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Abstract
We show continuity of solutions u ∈ W 1,n(Bn,RN ) to the system

−div(|∇u|n−2∇u) = � · |∇u|n−2∇u

when � is an Ln-antisymmetric potential – and additionally satisfies a Lorentz-space
assumption. To obtain our result we study a rotated n-Laplace system

−div(Q|∇u|n−2∇u) = �̃ · |∇u|n−2∇u,

where Q ∈ W 1,n(Bn, SO(N )) is the Coulomb gauge which ensures improved
Lorentz-space integrability of �̃. Because of the matrix-term Q, this system does
not fall directly into Kuusi–Mingione’s vectorial potential theory. However, we adapt
ideas of their theory together with Iwaniec’ stability result to obtain L(n,∞)-estimates
of the gradient of a solution which, by an iteration argument leads to the regularity of
solutions. As a corollary of our argument we see that n-harmonic maps into manifolds
are continuous if their gradient belongs to the Lorentz-space L(n,2) – which is a trivial
and optimal assumption if n = 2, and the weakest assumption to date for the regularity
of critical n-harmonic maps, without any added differentiability assumption. We also
prove a corresponding result for n-Laplace H -systems.
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1 Introduction

Critical harmonic maps between a Euclidean ball B ⊂ R
2 and a closed manifold

without boundaryN , i.e. critical points of the Dirichlet energy subject to the previous
mapping conditions, satisfy the Euler-Lagrange equation

−�u = A(u)(∇u,∇u) in B.

Here A(u) denotes the second fundamental form of the manifold N ⊂ R
N .

Since u ∈ W 1,2(B,RN ), the right-hand side of this equation is merely integrable,
and one might be lead to believe that u could be discontinuous, since the scalar model
equation |�u| = |∇u|2 has discontinuous solution log log 1/|x |.

However, solutions are continuous – as was shown in Hélein’s celebrated [19, 20].
The reason are cancellation effects of div-curl type. Namely, ifN = S

N−1 is the unit
sphere, Hélein showed that with Shatah’s conservation law [41] the right-hand side
can be written as

−�ui = �i j · ∇u in B (1.1)

where
�i j = u j∇ui − ui∇u j

is divergence free, div(�i j ) = 0. The div-curl term on the right hand side of (1.1)
implies via the Coifman-Lions-Meyer-Semmes [5] that �u belongs to the Hardy
space H1 and then one concludes by Calderón-Zygmund theory that a solution u to
(1.1) actually belongs to W 2,1

loc (B) ⊂ C0(B). Hélein then extended this to the general
smooth manifold case in [20], using a moving frame method to obtain an approximate
div-curl structure. More than fifteen years later, Rivière showed in his celebrated work
[34] that the harmonic map equation – and actually Euler-Lagrange equations for a
large class of conformally invariant variational functionals – can be written in the form
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−�ui = �i j · ∇u j , (1.2)

where �i j ∈ L2(B,RN ) may not be divergence free – but it is antisymmetric,

�i j = −� j i .

He then used Uhlenbeck’s Coulomb gauge [46], namely a rotation Q ∈ W 1,2(B, SO
(N )), to transform the equation (1.2) into the form

− div(Q∇u) = �Q Q∇u (1.3)

where

�Q = Q∇QT + Q�QT

is divergence free. This is good, because the (approximate) div-curl structure on the
right-hand side of (1.3) is enough to obtain continuity of solutions, cf. [36].

Since the first results of Hélein [19, 20], attempts were made to generalize this
to n-Laplace situation. This is a natural question since for n-dimensional domains
B ⊂ R

n the energy
∫

B |∇u|n is a conformally invariant variational functional. The
Euler-Lagrange equations change only slightly,

− div(|∇u|n−2∇u) = |∇u|n−2A(u)(∇u,∇u) in B. (1.4)

And indeed, for the sphere caseN = S
N−1 it is possible to extend Hélein’s approach

which was observed by several authors independently [13, 32, 43, 45]. But already for
general manifolds the regularity theory is wide open until today. In [35, III.23] Rivière
asked the following question about regularizing effects of antisymmetric potentials
for systems.

Question 1.1 (Rivière) Is the following true or false? If for B ⊂ R
n we have a solution

u ∈ W 1,n(B,RN ) to

− div(|∇u|n−2∇ui ) = |∇u|n−2�i j∇u j in B

where

�i j = −� j i ∈ Ln(B,Rn), i, j ∈ {1, . . . , N } (1.5)

then u is continuous.

The underlying reason that this is a very difficult question is that we do not know
how to deal with an approximate div-curl system, i.e. when the right-hand side is a
div-curl term times an L∞ ∩ W 1,n-map. Also the Hardy-space looses its relevance,
[12]. See [40] for a survey over attempts and description of the problems encountered.
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There have been several partial results regarding the above question, and we refer
again to [40] and the recent [30] for an overview. What these results have in common
is that they assume additional W 1+s, n

1+s -regularity for some s > 0.
We will not answer the question by Rivière in this work, but we present a regular-

ity result that does not require any additional differentiability, but only an improved

integrability on the zero-order curl of �. Denote by Rα = ∂α(−�)− 1
2 the Riesz

transforms (zero-order α-derivatives). By L(p,q) we denote the Lorentz space, cf.
Section2.2. Then we have the following result

Theorem 1.2 Let B ⊂ R
n be a ball. Assume that u ∈ W 1,n(B,RN ) solves the equa-

tion

− div(|∇u|n−2∇ui ) = �i j · |∇u|n−2∇u j in B

where we assume antisymmetry, i.e. (1.5), boundedness in L(n,2)

‖�‖L(n,2)(B) < ∞,

and additionally a zero-order curl condition

max
i, j=1,...,N

max
α,β∈{1,...,n} ‖Rα�

β
i j −Rβ�α

i j‖L(n,1)(B) < ∞ (1.6)

Then u is continuous in B.

The antisymmetry assumption (1.5) is crucial, since the usual log log 1/|x |-example
can be used to construct counterexamples otherwise, cf. [22, 26].

An immediate corollary for which we have no application whatsoever is the fol-
lowing.

Corollary 1.3 There exists a γ ∈ (0, 1) such that the following holds. Let B ⊂ R
n be

a ball.
Assume that u ∈ W 1,n(B,RN ) solves the equation

div(|∇u|n−2∇ui ) = ∇ai j |∇u|n−2∇u j in B

where ∇ai j ∈ L(n,2)(B) with

∇ai j = −∇a ji i, j ∈ {1, . . . , N }

Then u is continuous in B.

More relevantly, we observe that by Sobolev embedding (1.6) is in particular satis-
fied if ‖curl�‖

L
n
2 ,1 < ∞. From the Hölder inequality for Lorentz-spaces we conclude

the following corollary.

Corollary 1.4 There exists a γ ∈ (0, 1) such that the following holds. Let B ⊂ R
n be

a ball.
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Assume that u ∈ W 1,n(B,RN ) solves the equation

div(|∇u|n−2∇ui ) = �i j · |∇u|n−2∇u j in B

where we assume antisymmetry, i.e. (1.5), and additionally for each i, j we assume
that

�i j = Bi j ∇ai j

with Bi j ∈ L∞, ∇Bi j , ∇ai j ∈ L(n,2).
Then u is continuous in B.

Aparticular situation to which the structure of Corollary 1.4 applies is the harmonic
map equation (1.4). Namely, we obtain the following

Corollary 1.5 Let u ∈ W 1,n(B,N ) be an n-harmonic map from an n-dimensional ball
B into a smooth manifold without boundary N ⊂ R

N , i.e. a solution to (1.4). If we
additionally assume ∇u ∈ L(n,2)(B) then u is continuous.

By Sobolev embedding theorem, Corollary 1.5 contains in particular all previous
partial results for harmonic maps that were discussed in [40] and the recent [30,
Theorem 1.2] – without any assumption on additional differentiability. In particular
we obtain a positive answer to [30, Question 1.3 and Question 1.4].

As for the proof of Theorem 1.2, using absolute continuity of norms, choosing the
Riviere–Uhlenbeck’s Coulomb gauge, Corollary 3.3, we are able to reduce Theorem
1.2 to the following

Theorem 1.6 Assume that u ∈ W 1,n(B,RN ) solves the equation

− div(Q|∇u|n−2∇ui ) = �i j · |∇u|n−2∇u j in B (1.7)

where we assume Q ∈ W 1,n(B, SO(N )) and �i j ∈ L(n,1)(B,Rn). Then u is
(Hölder-)continuous in B.

Observe that ‖∇Q‖Ln(B) < ∞ implies in particular that Q ∈ V M O . So in the spirit
of linear theory of elliptic equations with VMO-coefficients, see e.g. [24], or scalar
p-Laplace type equations, see e.g. [4], a result like Theorem 1.6 might be expected.
But again, our system is not in the standard form of p-Lapace systems because of Q
being a matrix. Limiting estimates for p-Laplace systems with Lorentz spaces were
also discussed in [8] for nonautonomous variational problems and in [27] for energy
solutions. In particular it is proven that if u ∈ W 1,p(B;RN ) for some p > 1 and
a : B → R satisfy

• There exists 0 < ν < L < ∞ such that ∀x ∈ B, ν ≤ a(x) ≤ L ,
• ∇a ∈ L(n,1)(B),
• div

(
a|∇u|p−2∇u

) ∈ L(n,1)(B),

then ∇u is continuous. The choice a ≡ 1 leads the following implication: �pu ∈
L(n,1)(B;RN ) ⇒ ∇u ∈ C0.
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For Q ≡ I , Theorem 1.6 was proven by Duzaar–Mingione [11] and it follows
relatively easily, while not being explicitly stated, with Kuusi–Mingione vectorial
approximation techniques [28]. Indeed, [28] was a substantial inspiration behind the
present work. The main obstacle is that we have the rotation Q ∈ Ẇ 1,n(Rn, SO(N ))

– which does not fit in the framework of [28] and makes the n-Laplace system non-
standard.

For example we were not able to prove a corresponding n-harmonic approxima-
tion result, [28, Section 4]. Nevertheless, heavily inspired by the Kuusi–Mingione
techniques we circumvent the n-harmonic approximation argument with the help of
Iwaniec’ stability result, [23], which leads to an estimate (in our particular situation)
that rhymes with corresponding Kuusi–Mingione’s estimates in [28, Section 5]. From
this, by a covering argument we obtain the following Calderón-Zygmund type result,
which is probably interesting on its own. See Proposition 5.1 for a more flexible
statement we are going to use in the proofs.

Proposition 1.7 There exists a small τ > 0, 
 > 0 and α ∈ (0, 1) such that for
suitably small ε and even smaller γ = γ (ε) we have the following.

Assume f ∈ L1(Bn(0, 1);RN ), G ∈ L
n

n−1 (B(0, 1);Rn⊗R
N ), Q ∈ W 1,n(B(0, 1);

SO(N )) and u ∈ W 1,n(B(0, 1);RN ) satisfy the system

−div(|∇u|n−2Q∇u) = f + divG in B(0, 1)

with the bound

‖∇Q‖Ln(B(0,1)) ≤ γ.

Then

‖∇u‖L(n,∞)(B(0,τ )) ≤ 


(

‖ f ‖
1

n−1
L1(B(0,1))

+ ‖G‖
1

n−1
L

n
n−1 (B(0,1))

)

+ 
‖∇u‖Ln−ε(B(0,1))

+1

2
‖∇u‖L(n,∞)(B(0,1)).

An adaptation of the argument in the proof of Theorem 1.6 leads to the following
corollary for the n-dimensional version of the prescribed mean curvature equation,
shortly H -system. This has been considered by several authors also since the 1990s,
e.g. [9, 10, 14, 26, 30–32, 39, 40, 44, 47] – observe that Theorem 1.2 is not directly
applicable, because the the curl condition is likely not reasonable.

Corollary 1.8 Let H : Rn+1 → R be bounded and globally Lipschitz. Assume u ∈
W 1,n(B,Rn+1) satisfies

− div(|∇u|n−2∇u) = H(u) ∂1u × ∂2u × · · · × ∂nu in B

If ∇u ∈ L(n, n
n−1 )(B,Rn) then u is continuous in B.
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Before we get to the outline of this paper, let us discuss a few extensions, and
limitations of our result. First of all, we assume Q(x) ∈ SO(N ) in Theorem 1.6 for the
sake of presentation and simplicity, because this is what we have from Theorem 1.2. It
is elementary to adapt the result to Q(x) ∈ GL(N ), where ‖Q‖L∞+‖Q−1‖L∞ < ∞.
Additionally, we can replace the right-hand side in (1.7) by �i j · |∇u|n−2∇u j + fi

where fi ∈ L p for p > 1 and still have the same result. We leave the details to the
reader.

