate that we

should be able to obtain a good approximation with the anharmonic vibrational frequencies of OH
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oscillators in either hydronium or water from the zero-point averaged OH bond lengths obtained

using the accurate ground state probability amplitudes, for example those obtained from DMC

calculations.

In the present study, we apply such a mapping approach to the assignment of the measured

spectra for protonated water clusters. The developed maps are used to study the spectra of proto-

nated water clusters with up to six water molecules. Of particular interest is the protonated water

hexamer, where changes in the measured spectra upon deuteration indicate that different combi-

nations of isomers are contributing to the reported spectra of H+(H2O)6·H2 and D+(D2O)6·D2.

The approach is calibrated for smaller clusters, where the assignment of the spectrum is more

straightforward, and the results are compared to those obtained using scaled harmonic and VPT2

approaches.

Methods

Diffusion Monte Carlo (DMC)

The approach described below requires accurate ground state probability amplitudes, which can

be used to obtain vibrationally averaged values for structural parameters, for example OH bond

lengths. These will be obtained using DMC. For the protonated water clusters with three or four

water molecules, e.g. 3H, 3D, 4H-E, and 4D-E, we use the probability amplitudes obtained as part

of a previous study,45 while for clusters containing five and six water molecules, we follow the

protocol used in our recent study of the 6H clusters.6

In the above and the discussion that follows, we differentiate the protonated water clusters

using nH-isomer label and nD-isomer label for a particular isomer of H+(H2O)n and D+(D2O)n,

respectively. In this notation, E is used to denote an Eigen-form of protonated water clusters, in

which a hydronium ion is solvated by n�1 water molecules. We use Z to denote the H2O-H+-OH2

Zundel-form of the ion, in which the excess proton is shared between two water molecules,46,47

and the Zundel core is solvated by the n�2 remaining water molecules. Finally T is used to denote
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a four-member ring structure. This notation differs from that was used in previous studies of 5H,9

and where there are differences we will note the naming scheme used in that study as well.

The details of DMC and our implementation of guided DMC for water clusters can be found

elsewhere.6,45,48–54 In this work, we use the potential energy surface that was developed by Yu

and Bowman.20 At the end of the simulation, we obtain a distribution of structures of the ion of

interest, which provides a Monte Carlo sampling of the ground state wave function. We refer to the

members of this distribution as walkers. The calculation of expectation values requires a way to

evaluate the value of the wave function at each of the Monte Carlo sampling points. Suhm et al.49

and Barnett et al.50 have shown that this can be achieved using descendent weighting, in which the

number of descendants of each walker is tabulated over a specified simulation time. The number

of descendants for the kth walker is represented by wk. Using these weights, the expectation values

of atom-atom distances are obtained by evaluating

hri ji=
N

Â
k=1

ri j(xk)wk (1)

where the summation is over the N individual walkers, and xk provides the coordinates of the kth

walker. Additional details about the implementation of DMC for the present study are provided in

the Supporting Information.

Harmonic and VPT2 Calculations

In developing the mappings used in this study and generating spectra based on scaled harmonic

and vibrational perturbation theory (VPT2) calculations, we optimized the structures and evaluated

the harmonic frequencies and VPT2 frequencies and intensities at the MP2/aug-cc-pVTZ(-d) level

of theory and basis. Due to the size of the calculations of the larger clusters, the d�orbitals were

removed from the basis set for the hydrogen atoms. For the scaled harmonic calculations, scaling

factors of 0.9531 and 0.9696 were used for the ions containing hydrogen and deuterium atoms,

respectively. These values were chosen to match the positions of the calculated peaks associated

7

Page 7 of 38

ACS Paragon Plus Environment

The Journal of Physical Chemistry

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



with the free OH stretching vibration in 6H-E2 and the free OD stretching vibration in 6D-T4 to the

associated peaks in the reported spectra, which are at 3735 cm�1 and 2750 cm�1, respectively.2,55

A similar approach has been followed in previous studies of protonated water clusters.56

These harmonic calculations are also used in a harmonic localized normal mode treatment in

which linear combinations of the normal modes that describe the OH stretching vibrations are

taken in order to localize these motions to a single OH bond. This is achieved by following the

approach described by Sibert and co-workers,57,58 which is outlined in the Supporting Information.

This treatment allows us to evaluate both the harmonic frequency associated with a single OH bond

and the bilinear couplings that couple these motions. These couplings will become important in

the description of the free OH region of the spectra. Because we have not included the transition

moments for the free OH stretching vibrations in our model, we are not able to obtain relative

intensities for these transitions. Instead, in plotting the spectra in this region we use a uniform

intensity for all transitions involving unbound OH bonds.

To obtain the VPT2 spectra, calculations were performed in the subspace that included the OH

stretching and HOH bending vibrations as the inclusion of the low-frequency vibrations can cause

the expansions used in perturbation theory to diverge. The intensities are more sensitive to this

behavior than the frequencies. As in perturbation theory, the corrections to the intensities of 1-0

transitions come in at second order, we have used the harmonic intensities in plots of the spectra.

This approach is the same as what was used in a recent study of 6H.6 All of these calculations

were performed using the Gaussian 1659 program package.

