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Abstract
We show continuity of solutions u € W' (B", RV) to the system

—div(|Vu|""2Vu) = Q - |Vu|""2Vu

when € is an L"-antisymmetric potential — and additionally satisfies a Lorentz-space
assumption. To obtain our result we study a rotated n-Laplace system

—div(Q|Vul"2Vu) = Q- |Vu|"">Vu,

where 0 € WL™(B" SO(N)) is the Coulomb gauge which ensures improved
Lorentz-space integrability of . Because of the matrix-term Q, this system does
not fall directly into Kuusi—-Mingione’s vectorial potential theory. However, we adapt
ideas of their theory together with Iwaniec’ stability result to obtain L") -estimates
of the gradient of a solution which, by an iteration argument leads to the regularity of
solutions. As a corollary of our argument we see that n-harmonic maps into manifolds
are continuous if their gradient belongs to the Lorentz-space L% — which is a trivial
and optimal assumption if n = 2, and the weakest assumption to date for the regularity
of critical n-harmonic maps, without any added differentiability assumption. We also
prove a corresponding result for n-Laplace H-systems.
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1 Introduction

Critical harmonic maps between a Euclidean ball B ¢ R? and a closed manifold
without boundary NV, i.e. critical points of the Dirichlet energy subject to the previous
mapping conditions, satisfy the Euler-Lagrange equation

—Au = A(u)(Vu, Vu) in B.

Here A(u) denotes the second fundamental form of the manifold AV € RY.

Since u € W2(B, R"), the right-hand side of this equation is merely integrable,
and one might be lead to believe that u could be discontinuous, since the scalar model
equation |Au| = |Vu|? has discontinuous solution log log 1/|x|.

However, solutions are continuous — as was shown in Hélein’s celebrated [19, 20].
The reason are cancellation effects of div-curl type. Namely, if N = SV~ is the unit
sphere, Hélein showed that with Shatah’s conservation law [41] the right-hand side
can be written as

~Au' =Q;;-Vu inB (1.1)

where
Qij =u/Vu' —u'Vu’

is divergence free, div(€2;;) = 0. The div-curl term on the right hand side of (1.1)
implies via the Coifman-Lions-Meyer-Semmes [5] that Au belongs to the Hardy
space H! and then one concludes by Calderén-Zygmund theory that a solution u to
(1.1) actually belongs to leo’j (B) c C%(B). Hélein then extended this to the general
smooth manifold case in [20], using a moving frame method to obtain an approximate
div-curl structure. More than fifteen years later, Riviere showed in his celebrated work
[34] that the harmonic map equation — and actually Euler-Lagrange equations for a
large class of conformally invariant variational functionals — can be written in the form
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Regularizing properties of n-Laplace systems...

— Au't = Q- V!, (1.2)
where Q;; € L*(B,RY) may not be divergence free — but it is antisymmetric,
Q,‘j = —Qj,‘.

He then used Uhlenbeck’s Coulomb gauge [46], namely a rotation Q € W!?(B, SO
(N)), to transform the equation (1.2) into the form

— div(QVu) = Q0 QVu (1.3)
where
Qo = 0vo' + 000

is divergence free. This is good, because the (approximate) div-curl structure on the
right-hand side of (1.3) is enough to obtain continuity of solutions, cf. [36].

Since the first results of Hélein [19, 20], attempts were made to generalize this
to n-Laplace situation. This is a natural question since for n-dimensional domains
B C R" the energy [, |Vu|" is a conformally invariant variational functional. The
Euler-Lagrange equations change only slightly,

—div(|Vu|"2Vu) = |Vu" " ?Aw)(Vu, Vu) in B. (1.4)

And indeed, for the sphere case V' = S¥~! it is possible to extend Hélein’s approach
which was observed by several authors independently [13, 32, 43, 45]. But already for
general manifolds the regularity theory is wide open until today. In [35, I11.23] Riviere
asked the following question about regularizing effects of antisymmetric potentials
for systems.

