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1. Introduction

Let g be an algebra over a field F. A linear map ¢ : g — g is called Lie centralizer of g if

¢(la, b)) = [¢(a), b] (1)

foralla, b € g, where [a, b] = ab — ba is the usual Lie product of a and b. It is easy to check
that ¢ is a Lie centralizer on g if and only if ¢[a, b] = [a, ¢ (b)] for any a,b € g.

Fosner and Jing studied the Lie centralizers on triangular rings and nest algebras in [1]
and presented characterizations of Lie centralizers on triangular rings and nest algebras.
Ghomanjani and Bahmani dealt with the structure of Lie centralizers of trivial extension
algebras in [2]. In [3] Ahmed characterized the non-additive Lie centralizers of strictly
upper triangular matrices over a field of zero characteristic. Recently, Ghimire explicitly
described linear Lie centralizers of the algebra of dominant block upper triangular matrices
in [4] and of the strictly block upper triangular matrices in [5]. The Lie centralizer on the
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2 P. GHIMIRE ET AL.

algebras is also called Lie centroid, which play an important role in studying the structure
of algebras see [6,7].

Another important class of mappings on algebras is Lie triple centralizers. Let g be an
algebra over a field IF. A linear map f : g — g is called Lie triple centralizer of g if

f(lla, bl, c]) = [[f(a), b], c] (2)

foralla, b, c € g.Itis easy to check that ¢ is a Lie triple centralizer on g if and only if f([[a, b],
c]) = [[a, f(b)],c] foranya, b, ¢ € g. Lie triple centralizers were first introduced by Behrooz
et al. in [8] and characterized the Lie triple centralizers of the generalized matrix algebra.
It is clear that each Lie centralizer is a Lie triple centralizer, but the converse may not be
true in general see ( Example 1.2, [8]). Therefore, the concept of the Lie triple centralizer
generalizes the concept of the Lie centralizer.

The main goal of this paper is to explicitly describe the Lie triple centralizers of the alge-
bra of dominant block upper triangular matrices and the algebra of block upper triangular
matrices over a field F. In recent years, significant progress has been made in studying the
subalgebras of the algebra of upper triangular matrices over a field or a ring. Some results
on the study of the subaglebras of the algebra of upper triangular matrices are given in
[4,5,9,10-15].

Fixa field F. Let M, , be the set of all m x n matrices over IF, and put M,, = M,, ,. Let \'
(resp. B) denote the set of all dominant block upper triangular matrices (resp. block upper
triangular matrices) in M, relative to a given partition. Then N\ and B are subalgebras of
gl(n,F), i.e. M,, with the usual matrix multiplication. In this paper, we explicitly describe
the Lie triple centralizers of 3 and A/ over I, which are as follows:

e Theorem 2.1 shows that every Lie triple centralizer of B3 is a sum of a linear mapping
y : B — B given by y (A) = 1A where 4 € I and a linear mapping that maps B to its
center and vanishes at [[ 5, B], B].

e Theorem 2.2 shows that every Lie triple centralizer of N is a sum of a linear mapping
y : N = N given by y (A) = AA where 4 € I, a linear mapping that maps N to its
center and vanishes at [[A/, N'], N], and two special linear mappings.

The main motivation of this work comes from Behrooz et al. result on the Lie triple cen-
tralizers on generalized matrix algebras in [8], Ghimire and Huang’s work on the Lie triple
derivations of the Lie algebra of dominant block upper triangular matrices in [11], and
Ghimire’s work on the Linear Lie centralizers of the algebra of dominant block trian-
gular matrices in [4]. Our work on the Lie triple centralizers of N not only generalizes
the result of Behrooz et al., but also uses a promising new approach for finding the Lie
triple centralizers of other matrix algebras with appropriate block forms. The essential tools
are Lemmas 3.1-3.3, where four types of product preserving linear maps between matrix
spaces are determined.