Outline of the paper

In Sect. 2 we discuss preliminaries, such as norms and operators, Lorentz spaces,
but also the commutator estimates we need. In Sect. 2.4 we also discuss a somewhat
special case of a Hodge decomposition with estimates we couldn’t readily find in the
literature. In Sect. 3 we introduce Uhlenbeck’s Coulomb gauge, i.e. the rotation Q and
show how after rotation the antisymmetric potential improves on the Lorentz space
scale. This will show that Theorem 1.2 is a consequence of Theorem 1.6. In Sect. 4
we begin by using Iwaniec’ stability arguments to obtain Ln−ε-estimates of rotated
n-harmonic systems. While Lemma 4.1 is standard, Lemma 4.2 is the estimate that
will lead to estimates that we can use for a Kuusi–Mingione scheme as in [28]. The
latter we carry out in Sect. 5, where we prove a more flexible version of Proposition
1.7, namely Proposition 5.1. The latter we use in Sect. 6 to obtain a decay estimate
in the Ln−ε and L(n,∞) norm from which we conclude Hölder continuity, i.e. we
prove Theorem 1.6. In Sect. 7 we apply our results to n-harmonic maps and establish
Corollary 1.5, and in Sect. 8 we prove the result for H -systems, Corollary 1.8.

Notation

Throughout the paper we will assume n ≥ 3. Given two numbers A and B and a
parameter p, we denote A �p B for an inequality of the form A ≤ cB, where c is a
constant depending only on n, N and p. We denote A � B when the constant c in the
inequality A ≤ cB depends only on n and N .

2 Preliminaries and commutator estimates

2.1 Operators and norms

We recall the definition of the Riesz transforms R f applied to f ∈ L p(Rn), p ∈
(1,∞).

R f := F−1
(

i
ξ

|ξ |F f (ξ)

)

,

where F is the Fourier transform. This can be equivalently written as

R f (x) = cP.V .

∫

Rn

x − y

|x − y|n+1 f (y) dy.
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Observe that R f is a vector, R f = (R1 f , . . . ,Rn f ).
We will also use the fractional Laplacian

|D|s f = F−1(|ξ |sF f (ξ)
)
.

It is useful to observe that Riesz transform and half-Laplacian combine to a derivative
(and in this senseRα is a zero-order derivative in direction α),

Rα|D|1 f = −c∂α f .

The BMO-norm for b ∈ L1
loc(R

n) is given by

[b]B M O := sup
x∈Rn ,r>0

∫

B(x,r)

|b − (b)B(x,r)|,

where we denote the mean value

(b)B(x,r) := 1

|B(x, r)|
∫

B(x,r)

b =
∫

B(x,r)

b.

2.2 Lorentz spaces andmaximal functions

Here we recall the definitions and relevant properties of Lorentz spaces, with applica-
tions to maximal functions. For further reading, see [1, 16].

Let � ⊂ R
n be an open set. Given a function f : � → R, we define its decreasing

rearrangement f ∗ : [0,∞) → [0,∞) by

∀t > 0, f ∗(t) := inf {λ ≥ 0 : |{x ∈ � : | f (x)| > λ}| ≤ s} .

We also consider the following transformation of f ∗:

∀t > 0, f ∗∗(s) := 1

s

∫ s

0
f ∗(t)dt .

Given p ∈ (0,∞) and q ∈ (0,+∞], we define the Lorentz norm L(p,q)(�) as

‖ f ‖L(p,q)(�) :=

⎧
⎪⎨

⎪⎩

(
∫∞
0

(
f ∗∗(s)s

1
p

)q
ds
s

) 1
q

if q < ∞,

sups>0 s
1
p f ∗∗(s) if q = ∞.
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This quantity is actually a norm only when p, q ≥ 1. We also define equivalent
quantities which are more useful in practice:

[ f ]L(p,q)(�) :=

⎧
⎪⎨

⎪⎩

(
∫∞
0

(
f ∗(s)s

1
p

)q
ds
s

) 1
q

if q < ∞,

sups>0 s
1
p f ∗(s) if q = ∞.

When q = ∞, we will use an alternative form

[ f ]L(p,∞)(�) = sup
λ>0

λ|{x ∈ � : | f (x)| > λ}| 1p .

For any p ∈ (1,∞) and q ∈ (0,+∞], there exists a universal constant c(p, q) > 1
such that for any f ∈ L(p,q)(�)

[ f ]L(p,q)(�) ≤ ‖ f ‖L(p,q)(�) ≤ c(p, q)[ f ]L(p,q)(�).

Lorentz spaces are refinements of the Lebesgue spaces in the following sense. Given
0 < q < p < r ≤ +∞ and |�| < ∞, it holds

Lr (�) = L(r ,r)(�) ⊂ L(p,r)(�) ⊂ L(p,p)(�) = L p(�) ⊂ L(p,q)(�)

⊂ L(q,q)(�) = Lq(�).

The Lorentz norms have the same behaviour as the Lebesgue spaces in the following
sense:

• There is a Hölder inequality for Lorentz spaces. Given p1, p2, q1, q2 ∈ [1,∞]
such that 1 = 1

p1
+ 1

p2
and 1 = 1

q1
+ 1

q2
, there exists c = c(p1, p2, q1, q2) > 0

such that for any f ∈ L(p1,q1)(�) and g ∈ L(p2,q2)(�):

‖ f g‖L1(�) ≤ c‖ f ‖L(p1,q1)(�)‖g‖L(p2,q2)(�).

• Given r > 0 and p ∈ (0,∞) and q ∈ (0,∞], it holds

‖ f r‖L(p,q)(�) = ‖ f ‖r
L(pr ,qr)(�)

.

Given a cube Q0 ⊂ R
n , we define the sharp maximal function: for any x ∈ Q0,

M�
Q0

f (x) := sup

{∫

Q
| f − ( f )Q | : Q ⊂ Q0, x ∈ Q, Q is a cube

}

.

Thanks to [1, Chapter 5, Theorem 7.3, p.377], we have a pointwise lower bound on
the rearrangements M�

Q0
:
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Theorem 2.1 There exists a universal constant c = c(n) > 0 such that for any cube
Q0 ⊂ R

n and any f ∈ L1(Q0), it holds

∀t ∈
(

0,
|Q0|
6

)

, f ∗∗(t)− f ∗(t) ≤ c(M�
Q0

f )∗(t).

2.3 Commutator estimates

It is well known that the Riesz transforms are bounded on L p(Rn), namely

Theorem 2.2 (Calderón-Zygmund theorem) For p ∈ (1,∞) there exists a constant
C such that the following holds for all f ∈ L p(Rn)

‖R f ‖L p(Rn) ≤ C‖ f ‖L p(Rn).

When f is a product of functions, cancellations can appear, which is the harmonic
analysis reason for many compensated compactness type results. The fundamental
estimate is the following

Theorem 2.3 (Coifman-Rochberg-Weiss commutator theorem, [6]) For p ∈ (1,∞)

there exists a constant C such that the following holds.
For any b ∈ L∞(Rn) and f ∈ L p(Rn) we have

[R, b]( f ) := R(b f )− bR( f ) ∈ L p(Rn)

with the estimate

‖[R, b]( f )‖L p(Rn) ≤ C [b]B M O ‖ f ‖L p(Rn).

Weneed a special version inLorentz spaces, that can be proven e.g.with themethods
in [29, Theorem 6.1.].

Theorem 2.4 (Coifman-Rochberg-Weiss commutator theorem, [6]) For p ∈ (1,∞),
q1, q2, q3 ∈ [1,∞] such that

1

q1
= 1

q2
+ 1

q3

there exists a constant C such that the following holds.
For any b ∈ L∞(Rn) and f ∈ L p(Rn) we have the estimate

‖[R, b]( f )‖L(p,q1)(Rn) ≤ C ‖∇b‖L(n,q2)(Rn) ‖ f ‖L(p,q3)(Rn).

For vectorfields G ∈ L p(Rn,Rn)wewill use the following notation, the zero-order
divergence R·,

‖R · G‖L p(Rn) := ‖
n∑

α=1
RαGα‖L p(Rn),
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and the zero-order curl, R⊥,
∥
∥
∥R⊥G

∥
∥
∥

L p(Rn)
:= max

α,β∈{1,...,n} ‖RαGβ −RβGα‖L p(Rn),

We have the following stability result by Iwaniec–Sbordone [23]. For a proof, inspired
by [37], we refer to [21, Theorem 13.2.1]. Observe that R⊥∇u = 0.

Theorem 2.5 (Iwaniec stability result [23]) For any 1 < p1 < p2 < ∞ there
exists ε0 > 0 and a constant C = C(p1, p2) such that whenever ε ∈ (−ε0, ε0) and
p ∈ (p1, p2) then

∥
∥
∥R⊥ (|∇u|ε∇u

)∥∥
∥

L
p

1+ε (Rn)
≤ C |ε|‖∇u‖1+ε

L p(Rn)

whenever the right-hand side is finite.

Let us remark that it is unclear to what extend the statement of Theorem 2.5 holds for
Lorentz spaces (with uniform constant C). The operator in question is nonlinear, and
not always Lipschitz, so interpolation obtains unsatisfactory dependencies of C on ε;
See also [40, Problem 3.2.].

2.4 Hodge decomposition

It is not difficult to show, [21, (10.68),(10.69),(10.70)], that for any f ∈ L p(Rn;Rn),
p ∈ (1,∞), q ∈ [1,∞], we have

‖ f ‖L(p,q)(Rn) ≈ ‖R · f ‖L(p,q)(Rn) + ‖R⊥ f ‖L(p,q)(Rn) (2.1)

This is essentially a consequence of Hodge decomposition in R
n .

The main goal of this section is the following Hodge decomposition on a ball
without harmonic term.

Proposition 2.6 (Hodge decomposition) Let p ≥ 2. Assume that F ∈ C∞
c (B,Rn)

then there exist a ∈ W 1,p
0 (B(0, 1)) and B ∈ W 1,p(B(0, 1),Rn) such that

F = ∇a + B in B(0, 1) (2.2)

and we have the estimates

‖a‖W 1,p(B(0,1)) � ‖R · F‖L p(Rn), (2.3)

and

‖B‖L p(B(0,1)) � ‖R⊥F‖L p(Rn) (2.4)
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Decompositions such as the one in (2.2) are well-known, cf. [7, 25]. What is,
however, crucial for us are the estimates (2.3), (2.4) – and we are not aware of them
being readily available in the literature.

In order to prove Proposition 2.6 we will use the notion of differential forms, for
which we refer the reader to [7, 25]. With

i : ∂ B(0, 1) → B(0, 1)

we denote the inclusion map. We write
∧k B(0, 1) the set of functions defined on

B(0, 1) with values into k-forms on R
n . Given ω ∈ ∧k B(0, 1), we can write ω in

coordinates

ω =
∑

I∈I
ωI dxI ,

where I = {(i1, . . . , ik), 1 ≤ i1 < i2 < . . . < ik ≤ n} are ordered tuples and ωI

are functions. We say that ω belongs to W 1,p(
∧k B(0, 1)) if ωI ∈ W 1,p(B(0, 1)) for

all I ∈ I.
By d we denote the differential and by d� = �d� we denote the co-differential,

where � is the Hodge star operator.

Lemma 2.7 Assume p ∈ [2,∞). Assume F ∈ C∞
c (
∧1 B(0, 1)). Then there exists

a ∈ W 1,p
0 (B(0, 1)) such that

{
d�da = d�F in B(0, 1),

a = 0 on ∂ B(0, 1),
(2.5)

and we have

‖a‖W 1,p(B(0,1)) � ‖R · F‖L p(Rn). (2.6)

Proof We simply solve

{
�a = div F in B(0, 1)

a = 0 on ∂ B(0, 1).

Using that a is a zero-form, and thus d�a = 0 we observe that this is equivalent to
(2.5).

For the estimate (2.6) we let ϕ ∈ C∞
c (B(0, 1)). By the support of F

∫

B(0,1)
div Fϕ =

∫

Rn
div F ϕ =

∫

Rn
R · F |D|1ϕ � ‖R · F‖L p(Rn) ‖|D|1ϕ‖L p′ (Rn)

Since

‖|D|1ϕ‖L p′ (Rn)
� ‖∇ϕ‖L p′ (Rn)

� ‖ϕ‖W 1,p′ (B(0,1)),
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we conclude that

‖�a‖(
W 1,p′

0 (B(0,1))
)∗ � ‖R · F‖L p(Rn).

Standard Calderón-Zygmund estimates imply (2.6). ��
Lemma 2.8 Let p ∈ [2,∞). Assume F ∈ C∞

c (
∧1 B(0, 1)). Then there exists b ∈

L p(
∧2 B(0, 1)) ∩ C1(

∧2 B(0, 1)), such that

⎧
⎪⎨

⎪⎩

dd�b = d F in B(0, 1),

db = 0 in B(0, 1),

i∗(d�b) = 0 on ∂ B(0, 1),

(2.7)

such that

‖b‖W 1,p(B(0,1)) � ‖R⊥F‖L p(Rn). (2.8)

Proof Let

X =
{

η ∈ W 1,2
(∧2

B(0, 1)

)

, dη = 0 in B(0, 1)

}

,

which is clearly a closed subset of W 1,2
(∧2 B(0, 1)

)
. Consider the energy

E(b) :=
∫

B(0,1)

1

2
〈d�b, d�b〉 + 〈F, d�b〉.

Let (bk)k∈N ⊂ X be a minimizing sequence in X for E .
Clearly we may assume E(bk) ≤ E(0) = 0, and then we have

sup
k
‖d�bk‖2L2(B(0,1)) � ‖F‖2L2(B(0,1)).