Results and Discussion

Evaluation of Relationships Between OH Bond Lengths and Transition Fre-

quencies and Intensities

We start by considering the correlations between the frequencies and intensities of OH stretching

transitions and the calculated OH bond lengths. As noted above, previous work of Xantheas and

8
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co-workers identified a linear relationship between the shifts in the calculated OH bond length

and the vibrational frequency of the OH stretching vibration of an OH bond that is involved in

a hydrogen bond compared to the corresponding values for an isolated water molecule.31,32 This

work also showed that the value of dw(HOH)
OH /dr(HOH)

e,OH is independent of the level of electronic

structure theory used to evaluate the equilibrium structure and the harmonic frequency. Recently

they extended this exploration to hydronium, and showed that the value of dw(H3O+)
OH /dr(H3O+)

e,OH is

the same as that found for water.35 That investigation explored a variety of levels of electronic

structure theory and basis sets as well as the potential of Yu and Bowman used in the present

study.20 Finally, the work of Boyer, et al.34 showed that for hydrogen bonded OH stretches in

water clusters dn(HOH)
OH /dr(HOH)

0,OH = dw(HOH)
OH /dr(HOH)

e,OH , indicating that the anharmonic frequency

and vibrationally averaged OH bond length follow the same trends as the harmonic frequency and

the equilibrium OH bond length. Since the bond lengths and frequencies are referenced to those of

either hydronium or water, we will use a superscript of either (H2O) or (H3O+) to indicate which

reference is being used.

Drawing from the above observations, we have calculated the shifts of the harmonic frequencies

of the OH and OD oscillators and the corresponding equilibrium bond lengths for hydrogen-bound

OH bonds in water and hydronium for a variety of water and protonated water clusters with up to

six water molecules. The protonated water clusters include low-energy isomers that were identified

in previous studies. The structures and names of these isomers are shown in Figure S1, while

the subset of isomers that will be considered in the analysis of spectra are shown in Figure 1.

Likewise, the structures of the neutral water clusters that were considered are shown in Figure S2.

The calculated frequencies, which were evaluated at the MP2/aug-cc-pVTZ(-d) level of theory and

basis, with the d�functions removed from the basis used to describe the hydrogen and deuterium

atoms, are provided in the Supporting Information. These are the same structures that were used

in the study of Boyer et al,34 albeit with a slightly modified basis set. On the basis of the earlier

studies, we expect that the value of dwOH/dre,OH obtained at the MP2/aug-cc-pVTZ(-d) level of

theory can be used to obtain DnOH from Dr0,OH values obtained from DMC calculations that were

9
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performed using the potential of Yu and Bowman.20

One challenge in developing these spectral maps comes from the fact that the OH stretching

vibrations are often collective in nature. In other words the normal modes involve displacements

of several OH oscillators. On the other hand, the above correlations are based on Badger’s rule

and focus on isolated OH oscillators. As such, in developing the correlations between changes in

bond lengths and frequencies, we calculate the OH stretch frequency for clusters in which we have

replaced all but one of the hydrogen atoms with deuterium. Likewise to determine the frequency of

the local OD stretching vibrations, the masses of all the hydrogen atoms except the one of interest

are multiplied by four. This approximate doubling of the masses of the remaining hydrogen or

deuterium atoms relative to the mass of the hydrogen or deuterium atom of interest provides an ef-

fective way to generate normal modes that are localized on a single OH or OD stretching oscillator.

A similar approach was taken by Sibert and co-workers in their development of localized normal

modes, and we use their approach to obtain quadratic coupling terms among the OH oscillators, as

described in the Supporting Information.22,57,58 The resulting local harmonic OH and OD stretch-

ing frequencies along with the corresponding OH bond lengths are provided in the EXCEL file

that is provided as part of the Supporting Information.

Another challenge with the approach described above occurs when the OH bond length in

hydronium becomes large, as large displacements of the OH bond length in the hydronium core

correspond to situations where the ion is approaching a Zundel-like structure, in which the excess

proton becomes equidistant from the donor and acceptor water molecules. In these cases, the

potential experienced by the shared proton is very anharmonic and a model based on a perturbed

hydronium ion breaks down. Of the ions considered in this study, the 6H-Z ion is the only one

that contains an OH bond length that exceeds 1.08 Å in its equilibrium geometry. In this case,

Dre ⇡ 0.2 Å. As we do not expect the correlation we are developing to work well for this shared

proton, in the application of the model we will limit ourselves to OH bonds that are displaced by no

more than 0.1 Å from the length of the OH bond in the hydronium ion. Xantheas and co-workers

considered a similar range of displacements of the OH bond lengths in their study of correlations

10
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between the OH stretch frequency and OH bond length in clusters of a hydronium ion with up to

five water molecules.35

Finally, while the analysis described above allows us to determine the frequencies and inten-

sities of transitions involving OH bonds that are in hydrogen-bonding environments, it does not

provide insights into the assignment of transitions involving the free OH oscillators. In most cases,

these frequencies are close to the frequency of an OH bond in an isolated water molecule or hy-

dronium ion. To model the spectrum in this region, we assume that the vibrational frequencies

of the free OH oscillators are the average of the symmetric and antisymmetric stretches of the

isolated water molecule or hydronium ion, and reintroduce the quadratic couplings between these

oscillators that were obtained when we evaluated the localized normal modes. The values of the

resulting bilinear couplings are shaded in blue in the Excel file that is included in the Supporting

Information. For this spectral region, all transitions are given equal intensity, and the value of the

intensity was chosen to allow comparison with the experimental spectrum. As such, the relative

intensities of the transitions associated with the free OH oscillators are not expected to match the

observed pattern in the measured spectra.