Section 2 gives the basic notations and presents the main results, i.e. characterizations
of the Lie triple centralizers of B and . Section 3 determines four types of product pre-
serving linear maps between matrix spaces that will play essential roles in finding the Lie
triple centralizers of V. Section 4 presents some other lemmas and proves Theorem 2.2.
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2. Main results

The Lie triple centralizers of the algebra A/ (resp. B ) of dominant block upper triangular
matrices (resp. of block upper triangular matrices) will be determined in this section.

2.1. Notations

Let [n] = {1,2,...,n}. Fixa field F. Let M, ,, (resp. M,,) be the set of m x n (resp. n x n)
matrices over F. Let I,, denote the identity matrix in M,,. A t X t block matrix form in M, is
represented by a sequence (n1,ny, ..., n;), where n; € Zt fori e [t]and ny +--- +n; =
n. Fixing a t x t block matrix form in M, represented by a sequence (n1, 12, . . ., 1¢), each
A € M, can be expressed as

A=[A;]

txt

where the (i, j) block A;; € My ;- The matrix A can also be expressed as

A= Z Ab

(i) e(t]x[t]
such that each A¥ € M, has A; ;j on the (i, j) block and 0’s elsewhere. A is called

o block upper triangular if A;; = Oforall 1 <j <i<t,
o dominant block upper triangular if A is block upper triangular and A;; = 0 for i € §,
where S is a subset of [¢] that consists of nonconsecutive integers.

When A is not given in advance, A’/ and similar expressions may be used to express generic
matrices in M, with 0’s outside of the (i, j) block.

Let B? = B (resp. N/' = N\) denote the set of all block upper triangular matrices (resp.
dominant block upper triangular matrices) in M, with fixed ¢ x t block matrix form n =
(n1,...,ny). They are subalgebras of the algebra M,, with the usual matrix multiplication.

Fori,j € [t], let M, denote the set of matrices in M,, with 0’s outside of the (4,) block.
Define the block index set of N as

Ty =QuUQ, (3)
where

Q:={(Gj)eZ*|1
Qi ={Gi)eZ*|1<i<t)\{Gi)eZ|Ni=o0)}.

IN

i<j<t} and

2.2. Lietriple centralizers of N

We describe the Lie triple centralizers of N when t > 3. The main results are given in
Theorem 2.1 and in Theorem 2.2 below. Theorem 2.1 describes the Lie triple centralizers
of the algebra B of block upper triangular matrices.
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Theorem 2.1: Let B be the algebra of block upper triangular matrices over a field F. Let
f : B — Bbea Lie triple centralizer. Then

F(A) = 2A + 1(4) )

forall A € B, where . € F and © : B — Z(B), Z(B) is the center of B, is a linear mapping
that vanishes at [[B, B], B].

Proof: Let B be the algebra of block upper triangular matrices. Then B is a triangular alge-
bra (see [16], Block upper triangular matrix algebras’ in Section 4). Since B is a triangular
algebra, by ([8], Corollary 3.4 and Remark 4.3), we have

fA) =21A+1(A) (5)

for all A € B, where 1 € F and 7 : B — Z(B) is a linear map satistying 7 [[B, 5], B]
0.

The next theorem explicitly describes the Lie triple centralizers of the algebra N of
dominant block upper triangular matrices.

Theorem 2.2: Let t > 3 and let N be the algebra of dominant block upper triangular
matrices over a field F. Let f : N' — N be a Lie triple centralizer. Then

f(A) = 1A+ 6(A) + ¢1(A) + ¢2(A) (6)

forall A € N, where ). € F and other summand components are given below:

(1) 6: N — Z(N), Z(N) is the center of N, is a linear map that vanishes at [[N,N'], N'].
(2) ¢ is an element of End (N) that satisfies:
(a) when N2 #£ 0 or Nt £ 0, ¢ = 0;
(b) when N*? =0, N*' =0, andn; > 2, ¢ = 0;
(c) when N** =0, N = 0,andn; = 1, N/ C Ker ¢, forall (i,j) ¢ {(1,1),(1,2)},
Im ¢ C NV + N>, and EjFf (B = —Enf (E1D)Y, j € [na].
(3) ¢ is an element of End (N) that satisfies:
(a) when NV £ 00or Nt7UI=E £ 0, ¢y = 0;
(b) when NV =0, Nt=b=1 =0, and ny > 2, ¢y = 0;
(c) when NV =0, Nt=b=1 =0, and n; =1, NV C Ker ¢, for all (i,5) ¢ {(t —
L0, (1)}, Imgy C N1+ NV, and f(ES)MESTY = —f(EHMEY,
ie[n—1].

We will give a proof of Theorem 2.2 in Section 4.

3. Linear maps preserving matrix products

The Lie triple centralizer property (2) over a matrix algebra is closely related to some
matrix product preserving properties. These relationships are much more obvious when
the algebra consists of block matrices. Here we will determine linear maps that preserve
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four different types of matrix products. These maps play essential roles in exploring the
Lie triple centralizers of \/ as well as other algebras of block matrices.

In Lemmas 3.1-3.3, let E21 | denote the m x n matrix that has the only nonzero entry
1 in the (p, g) position.

Lemma 3.1: Suppose I is an arbitrary field. If X € My, and Y € M, satisfy that
XA = AY (7)

forall A € My, then X = AL, and Y = 11, for some A € F.
Proof: Suppose X = (xip) € My, and Y = (y4j) € My, where i,p € [m] and q,j € [n]. For
any (i,j) € [m] x [n], by (7),

XEY =FE7 . (8)

Comparing the (i, j) entry of the matrices in (8), we get x;; = y; ;. Similarly, comparing the
(p,j) entry for p # i, we get xp; = 0;and comparing the (i, q) entry for g # j, we get 0 = yjq.
Therefore, X = Al,, and Y = A, for some 4 € F. |

Lemma 3.2: If linear maps ¢ : My, p —> My q and ¢ : My p — My 4 satisfy that
¢(AB) = Ap(B) forall A € My, B € Myp,

then there is X € Mp 4 such that ¢ (C) = CX for C € My, p and (D) = DX for D € My, .
Proof: Foranyj € [n] and B € My,

1 L
¢(Erri]an) = Em]an)(B)-
Let R;n,p denote the subspace of M, , consisting of matrices with 0’s outside of the first

mxn

row. Similarly for Rin,q. Then for every j € [n], R}%p — g1 M,p, so that

1,j 1,
PR, ) = P(EnD,Myp) = Endo(Mup) C R, .

mxn mxn

There exists an X € My 4 such that the linear transformation ¢|p1 - Rin,p - R%n,q can be
expressed as

Plpy, (1) =TX, forall T e Ry,
Then for every B € My,

1 1 1
Epont (B) = ¢ (Eyy0,B) = E, 0, BX.
Therefore, ¢ (B) = BX for B € M,,,. Hence ¢(AB) = Ap(B) = ABX for every A € My,
and B € My, . The linear combinations of all such AB form M,,,. So ¢(C) = CX for all
C e Mpp. |
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Lemma 3.3: If linear maps ¢ : My, p — Myp and ¢ : My, g — M, g4 satisfy that
$(BA) = @(B)A forall A € Myp, B € My,

then there is X € My,m such that ¢ (C) = XC for C € My, p and ¢(D) = XD for D € My 4.

Proof: The proof (omitted) is similar to that of Lemma 3.2. |

4. Proofs of main results

The main goal of this section is to prove Theorem 2.2. We always assume that t > 3 and
N # BB except where explicitly noted otherwise.

4.1. Lietriple centralizer image locations

First, we will give several auxiliary results on the image locations of f (N*) for a Lie triple
centralizer f and N C N. Recall N refers to the collection of matrices in A whose
entries outside the (4,) block are 0. We will observe the following interesting fact: most
nonzero blocks of f(A%) for A% € N are located on the (i, j)th block and the center

FI  if N =B;
ZWN) = I N i NV = 0and NP = 0;
0 otherwise.

of N.