Question 1.1 (Riviere) Is the following true or false? If for B C R” we have a solution
ue wWh(B,RV) to

—div(|Vu|""2Vu') = |Vu|"2Q;;Vu’/ in B
where
Qij =—-Qj e L"(B,R"), i,jefl,...,N} (1.5)

then u is continuous.

The underlying reason that this is a very difficult question is that we do not know
how to deal with an approximate div-curl system, i.e. when the right-hand side is a
div-curl term times an L> N W!"-map. Also the Hardy-space looses its relevance,
[12]. See [40] for a survey over attempts and description of the problems encountered.

@ Springer



D. Martino, A. Schikorra

There have been several partial results regarding the above question, and we refer
again to [40] and the recent [30] for an overview. What these results have in common
is that they assume additional Wit T -regularity for some s > 0.

We will not answer the question by Riviere in this work, but we present a regular-
ity result that does not require any additional differentiability, but only an improved

integrability on the zero-order curl of Q2. Denote by R, = 8a(—A)_% the Riesz
transforms (zero-order a-derivatives). By LP*?) we denote the Lorentz space, cf.
Section2.2. Then we have the following result

Theorem 1.2 Let B C R” be a ball. Assume that u € W' (B, RN) solves the equa-
tion
—div(|Vul"?Vu') = Q;; - |Vu"*Vu’/ in B
where we assume antisymmetry, i.e. (1.5), boundedness in L2
120 L2 gy < 00,

and additionally a zero-order curl condition

max max |
i,j=1,....N a,Be{l,...n}

Ra$2; — RpS2 Il () < 00 (1.6)

Then u is continuous in B.

The antisymmetry assumption (1.5) is crucial, since the usual log log 1/|x|-example
can be used to construct counterexamples otherwise, cf. [22, 26].

An immediate corollary for which we have no application whatsoever is the fol-
lowing.

Corollary 1.3 There exists a y € (0, 1) such that the following holds. Let B C R" be
a ball.
Assume that u € Wl’”(B, RN) solves the equation

div(|Vul""?Vu') = Va;;|Vu|"*Vu! in B
where Va;j € L2 (B) with
Va;j = —Vaj; i,j € {1,..., N}

Then u is continuous in B.

More relevantly, we observe that by Sobolev embedding (1.6) is in particular satis-
fied if ||curl 2| 1.1 < 00. From the Holder inequality for Lorentz-spaces we conclude
the following corollary.

Corollary 1.4 There exists a y € (0, 1) such that the following holds. Let B C R" be
a ball.
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Assume that u € Wl’"(B, RN) solves the equation
div(|Vu|"">Vu') = Q;j - |[Vu|"">Vu/ in B

where we assume antisymmetry, i.e. (1.5), and additionally for each i, j we assume
that

Qij = Bjj Va;j

with B,’j e L™, VBij; Vaij = L(n,Z)'
Then u is continuous in B.

A particular situation to which the structure of Corollary 1.4 applies is the harmonic
map equation (1.4). Namely, we obtain the following

Corollary 1.5 Letu € W' (B, N') be an n-harmonic map from an n-dimensional ball
B into a smooth manifold without boundary N' C RY, i.e. a solution to (1.4). If we
additionally assume Vu € L2 (B) then u is continuous.

By Sobolev embedding theorem, Corollary 1.5 contains in particular all previous
partial results for harmonic maps that were discussed in [40] and the recent [30,
Theorem 1.2] — without any assumption on additional differentiability. In particular
we obtain a positive answer to [30, Question 1.3 and Question 1.4].

As for the proof of Theorem 1.2, using absolute continuity of norms, choosing the
Riviere—Uhlenbeck’s Coulomb gauge, Corollary 3.3, we are able to reduce Theorem
1.2 to the following

Theorem 1.6 Assume that u € WH (B, RN) solves the equation
— div(Q|Vul"?Vu') = Q;j - |Vul"*Vu' in B (1.7)

where we assume Q € WY (B, SO(N)) and Q;; € L@V (B R"). Then u is
(Hélder-)continuous in B.