The results of this analysis are provided in Figure 2. Open orange circles are used to report

results for water, while filled blue circles show the results for hydronium. In panels A and B, we

report the change in the harmonic frequency of the isolated OH oscillators from their values in an

isolated water molecule or hydronim ion, plotted against the shift in the corresponding value of

the OH bond length in the optimized structure of the cluster. These data are fit to a line that goes

through the origin, and the equation for the fit line is reported in the inset. The parameters are

provided in Table 1, while the reference values for the OH bond lengths and harmonic frequencies

are provided in Table 2. As expected from previous studies,34,35 the slopes for both hydronium

and water, plotted in Figure 2A, are close to �19 cm�1/(0.001 Å).31,32,34,35 Figure 2B provides the

corresponding information for the OD stretching vibrations. As with the OH stretching vibrations,

the slopes obtained for D2O and D3O+ are nearly identical. Additionally, they are roughly 1/
p

2

times the values obtained for the OH stretches. This is consistent with the decrease in the OD

11
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harmonic frequency (compared to OH) by a factor of
p

2 while, based on the Born-Oppenheimer

approximation, the equilibrium bond lengths are independent of mass. In a previous study, we

found that anharmonic calculations of the OH stretching frequency and r0,OH values in water yield

similar slopes. We have repeated this analysis by comparing shifts of the values of r0,OH and an-

harmonic frequencies for hydrogen-bonded OH stretching vibrations in the hydronium core. The

results of this analysis are provided in Figure S3. these results show the same slope of �19.1

cm�1/(0.001 Å) as we obtained from the harmonic analysis. This slope differs from the slope

obtained by relating experimental frequencies of the OH stretching vibrations of a solvated hydro-

nium with the equilibrium OH bond length due to the non linearity of the anharmonic corrections

to the frequencies, noted above.60

In the remaining two panels of Figure 2, we plot the calculated harmonic intensities, obtained

from the calculations of the partially deuterated clusters as functions of the displacement of the OH

bond lengths relative to an isolated water molecule or hydronium ion. In agreement with previous

studies42,43 the intensities of the OH stretching vibrations in water increase roughly linearly with

the length of the donor OH bond. Since the intensities of the fundamental transitions involving

the OH stretching vibration show a linear dependence on the hydrogen bond length, the results

plotted in orange and blue in panels C and D of Figure 2 can be fit to a line, and the parameters are

provided in the plot and in Table 1.

Comparison of Spectra

With the above correlations in hand, we can use the calculated vibrationally averaged OH bond

lengths obtained from DMC simulations to determine the expected frequencies and intensities of

the transitions in water and protonated water clusters that involve OH stretching vibrations. The

calculated values of the vibrationally averaged OH bond lengths, r0,OH ⌘ hrOHi0 are obtained

from the DMC calculations and are provided in Tables S3-S6. The corresponding equilibrium

bond lengths and harmonic frequencies can be found in Tables S24, S26, S32-S35 and S44-S49.

In developing the correlations used in this study we only considered the OH bonds that were
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displacements of up to 0.1 Å compared to the OH bond lengths in an isolated water molecule or

hydronium ion. As such, we cannot use the frequency mapping approach to predict frequencies of

the shared proton stretching vibrations when the displacement of the OH bond is larger than 0.1

Å, as is the case for the vibrationally averaged bond lengths of one of the OH bonds in 5H-E1,

6H-T2, and 6H-Z.

While the calculated equilibrium bond lengths of the OH bonds for 5H-E1 and 6H-T2 were

all within 0.1 Å of the equilibrium OH bond length in hydronium, when zero-point energy is in-

troduced one of the OH bond lengths in the hydronium core of each of these ions became more

than 0.1 Å larger than the zero-point averaged OH bond length in hydronium reported in Table

1. Likewise, the model developed in the present study treats all of the OH stretching vibrations

as localized oscillators (as opposed to collective normal modes). With the exception of 3H and

4H, where two or three of the OH oscillators are equivalent by symmetry, each of the hydrogen-

bound OH oscillators feels a unique OH bonding environment, and the OH oscillators are expected

to remain localized. Likewise, because the model focuses on hydrogen-bonding environments, it

cannot describe the free OH oscillators, and this region is modeled by introducing bilinear cou-

plings between the OH oscillators, using the frequencies obtained for OH oscillators in an isolated

water molecule or hydronium ion. Finally, the model cannot describe overtones or combination

transitions involving lower-frequency vibrations. This final limitation also affects the scaled har-

monic and the reported VPT2 spectra, which only consider the OH stretching and HOH bending

vibrations. With these limitations in mind, the discussion that follows focuses on agreement be-

tween calculated and measured peaks. Structures that have predicted transitions in regions where

there is no intensity in the measured spectrum will be considered unlikely candidates for being the

carrier of the reported spectra.

The results of this analysis for nH, n = 3� 5, are plotted with the blue traces in Figure 3.