The first lemma discusses the Lie triple centralizer image on A/t and N5,

Lemma 4.1: Let f be a Lie triple centralizer of N'. Then

SN C NP N4+ Z(N) ©)
FNVH) © N4 ML 7V (10)

where Z(N) is the center of N. Furthermore,

(1) ifN?2#£0o0r NB £ 0, then f(AV)?! = 0.
(2) if NV £ 0 or NP7UL £ 0, then f(AR) T = 0.

Proof: Suppose A € Nl and i,j e [t]. To prove (9), we consider the following cases:
(1) We first investigate f (A"!)J. We now consider the following two sub-cases:
e t=3:Bydefinition of NV, (2,2) € ['nror (3,3) € I'xr. Suppose (3,3) € I'y. Then
for A2 € N3 and A% e N33,

0 :f([[Al’l,A23],A33])23 — ([[f(Al’l),A23],A33])23
:f(A1,1)22A23A33 _ A23f(A1,1)33A33
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Therefore,
f(Al,l)22A23 — A23f(A1,1)33 fOI’A23 c N23. (11)

Lemma 3.1 implies f(A")?? = AI2% and f(A")*® = 1I2? for some 1 € F. By
the assumption N # B, N'?? = 0, which forces f(A"!)?2 = 0. Thus, by (11),
F(AYH)3 = 0 as well. Similarly, we can conclude that f(A}1)?2 = (A3 =0
if (2,2) € T)r. Thus f(AM Y = 0forall 1 <j < 3.

e t > 4: Suppose 1 <j < r < t. Then for At € N1, A" € N77, and A" € N,
[[AM, APT], A™] = 0, so that

0 = f([[A", A7), A" = ([[f(A"), A7), AT])"
_ _Ajrf(Al,l)rrArt +f(Al,l)jjAjrArt
Therefore,
FAPYIAIT = APTF(AMY)T for AT e O (12)

Lemma 3.1 implies f(AM)Y = AF/ and f(AM1)"" = AI"" for some 4 € F. In the
situation N # B, there exists (p, p) € [t] x [¢] such that NPP = 0, which forces
FAYYPP = 0. Thus f(AV YY) = 0 forall1 <j < t.
(2) Next we show that f(A")Y =0 for A e NV, (i,) € T, i<j, and (i,)) ¢
{(2,1)}. By assumption, either i> 2 orj <t.
e Suppose i > 2. For A>' € N>/ and A € N7

0= f([IAM, A>], V> = [[f(AM), A>], A = —A>f (AT AT,

which implies that f(A"1)" = 0.
e Suppose j < t. By assumption j > 1. For AY € N’V and A e N,

0 :f([[Al,l’Al,i]’Ajt])l,t — [[f(Al,l)’Al,i]’Ajt]l,t — —Ali_f(Al)l)i’jAj’t

which implies that f(A"1)" = 0.
e It remains to show that f(A") = 0. Suppose (i,j) = (1,t). For AL M e
Nl,l)

0= f( Al 1 Il 1 Il 1]) [f(Al’l),I}l’l],I}l’l]l’t :f(Al’l)l’t.

Thus f(AP)1 = 0 for AT € AL proving (9).
Next, when N'%2 £ 0 or N # 0, we show that f(A11)%! = 0. Suppose N'>? # 0.
Then for Iﬁ’z,Az’2 e N2,

0 =f([[A1,1’AZ,Z]’I%,Z])ZJ — [[f(Al,l)’AZ,Z]’I’%,ZJZt — AZ,Zf(Al,l)Z,t

which implies that f(A!)>! = 0. Simliarly, we can show that f(A"!)>! = 0 when
NEE£0.
The proofs of (10) and f (A" )1 = 0 when A'1! % 0 or NT=171 =£ 0 are similar.
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The next lemma discusses the Lie triple centralizer image on N** € A when 1 < k <
t.