Observe that ||V Q|| 1»(p) < oo implies in particular that Q € VM O. So in the spirit
of linear theory of elliptic equations with VMO-coefficients, see e.g. [24], or scalar
p-Laplace type equations, see e.g. [4], a result like Theorem 1.6 might be expected.
But again, our system is not in the standard form of p-Lapace systems because of Q
being a matrix. Limiting estimates for p-Laplace systems with Lorentz spaces were
also discussed in [8] for nonautonomous variational problems and in [27] for energy
solutions. In particular it is proven that if u € W7 (B; RV) for some p > 1 and
a : B — R satisty

e Thereexists ) < v < L < oosuchthatVx € B, v <a(x) <L,
e Vae L"V(B),
o div (a|VulP~2Vu) € L™V (B),

then Vu is continuous. The choice a = 1 leads the following implication: A,u €
L™D(B;RN) = Vu e C°.
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For Q = I, Theorem 1.6 was proven by Duzaar-Mingione [11] and it follows
relatively easily, while not being explicitly stated, with Kuusi—-Mingione vectorial
approximation techniques [28]. Indeed, [28] was a substantial inspiration behind the
present work. The main obstacle is that we have the rotation Q € WL (R, SO(N))
— which does not fit in the framework of [28] and makes the n-Laplace system non-
standard.

For example we were not able to prove a corresponding n-harmonic approxima-
tion result, [28, Section 4]. Nevertheless, heavily inspired by the Kuusi-Mingione
techniques we circumvent the n-harmonic approximation argument with the help of
Iwaniec’ stability result, [23], which leads to an estimate (in our particular situation)
that rhymes with corresponding Kuusi—-Mingione’s estimates in [28, Section 5]. From
this, by a covering argument we obtain the following Calderén-Zygmund type result,
which is probably interesting on its own. See Proposition 5.1 for a more flexible
statement we are going to use in the proofs.

Proposition 1.7 There exists a small T > 0, ' > 0 and a € (0, 1) such that for
suitably small ¢ and even smaller y = y (¢) we have the following.

Assume f € LY(B"(0,1); RV), G € L#1(B(0, 1); R"®@RY), 0 € WI(B(0, 1);
SO(N)) andu € WH(B(0, 1); RN) satisfy the system

—div(|Vu|""2QVu) = f +divG in B(0, 1)
with the bound

IVOIlLnB©,1) < V-

Then

+ T[Vull g (0.1
(B(O 1))) B0

1 1
n—1 n—1
IVull o) g0y < T <IIf|IL1(B(O,1)) +1617%,

1
~I—§ IVl oo B0, 1))-

An adaptation of the argument in the proof of Theorem 1.6 leads to the following
corollary for the n-dimensional version of the prescribed mean curvature equation,
shortly H-system. This has been considered by several authors also since the 1990,
e.g. [9, 10, 14, 26, 30-32, 39, 40, 44, 47] — observe that Theorem 1.2 is not directly
applicable, because the the curl condition is likely not reasonable.

Corollary 1.8 Let H : R"*! — R be bounded and globally Lipschitz. Assume u €
Wb (B, R*Y satisfies

—div(|Vu|"2Vu) = H(u) dju x dou X -+ X dyu  in B
IfVu € L("’ﬁ)(B, R™) then u is continuous in B.
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Before we get to the outline of this paper, let us discuss a few extensions, and
limitations of our result. First of all, we assume Q(x) € SO (N) in Theorem 1.6 for the
sake of presentation and simplicity, because this is what we have from Theorem 1.2. It
is elementary to adapt the result to Q (x) € GL(N), where || Q|1 +|Q ||z~ < oc.
Additionally, we can replace the right-hand side in (1.7) by €;; - \Vu|"2Vul + f;
where f; € LP for p > 1 and still have the same result. We leave the details to the
reader.