By [25, Theorem 6.3.], there exists hk ∈ W 1,2(
∧2 B(0, 1)), dhk = 0, d�hk = 0, [25,

(3.18)], such that

‖bk − hk‖W 1,2(
∧2 B(0,1)) � ‖dbk‖L2(B(0,1))︸ ︷︷ ︸

=0

+‖d�bk‖L2(B(0,1)),

i.e.

‖bk − hk‖W 1,2(
∧2 B(0,1)) � ‖d�(bk − hk)‖L2(B(0,1)) � ‖F‖L2(B(0,1)).

Observe that bk − hk still belongs to X , so we might as well assume hk = 0.
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Then bk is uniformly bounded in W 1,2(
∧2 B(0, 1)), and up to taking a subsequence

converges weakly in W 1,2(
∧2 B(0, 1)) to some b ∈ X . Clearly we have weak lower

semicontinuity of E(b) w.r.t. weak W 1,2-convergence, so we have found a minimizer
b ∈ X of E .

Now for the equation: For φ ∈ C∞(
∧2 B) with dφ = 0 then b + tφ ∈ X , and

d
dt

∣
∣
∣
t=0E(b + tφ) = 0 implies

∫

B
〈d�b, d�φ〉 + 〈F, d�φ〉 = 0.

For a general ϕ ∈ C∞(
∧2 B(0, 1)), cf. [25, (5.8)], we find φ ∈ C∞(

∧2 B(0, 1)),
dφ = 0 in B(0, 1), and ψ ∈ C∞(

∧3 B(0, 1)) such that

ϕ = φ + d�ψ

Since d� ◦ d� = 0 we conclude
∫

B(0,1)
〈d�b, d�ϕ〉 + 〈F, d�ϕ〉 = 0 for allϕ ∈ C∞(

∧2
B(0, 1)). (2.9)

An integration by parts, [7, Theorem 3.28], implies

∫

B(0,1)
〈d�b + F, d�ϕ〉 +

∫

B(0,1)
〈dd�b + d F, ϕ〉

=
∫

∂ B(0,1)
〈ν ∧ (d�b + F

)
, ϕ〉,

where ν ∈∧1
∂ B(0, 1) denotes the outwards facing unit norm (as a form). This gives

the interior equation (2.7) for b. For the boundary data we observe from the above
equality that

ν ∧ (d�b + F) = 0 on ∂ B(0, 1).

By [7, Corollary 3.21], this is equivalent to the condition

i∗(d�b + F) = 0 on ∂ B(0, 1).

Since F has zero boundary data we have i∗(F) = 0, so i∗(d�b) = 0. Thus b is a
solution to the equation (2.7). In the previous arguments we have already used that b
is smooth, which follows as in [7, Theorem 6.12], but our main burden is to prove the
estimate (2.8).

Letψ ∈ C∞(
∧2 B(0, 1)),ψ = ψαβdxα∧dxβ , and denote by Eψ ∈ C∞

c (
∧2

R
n)

an extension with

‖Eψ‖W k,q (Rn) �k,q ‖ψ‖W k,q (B(0,1)).
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Since F = Fαdxα vanishes outside of B(0, 1), we have

∫

B(0,1)
〈F, d�ψ〉 =

∫

Rn
〈F, d�Eψ〉

=
∑

α,β

∫

Rn
Fβ ∂α Eψαβ

ψαβ=−ψβα=
∑

α,β

∫

Rn

(
Fβ ∂α Eψαβ − Fα ∂β Eψαβ

)

=
∑

α,β

∫

Rn

(Rα

(
Fβ

)−Rβ (Fα)
) |D|1Eψαβ

�‖R⊥F‖L p(Rn)‖ψ‖W 1,p′ (B(0,1))

From (2.9) we thus conclude

∣
∣
∣
∣

∫

B(0,1)
〈d�b, d�ψ〉

∣
∣
∣
∣ � ‖R⊥F‖L p(Rn)‖ψ‖W 1,p′ (

∧1 B(0,1)). (2.10)

By duality, we may find η ∈ C∞
c (
∧1 B) with ‖η‖L p′ (B(0,1)) ≤ 1 such that

‖d�b‖L p(B(0,1)) ≤ 2

∣
∣
∣
∣

∫

B(0,1)
〈d�b, η〉

∣
∣
∣
∣ .

By Hodge decomposition of η, [25, (5.16)],

η = d�ψ + φ in B(0, 1),

where φ = dα + h, with α ∈ W 1,p(
∧0 B(0, 1)) satisfying i∗(dα) = 0 on ∂ B(0, 1)

and h ∈ L p(
∧1 B(0, 1)) verifying dh = 0, d�h = 0 in B(0, 1) and i∗h = 0 on ∂ B.

Thus, [7, Corollary 3.21.] and [7, Theorem 3.23.]

{
dφ = 0 in B(0, 1)

ν ∧ (dα + h) = 0 on ∂ B(0, 1).

and we have [25, (5.18)],

‖ψ‖W 1,p(B(0,1)) � ‖η‖L p(B(0,1)).

Integration by parts, [7, Theorem 3.28], implies

∫

B(0,1)
〈d�b, φ〉 +

∫

B(0,1)
〈 dφ
︸︷︷︸
=0

, b〉 =
∫

∂ B(0,1)
〈ν ∧ φ
︸ ︷︷ ︸
=0

, b〉.
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Consequently,

‖d�b‖L p(B(0,1)) ≤2
∣
∣
∣
∣

∫

B(0,1)
〈d�b, d�ψ〉

∣
∣
∣
∣

(2.10)

� ‖R⊥F‖L p(Rn).

We apply once more [25, Theorem 6.3.] to find h ∈ W 1,p(
∧2 B(0, 1)), dh = 0,

d�h = 0, such that

‖b − h‖W 1,p(
∧2 B(0,1)) � ‖ db︸︷︷︸

=0
‖L p(

∧3 B(0,1))‖d�b‖L p(
∧2 B(0,1)) � ‖R⊥F‖L p(Rn).

Setting b̄ := b−h we observe that b̄ still satisfies (2.7) but also (2.8).We can conclude.
��

Proof of Proposition 2.6 We take a from Lemma 2.7 and b from Lemma 2.8, which
satisfy the claimed estimates.

Set

h := F − da − d�b ∈ C∞(
∧1

B(0, 1)).

We can conclude once we show

h ≡ 0 in B(0, 1). (2.11)

For (2.11) we observe by the choice of b from Lemma 2.8,

dh = d F − dd�b = 0 in B(0, 1)

and by the choice of a from Lemma 2.7

d�h = d�F − dd�a in B(0, 1).

So h is harmonic, dh = 0, d�h = 0.
By assumption we have

i∗F = 0 on ∂ B(0, 1)

Since

i∗(a) = 0, so i∗(da) = 0,

and

i∗(d�b) = 0,

123



Regularizing properties of n-Laplace systems...

we conclude i∗h = 0. By Poincaré lemma we may write h = dh̃, where h̃ is a 0-form,
that is to say a function. Then we have

{
�h̃ = 0 in B(0, 1)

∂τ h = 0 on ∂ B(0, 1)

The boundary condition means that h̃ is constant on ∂ B(0, 1), thus h̃ is constant, and
consequently h = dh̃ = 0. We have established (2.11) and we can conclude. ��

Our goal in Sect. 4 is to apply Proposition 2.6 to terms of the form

Fi = Qi j |∇w|−ε∇w j

where w ∈ W 1,n−ε
0 (B(0, 1)) and Qi j ∈ L∞ ∩ W 1,n(B(0, 1)).

Observe that this implies that for p ∈ [2, n−ε
1−ε

] we can approximate Fi by Fi;δ ∈
L p(
∧1

R
n) ∩ C∞

c (
∧1 B(0, 1)), by considering

Fi;δ = Qi j;δ(|∇wδ| + δ)−ε∇w
j
δ

and w
j
δ ∈ C∞

c (B(0, 1)), Qi j;δ ∈ C∞(Rn,RN×N ) the usual approximations, and we
have

‖Fi;δ − Fi‖L p(Rn)
δ→0−−→ 0.

That is, we have the following as a consequence of Proposition 2.6.

Corollary 2.9 Assume w ∈ W 1,n
0 (B(0, 1)) and Q ∈ W 1,n(B(0, 1),Rn×n). There exist

ai ∈ W 1,p
0 (B(0, 1)) and Bi ∈ W 1,p(B(0, 1),Rn) such that

Qi j |∇w|−ε∇w j = ∇ai + Bi in B(0, 1)

and we have the following estimates for all small ε > 0

‖a‖
W

1, n−ε
1−ε (B(0,1))

� ‖Q̃‖L∞‖∇w‖1−ε
Ln−ε(B(0,1)),

and

‖B‖
L

n−ε
1−ε (B(0,1))

�
(
|ε| ‖Q̃‖L∞ + [Q̃]B M O

)
‖∇w‖1−ε

Ln−ε(B(0,1))

Here Q̃ is any extension of Q to R
n.

123



D. Martino, A. Schikorra

Proof The estimate for a follows from boundedness of the Riesz transform, Theorem
2.2, and Hölder’s inequality. The estimate for B is a consequence of commutator
estimates,

‖R⊥ (Q̃i j |∇w|−ε∇w j
)
‖

L
n−ε
1−ε (Rn)

� [Q̃]B M O‖∇w‖1−ε
Ln−ε(B(0,1)) + ‖Q̃‖L∞‖R⊥ (|∇w|−ε∇w j

)
‖

L
n−ε
1−ε (Rn)

� [Q̃]B M O‖∇w‖1−ε
Ln−ε(B(0,1)) + ‖Q̃‖L∞|ε|‖∇w‖1−ε

Ln−ε(B(0,1))

where in the first line we used Theorem 2.3 and in the second Theorem 2.5. ��

3 Choice of gauge: Theorem 1.6 implies Theorem 1.2

The Uhlenbeck gauge was introduced in [46], the application to harmonic maps is due
to Rivière [34]. See also [38] for a variational method, [15, Theorem 1.2] for n ≥ 3.
The following result is also often used in the theory of wave maps, see e.g. [42].

Proposition 3.1 (Uhlenbeck’s Coulomb gauge) There exists γ > 0 and C > 0 such
that the following holds.

Assume that �i j ∈ Ln(Rn,Rn) is antisymmetric, i.e. �i j = −� j i , and assume

‖�i j‖Ln(Rn) ≤ γ

Then there exists Q ∈ L∞(Rn, SO(N )), such that

‖∇Q‖Ln(Rn) ≤ C‖�‖Ln(Rn),

and we have for

�Q := Q∇QT + Q�QT

div(�Q) = 0 in R
n . (3.1)

Since Proposition 3.1 in this form is usually stated on domains such as balls, or with
W 1, n

2 -assumptions on �, we sketch the proof.

Proof Fix R > 0 and set

�R(x) := R�(R·).

Observe that

‖�‖Ln(B(0,1)) = ‖�‖Ln(B(0,R)) ≤ γ.
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By e.g. [15, Theorem 1.2], if γ is small enough, there exists P̃R ∈ W 1,n(B(0, 1),
SO(N )) such that

div(P̃R∇ P̃T
R + P̃R�R P̃T

R ) = 0 in B(0, 1)

and P̃R − I ∈ W 1,n
0 (B(0, 1),RN×N ), where I is the identity matrix in RN×n , and

‖∇ P̃R‖Ln(B(0,1)) �n,N ‖�R‖Ln(B(0,1)) ≤ ‖�‖Ln(Rn).

Setting

PR :=
{

P̃R(·/R) in B(0, R)

I in Rn \ B(0, R)

we have

div(PR∇PT
R + PR�PT

R ) = 0 in B(0, R),

moreover PR ∈ W 1,n
loc (Rn, SO(N )), and

‖∇PR‖Ln(Rn) �n,N ‖�‖Ln(Rn).

In particular, up to taking a subsequence R →∞ we find that PR converges to some
Q ∈ L∞(Rn, SO(N )), ∇Q ∈ Ln(Rn) and, using Rellich’s theorem

div(Q∇QT + Q�QT ) = 0 in Rn

and

‖∇Q‖Ln(Rn) ≤ lim inf
R→∞ ‖∇PR‖Ln(Rn) �n,N ‖�‖Ln(Rn).

��
Our main point of view is that instead of using the divergence-free condition (3.1)

directly in the equation, as is usually done in the (n-)harmonic map theory, we use
the condition to improve the regularity of �Q , as is often done, e.g., in wave maps
[42]. Namely, the Uhlenbeck gauge regularizes with the regularity of � and curl�.
Precisely we have

Proposition 3.2 Take γ sufficiently small – possibly smaller than the one Proposition
3.1. Then under the assumptions of Proposition 3.1 we have additionally

‖∇Q‖L(n,2)(Rn) � ‖�‖L(n,2)(Rn),

and

‖�Q‖L(n,1)(Rn) � ‖�‖2L(n,2)(Rn)
+ ‖R⊥�‖L(n,1)(Rn),

whenever the right-hand sides are finite.
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Proof From (3.1) we have

R · (Q∇QT + Q�T Q) = 0 in Rn .

Since c|D|1 = −R · ∇,

c|D|1QT = QT [R·, Q](∇QT )+ QTR · (Q�QT ) in Rn .