Lemma 4.2: Let fbe a Lie triple centralizer of N and 1 <k < t. Then
FNF € NEE 47\, (13)
where Z(N) is the center of N.

Proof: Suppose Akk e N'RK and i, j € [t]. To prove (13), we consider the following cases:

(1) We first investigate f (A*¥Y. Suppose r < k < j < t. Then for A™ € N and AP e
NP [[AT, ARk, APt = 0, so that
0 = f([A™, ARK], AP])"! = ([[AT, f(AMF), AP])7!
— Ar,]f(Ak,k)j,jAj,t _f(Ak,k)r,rAr,jAj,t
Therefore,

FARRYT AT = ATIF(ARKY - for AT e N, (14)

Lemma 3.1 implies f(AM) = P/ and f(ARK)"" = 1" for some A e T.
Equation (14) is also true for j <k. In the situation N # B, there exists (p,p) €
[t] x [t] such that NPP = 0, which forces f(AXK)PP = 0. Thus f(A**Y = 0 for all
j € [t] and k # j. When N = B, we have f(AK)7 = 1P/ for all j € [t] and k % j.
(2) Next we show that f(A¥f)W =0 for ARk e N*K, (i,j) € Ty, and (i,)) ¢
{(k, k), (1,t)}. We consider the following subcases:
e First we show thatf(Ak’k)i’j = 0 for ARk € Kk, (1,j) e T i # k, j# k, and
(i,j) # (1,t). Either i > 1 or j < t. Suppose j < t. Then for A € A’V and AV
N,
0= f( All Akk] A]t)lt ([[Allf(Akk)] A]t])lt_Allf(Akk)I]A]t (15)

So f(ARK) = 0.Similarly, we can conclude that f(ARK)Y = 0 if i > 1.
o Now we show thatf(Ak’k)”k =0forl <i<k andf(Ak’k)k’f =0fork <j<t
Suppose 1 < i < k. Then for I'K € Nk Akr e Nk andk <7 < t,

FEARMYM = fUAR, AR D = [[ARK faR)] I = 0. (16)
By (16),
0 = fARN = F([[AR, ART], AP = [[f(A"F), AR7], AP
= f(AM)RASTAPE for AP e N

So, f(ARKYPk = 0 for 1 < i < k.Similarly, f(ARK)F = 0 fork < j < t.
(3) Finally,if (1,1) € Taror (t,t) € I ar, say (1,1) € Ty, then for k ¢ {1, ¢},

0 :f([[Al’l,Ak’k],I’i’l])l’t — [[Al’l,f(Ak’k)],Irll’l]l’t — Al’lf(Ak’k)l’t.
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So, f(ARR)LE = o
Thus, (13) has been proved. |
Next, we consider the Lie triple centralizer image on A/ and N*~1E,

Lemma 4.3: Let f be a Lie triple centralizer of N'. Then

£( 1,2) QN1’2+N1’t, (17)
FVEMY € N0 A (18)

Furthermore,

(1) ifN?2 £0o0r NB £ 0, then f(AV?)Y = 0.
2) if N £ 0o0r NTTHTL £ 0, then f(ATVHM =0

Proof: We first prove (17). By definition of A, (1,1) € Tar or (2,2) € T'zr. Suppose
(1,1) € Tps. Then NP2 = NBINDZ = [NBUND2] For IL, AL e AL and A €
N2 according to Lemma 4.1,

f[Al’l,Al’Z] f[ All AIZ] Ill [f(All Al 2] Il 1] c N’IZ Nl,t. (19)

Thus, (17) is proved. Similarly, we can prove (17) if (2,2) € 'y

Next we show that f(AY?)1 =0 when N'?2 # 0 or N # 0. Suppose N> # 0 or
N £ 0. By Lemma 4.1, f (A1) = 0. So, (19) implies that f(A?)1 =0

The proofs of (18) and f (A~ 115 = 0 when N #£ 0 or N*=1=1 £ 0 are similar. W

By Lemmas 4.1 and 4.3, we know that the (2,¢) block of f(N!) and (1,¢) block of
f(N2) are zero when N'22 # 0 or N # 0. The next lemma explicitly describes the (2, t)
block of f(A"1) and (1, £) block of f(N*)when N'>? = 0 and N> = 0.