These results are compared to the results of scaled harmonic calculations (green trace) and the

results of VPT2 calculations that focus on the OH stretching and HOH bending vibrations, as

described above (red trace). In many cases the anharmonic intensities deviate significantly from the

13

Page 13 of 38

ACS Paragon Plus Environment

The Journal of Physical Chemistry

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



harmonic values for Dv= 1 transitions. We believe that this reflects, at least in part, challenges with

small denominators in the second order correction to the wave functions that are used to calculate

these intensities.15,61 For this reason, the intensities plotted for the VPT2 spectra in Figure 3 are

those obtained from the harmonic calculations. The bottom trace provides the previously reported

measured spectrum.4,9,62 The geometries of the isomers used in the construction of the calculated

spectra are shown at the top of the panel.

The plot in panel A of Figure 3 shows the comparison of the measured and calculated spec-

tra of 3H. The assignment of this spectrum is complicated by the near degeneracy between the

hydrogen-bound OH stretches in the hydronium core and states with two quanta of excitation in

vibrational motions that break the hydrogen bonds. The arrows in the spectra for 3H and 3D pro-

vide the previously reported locations of the centroid of the OH or OD 1-0 bands at 2100 and 1664

cm�1, respectively.4 The analysis that is based on the relationships between OH bond lengths and

the frequencies and intensities provided in Figure 2 (blue) produces a peak, identified as 1-2, that

is about 100 cm�1 larger than the transition indicated by the arrow in the experimental spectrum.

Compared to the scaled harmonic calculation (green) the spectral mapping method prediction is

significantly closer to peak in the the experimental spectrum that has been assigned to this tran-

sition. The calculated transition from VPT2 overestimates the anharmonicity and predicts a peak

that is about 100 cm�1 lower than the transition in the experimental spectrum. Upon deuteration

(panel E) the agreement between the results of the spectral mapping method (blue) and experiment

has improved. Specifically, the peak identified as 1-2 in the blue spectrum is nearly on top of the

arrow that shows the position of the centroid of intensity in the experimental spectrum.4

Panel B in Figure 3 shows the calculated and experimental spectra of 4H-E. The spectral map-

ping method (blue) predicts that the shared proton transition, peak labeled 1-3, is at 2848 cm�1,

which agrees well with the scaled harmonic calculation (green) but is still about 100 cm�1 higher

than the transition in the experimental spectrum. The VPT2 calculation overestimates the anhar-

monicity of this transition, resulting in a calculated peak that is lower in frequency than the most

intense feature in the experimental spectrum. Comparing the calculated and measured spectra for
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4D-E, we find the same trends as we observed for 4H-E, albeit with smaller shifts between the

various calculations.

Panels C and D in Figure 3 compare the calculated spectra of two low energy isomers of 5H to

the experimental spectrum. As part of the study where the experimental spectrum of this species

was reported, Fagiani et al. also reported that the 5H-E1 (referred to as the branched isomers in

their study) and the 5H-T isomer (referred to as the ring isomer in their study) differed in energy

by less than 1 kJ/mol once zero-point energy was accounted for at the harmonic level.9 Their cal-

culations were performed at the B3LYP-D3/aug-cc-pVTZ level of theory and basis set, and the

relative energies were corrected based on single point calculations, which were performed at the

CCSD(T)/aug-cc-pVTZ level of theory/basis set. Similar values for the relative energies are ob-

tained from the MP2/aug-cc-pVTZ(-d) calculations performed in the present study (see Table S1).

That the 5H-E1 isomer is lower in energy than the 5H-T isomer is consistent with the observation

that the agreement between the calculated and measured spectra for 5H-E1 (panels C and G) is

significantly better than the agreement found for the 5H-T isomer (panels D and H).

Focusing on the spectra for 5H-E1 (panel C) the large peak in the spectrum obtained using the

spectral mapping method is at 3107 cm�1 (peak 2-3). It is about 140 cm�1 higher than the exper-

imental peak. It is also higher than both the scaled harmonic (green) and VPT2 (red) calculations

predict. Close examination of the spectral mapped spectrum shows that there is no peak associ-

ated with the OH bond labeled as 1. This is because the vibrationally averaged length of this OH

bond, r0,OH, is more than 0.1 Å larger than the corresponding bond length in hydronium, putting it

outside the range of applicability of the model. This transition has been previously assigned to the

peak at 1890 cm�1 in the black trace. Upon deuteration, the spectrum for the E1 isomer is seen to

be in better agreement with the measured spectrum compared to its all hydrogen counterpart.

Overall, we find that the spectral mapping approach provides good agreement with the mea-

sured spectra for these protonated water clusters, providing us with the confidence to extend the

approach to larger clusters.
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Free OH Stretch Region

As noted above, the spectral mapping approach cannot be used to model the spectrum in the free

OH stretching region. On the other hand, we do not expect that the frequencies of the OH stretch-

ing vibrations will be significantly altered from the values for local OH oscillators in water or

hydronium. On the basis of these observations, we model this spectral region using an approxi-

mation in which the anharmonic OH stretching frequencies are obtained from calculations using

accurate potential surfaces,63,64 and are reported in Table 1. Some of the flanking water molecules

will have two free OH bonds, and in these cases, we introduce a bilinear coupling between these

two OH vibrations. This results in a model Hamiltonian,

H = nOH (n1 +n2 +1)+l
⇣

a†
1a2 +a1a†

2

⌘
(2)

which resembles the harmonically coupled anharmonic oscillator model described by Halonen and

Child.65,66 In this model, nOH provides the anharmonic frequency of the OH oscillator, while l

provides the quadratic coupling between the two OH oscillators. The value of l is obtained by

localizing the normal modes associated with the OH stretching vibrations, following the approach

described by Sibert and co-workers22,57,58 and summarized in the Supporting Information.