Consequently we have in view of Theorem 2.4 for any q ∈ [1,∞],

‖|D|1Q‖L(n,q)(Rn) � ‖Q‖L∞ ‖∇Q‖2Ln,2q (Rn)
+ ‖�‖Ln,q (Rn).

Applying this estimate iteratively for q = n
2 , n

4 , . . . , 2, using that L(n,n) = Ln , and
observing that since γ < 1 we can estimate high powers of γ by γ for convenience,

‖∇Q‖L(n,2)(Rn) � ‖∇Q‖Ln(Rn) + ‖�‖L(n,2)(Rn) � ‖�‖Ln(Rn) + ‖�‖L(n,2)(Rn)

� 2‖�‖L(n,2)(Rn).

Nowwe observe thatR⊥∇ = 0 and thus, observing also our standing assumption that
n ≥ 3,

‖�Q‖L(n,1)(Rn)

(2.1)

� ‖R ·�Q
︸ ︷︷ ︸

=0
‖L(n,1)(Rn) + ‖R⊥�Q‖L(n,1)(Rn)

� ‖R⊥(Q∇QT )‖L(n,1)(Rn) + ‖R⊥(Q�QT )‖L(n,1)(Rn)

� ‖[R⊥, Q](∇QT )‖L(n,1)(Rn) + ‖[R⊥, Q]�‖L(n,1)(Rn) + ‖R⊥�‖L(n,1)(Rn)

� ‖∇Q‖2L(n,2)(Rn)
+ ‖∇Q‖L(n,2)(Rn)‖�‖L(n,2)(Rn) + ‖R⊥�‖L(n,1)(Rn).

In the last step we used Theorem 2.4. ��
Corollary 3.3 There exists γ > 0 such that the following holds. Consider the setting
of Theorem 1.2: let B ⊂ R

n be a ball and assume that u ∈ W 1,n(B;RN ) solves the
system

−div
(
|∇u|n−2∇ui

)
= �i j |∇u|n−2∇u j in B,

where �i j ∈ Ln(B) satisfies �i j = −� j i and

‖�‖L(n,2)(B) + ‖R⊥�‖L(n,1)(Rn) ≤ γ.

Then there exists Q ∈ W 1,n(B; SO(N )) such that the assumptions of Theorem 1.6
are satisfied: ‖∇Q‖Ln(B) � γ and u solves a system of the form

−div
(
|∇u|n−2Q∇ui

)
= �̃i j |∇u|n−2∇u j in B,

where ‖�̃‖L(n,1)(B) � γ .
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Proof We observe that we have

− div(Q|∇u|n−2∇u) = (−∇Q + Q�) |∇u|n−2∇u.

We extend� toRn by zero, and choose Q from Proposition 3.1. Observe (∇Q)QT =
−Q∇QT , so from Proposition 3.2 and the assumptions of Theorem 1.2 we find

‖∇Q + Q�‖L(n,1) = ‖�Q Q‖L(n,1) � γ,

and

‖∇Q‖Ln(Rn) � γ.

Thus the assumptions of Theorem 1.6 are satisfied. ��

4 Estimates below the natural exponent

Throughout this section, we denote B1 the unit ball ofRn and B(r) the ball with same
center of B1 and radius r .

Let f ∈ L1(B1;RN ) and G ∈ L
n

n−1 (B1;Rn ⊗ R
N ). We assume that u ∈

W 1,n(B1;RN ) solves

div(Q|∇u|n−2∇u) = f + divG in B1,

where Q ∈ L∞(B1, SO(N )) and ∇Q ∈ Ln(B1,R
n ⊗ R

N ).
In this section we prove theorems that are substantially motivated by the estimates

obtained by Kuusi–Mingione [28, Section 5]. However, we were not able to use their
techniques, in particular the n-harmonic approximation, because of the presence of
Q. Instead we use the Iwaniec’ stability result, Theorem 2.5, to establish somewhat
similar behavior.

The first result is a relatively standard consequence of Iwaniec’ stability result, see
e.g. [30, Section 4.4].

Lemma 4.1 Fix σ ∈ (0, 1) and θ ∈ (0, 1
4 ), There exists ε0 = ε0(n, N , σ, θ) ∈ (0, 1)

and γ0 = γ0(n, N , σ ) ∈ (0, 1) such that the following holds:
If R < 1

2 and

‖∇Q‖Ln(B(2R)) ≤ γ0

and u ∈ W 1,n(B(2R)) satisfies

div(Q|∇u|n−2∇u) = f + divG in B(R). (4.1)
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Then for any ε ∈ (0, ε0)

(θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

≤σ R−ε‖∇u‖n−ε
Ln−ε(B(R))

+ C(σ )
(

R−ε‖∇u‖n−ε
Ln−ε(B(2R))

− (θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

)

+ C(ε, σ )

(

‖ f ‖
n−ε
n−1
L1(B(R))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(R))

)

Proof Denote for ρ > 0 the cutoff functions ηρ ∈ C∞
c (B(2ρ)), η ≡ 1 in B(ρ),

|η| ≤ 1 in Rn , and |∇ηρ | � 1
ρ
.

Let

ũ := η R
2
(u − (u)B(R))+ (u)B(R).

Observe that supp∇ũ ⊂ B(R).
And

Q̃ := η R
2
(Q − (Q)B(R))+ (Q)B(R)

for which we observe that [Q̃]B M O � ‖∇Q‖Ln(B(R)).
By Hodge decomposition on Rn

Q̃|∇ũ|−ε∇ũ = ∇ϕ + B

where for any p ∈ (1,∞), q ∈ [1,∞]

‖∇ϕ‖L(p,q)(Rn) �p,q ‖Q̃‖L∞ ‖|∇ũ|1−ε‖L(p,q)(Rn),

the constant here is independent of ε; also by Theorem 2.3 and Theorem 2.5 for all
suitably small ε > 0

‖B‖
L

n−ε
1−ε (Rn)

�
(
|ε|‖Q̃‖L∞ + [Q̃]B M O

)
‖∇ũ‖1−ε

Ln−ε(Rn)
(4.2)

We then have
∫

Rn
η R

4
|∇u|n−ε =

∫

Rn
η R

4
Q|∇u|n−2∇u : Q|∇u|−ε∇u

QT Q=I=
∫

Q|∇u|n−2∇u : η R
4
∇ϕ +

∫

Rn
Q̃|∇ũ|n−2∇ũ : η R

4
B

=
∫

Rn
Q̃|∇ũ|n−2∇ũ : ∇(η R

4
ϕ)−

∫

Rn
Q̃|∇ũ|n−2∇ũ : ∇η R

4
ϕ

+
∫

Rn
Q̃|∇ũ|n−2∇ũ : η R

4
B
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Using (4.1)

∫

Rn
η R

4
|∇u|n−ε ≤ I + I I + I I I + I V , (4.3)

where

I =
∣
∣
∣
∣

∫

Rn
f η R

4
ϕ

∣
∣
∣
∣ ,

I I =
∣
∣
∣
∣

∫

Rn
Q|∇u|n−2∇u : ∇η R

4
ϕ

∣
∣
∣
∣ ,

I I I =
∣
∣
∣
∣

∫

Rn
Q|∇u|n−2∇u : η R

4
B

∣
∣
∣
∣ ,

I V =
∣
∣
∣
∣

∫

Rn
G : ∇(η R

4
ϕ)

∣
∣
∣
∣ .

Fix δ > 0. For I , we observe as before, for any ε > 0

I � ‖ f ‖L1(B(R))‖ϕ‖L∞(Rn)

� ‖ f ‖L1(B(R))‖∇ϕ‖L(n,1)(Rn)

� ‖ f ‖L1(B(R))‖|∇ũ|1−ε‖L(n,1)(B(R))

� C(ε)‖ f ‖L1(B(R))‖|∇ũ|1−ε‖
L

n−ε
1−ε (B(R))

� C(ε)‖ f ‖L1(B(R)) Rε n−1
n−ε ‖∇u‖1−ε

Ln−ε(B(R))

� δ‖∇u‖n−ε
Ln−ε(B(R))

+ C(ε, δ)Rε
(‖ f ‖L1(B(R))

) n−ε
n−1 . (4.4)

For I I , it holds

I I � ‖Q‖L∞
1

R
‖∇u‖n−1

Ln−ε
(

B( R
2 )\B( R

4 )
) ‖ϕ‖

L
n−ε
1−ε (Rn)

� 1

R
‖Q̃‖L∞(Rn) ‖∇u‖n−1

Ln−ε
(

B( R
2 )\B( R

4 )
) ‖∇ϕ‖

L
n(n−ε)

n(1−ε)+(n−ε) (Rn)

� 1

R
‖Q̃‖L∞(Rn) ‖∇u‖n−1

Ln−ε
(

B( R
2 )\B( R

4 )
) ‖∇ũ‖1−ε

L
n(n−ε)(1−ε)

n(1−ε)+(n−ε) (Rn)

� 1

R
‖Q̃‖L∞(Rn) ‖∇u‖n−1

Ln−ε
(

B( R
2 )\B( R

4 )
) ‖∇u‖1−ε

L
n(n−ε)(1−ε)

n(1−ε)+(n−ε) (B(R))

� ‖∇u‖n−1
Ln−ε

(
B( R

2 )\B( R
4 )
) ‖∇u‖1−ε

Ln−ε(B(R))

� δ‖∇u‖n−ε
Ln−ε(B(R))

+ C(δ)‖∇u‖n−ε

Ln−ε
(

B(R)\B( R
4 )
). (4.5)
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Observe that the constants are independent of εwhen ε is small, since n(n−ε)
n(1−ε)+(n−ε)

≈
n
2 . To estimate I I I , we use (4.2):

I I I � ‖Q‖L∞‖η R
4
∇u‖n−1

Ln−ε(Rn)
‖B‖

L
n−ε
1−ε (Rn)

� ‖η R
4
∇u‖n−1

Ln−ε(Rn)

(
|ε|‖Q̃‖L∞ + [Q]V M O

)
‖∇ũ‖1−ε

Ln−ε(Rn)

�
(
ε‖Q̃‖L∞ + [Q̃]V M O

)
‖∇u‖n−ε

Ln−ε(B(R))

�
(
ε + ‖∇Q‖Ln(B(R))

) ‖∇u‖n−ε
Ln−ε(B(R))

. (4.6)

For I V , it holds

I V � ‖G‖
L

n
n−1 (B(R))

‖∇(η R
4
ϕ)‖Ln(B(R))

� ‖G‖
L

n
n−1 (B(R))

(
1

R
‖ϕ‖Ln(B(R)\B( R

4 ))
+ ‖∇ϕ‖Ln(B(R))

)

� C(ε)‖G‖
L

n
n−1 (B(R))

(‖ϕ‖L∞(Rn) + ‖∇ϕ‖Ln(B(R))

)

� C(ε)‖G‖
L

n
n−1 (B(R))

(‖∇ϕ‖L(n,1)(Rn) + ‖∇ϕ‖Ln(B(R))

)

� C(ε)‖G‖
L

n
n−1 (B(R))

(
‖|∇ũ|1−ε‖L(n,1)(Rn) + ‖|∇ũ|1−ε‖Ln(B(R))

)

� C(ε)‖G‖
L

n
n−1 (B(R))

Rε n−1
n−ε ‖∇u‖1−ε

Ln−ε(B(R))

� δ‖∇u‖1−ε
Ln−ε(B(R))

+ C(ε, δ)Rε‖G‖
n−ε
n−1
L

n
n−1 (B(R))

. (4.7)

Thanks to (4.3)–(4.4)–(4.5)–(4.6)–(4.7), we have shown

(θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

≤ θ−ε2δ R−ε‖∇ũ‖n−ε
Ln−ε(B(R))

+ C(ε, δ)θ−ε

(

‖ f ‖
n−ε
n−1
L1(B(R))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(R))

)

+ C θ−ε
(
ε + ‖∇Q‖Ln(B(R))

)
R−ε‖∇u‖n−ε

Ln−ε(B(R))

+ C(δ)(θ R)−ε‖∇u‖n−ε

Ln−ε
(

B(R)\B( R
4 )
).

For the last term we observe

(θ R)−ε‖∇u‖n−ε
Ln−ε(B(R)\B(R/4)) ≤ (θ R)−ε‖∇u‖n−ε

Ln−ε(B(R)\B(θ R))

= (θ R)−ε‖∇u‖n−ε
Ln−ε(B(R))

− (θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

= R−ε‖∇u‖n−ε
Ln−ε(B(R))

− (θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

+ (θ−ε − 1)R−ε‖∇u‖n−ε
Ln−ε(B(R))

.
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So we arrive at

(θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

≤ θ−ε2δ R−ε‖∇ũ‖n−ε
Ln−ε(B(R))

+ C(δ)(θ−ε − 1) R−ε‖∇u‖n−ε
Ln−ε(B(R))

+ C(ε, δ)θ−ε

(

‖ f ‖
n−ε
n−1
L1(B(R))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(R))

)

+ C θ−ε
(
ε + ‖∇Q‖Ln(B(R))

)
R−ε‖∇u‖n−ε

Ln−ε(B(R))

+ C(δ)
(

R−ε‖∇u‖n−ε
Ln−ε(B(R))

− (θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

)
.