Lemma 4.4: Let fbe a Lie triple centralizer of N, N** = 0, and N = 0. Then the image
FNY and F(NYY? satisfy the following:

(1) Ifny > 2, then f(N)! = f(N11)2 =
(2) Ifn =1, then E%]»Zf(EH)Zt EHf(E12 ” € [n].

Furthermore, any f € End N that satisfies N/ C Ker f for all (i,j) ¢ {(1,1),(1,2)}, Imf C
N+ N2E and the hypothesis (1) and (2) is a Lie triple centralizer.

Proof: Let f be a Lie triple centralizer of N . Since N'>2 = 0, by definition of N, (1,1) e
I'ar. Then for I,I,’I,Al’1 e Nbland A2 e N2,

f[[AIZ All] Ill [f(Alz) All] Ill]lt (20)
and

f[[Al,Z’Al,l])I}l,l]l,t — [[Al,Z’f(Al,l)])Irll,l]l,t (21)
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By (20) and (21), we get
[FAM), AN LY = (AN, f(AMD] 1 (22)
(22) implies that A f(A2)1E = —A2f(A1)2!, In particular,
EQfEDY = —E7f(Ep)™ (23)
We now consider the following two cases:

(1) when n; > 2, for any El’2 N2 we can chose r € [n1] \ {i}. So, (23) implies that
f(E1 2)Lt — 0. Thus f(A1 DN =0 andf(A1 1)“ =0.
(2) when n; = 1, by (23) we getEJf(E1 )2 = f(E])“forj € [n2].

The last statement is easy to verify. [

The next lemma describes the (1, t) block of f(N*~1) and (1, ¢ — 1) block of f(N®)
when NV = 0 and N1 =0,

Lemma 4.5: Let f be a Lie triple centralizer of N, N'*! = 0, and N'*=V'=1 = 0. Then the
image f(N'=YOLE gnd fF(NEHLL satisfy the following:

(1) Ifny > 2, thenf(Nt Lol — fNBHLI=L = 0,
(2) Ifn, =1, thenf(E HyLt= “Et Lt _ f(E,tllt)“E“,ze (1],

Furthermore, any f € End N that satisfies N/ C Kerf for all (i,j) ¢ {(t — 1,1), (t, 1)},
Imf C NV 4 NV and the hypothesis (1) and (2) is a Lie triple centralizer.

Proof: The proof (omitted) is similar to that of Lemma 4.4. |

We now discuss the Lie triple centralizer image on N3, N4, ., N*=2=1 in next
Lemma.

Lemma 4.6: For a Lie triple centralizer fof N and 1 <i <t—1,
f(Ni,i+1) g Ni,i-l—l (24)
Proof: Suppose 1 <i < t—1. By definition of NV, (i,i) € Tpror (i + 1,i + 1) € I'yr. With-

out loss of generality, suppose (i, i) € I'yr. Then for I:' € N and A*! € N+ accord-
ing to Lemma 4.2,

f(Al l+1 f[[AI Lit+1 Izl] 111] . [[Ai,i-i—l’f(I’z:l,i)]’I’l;l,i] e Ni,H-l' (25)

Thus,(24) is proved. [ |

Now we consider the Lie triple centralizer image on the other N/,
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Lemma 4.7: For a Lie triple centralizer f of N and i,j € [t] and j > i+1, the image f (N
satisfies

FNH) C N, (26)

Proof: Suppose j > i+1. By definition of AV, (i,i) € Txs or (i + 1,i+ 1) € T'zr. Without
loss of generality, suppose (i,i) € T'ar. Then for I e N, AbH+l e i+l and AL €
Ni+bi according to Lemma 4.6,

S@Y) = fIILL AR, AR Y] = ([ fAMHD], ATY] e N, (27)
Thus,(26) is proved. |

The above lemmas determine all possibly nonzero blocks of f(A™) for a Lie triple
centralizer f and A% € A% C N. The next goal is to describe the f-images on these blocks.