The resulting spectra are shown with purple dashed lines in the DMC panels of Figure 3. The

transitions are labeled as (a)ntisymmetric and (s)ymmetric. The free OH in a (h)ydronium core

is labeled as h, while a single free OH in water is labeled (l)ocal. The relative intensities of the

resulting symmetric and antisymmetric stretches will depend on the vector sums (or differences)

between the transition moments of the two OH oscillators. As we do not have a direct way to obtain

these transition moments, we have elected to simply scale a constant intensity by the number of

OH vibrations at a particular frequency. With that in mind, the relative positions of the peaks in

the OH stretching region seen for the calculations based on the spectral mapping approach agree

well with those in the experimental spectrum. The exception is for 5H-T, which is not found to be

the carrier of the observed spectrum.9
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We have also used this approach to introduce couplings between the hydrogen-bonded OH

stretching vibrations. The results of this analysis are shown as purple dashed lines of Figure S4.

The introduction of these couplings has the largest effect on the calculated spectrum of 3H, where

the two peaks that are associated with the hydrogen-bound OH stretching vibrations in the hydro-

nium core are split by 145 cm�1. Once split, the lower frequency peak shows better agreement

with the arrow in the experimental spectrum. On the basis of harmonic calculations of the spec-

trum of this ion, we expect that the lower-frequency peak will carry more intensity than the higher

frequency one.

Spectra for 6H and 6D

With the insights from the smaller protonated water clusters, we consider the spectra of 6H and

6D. In the case of 6H, previously reported double resonance experiments have allowed workers to

deconvolute the observed spectrum into two contributions. The one shown in panel A of Figure

4 was assigned as corresponding to the 6H-E2 structure shown at the top of this column, while

the spectrum shown in panel B was assigned to the 6H-Z structure shown above this column. The

spectrum for 6D likely also has multiple contributions. The lack of a peak near 800 cm�1, where

we would expect to see a peak assigned to the displacement of the share proton in the 6D-Z isomer,

indicates that this isomer is unlikely to contribute to the observed spectrum.

We start with the free OH region. For 6H-E2, this region of the spectrum contains three peaks,

consistent with a symmetric stretch, an antisymmetric stretch as well as a local OH stretch. This is

also consistent with the structure and the corresponding spectrum obtained using the spectral map-

ping approach. In contrast the 6H-Z spectrum contains only two peaks in the free OH region. This

is consistent with the absence of a local OH stretching vibration in this structure. Examination of

the spectrum for 6D in the free OH region, we see one broadened and one narrow peak. This would

be consistent with local OH stretching vibrations as well as symmetric and antisymmetric stretches.

The broadening of the lower frequency component suggests that there might be multiple local OH

stretching vibrations in water molecules that experience slightly different hydrogen-bonding en-
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vironments. Such a situation would be more consistent with the 6D-T4 structure, which contains

two types of symmetry distinct local free OH groups, than 6D-T2, which contains only one local

free OH vibration.

Shifting to the lower frequency region, which involves hydrogen-bonded OH stretching vi-

brations, we compare the predictions of the spectral mapping approach to the observed spectra.

Starting with 6H-E2, shown in the upper left, there are expected to be three types of hydrogen-

bonding environments, those experienced by the OH bonds labeled 1 and 2, the OH bond labeled

3 and the two OH bonds labeled 4 and 6. The highest frequency transition among these will be

that associated with OH bonds 4 and 6. The spectral mapping approach places these transitions

at 3280 and 3299 cm�1, which are in good agreement with the peak in the measured spectrum

at 3312 cm�1 that has been assigned to this transition. Likewise, the transition involving the OH

bond labeled 3 is calculated to be at 3147 cm�1, which is in reasonable agreement with the tran-

sition at 3007 cm�1 that is assigned to this transition.55 At the level of electronic structure theory

used in this study, the VPT2 calculation underestimates the position of these transitions, placing

them at 3242, 3223 and 2933 cm�1, respectively while the scaled harmonic calculations provide

frequencies of 3316, 3310, and 3057 cm�1, respectively.

The agreement between experiment and calculation for the remaining OH stretching transitions

appears to be less good. Previous experimental55 and computational67 studies assign the transi-

tions involving the OH bonds labeled 1 and 2 to peaks in the measured spectrum at 2425 and 1951

cm�1, while VSCF/VCI calculations place these transitions at 2345 and 1991 cm�1. The spectral

mapping calculations predict transitions at 2351 and 2271 cm�1, while VPT2 calculations give

transitions at 2276 and 2064 cm�1 (with very large anharmonicities). If we introduce quadratic

couplings among all of the OH stretching vibrations, these frequencies are reduced to 2344 and

2199 cm�1, as shown in the spectrum plotted in blue in panel A of Figure S5. At first it seemed

surprising that both frequencies decrease with the introduction of couplings. The lowering of these

two frequencies is compensated for by an increase in the OH stretching frequencies of OH bonds

in the flanking water molecules, particularly the OH bonds that form hydrogen bonds to a second
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water molecule.