In a first step, for given σ > 0 we first choose δ > 0 small so that

(θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

≤ θ−ε σ

8
R−ε‖∇ũ‖n−ε

Ln−ε(B(R))

+ C(σ )(θ−ε − 1) R−ε‖∇u‖n−ε
Ln−ε(B(R))

+ C(ε, σ )

(

‖ f ‖
n−ε
n−1
L1(B(R))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(R))

)

+ Cθ−ε (ε + γ0) R−ε‖∇u‖n−ε
Ln−ε(B(R))

+ C(σ )
(

R−ε‖∇u‖n−ε
Ln−ε(B(R))

− (θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

)
.

Then we can assume that ε0 is small enough (depending on σ and θ ) so that for any
ε ∈ (0, ε0) we have θ−ε ≤ 2, Cε ≤ σ

16 and θ−ε − 1 ≤ √
ε. This last condition is

assured by the asymptotic expansion e−ε log(θ) − 1 ∼
ε→0

−ε log(θ). Then we have for

any ε ∈ (0, ε0)

(θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

≤ σ

4
R−ε‖∇ũ‖n−ε

Ln−ε(B(R))

+ C(σ )
√

ε R−ε‖∇u‖n−ε
Ln−ε(B(R))

+ C(ε, σ )

(

‖ f ‖
n−ε
n−1
L1(B(R))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(R))

)

+
(σ

8
+ 2Cγ0

)
R−ε‖∇u‖n−ε

Ln−ε(B(R))

+ C(σ )
(

R−ε‖∇u‖n−ε
Ln−ε(B(R))

− (θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

)
.

Next we reduce again ε0 so that for any ε ∈ (0, ε0) we can absorb C(σ ), and we
choose γ0 > 0 such that 2Cγ0 ≤ σ

1000 :

(θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

≤ σ

2
R−ε‖∇ũ‖n−ε

Ln−ε(B(R))

+ C(ε, σ )

(

‖ f ‖
n−ε
n−1
L1(B(R))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(R))

)

+ C(σ )
(

R−ε‖∇u‖n−ε
Ln−ε(B(R))

− (θ R)−ε‖∇u‖n−ε
Ln−ε(B(θ R))

)
.

��
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Lemma 4.1 is not enough to conclude regularity for n-harmonic map systems or
similar equation because ‖ f ‖L1 decays in terms of ‖∇u‖Ln , not ‖∇u‖Ln−ε . This is
the main reason for all the additional differentiability assumptions in the literature, cf.
[40].

The following result is motivated by the iterative estimates as in [28, Lemma 5.2
or Proposition 5.1]. Kuusi–Mingione developed a n-harmonic approximation the-
ory for this [28, Section 4]– which we were note able to reproduce for our operator
div(Q|∇u|n−2∇u) because of the rotation Q. Instead, we turn to Iwaniec’ stability
theorem to obtain comparable estimates without harmonic approximation – which
works because we consider W 1,p for p ≈ n, so Iwaniec’ stability allows us to move
into continuous test-functions with controlled expenses in error terms.

Lemma 4.2 Fix σ ∈ (0, 1). There exists ε1 = ε1(n, N , σ ) > 0 such that the following
holds.

For any ε ∈ (0, ε1) there exists γ1 = γ1(n, N , ε, σ ) > 0 with the following
properties.

Assume u ∈ W 1,n(B(4/3),RN ), f ∈ L1(B(1),RN ), G ∈ L
n

n−1 (B(1),Rn ⊗R
N ),

Q ∈ W 1,n(B(4/3), SO(N )) are solutions to

div(Q|∇u|n−2∇u) = f + divG in B(1).

Assume moreover

• ∂ B(1) is a good slice in the sense that

[u]
W 1− 1

n ,n(∂ B(1))
� [u]

W 1− 1
n ,n(B(4/3))

� ‖∇u‖
L

n2
n+1 (B(4/3))

. (4.8)

• v solves

{
�nv = 0 in B(1),

v = u on ∂ B(1).

• ‖∇Q‖Ln(B(4/3)) ≤ γ1.

Then we have the estimate

‖∇u −∇v‖Ln−ε(B(1)) � C(σ, ε)

(

‖ f ‖
1

n−1
L1(B(1))

+ ‖G‖
1

n−1
L

n
n−1 (B(1))

)

+σ‖∇u‖Ln−ε(B(4/3)).

Proof of Lemma 4.2 We recall the following well-known inequality (cf. e.g. [3], :
denotes the Hilbert-Schmidt scalar product)

|X − Y |p ≤ C p

(
|X |p−2X − |Y |p−2Y

)
: (X − Y ) , ∀X , Y ∈ R

n×N , p ∈ [2,∞).
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Regularizing properties of n-Laplace systems...

Then we have, using QT Q = I

∫

B(1)
|∇u −∇v|n−ε

�
∫

B(1)

(
|∇u|n−2∇vi − |∇v|n−2∇vi

)
: |∇(u − v)|−ε∇(u − v)i

=
∫

B(1)

(
Qik |∇u|n−2∇uk − Qik |∇v|n−2∇vk

)
: Qi j |∇(u − v)|−ε∇(u − v) j .

Since u − v ∈ W 1,n
0 (B(1)) we find from Hodge decomposition, Corollary 2.9, ai ∈

W
1, n−ε

1−ε

0 (B(1)) and Bi ∈ L
n−ε
1−ε (B(1),Rn) such that

Qi j |∇(u − v)|−εd(u − v) j = ∇ai + Bi in B(1),

and the estimates (choosing in Corollary 2.9 the extension Q̃ := η(Q − (Q)B(4/3))+
(Q)B(4/3) for some cutoff function η ∈ C∞

c (B(4/3)), η ≡ 1 in B(1))

‖a‖
W

1, n−ε
1−ε (B(1))

� ‖Q‖L∞(B(4/3))‖∇(u − v)‖1−ε
Ln−ε(B(1)), (4.9)

and

‖B‖
L

n−ε
1−ε (B(1))

�
(
ε ‖Q‖L∞(B(4/3)) + ‖∇Q‖Ln(B(4/3))

) ‖∇(u − v)‖1−ε
Ln−ε(B(1)).

(4.10)

We now drop the indices for better readability, and have

∫

B(1)
|∇u − ∇v|n−ε � I + I I + I I I + I V (4.11)

where

I :=
∣
∣
∣
∣

∫

B(1)
Q|∇u|n−2∇u : ∇a

∣
∣
∣
∣

I I :=
∣
∣
∣
∣

∫

B(1)
Q|∇v|n−2∇v : ∇a

∣
∣
∣
∣

I I I :=
∣
∣
∣
∣

∫

B(1)
Q|∇u|n−2∇u : B

∣
∣
∣
∣

I V :=
∣
∣
∣
∣

∫

B(1)
Q|∇v|n−2∇v : B

∣
∣
∣
∣ .

Fix now some small δ > 0.
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Since a has zero-boundary data, and by Sobolev embedding, and then Hölder
inequality (observe that n−ε

1−ε
> n),

I =
∣
∣
∣
∣

∫

B(1)
f a + G : ∇a

∣
∣
∣
∣ �‖ f ‖L1(B(1)) ‖a‖L∞(B(1)) + ‖G‖

L
n

n−1 (B(1))
‖∇a‖Ln(B(1))

�‖ f ‖L1(B(1)) ‖∇a‖L(n,1)(B(1)) + ‖G‖
L

n
n−1 (B(1))

‖∇a‖Ln(B(1))

�C(ε)
(
‖ f ‖L1(B(1)) + ‖G‖

L
n

n−1 (B(1))

)
‖∇a‖

L
n−ε
1−ε (B(1))

(4.9)

� C(ε)
(
‖ f ‖L1(B(1)) + ‖G‖

L
n

n−1 (B(1))

)
‖∇(u − v)‖1−ε

Ln−ε(B(1)).

That is, by Young’s inequality

I ≤ δ‖∇(u − v)‖n−ε
Ln−ε(B(1)) + C(δ, ε)

(

‖ f ‖
n−ε
n−1
L1(B(1))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(1))

)

.

As for I I , observe that v is n-harmonic. Thus∇v is Ln-norm minimizing, and thus

the usual harmonic extension uh of u
∣
∣
∣
∂ B(1)

is a competitor, that is from trace theorem

and Hölder’s inequality,

‖∇v‖Ln(B(1)) ≤ ‖∇uh‖Ln(B(1)) � [u]
W 1− 1

n ,n(∂ B(1))

(4.8)

� ‖∇u‖
L

n2
n+1 (B(4/3))

ε�1
� ‖∇u‖Ln−ε(B(4/3)) (4.12)

Also observe that

div(Q|∇v|n−2∇v) = ∇Q|∇v|n−2∇v in B(1),

so that we find

I I � ‖∇Q‖Ln(B(1))‖∇v‖n−1
Ln(B(1)) ‖a‖L∞(B(1))

� C(ε)‖∇Q‖Ln(B(1))‖∇u‖n−1
Ln−ε(B(4/3))‖∇(u − v)‖1−ε

Ln−ε(B(1)).

Consequently,

I I � δ‖∇(u − v)‖n−ε
Ln−ε(B(1)) + C(ε, δ)‖∇Q‖

n−ε
n−1
Ln(B(1)) ‖∇u‖n−ε

Ln−ε(B(4/3)).

From (4.10) we can estimate

I I I � ‖∇u‖n−1
Ln−ε(B(1))‖B‖

L
n−ε
1−ε (B(1))

�
(
ε + ‖∇Q‖Ln(B(4/3))

) ‖∇(u − v)‖n−ε
Ln−ε(B(1))
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With (4.12) we conclude

I I I �
(
ε + ‖∇Q‖Ln(B(4/3))

) ‖∇u‖n−ε
Ln−ε(B(1)).

Lastly, with the help of Hölder’s inequality, (4.12), and (4.10)

I V � ‖∇v‖n−1
Ln(B(1)) ‖B‖

L
n−ε
1−ε (B(1))

� ‖∇u‖n−1
Ln−ε(B(1))

(
ε + ‖∇Q‖Ln(B(4/3))

) ‖∇(u − v)‖1−ε
Ln−ε(B(1))

Thus, again by Young’s inequality we have

I V ≤ δ‖∇(u − v)‖n−ε
Ln−ε(B(1)) + C(δ)

(
ε + ‖∇Q‖Ln(B(4/3))

) n−ε
n−1 ‖∇u‖n−ε

Ln−ε(B(1))

Plugging all these estimates together we obtain from (4.11) and using the smallness
of ‖∇Q‖Ln(B(4/3)),

‖∇(u − v)‖n−ε
Ln−ε(B(1)) ≤ 3δ‖∇(u − v)‖n−ε

Ln−ε(B(1))

+ C(δ, ε)

(

‖ f ‖
n−ε
n−1
L1(B(1))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(1))

)

+ C(ε, δ)γ
n−ε
n−1
1 ‖∇u‖n−ε

Ln−ε(B(4/3))

+ (ε + γ1) ‖∇u‖n−ε
Ln−ε(B(1))

+ C(δ) (ε + γ1)
n−ε
n−1 ‖∇u‖n−ε

Ln−ε(B(1)).

Choosing δ sufficiently small, we can absorb the first term on the right-hand side and
have found

‖∇(u − v)‖n−ε
Ln−ε(B(1)) ≤C(ε)

(

‖ f ‖
n−ε
n−1
L1(B(1))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(1))

)

+ C(ε)γ
n−ε
n−1 ‖∇u‖n−ε

Ln−ε(B(4/3))

+ (ε + γ ) ‖∇u‖n−ε
Ln−ε(B(1))

+ (ε + γ )
n−ε
n−1 ‖∇u‖n−ε

Ln−ε(B(1)).

Now we can choose ε1 small enough so that for any ε ∈ (0, ε1) we have

‖∇(u − v)‖n−ε
Ln−ε(B(1)) ≤C(ε)

(

‖ f ‖
n−ε
n−1
L1(B(1))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(1))

)

+ C(ε)γ
n−ε
n−1 ‖∇u‖n−ε

Ln−ε(B(4/3)) + γ ‖∇u‖n−ε
Ln−ε(B(1))

+ γ
n−ε
n−1 ‖∇u‖n−ε

Ln−ε(B(1)) +
(

σ

10
+
(σ

4

)n−ε
)

‖∇u‖n−ε
Ln−ε(B(1)).
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For any ε ∈ (0, ε0) we can then choose a small γ that compensates for C(ε) in the
second line, so that

‖∇(u − v)‖n−ε
Ln−ε(B(1)) ≤ C(ε)

(

‖ f ‖
n−ε
n−1
L1(B(1))

+ ‖G‖
n−ε
n−1
L

n
n−1 (B(1))

)

+
(

σ

2
+
(σ

2

)n−ε
)

‖∇u‖n−ε
Ln−ε(B(4/3)).