Lemma 4.8: Let f be a Lie triple centralizer of N'. Then there exist . € F such that
FAYY = JAY  forall A e N C N (28)

Proof: Suppose 1 < i <j < t. By definition of N, (i,i) € Ty or (i+1,i+1) € Ty
Without of loss generality, suppose (i, i) € T's. For any I/, A" € N and AY € N,

SAMAM)Y = fI[AY, AM], LY = [[AY, f(AM)], 1] = fA) AV,
Applying Lemma 3.3, there exist X € M such that

f(Ai’i)i’i = XA forall A¥ e N, (29)
o o . . 29

f(AY)Y = XY AY forall AY e N,

Since f is a Lie triple centralizer, forany 1 < i < j < f, Ii;i,Ai’i e N and AY e N,
f(Ai,iAi,j)i,j =f[[Ai’j,Ai’i],Ili,l’i]i’j — [[f(Ai,j)’Ai,i])Iil,i]i,j — At,lf(Al,])l,]

Applying Lemma 3.2, there exist X/ € Mjn’j such that

F(AMYA = AYXP forall AW e N, (30)
By (29) and (30), we have

XUAU = A for A € AU,

Applying Lemma 3.1, there exists 4 € F such that X = AI* and X}V = AI'J,
Therefore, f(A*)" = LA for A¥ € N and f(AY)"Y = JAY for AW e N,i <j. W
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4.2. Proofof Theorem 2.2

We are ready to prove our main result.

Proof of Theorem 2.2: By Lemma 4.8, there exists A € [F such that
FAY)Y = JAY  for AV e N C .

Define fy := f — AI,. Thus, fy is a Lie triple centralizer. Then (28) implies that f (AM) =0
for all A% € N/ C N/. By Lemmas 4.1 and 4.2, for any N C N/, the possibly non zero
blocks of fo(N*) are the following:

e (1,1) block when N’ = N = 0,
e (2,t) block when (i,i) = (1, 1), and
o (1,t — 1) block when (i, i) = (t, t).

and by Lemmas 4.3, 4.6, and 4.7, for any N/ C Vi < j, the only possibly non zero block
of fo(N) is the (1, t) block when (i, j) € {(1,2), (t — 1,1)}.
Define ¢;, ¢ € End N such that for A € N,
¢1 (A) ::fO(Al,l)Z,t _l_fO(Al,Z)l,t :f(Al,l)Z,t +f(Al,2)l,t
¢2(A) :=f()(At’t)1’t_1 +f0(At—1,t)l,t =f(At,t)1,t—1 +f(At_1’t)1’t.
Then Lemmas 4.4 and 4.5 show that ¢; and ¢, are Lie triple centralizers. Define f; := fo —
¢1 — 2 = (f — AI,) — ¢1 — ¢a. Thus, f1 is a Lie triple centralizer, and only the possible
non-zero block of f (N is the (1,t) block when N''' = N/* = 0 and also f;(A”) = 0
fori<j.
Define a linear map 6 : N' — A such that for A € N,

5(A) — Z fl( i,i)l,t= Z f(Ai’i)l’t.

(i,i)el N (i,i)el N

Then 6(A) € Z(N) and 6[[N,N], N'] = 0. Thus, J is a Lie triple centralizer. Now we get
a new Lie triple centralizer

h=h—0=( =) —¢1— ¢,
where f, (Ai’j) = 0 for A¥ € N/ C N Therefore,
f(A) = 2A + $1(A) + $2(A) + 6(A)
for A € N. Hence Theorem 2.2 is proved. |
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