Outline of the paper

In Sect.2 we discuss preliminaries, such as norms and operators, Lorentz spaces,
but also the commutator estimates we need. In Sect.2.4 we also discuss a somewhat
special case of a Hodge decomposition with estimates we couldn’t readily find in the
literature. In Sect. 3 we introduce Uhlenbeck’s Coulomb gauge, i.e. the rotation Q and
show how after rotation the antisymmetric potential improves on the Lorentz space
scale. This will show that Theorem 1.2 is a consequence of Theorem 1.6. In Sect.4
we begin by using Iwaniec’ stability arguments to obtain L"~¢-estimates of rotated
n-harmonic systems. While Lemma 4.1 is standard, Lemma 4.2 is the estimate that
will lead to estimates that we can use for a Kuusi-Mingione scheme as in [28]. The
latter we carry out in Sect.5, where we prove a more flexible version of Proposition
1.7, namely Proposition 5.1. The latter we use in Sect.6 to obtain a decay estimate
in the L"~¢ and L"° norm from which we conclude Holder continuity, i.e. we
prove Theorem 1.6. In Sect. 7 we apply our results to n-harmonic maps and establish
Corollary 1.5, and in Sect. 8 we prove the result for H-systems, Corollary 1.8.

Notation

Throughout the paper we will assume n > 3. Given two numbers A and B and a
parameter p, we denote A S, B for an inequality of the form A < ¢B, where c is a
constant depending only on n, N and p. We denote A < B when the constant ¢ in the
inequality A < ¢B depends only on n and N.

2 Preliminaries and commutator estimates

2.1 Operators and norms

We recall the definition of the Riesz transforms R f applied to f € LP(R"), p €
(1, 00).

Rf = F! <ié—|ff($)) ,

where F is the Fourier transform. This can be equivalently written as

Rf(x) =cP.V.f 7Y sy dy.
¥ — y|n+1

R |
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Observe that R f is a vector, R f = (R1f,..., Rnf).
We will also use the fractional Laplacian

DI f =7 (EFFF©).

It is useful to observe that Riesz transform and half-Laplacian combine to a derivative
(and in this sense R is a zero-order derivative in direction «),

RalDI'f = —cdof.

The BMO-norm for b € L }OC (R™) is given by

[blpmo == sup ][ [b— D) B(x,m,
B(x,r)

xeR”, r>0

where we denote the mean value

1
() P — b =][ b.
o |B(x, )| JBx,r) B(x,r)

2.2 Lorentz spaces and maximal functions

Here we recall the definitions and relevant properties of Lorentz spaces, with applica-
tions to maximal functions. For further reading, see [1, 16].

Let 2 C R” be an open set. Given a function f : 2 — R, we define its decreasing
rearrangement f* : [0, co) — [0, o0) by

Vi>0, f*):=inf{A>0:|{x €cQ:|f(x)]>A} <s}.
We also consider the following transformation of f*:
1 N
Vi >0, f*(s):= —/ f*@)dr.
s Jo
Given p € (0, 00) and ¢ € (0, +00], we define the Lorentz norm L7~ () as

(f()OO (f**(s)sé)q d—gs)‘i if g < o0,

SUPg= S 7 f**(s) if g = o0.

||f||L(p.q)(Q) =
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This quantity is actually a norm only when p,q > 1. We also define equivalent
quantities which are more useful in practice:

1

0o * % 4 ds 7,
[flrwa @) = (fo <f1 (s)s ) B ) ifg < oo,
Sups>OS;f*(S) if g = oo.