We can conclude. ��

5 Lorentz-space estimates for n-Laplacian systems: Proof of
Proposition 1.7

The goal of this section is to prove the following result which is probably interesting
on its own

Proposition 5.1 There are some uniform constants 
 = 
(n, N ) > 1 and τ1 =
τ1(n, N ) ∈ (0, 1

4 ) and α = α(n, N ) ∈ (0, 1) satisfying the following.
For any σ ∈ (0, 1), there exists ε0 = ε0(n, N , σ ) ∈ (0, 1) such that for any

ε ∈ (0, ε0) we find γ0 = γ0(n, N , ε, σ ) ∈ (0, 1) such that the following holds.
Assume f ∈ L1(Bn(0, 1);RN ), G ∈ L

n
n−1 (B(0, 1);Rn⊗R

N ), Q ∈ W 1,n(B(0, 1);
SO(N )) and u ∈ W 1,n(B(0, 1);RN ) satisfy the system

−div(|∇u|n−2Q∇u) = f + divG in B(0, 1)

and the bound

‖∇Q‖Ln(B(0,1)) ≤ γ0.

For any τ ∈ (0, τ1), there exists C1 = C1(n, N , σ, ε, τ ) > 0 and C2 = C2(n, N , τ ) >
0 such that

‖∇u‖L(n,∞)(B(0,τ )) ≤ C1(σ, ε, τ )

(

‖ f ‖
1

n−1
L1(B(0,1))

+ ‖G‖
1

n−1
L

n
n−1 (B(0,1))

)

+ C2(τ )‖∇u‖Ln−ε(B(0,1)) + 


(
σ

τ
n

n−1
+ τα

)

‖∇u‖L(n,∞)(B(0,1)).

We first list our main ingredients: We first record the scaled version of Lemma 4.2.

Corollary 5.2 Let σ ∈ (0, 1) and consider ε1 = ε1(n, N , σ ) ∈ (0, 1) be given by
Lemma 4.2. Let ε ∈ (0, ε1) and γ1 = γ1(n, N , ε, σ ) > 0 also given by Lemma 4.2.
There exists C0 = C0(n, N , σ, ε) > 0 such that the following hold.

Assume that u ∈ W 1,n(B(x, r);RN ) satisfies

div(Q|∇u|n−2∇u) = f + divG in B(x, r).

123



Regularizing properties of n-Laplace systems...

where Q ∈ W 1,n(B(x, r); SO(N )) and

‖∇Q‖Ln(B(x,r)) ≤ γ1. (5.1)

There exists a radius ρ ∈ [ 12r , 3
4r
]

such that if v ∈ W 1,n(B(x, ρ);RN ) satisfies

{
�nv = 0 in B(x, ρ),

v = u on ∂ B(x, ρ),

then it holds

(∫

B(x,ρ)

|∇u −∇v|n−ε

) 1
n−ε ≤ C0(σ, ε)

(
1

rn−1

∫

B(x,r)

| f |
) 1

n−1

+ C0(σ, ε)

(∫

B(x,r)

|G| n
n−1
) 1

n

(5.2)

+ σ

(∫

B(x,r)

|∇u|n−ε

) 1
n−ε

. (5.3)

The following regularity result for n-harmonic maps into R
N was proven in [28,

Theorem 3.2].

Lemma 5.3 There exists τ0 = τ0(n, N ) ∈ (0, 1
2 ), chol = chol(n, N ) > 0 and α =

α(n, N ) ∈ (0, 1) such that the following holds. Assume v ∈ W 1,n(B(x, ρ)) satisfies

�nv = 0 in B(x, ρ)

Then for any τ ∈ (0, τ0) and any ball B(y, s) ⊂ B(x, ρ) we have

osc
B(y,τ s)

(∇v) ≤ cholτ
α

∫

B(y,s)
|∇v − (∇v)B(y,s)|. (5.4)

Using this Hölder-continuity estimate, we can exchange in (5.2) the n-harmonic
map ∇v with the average (∇u)B(x,τr). Namely we have,

Lemma 5.4 There exists τ0 = τ0(n, N ) ∈ (0, 1
2 ), 
 = 
(n, N ) > 1 such that the

following holds. Fix σ ∈ (0, 1), take ε1 from Corollary 5.2. For ε ∈ (0, ε1) take
γ1 also from Corollary 5.2 and assume (5.1). For any τ ∈ (0, τ0) and ε ∈ (0, ε1),
there exists C1 = C1(n, N , σ, τ, ε) > 1 such that for any ball B(x, r) ⊂ B(0, 1) the
following holds when u, Q, f , G are as in Proposition 5.1:

(∫

B(x,τr)

|∇u − (∇u)B(x,σr)|n−ε

) 1
n−ε ≤ C1(σ, τ, ε)

(
1

rn−1

∫

B(x,r)

| f |
) 1

n−1

+ C1(σ, τ, ε)

(∫

B(x,r)

|G| n
n−1
) 1

n
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+ 


(
σ

τ
n

n−1
+ τασ

)(∫

B(x,r)

|∇u|n−ε

) 1
n−ε

+ 
τα

(∫

B(x,r)

|∇u − (∇u)B(x,r)|n−ε

) 1
n−ε

Proof We take τ0 to be 1
100 of the τ0 from Lemma 5.3.

Pick ρ ∈ ( r
2 ,

3
4r) from Corollary 5.2 and let v ∈ W 1,n(B(x, ρ);RN ) satisfy

{
�nv = 0 in B(x, ρ),

v = u on ∂ B(x, ρ),

By triangle inequality

(∫

B(x,τr)

|∇u − (∇u)B(x,τr)|n−ε

) 1
n−ε ≤ 2

(∫

B(x,τr)

|∇u − ∇v|n−ε

) 1
n−ε + osc

B(x,τr)
(∇v).

For τ < τ0 we use (5.4) we obtain

(∫

B(x,τr)

|∇u − (∇u)B(x,τr)|n−ε

) 1
n−ε ≤ 2

(
1

2nτ n

∫

B(x,r/2)
|∇u −∇v|n−ε

) 1
n−ε

+ cholτ
α

(∫

B(x,r/2)
|∇v − (∇v)B(x,r/2)|n−ε

) 1
n−ε

�n

(
1

τ n

∫

B(x,ρ)

|∇u − ∇v|n−ε

) 1
n−ε

+ cholτ
α

(∫

B(x,ρ)

|∇v − (∇v)B(x,ρ)|n−ε

) 1
n−ε

.

We estimate the first term thanks to (5.2) and the second to last term by the triangle
inequality

(∫

B(x,τr)

|∇u − (∇u)B(x,τr)|n−ε

) 1
n−ε

�n
C0(σ, ε)

τ
n

n−ε

(
1

rn−1

∫

B(x,r)

| f |
) 1

n−1

+ C0(σ, ε)

τ
n

n−ε

(∫

B(x,r)

|G| n
n−1
) 1

n

+ σ

τ
n

n−ε

(∫

B(x,r)

|∇u|n−ε

) 1
n−ε

+ 2cholτ
α

(∫

B(x,ρ)

|∇u −∇v|n−ε

) 1
n−ε

+ cholτ
α

(∫

B(x,ρ)

|∇u − (∇u)B(x,ρ)|n−ε

) 1
n−ε

.
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Using again (5.2) for the last term above

(∫

B(x,τr)

|∇u − (∇u)B(x,τr)|n−ε

) 1
n−ε

�n

(
C0(σ, ε)

τ
n

n−ε

+ ταc0chol

)(
1

rn−1

∫

B(x,r)

| f |
) 1

n−1

+
(

C0(σ, ε)

τ
n

n−ε

+ ταc0chol

)(∫

B(x,r)

|G| n
n−1
) 1

n

+
(

2σ

τ
n

n−ε

+ 2ταcholσ

)(∫

B(x,r)

|∇u|n−ε

) 1
n−ε

+ cholτ
α

(∫

B(x,r)

|∇u − (∇u)B(x,r)|n−ε

) 1
n−ε

.

We conclude by observing that since τ ∈ (0, 1) and ε ∈ (0, 1), we have the inequality
τ−

n
n−ε ≤ τ−

n
n−1 . ��

In order to obtain L(n,∞)-estimates, we will rewrite the estimate of Lemma 5.4 in
the form of maximal functions: For a given x ∈ B(0, 1) we take the supremum over
r > 0 in the estimates and then consider the result as an estimate between maximal
functions.

We consider the following maximal functions: given p, q ∈ [1,∞), τ ∈ (0, 1) and
a function g ∈ L1(B(0, 1)), we set

M�
τ,pg(x) = sup

{(∫

B(x,r)

|g − (g)B(x,r)|p
) 1

p : B(x, r/τ) ⊂ B(0, 1)

}

,

M�
pg(x) = sup

{(∫

B(x,r)

|g − (g)B(x,r)|p
) 1

p : B(x, r) ⊂ B(0, 1)

}

,

Mq g(x) = sup

{(
1

rn−q

∫

B(x,r)

|g|q
) 1

q : B(x, r) ⊂ B(0, 1)

}

,

Mg(x) = sup

{∫

B(x,r)

|g| : B(x, r) ⊂ B(0, 1)

}

.

Lemma 5.5 There are universal constants τ1 = τ1(n, N ) ∈ (0, τ0) and 
 =

(n, N ) > 1 satisfying the following. Let σ ∈ (0, 1) and consider ε1 = ε1(n, N , σ )

given by Corollary 5.2. Let ε ∈ (0, ε1) and assume (5.1). There exists c1 =
c1(n, N , σ, τ, ε) > 0 and c2 = c2(n, N , τ ) > 0 such that

∥
∥
∥M�

τ,n−ε(∇u)

∥
∥
∥

L(n,∞)
(

B(0, 12 )
) ≤ c1(σ, τ, ε)

(

‖ f ‖
1

n−1
L1(B(0,1))

+ ‖G‖
1

n−1
L

n
n−1 (B(0,1))

)

+ c2(τ )‖∇u‖Ln−ε(B(0,1)) + 


(
σ

τ
n

n−1
+ τασ

)

‖∇u‖L(n,∞)(B(0,1)).
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Proof Thanks to Lemma 5.4, we obtain the pointwise estimate in B(0, 1/2):

M�
τ,n−ε(∇u) ≤ c1(M1 f )

1
n−1 + c1

(
M
[
|G| n

n−1
]) 1

n

+ 


(
σ

τ
n

n−1
+ τασ

)

M[|∇u|n−ε] 1
n−ε + 
τα M�

n−ε(∇u)

So for any λ > 0, we can estimate the level sets of M�
τ,n−ε(∇u) on B(0, 1

2 ):

∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
τ,n−ε(∇u)(x) > λ

}∣∣
∣
∣

≤
∣
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M1 f (x) >

(
λ

4c1

)n−1}∣∣
∣
∣
∣

(5.5)

+
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M
[
|G| n

n−1
]
(x) >

(
λ

4c1

)n}∣∣
∣
∣ (5.6)

+

∣
∣
∣
∣
∣
∣
∣
∣

⎧
⎪⎪⎨

⎪⎪⎩
x ∈ B

(

0,
1

2

)

: M[|∇u|n−ε](x)
1

n−ε >
λ

4


(
σ

τ
n

n−1
+ τασ

)

⎫
⎪⎪⎬

⎪⎪⎭

∣
∣
∣
∣
∣
∣
∣
∣

(5.7)

+
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
n−ε(∇u)(x) >

λ

4
τα

}∣∣
∣
∣ . (5.8)

We define

λ0 = 8
τα− n
n−ε

(
2n

|B1|
) 1

n−ε
(∫

B(0,1)
|∇u|n−ε

) 1
n−ε

. (5.9)

We claim that if λ > λ0, then we can rewrite (5.8), namely

∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
n−ε(∇u) >

λ

4
τα

}∣∣
∣
∣

=
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
τ,n−ε(∇u) >

λ

4
τα

}∣∣
∣
∣ , ∀λ > λ0. (5.10)

Indeed, for any x ∈ B(0, 1
2 ), it holds

M�
n−ε(∇u)(x) = max

(

M�
τ,n−ε(∇u)(x), sup

{(∫

B(x,ρ)

|∇u − (∇u)B(x,ρ)|n−ε

) 1
n−ε :

B(x, ρ) ⊂ B(0, 1), B
(

x,
ρ

τ

)
�⊂ B(0, 1)

})
.

If x ∈ B(0, 1/2) and B
(
x,

ρ
τ

) �⊂ B(0, 1), then
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ρ ≥ τ
2 . Therefore,

(∫

B(x,ρ)

|∇u − (∇u)B(x,ρ)|n−ε

) 1
n−ε ≤

(
2n

τ n|B1|
) 1

n−ε
(∫

B(0,1)
|∇u|n−ε

) 1
n−ε

.

If λ > λ0, then

λ

4
τα
> 2τ−

n
n−ε

(
2n

|B1|
) 1

n−ε
(∫

B(0,1)
|∇u|n−ε

) 1
n−ε

> 2

(
2n

τ n|B1|
) 1

n−ε
(∫

B(0,1)
|∇u|n−ε

) 1
n−ε

.

So (5.10) holds for λ > λ0. To estimate the right-hand side of (5.5), we use a Vitali

covering. If x ∈ B
(
0, 1

2

)
satisfy M1 f (x) >

(
λ
4c1

)n−1
, there exists rx > 0 such that

B(x, rx ) ⊂ B(0, 1) and

1

rn−1
x

∫

B(x,rx )

| f | >
(

λ

4c1

)n−1
.

We can write this in the form

rn
x <

(
4c1
λ

)n (∫

B(x,rx )

| f |
) n

n−1
.