While the agreement between experiment and calculation for the higher frequency transition is

very good, the discrepancy for the lower frequency transition is concerning and a comparison of

the frequency of the lowest-frequency transition in 6H-E2 to the corresponding transition in 5H-

E1 led us to question the assignment of the reported spectrum. Specifically 5H-E1 and 6H-E2

both contain at least one OH bond in the hydronium core that is solvated by a chain of two water

molecules. In 5H-E1 this is the OH bond identified with the orange 1 above panel C of Figure 3,

while for 6H-E2 they are the OH bonds identified with the orange 1 and 2 above panel A of Figure

4. From studies of other hydrogen-bonded systems,2,68 we expect that the strength of the ionic

hydrogen bond, and from that the red shift of the OH stretching frequency, will be higher when

the OH bond is solvated by a chain of two water molecules compared to the situation when it is

solvated by a single water molecule (as is the case for OH bonds 2 and 3 in 5H-E1 and OH bond 3

in 6H-E2). This can be seen by comparing the frequency of the OH stretching vibration involving

OH bond 1 in the inset of Figure 3 in 5H-E1 at 1899 cm�1 to the frequencies of the transitions

assigned to excitation of the OH bonds labeled 2 and 3 at 2837 and 2883 cm�1.2 When two or

more OH bonds are in stronger solvation environments, we expect that the vibrational frequency

will be larger than the case when only one OH bond is in that environment. This can be seen by

comparing the frequencies of, for example, the OH stretching vibrations of the hydronium core in

3H and 4H-E. On the basis of the above analysis, we expect that the transitions associated with OH

bonds 1 and 2 in 6H-E2 would both be well-above the 1900 cm�1 frequency of the corresponding

transition in H5-E. We also find that all of the calculations over-estimate the frequency of the

transitions associated with OH bonds 1 and 2 in 6H-E2. In contrast, most of the other features in the

measured spectra lie between peaks in the corresponding VPT2 spectrum (red) and the spectrum

that is obtained by applying the spectral mapping approach (blue). These observations led us to

consider that the frequency of this transition should be closer to the value of 2271 cm�1 obtained

by the spectral mapping approach. The above analysis would place the lowest-frequency transition

in 6H-E2 associated with the OH stretching vibration in the hydronium core in a region of lower
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signal to noise in the experimental spectrum. With this adjustment to the assignment, the feature

near 2000 cm�1 would be assigned to transitions involving overtones and combinations of the HOH

bends along with low-frequency vibrations that break the strong ionic hydrogen bonds between the

hydronium core and the flanking water molecules. These transitions have been previously invoked

to explain the structured band contour in the OH stretching region of 3H.4

The above reconsideration of the assignment is consistent with several other calculations. For

example, the spectra obtained from AIMD calculations reported by Heine et al.55 shows no in-

tensity between 1800 and 2000 cm�1, but contains a broad peak spanning from 2150 to 2600

cm�1. Classical calculations of spectra often do not capture transitions involving two or more

quanta of excitation, supporting the possibility that the peak near 2000 cm�1 in the spectrum re-

flects higher-order transitions. We also performed several reduced-dimensional calculations of the

OH frequencies of OH stretching vibrations of the hydronium core 5H-E1 and 6H-E2. Details

of these calculations can be found in the Supporting Information. While we do not expect these

calculations to provide accurate frequencies, we are interested in the trends in the frequencies of

the transitions involving OH oscillators that are solvated by one or two water molecules. As shown

in the results provided in Table S2, the energy difference between the lower energy state of 6H-E2

that is solvated by a chain of two water molecules and the excited state of the OH stretch in 5H-E1

that is in a similar solvation environment is much larger than the 50 cm�1 that is expected based

on the assignment of the experimental spectra for these ions

For the other isomers of 6H, the agreement between the spectral mapping model and the spec-

trum of 6H-Z is good, while the agreement for the other isomers is not as good. This is expected

based on previous assignment of the spectrum.6,55

Shifting the discussion to the spectra of the various isomers of 6D, we have already argued that

the 6D-Z isomer is not contributing to the observed signal. Likewise, consistent with previous

studies, the calculated peaks associated with OD bonds 1 and 2 in the 6D-E2 isomer occur in a

frequency range in which there is no intensity in the experimental spectrum. Consistent with our

recent study that focused on VPT2 calculations,6 improved agreement between the calculated and
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measured spectra are obtained for both the 6D-T2 and 6D-T4 isomers. As with the other spectra

considered in this study, the frequencies predicted from the spectral mapping analysis are typically

larger than those anticipated by VPT2 calculations and lower than those anticipated by the scaled

harmonic calculations. While the calculated spectrum for the 6D-T4 isomer does not recover the

intensity between 1400 and 1600 cm�1, this peak in the measured spectrum likely has contributions

from two or more quanta transitions involving the DOD bend with low-frequency vibrations that

break the strong ionic hydrogen bonds.

In plotting the spectra in Figures 3 and 4, we have chosen the axes for plotting the spectra of

the deuterated ions so the frequency axes are scaled by roughly a factor of
p

2 relative to the fully

hydrogenated species. This allows us to explore changes in the spectral envelope with deuteration.

For the smaller systems, there is a clear correlation between peaks in the spectra of the hydrogen-

containing ion and that for the fully deuterated ion. This is not the case when we compare the

experimental spectra for 6H and 6D, black traces in panes C and G of Figure 4. Two notable

differences are the peaks at 2050 cm�1 and another at 2588 cm�1 in the spectrum of 6D that

do not have corresponding features in the 6H spectrum, and we focus on these features as we

further consider the assignment of the spectrum of 6D. Comparing the calculated and experimental

spectra, we find that the calculated spectra for 6D-T2 in panel G and 6D-T4 in panel H show the

best agreement when we focus on these two features. This is consistent with our previous study

in which we noted that the VPT2 spectrum of 6D-T2 showed better agreement with the measured

spectrum when compared to the VPT2 spectra obtained for 6D-E2 and 6D-Z.6 On the basis of

these observations it appears that the carrier of the D6 spectrum is likely an isomer that contains a

four-membered ring, and the so-called T4 isomer appears to show slightly better agreement with

the measured spectrum compared to the T2 isomer of D6.
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Conclusions

In this study, we explored a spectral mapping approach that is based on the Badger’s rule rela-

tionship between OH bond lengths and the vibrational frequencies associated with that OH bond.

Previous studies demonstrated that changes in the vibrationally averaged value of the OH bond

length could be mapped onto shifts in the frequency through a scaling factor of approximately

�19 cm�1/(0.001 Å).34,35 We have demonstrated that this relationship holds for OH bonds in hy-

dronium as well as water. We also extended the correlation to deuterated clusters as well as to the

evaluation of intensities.

Once developed, the spectral mapping model was applied to a series of protonated water clus-

ters, H+(H2O)n and D+(D2O)n with n = 3� 6. The smaller clusters were used to validate the

approach as their spectra had been assigned in previous studies.2,4,62 For 6H and 6D, the approach

was used in the assignment of these spectra55 to isomers. In the case of 6H, we revisited one of the

assignments of the bands associated with OH stretching vibrations of the hydronium core of the

Eigen-like isomer (6H-E2). We believe that the approach described in this contribution provides a

powerful alternative to more demanding calculations as we consider at least the initial assignment

of the spectra of water clusters.
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Supporting Information

Additional details on numerical methods used including Diffusion Monte Carlo, VPT2, harmonic

local mode and reduced dimensional calculation; Structures of the clusters considered in this study;

Plot of the correlation of the anharmonic frequencies and hrOH/Di for H3O+; Additional calculated

spectra that include bilinear couplings among all the OH vibrations; Relative energies of the 5H

isomers; Energies obtained from reduced dimensional calculation; Frequencies, intensities, and

hrOH/Di used as inputs for the spectral mapping method; Harmonic and VPT2 frequencies and

intensities for the isomers considered in this study; Equilibrium geometries and harmonic frequen-

cies for the isomers considered in this study, evaluated using the potential of Yu and Bowman;

Excel file containing OH/D bond lengths, harmonic and anharmonic frequencies, and intensities

used in this study, the parameters used for the spectral maps, as well as the bilinear couplings

obtained from local mode harmonic calculations.
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Table 1: Reference Values of the OH and OD Stretch Frequencies (in cm�1) and Expecta-
tion Values of rOH and rOD (in Å) and Resulting Parameters, Used in the Spectral Mapping
Method in Figures 3, 4, S4, and S5.

System hrOHiref
a,b nref dw/dre

c dI/dre
d I0

e

H2O f 0.976 3706.50g �19.4 37.4 18.7
D2O f 0.971 2727.19g �13.1 18.8 27.8

H3O+h 0.992 3544.84i �19.9 19.4 1130
D3O+h 0.987 2592.39i �14.2 10.5 573
a Calculated from the wave functions obtained from five independent

guided DMC simulations with 5000 walkers, run for 20 000 time
steps with a time step size of 1 a.u.

b Standard deviations for these values are < 0.001 Å.
c In units of cm�1/(0.001 Å).
d In units of (km mol�1)/(0.001 Å).
e In units of km mol�1.
f Based on the potential by Partridge and Schwenke.63

g Frequencies obtained from ref. 63.
h Based on the potential by Huang, Carter, and Bowman.64

i Frequencies obtained from ref. 64.
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Table 2: Equilibrium Values of the OH and OD Frequencies (in cm�1) and Bond Lengths (in
Å) Used to Develop the Correlations in Figure 2.

System re we(OH) we(OD)
H2O 0.962 3883.00a 2822.28a

H3O+ 0.980 3648.32b 2653.43b

a Average of the symmetric and antisymmetric
stretch in an isolated water molecule.

b Average of the symmetric and antisymmetric
stretches in an isolated hydronium molecule.
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3H 4H-E

5H-E1 5H-T

6H-E2 6H-Z

6H-T2 6H-T4

Figure 1: Equilibrium structures of the protonated water clusters that are the focus of this study.
Structures were optimized using the potential energy surface developed by Yu and Bowman.20 The
corresponding coordinates can be found in Tables S23, S25, S28-S31 and S38-S43.
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(H3O)+(H2O)n/(H2O)n (D3O)+(D2O)n/(D2O)n