Now, we can cover the set

{

M1 f >
(

λ
4c1

)n−1}
by balls (B(xi , 10rxi ))i∈I such that

the balls (B(xi , rxi ))i∈I are disjoint. Then, (5.5) can be estimated in the following
manner:

∣
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M1 f (x) >

(
λ

4c1

)n−1}∣∣
∣
∣
∣
≤
∑

i∈I

|B(xi , 10rxi )|

≤ 10n |B1|
∑

i∈I

rn
xi

≤ 10n |B1|
∑

i∈I

(
4c1
λ

)n
(∫

B(xi ,rxi )

| f |
) n

n−1

≤ 40n |B1| c
n
1

λn

(∫

B(0,1)
| f |
) 1

n−1 ∑

i∈I

∫

B(xi ,rxi )

| f |

≤ 40n |B1| c
n
1

λn

(∫

B(0,1)
| f |
) n

n−1
. (5.11)
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As well for (5.6). It holds

∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M
[
|G| n

n−1
]
(x) >

(
λ

4c1

)n}∣∣
∣
∣

=
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: ∃rx > 0,
∫

B(x,rx )

|G| n
n−1 >

(
λ

4c1

)n}∣∣
∣
∣

=
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: ∃rx > 0,

(
4c1
λ

)n ∫

B(x,rx )

|G| n
n−1 > rn

x

}∣
∣
∣
∣

≤ 40n|B1| c
n
1

λn

∫

B(0,1)
|G| n

n−1 .

Nowwe estimate the L(n,∞)-norm of M�
τ,n−ε(∇u) by separating the cases λ ≤ λ0 and

λ > λ0:

sup
λ>0

λn
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
τ,n−ε(∇u)(x) > λ

}∣∣
∣
∣

≤ sup
λ>λ0

λn
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
τ,n−ε(∇u)(x) > λ

}∣
∣
∣
∣

+ sup
λ≤λ0

λn
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
τ,n−ε(∇u)(x) > λ

}∣∣
∣
∣

≤ sup
λ>λ0

λn
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
τ,n−ε(∇u)(x) > λ

}∣∣
∣
∣ (5.12)

+ 2−n|B1|λn
0 . (5.13)

We estimate (5.12) thanks to (5.11)-(5.7)-(5.10):

sup
λ>λ0

λn
∣
∣
∣
∣

{

x ∈ B

(

0,
1

2

)

: M�
τ,n−ε(∇u)(x) > λ

}∣∣
∣
∣

≤ 40n|B1|cn
1

(∫

B(0,1)
| f |
) n

n−1 + 40n|B1|cn
1

∫

B(0,1)
|G| n

n−1 (5.14)

+ 4n
n
(

σ

τ
n

n−1
+ τασ

)n ∥
∥
∥M[|∇u|n−ε] 1

n−ε

∥
∥
∥

n

L(n,∞)
(

B(0, 12 )
) (5.15)

+ 4n
nτ nα
∥
∥
∥M�

τ,n−ε(∇u)

∥
∥
∥

n

L(n,∞)
(

B(0, 12 )
) . (5.16)

Using (5.14)-(5.15)-(5.16) and (5.13), we obtain

∥
∥
∥M�

τ,n−ε(∇u)

∥
∥
∥

n

L(n,∞)(B(0,1/2))
≤ 40n |B1|cn

1

(∫

B(0,1)
| f |
) n

n−1 + 40n |B1|cn
1

∫

B(0,1)
|G| n

n−1

+ 4n
n
(

σ

τ
n

n−1
+ τασ

)n ∥
∥
∥M[|∇u|n−ε] 1

n−ε

∥
∥
∥

n

L(n,∞)
(

B(0, 12 )
)
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+ 4n
nτ nα
∥
∥
∥M�

τ,n−ε(∇u)

∥
∥
∥

n

L(n,∞)
(

B(0, 12 )
)

+ 2−n |B1|λn
0 .

Hence, if τ ≤ τ1, where

τ1 := min
(
(8
)−1/α, τ0

)
. (5.17)

then 4n
nτ nα ≤ 2−nα and we obtain, using the definition (5.9) of λ0:

∥
∥
∥M�

τ,n−ε(∇u)

∥
∥
∥

n

L(n,∞)
(

B(0, 12 )
)

≤ 40n|B1|cn
1

1− 2−nα

(∫

B(0,1)
| f |
) n

n−1 + 40n|B1|cn
1

1− 2−nα

∫

B(0,1)
|G| n

n−1

+ 4n

1− 2−nα

n
(

σ

τ
n

n−1
+ τασ

)n ∥
∥
∥M[|∇u|n−ε] 1

n−ε

∥
∥
∥

n

L(n,∞)
(

B(0, 12 )
)

+ 4n
nτ
n
(
α− n

n−ε

) (
2n

|B1|
) n

n−ε
(∫

B(0,1)
|∇u|n−ε

) n
n−ε

.

Since τ ∈ (0, 1) and ε ∈ (0, 1), it holds τ
n
(
α− n

n−ε

)

≤ τ
n
(
α− n

n−1
)

and
(

2n

|B1|
) n

n−ε ≤
max

(
2n

|B1| ,
(

2n

|B1|
) n

n−1
)

. We conclude thanks to the estimate

∥
∥
∥M[|∇u|n−ε] 1

n−ε

∥
∥
∥

L(n,∞)
(

B(0, 12 )
) ≤ ∥∥M[|∇u|n−ε]∥∥

1
n−ε

L( n
n−ε ,∞)

(
B(0, 12 )

)

≤ c(n)
∥
∥|∇u|n−ε

∥
∥

1
n−ε

L( n
n−ε ,∞)

(B(0,1))

≤ c(n)‖∇u‖L(n,∞)(B(0,1)).

��
Toapply known results on the sharpmaximal function,we show that in the definition

of M�
τ,n−ε, one can replace the supremum over cubes and not over balls. We define

M�
τ,n−ε,cg(x) = sup

{(∫

Q
|g − (g)Q |n−ε

) 1
n−ε : 1

τ
Q ⊂ B(0, 1), x ∈ Q, Q is a cube

}

,

where 1
τ

Q is the cube of same center as Q, with side length 1
τ
times the side length of Q.

We show that the maximal functions M�
τ,n−ε and M�

τ,n−ε,c are pointwise comparable.
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Lemma 5.6 There exists C = C(n) > 1 and a = a(n) > 1 such that for any function
g ∈ Ln−ε

loc (B(0, 1)), τ ∈ (0, 1
a2

) and x ∈ B(0, 1) it holds

1

C
M�

τ,n−εg(x) ≤ M�
aτ,n−ε,cg(x) ≤ C M�

a2τ,n−ε
g(x).

Proof Given a ball B ⊂ B(0, 1) such that 1
τ

B ⊂ B(0, 1), consider Q the smallest
cube having the same center as B and containing B. There exists C = C(n) such that
1 ≤ |Q|

|B| ≤ C . In particular, there exists a = a(n) > 1 such that 1
aτ

Q ⊂ B(0, 1).
Then, for any function g ∈ C∞(B(0, 1)), it holds

(∫

B
|g − (g)B |n−ε

) 1
n−ε ≤

( |Q|
|B|
∫

Q
|g − (g)B |n−ε

) 1
n−ε

≤
( |Q|
|B|
) 1

n−ε

[(∫

Q
|g − (g)Q |n−ε

) 1
n−ε + |(g)Q − (g)B |

]

≤
( |Q|
|B|
) 1

n−ε

[(∫

Q
|g − (g)Q |n−ε

) 1
n−ε +

∫

B
|(g)Q − g|

]

≤
( |Q|
|B|
) 1

n−ε

[(∫

Q
|g − (g)Q |n−ε

) 1
n−ε + |Q|

|B|
∫

Q
|(g)Q − g|

]

≤
( |Q|
|B|
) 1

n−ε
(

1+ |Q|
|B|
)(∫

Q
|g − (g)Q |n−ε

) 1
n−ε

.

Using ε ∈ (0, 1), we conclude that

(∫

B
|g − (g)B |n−ε

) 1
n−ε ≤

( |Q|
|B|
) 1

n−1 (

1+ |Q|
|B|
)(∫

Q
|g − (g)Q |n−ε

) 1
n−ε

Therefore, M�
τ,n−εg(x) ≤ C(n)M�

aτ,n−ε,cg(x) for some a = a(n) > 1. The converse
is shown with in the same manner: given a cube Q, we consider the smallest ball B
containing Q with the same center. The computations are similar. ��

We now obtain a lower bound for ‖M�
aτ,1,cg‖L p,q (B(0,1)), given g ∈ L∞(B(0, 1)).

This is a direct adaptation of the proof of [1, Corollary 7.5, p.380].

Lemma 5.7 Let a be defined in Lemma 5.6 and τ ∈ (0, τ1), where τ1 is defined in
Lemma 5.5. Let p ∈ (1,∞) and q ∈ [1,∞]. For any function g ∈ L(p,q)(B(0, 1)), it
holds

‖g‖L p,q (B(0,aτ)) ≤ C(n, p, q)

(

‖M�
aτ,1,cg‖L p,q (B(0,1)) +

∫

B(0,aτ)

|g|
)

.

Proof We start with the straightforward inequality

‖M�
aτ,1,cg‖L p,q (B(0,1)) ≥ ‖M̃�g̃‖L p,q (Q0),
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where Q0 := [− a
2 τ, a

2 τ ]n , g̃ := g1Q0 and

M̃�g̃(x) = sup

{∫

Q
|g̃ − (g̃)Q | : Q ⊂ Q0, Q  x, Q is a cube

}

.

Thanks to Theorem 2.1, it holds

g̃∗∗(t)− g̃∗(t) ≤ c(n)(M̃�g̃)∗(t).

By integration by parts, for any 0 < t ≤ u ≤ 1
6 |Q0|, it holds

g̃∗∗(t)− g̃∗∗(u) =
∫ u

t

(
g̃∗∗(s)− g̃∗(s)

) ds

s
.

The choice u = 1
6 |Q0| leads to

g̃∗∗(t) ≤ g̃∗∗
( |Q0|

6

)

+ c(n)

∫ ∞

t
(M̃�g̃)∗(s)ds

s

≤ c(n)

∫

Q0

|g̃| + c(n)

∫ ∞

t
(M̃�g̃)∗(s)ds

s
.

Thanks to Hardy’s inequality, see [1, (3.19), Lemma 3.9, p.124]:

‖g̃‖L p,q (Q0) ≤ c(n, p, q)|Q0|
1
p

∫

Q0

|g̃| + c(n, p, q)‖M̃�g̃‖L p,q (Q0).

Since Q0 ⊂ B(0, 1), it holds |Q0|
1
p ≤ c(n, p). ��

Combining Lemma 5.5, Lemma 5.6, and Lemma 5.7 we readily obtain Proposition
5.1.

6 Regularity iteration: Proof of Theorem 1.6

The goal of this section is to prove the following result.

Proposition 6.1 There exists γ0, λ, ν ∈ (0, 1) and k > 0 depending on n and
N such that the following holds. Consider u ∈ W 1,n(Bn(0, 1);RN ), Q ∈
W 1,n(Bn(0, 1); SO(N )) and �Q ∈ L(n,1)(Bn(0, 1);Rn ⊗ R

N×N ) such that

−div(|∇u|n−2Q∇u) = �Q |∇u|n−2∇u in B(0, 1)

Assume that

‖∇Q‖Ln(B(0,1)) + ‖�Q‖L(n,1)(B(0,1)) ≤ γ0.
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Then for any ball B(x, r) ⊂ B(0, 1),

‖∇u‖n−ε

L(n,∞)(B(x,λr))
+ k

(λr)ε

∫

B(x,λr)

|∇u|n−ε

≤ ν

[

‖∇u‖n−ε

L(n,∞)(B(x,r))
+ k

rε

∫

B(x,r)

|∇u|n−ε

]

.

Once Proposition 6.1 is proven, we can conclude

Proof of Theorem 1.6 By a standard iterative argument we obtain from Proposition 6.1
the existence of C > 0 and β ∈ (0, 1) such that for any ball B(x, r) ⊂ B(0, 1):

‖∇u‖n−ε

L(n,∞)(B(x,r))
+ k

rε

∫

B(x,r)

|∇u|n−ε ≤ Crβ.

By [17, Corollary 3.2], we conclude that u is continuous. ��
Proof of Proposition 6.1 For simplicity of presentation we assume that x = 0 and
r = 1.

We fix σ, τ ∈ (0, 1) to be specified later.
First we have the estimate coming from the Proposition 5.1. We obtain ε1(σ ) ∈

(0, 1) and a constant γ1(σ ) ∈ (0, 1) such that if ‖∇Q‖Ln(B(0,1)) ≤ γ1, then the
following holds. There exists 
 = 
(n, N ) > 0, α = α(n, N ) ∈ (0, 1) and τ1 =
τ1(n, N ) ∈ (0, 1) such that for

τ ∈ (0, τ1), ε ∈ (0, ε0)

‖∇u‖n−ε

L(n,∞)(B(0,τ ))
≤ c1(σ, τ, ε)

∥
∥
∥�|∇u|n−1

∥
∥
∥

n−ε
n−1
L1(B(0,1))

+ c2(τ )

∫

B(0,1)
|∇u|n−ε

+ 


(
σ

τ
n

n−1
+ τα

)n−ε

‖∇u‖n−ε

L(n,∞)(B(0,1))
.