A B

Δ𝜔ୌయ୓శ = −19.9
cmିଵ

0.001 Å
 Δ𝑟௘, ୓ୌ

Δ𝜔ୌమ୓ = −19.4
cmିଵ

0.001 Å
Δ𝑟 , ୓ୌ

Δ𝜔ୈయ୓శ = −14.2
cmିଵ

0.001 Å
Δ𝑟 , ୓ୈ

Δ𝜔ୈమ୓ = −13.1
cmିଵ

0.001 Å
Δ𝑟௘, ୓ୈ

𝐼ୈయ୓శ = 10.5
km molିଵ

0.001 Å
Δ𝑟 , ୓ୌ

+573 km molିଵ

D

𝐼ୈమ୓ = 18.8
km molିଵ

0.001 Å
Δ𝑟 , ୓ୌ

+27.8 km molିଵ

C

𝐼ୌయ୓శ = 19.4
km molିଵ

0.001 Å
Δ𝑟௘, ୓ୌ

+1130 km molିଵ

𝐼ୌమ୓ = 37. 4
km molିଵ

0.001 Å
Δ𝑟௘, ୓ୌ

+18.7 km molିଵ

Figure 2: Plots showing the relationships between Dw (A and B) and the harmonic intensity (C
and D) and Dre,OH for the hydrogen bonded OH and OD stretches in isotopologues of (H2O)n,
n=2-6, and H+(H2O)n, n=3-6 shown in Figures S1 and S2. The values of Dre,OH and Dw are
obtained by subtracting the corresponding values for an OH bond in an isolated water molecule
(orange) or hydronium ion (blue). The data is fit to the equations provided in the same color in the
insets. The solid blue and open orange X in panels A and B represent the value of Dw for the
hydronium ion (blue) and the isolated water molecule (orange). The equilibrium values of re,OH
and w are provided in Table 2. The data used to make these plots are provided in the Excel file in
the Supporting Information.

35

Page 35 of 38

ACS Paragon Plus Environment

The Journal of Physical Chemistry

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



DMC

Harmonic

VPT2

Ref.

3H

𝒉𝒇 𝒂𝒇

4H-E

1-3

5H-E1

2-3
4

3D

DMC

Harmonic

VPT2

Ref.

1-2

4D-E 5D-E1

A B C

E F G

1
2

3

4, 56,7
1

2

3

4, 56, 7

8, 9

1

2

3 4

5
6, 7

8, 9

10, 11 1
23

45

6

7

8, 9

10, 11

𝒔𝒇

𝒉𝒇 𝒂𝒇𝒔𝒇
1-2

𝒂𝒇𝒔𝒇

1-3 𝒂𝒇𝒔𝒇

𝒂𝒇𝒔𝒇 𝒍𝒇

2-3
4 𝒂𝒇𝒔𝒇 𝒍𝒇

5H-T

1-2
3

4,6

5D-T

D

H

𝒂𝒇𝒔𝒇𝒍𝒇

1-2 3
4,6 𝒂𝒇

𝒔𝒇 𝒍𝒇

Figure 3: Comparisons of the calculated spectra of 3H (A), 4H-E (B), and two isomers of 5H,
5H-E1 (C), and 5H-T (D), shown above the corresponding panels. The corresponding spectra of
the deuterated species are included in panels E-H. The spectra plotted in green and red reflect the
results of scaled harmonic and VPT2 calculations performed at the MP2/aug-cc-pVTZ(-d) level
of theory/basis set (see Tables S7-S14). The factors used to scale the harmonic calculations are
0.9531 and 0.9696 for OH and OD stretching vibrations, respectively. The spectra plotted in blue
are calculated using the model described in the text based on the results reported in Tables 1 and
S3-S6. The peaks in these spectra that are associated with excitation of hydrogen-bonded OH
bonds are labeled by the number associated with the OH bond in the structures above the plots.
The spectrum in the free OH region is shown with a purple dotted line and the peaks are labeled
as hydronium, h f , symmetric OH stretch in water, s f , and antisymmetric stretch in water, a f . The
H5 structures also have water molecules that form a single hydrogen bond and have one free OH
oscillator, l f . The black curves provide the experimentally measured spectra for H3,4 H4,62 and
H5,9 with the arrow in panels A and E showing the expected location of the OH stretch of the
hydronium core in H3 and D3, respectively, based on the analysis of the spectrum.4
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Figure 4: Same as Figure 3, but for 6H-E2 (A), 6H-T2 (B), 6H-Z (C), and 6H-T4 (D). The
spectra of the corresponding deuterated species are included in panels E-H. For comparison, in
A and B, we show the spectra for 6H-E and 6H-Z obtained from double resonance experiments
as black traces,55 while the experimental spectra shown in the other panels are the raw spectra,
which likely contain contributsion from multiple isomers.2,55 The data used to generate the spectra
shown in blue are provided in Tables S3-S6. The frequencies and intensities from the harmonic
and VPT2 calculations are provided in Tables S15-S22, and the factors used to scale the harmonic
calculations are 0.9531 and 0.9696 for OH and OD stretching vibrations, respectively. As in our
previous study,6 the peaks in the VPT2 spectrum for 6H-Z at 3159 cm�1 and 3068 cm�1 as well
as the peak in the VPT2 spectrum for 6D-Z at 2339 cm�1 are shifted from their calculated VPT2
frequencies.
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