Thenwe have the estimate fromLemma 4.1: there exists ε0(σ, τ ) ∈ (0, 1) and γ0(σ ) ∈
(0, 1) such that if ‖∇Q‖Ln(B(0,1)) ≤ γ0, then for the choice ε ∈ (0, ε0), it holds

1

τ ε

∫

B(0,τ )

|∇u|n−ε ≤ σ

∫

B(0,1)
|∇u|n−ε + c3(σ )

(∫

B(0,1)
|∇u|n−ε − 1

τ ε

∫

B(0,τ )

|∇u|n−ε

)

+ c4(σ, τ, ε)
∥
∥�|∇u|n−1∥∥

n−ε
n−1
L1(B(0,1))

.

From now on we set ε = min{ε0, ε1} (which depends on τ and σ ).
Thanks to Hölder’s inequality

∥
∥
∥�|∇u|n−1

∥
∥
∥

L1(B(0,1))
≤ ‖�‖L(n,1)(B(0,1))‖∇u‖n−1

L(n,∞)(B(0,1))
.
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Plugging this into the above estimates, we obtain first

‖∇u‖n−ε

L(n,∞)(B(0,τ ))
≤
(

c1(σ, τ, ε)‖�‖
n−ε
n−1
L(n,1)(B(0,1))

+ 


(
σ

τ
n

n−1
+ τα

)n−ε
)

‖∇u‖n−ε

L(n,∞)(B(0,1))
+ c2(τ )

∫

B(0,1)
|∇u|n−ε, (6.1)

then

1

τ ε

∫

B(0,τ )

|∇u|n−ε ≤ (σ + c3(σ ))

∫

B(0,1)
|∇u|n−ε − c3(σ )

τ ε

∫

B(0,τ )

|∇u|n−ε

+ c4(σ, τ, ε)‖�‖
n−ε
n−1
L(n,1)(B(0,1))

‖∇u‖n−ε

L(n,∞)(B(0,1))
. (6.2)

Adding (6.1) and 10c2(τ ) times the estimate (6.2), we obtain

‖∇u‖n−ε

L(n,∞)(B(0,τ ))
+ 10c2(τ )

τ ε

∫

B(0,τ )

|∇u|n−ε

≤
[
(

c1(σ, τ, ε)+ 10c2(τ )c4(σ, τ, ε)
)
‖�‖

n−ε
n−1
L(n,1)(B(0,1))

+ 


(
σ

τ
n

n−1
+ τα

)n−ε
]

‖∇u‖n−ε

L(n,∞)(B(0,1))
+
(

c2(τ )+ 10c2(τ )σ + 10c2(τ )c3(σ )
)

∫

B(0,1)
|∇u|n−ε − 10c2(τ )c3(σ )

τ ε

∫

B(0,τ )

|∇u|n−ε.

The last term goes on the left-hand side,

‖∇u‖n−ε

L(n,∞)(B(0,τ ))
+ 10c2(τ )(1+ c3(σ ))

τ ε

∫

B(0,τ )

|∇u|n−ε

≤
[
(

c1(σ, τ, ε)+ 10c4(σ, τ, ε)
)
‖�‖

n−ε
n−1
L(n,1)(B(0,1))

+ 


(
σ

τ
n

n−1
+ τα

)n−ε
]

‖∇u‖n−ε

L(n,∞)(B(0,1))
+ c2(τ )

(
1+ 10σ + 10c3(σ )

) ∫

B(0,1)
|∇u|n−ε. (6.3)

We bound the term

(
σ

τ
n

n−1
+ τα

)n−ε

independantly of ε in the following way,

(
σ

τ
n

n−1
+ τα

)n−ε

≤ 2n−ε

(
σ n−ε

τ n n−ε
n−1

+ τα(n−ε)

)

≤ 2n

(
σ n−1

τ
n2

n−1
+ τα(n−1)

)

.

123



D. Martino, A. Schikorra

Using this inequality in (6.3), we obtain

‖∇u‖n−ε

L(n,∞)(B(0,τ ))
+ 10c2(τ )(1+ c3(σ ))

τ ε

∫

B(0,τ )

|∇u|n−ε

≤
[
(

c1(σ, τ, ε)+ 10c4(σ, τ, ε)
)
‖�‖

n−ε
n−1
L(n,1)(B(0,1))

+ 2n


(
σ n−1

τ
n2

n−1
+ τα(n−1)

)]

‖∇u‖n−ε

L(n,∞)(B(0,1))
+ c2(τ )

(
1+ 10σ + 10c3(σ )

) ∫

B(0,1)
|∇u|n−ε. (6.4)

Now we choose the parameters. We consider first τ < τ1 such that

2n
τα(n−1) ≤ 1

101000
.

Then we choose σ small enough to obtain

σ <
1

101000
, 2n


σ n−1

τ
n2

n−1
≤ 1

101000
.

Finally we choose ‖�‖L(n,1)(B(0,1)) ≤ γ2, where γ2 = γ2(n, N ) ∈ (0, 1) satisfies

(
c1(σ, τ, ε)+ 10c4(σ, τ, ε)

)
γ2 ≤ 1

101000
.

Let

k := 10c2(τ )(1+ c3(σ )),

ν := 1+ 1
10999

+ 10c3(σ )

10(1+ c3(σ ))
∈ (0, 1).

From (6.4), we obtain

‖∇u‖n−ε

L(n,∞)(B(0,τ ))
+ k

τ ε

∫

B(0,τ )

|∇u|n−ε

≤ 3

101000
‖∇u‖n−ε

L(n,∞)(B(0,1))
+ c2(τ )

(

1+ 1

10999
+ 10c3(σ )

)∫

B(0,1)
|∇u|n−ε

≤ ν

⎡

⎣ 30(1+ c3(σ ))

101000
(
1+ 1

10999
+ 10c3(σ )

)‖∇u‖n−ε

L(n,∞)(B(0,1))
+ k

∫

B(0,1)
|∇u|n−ε

⎤

⎦

≤ ν

[

‖∇u‖n−ε

L(n,∞)(B(0,1))
+ 10c2(τ )(1+ c3(σ ))

∫

B(0,1)
|∇u|n−ε

]

.

��
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7 Applications to harmonic maps: Proof of Corollary 1.5

Here we discuss applications of the Theorem 1.6 to n-harmonic maps into a manifold.
Let (N , h) be a smooth Riemannian manifold. For any u ∈ W 1,n(B(0, 1);N ), we

let the Dirichlet energy be

D(u) :=
∫

B(0,1)
|du|nh .

Thanks to Nash embedding theorem, we can considerN as a smooth submanifold of
R

N , for some N ≥ 1.

Theorem 7.1 Let N be a smooth submanifold of RN with second fundamental form
A satisfying A ∈ W 1,∞(N ). Consider u ∈ W 1,(n,2)(Bn(0, 1); N ) a critical point of
D. Then u is C1,α

loc .

Proof We follow Rivière’s argument in [34]. The Euler-Lagrange equation is given by

−�nu = |∇u|n−2A(u)(∇u,∇u).

Componentwise, this system is understood as

∀i ∈ {1, . . . , N }, −div
(
|∇u|n−2∇ui

)
= |∇u|n−2Ai

jk(u)
〈
∇u j ,∇uk

〉
.

The second fundamental form takes values into (TN )⊥, so we have the orthog-
onality relation Ai

jk∇ui = 0, for any j, k ∈ {1, . . . , N }. Consequently, for any
i ∈ {1, . . . , N }, it holds

−div
(
|∇u|n−2∇ui

)
= |∇u|n−2

〈
Ai

jk(u)∇uk − A j
ik(u)∇uk,∇u j

〉
.

If we set �i j := Ai
jk(u)duk − A j

ik(u)duk , we obtain an skew-symmetric 1-form such
that its exterior derivative is given by

d�i j =
[
(∂α Ai

jk)(u)− (∂α A j
ik)(u)

]
duα ∧ duk .

By assumption the assumption ∇A ∈ L∞ and ∇u ∈ L(n,2), we obtain d�i j ∈
L( n

2 ,1)(B(0, 1)). Thanks toTheorem1.2,we obtain that u is continuous. The smallness
assumption is satisfied on small balls by absolute continuity of the L(n,2)-norm, see
e.g. [33, Theorem 8.5.1.]. Following the proof of [18, Theorem 3.1], we obtain the
C1,α-regularity. ��
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8 Applications to H-System: Proof of Corollary 1.8

The H -systems are a closely related problem to n-harmonic maps. Instead of looking
at arbitrary critical points of the Dirichlet energy for maps from Bn(0, 1) into R

n+1,
we consider the additional constraint of fixing the volume

V (u) =
∫

B(0,1)
〈u, ∂1u × ∂2u × · · · × ∂nu〉 .

Under the constraint V (u) = V0, the Euler-Lagrange equation is given by

−�nu = H∂1u × ∂2u × · · · × ∂nu,

where H is a constant depending on V0.

Theorem 8.1 Let H ∈ W 1,∞(Rn+1;R). Assume u ∈ W 1,(n, n
n−1 )(Bn(0, 1);Rn+1)

satisfies

−�nu = H(u)∂1u × ∂2u × · · · × ∂nu.

Then u is continuous.

Proof The right-hand side of the H -system can be written as

H(u)B(u)i∇ui ,

where B(u) satisfies:

• a pointwise bound: |B(u)| � |∇u|n−1,
• a pointwise identity: for any i ∈ [[1, n + 1]], if Mi := (∇u1, · · · ,∇ui−1,∇ui+1,
· · · ,∇un+1) then

Mi B(u)i = (det Mi )In .

By [2, Lemma 1.9], B(u) is divergence free, soR · B(u) = 0.
Consider a cut-off function η ∈ C∞

c (B(1)) such that η = 1 in B( 12 ), |η| ≤ 1 and
|∇η| � 1. Let

ũ = η
(

u − (u)B( 12 )

)
+ (u)B( 12 ).

We decompose the following quantity on R
n :

H(ũ)∇ũ B(ũ) = −[R, H(ũ)](|D|1ũ)
︸ ︷︷ ︸

=�1

B(ũ)

︸ ︷︷ ︸
=: f

+R(H(ũ)|D|1ũ) B(ũ)
︸ ︷︷ ︸

=:g
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For the first term we observe by Theorem 2.4:

‖�1‖L(n,1)(Rn) � ‖∇H(ũ)‖L(n,2)(Rn)‖∇ũ‖L(n,2)(Rn) � ‖∇u‖2L(n,2)(B(0,1)).

We estimate f by Hölder inequality:

‖ f ‖L1(Rn) � ‖∇u‖2L(n,2)(B(0,1))‖∇u‖n−1
L(n,∞)(B(0,1))

.

We want to write g as a divergence term. We estimate it by duality. For any ϕ ∈
C∞

c (Rn), it holds

∫

Rn
R(H(ũ)|D|1ũ) B(ũ)ϕ =

∫

Rn
[R, ϕ](H(ũ)|D|1ũ) B(ũ)

� ‖B(ũ)‖
L

( n
n−1 ,∞)

(Rn)

∥
∥
∥[R, ϕ](H(ũ)|D|1ũ)

∥
∥
∥

L(n,1)(Rn)

� ‖∇ũ‖n−1
L(n,∞)(Rn)

‖∇ϕ‖Ln(Rn)‖∇ũ‖
L

(n, n
n−1 )

(Rn)
.

By duality, there exists G ∈ L
n

n−1 (Rn) such that

g = div G,

with the estimate

‖G‖
L

n
n−1 (Rn)

� ‖∇ũ‖n−1
L(n,∞)(Rn)

‖∇ũ‖
L

(n, n
n−1 )

(Rn)

� ‖∇u‖n−1
L(n,∞)(B(1))

‖∇u‖
L

(n, n
n−1 )

(B(1))
.

Namely we may take G = −R (I1g).
We observe that w.l.o.g. we may assume ‖∇u‖

L
(n, n

n−1 )
(B(1))

� 1, by absolute

continuity of the L(n,2)-norm, see e.g. [33, Theorem 8.5.1.].
Fix σ ∈ (0, 1) and τ ∈ (0, τ1). Thanks to Lemma 4.1, we obtain the estimate

τ−ε‖∇u‖n−ε

Ln−ε(B( 14 ))
= τ−ε‖∇ũ‖n−ε

Ln−ε(B( 14 ))

� (σ + C1(σ )) ‖∇u‖n−ε
Ln−ε(B(1)) − C1(σ )τ−ε‖∇u‖n−ε

Ln−ε(B(1))

+ C2(ε, σ )‖∇u‖
n−ε
n−1
L

(n, n
n−1 )

(B(1))
‖∇u‖n−ε

L(n,∞)(B(1))
.

Thanks to Proposition 5.1, it holds

‖∇u‖L(n,∞)(B( 14 )) =‖∇ũ‖L(n,∞)(B( 14 ))

� C3(σ, ε, τ )‖∇u‖
1

n−1
L

(n, n
n−1 )

(B(1))
‖∇u‖L(n,∞)(B(1))
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+ C4(τ )‖∇u‖Ln−ε(B(1)) + 


(
σ

τ
n

n−1

+ τα

)

‖∇u‖L(n,∞)(B(1)).

The rest of the proof goes like the proof of Proposition 6.1. ��
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