When g = oo, we will use an alternative form
1
[f]L(P-OO)(Q) =supAl{x € Q:[f(x)] > A}|P.
A>0

For any p € (1, 00) and g € (0, +00], there exists a universal constant c(p, g) > 1
such that for any f € L9 (Q)

[f]L(p,q)(Q) = ”f”L(PJI)(Q) <c(p, Q)[f]L(p,q)(Qy

Lorentz spaces are refinements of the Lebesgue spaces in the following sense. Given
0<qg < p<r<+ooand || < 00, it holds

L'(Q) = L(r,r)(Q) C L(P,r)(Q) c L(p,p)(Q) =LP(Q) C L(p,q)(Q)
C L99(Q) = L1(Q).

The Lorentz norms have the same behaviour as the Lebesgue spaces in the following
sense:

e There is a Holder inequality for Lorentz spaces. Given p1, p2,q1,q2 € [1, 00]

1 1 1 1 :
such that 1 = o + 7 and 1 = o + e there exists ¢ = c¢(p1, p2,q1,92) > 0

such that for any f € L(P1-9)(Q) and g € LP292)(Q):

”fg”Ll(Q) = c”f”L(l’l“il)(Q) ||g||L(P2~‘72)(Q)'

e Givenr > 0 and p € (0, 00) and g € (0, oo], it holds
”fr”L(PJI)(Q) = ”f”z(pr,qr)(gz)'

Given a cube Q¢ C R", we define the sharp maximal function: for any x € Q,

MﬁQOf(x) = sup {][Q lf —(fol:Q C Qo,x €0, Qisacube}_

Thanks to [1, Chapter 5, Theorem 7.3, p.377], we have a pointwise lower bound on
the rearrangements M ﬁQO:

@ Springer



D. Martino, A. Schikorra

Theorem 2.1 There exists a universal constant ¢ = c¢(n) > 0 such that for any cube
Qo C R" and any f € L'(Qy), it holds

vi e (o, %) FHO = 150 < My 0.

2.3 Commutator estimates

It is well known that the Riesz transforms are bounded on L” (R"), namely

Theorem 2.2 (Calderén-Zygmund theorem) For p € (1, 00) there exists a constant
C such that the following holds for all f € LP(R")

IRfllLr@yy < CllfllLe@ny.

When f is a product of functions, cancellations can appear, which is the harmonic
analysis reason for many compensated compactness type results. The fundamental
estimate is the following

Theorem 2.3 (Coifman-Rochberg-Weiss commutator theorem, [6]) For p € (1, 00)
there exists a constant C such that the following holds.
Forany b € L*°(R") and f € LP(R") we have

[R,DbI(f) := R(bf) — bR(f) € LP(R")
with the estimate

IR, bY(HliLr@ny < Cblgmo | fllLe®ny-

We need a special version in Lorentz spaces, that can be proven e.g. with the methods
in [29, Theorem 6.1.].
Theorem 2.4 (Coifman-Rochberg-Weiss commutator theorem, [6]) For p € (1, 00),
q1, 92, q3 € [1, oo] such that

1 1 1

Q@ @

there exists a constant C such that the following holds.
Forany b € L®°(R") and f € LP(R") we have the estimate

IR I v ey < € NV L gy 11l o) gy

For vectorfields G € L? (R", R") we will use the following notation, the zero-order
divergence R-,

n
IR GllLr@n =11 Y RaGallLr@n,

a=1
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and the zero-order curl, R+,

||

We have the following stability result by Iwaniec—Sbordone [23]. For a proof, inspired
by [37], we refer to [21, Theorem 13.2.1]. Observe that RLVu =0.

= max RoyGg — RgG P (R
Lo a X || «Gp 8GallLr®r)

Theorem 2.5 (Iwaniec stability result [23]) For any 1 < p; < p» < 00 there
exists &g > 0 and a constant C = C(py, p2) such that whenever ¢ € (—e&g, €9) and
p € (p1, p2) then

n 1+
|R- (9l va)| g, o < CIENVHIE s,

whenever the right-hand side is finite.

Let us remark that it is unclear to what extend the statement of Theorem 2.5 holds for
Lorentz spaces (with uniform constant C). The operator in question is nonlinear, and
not always Lipschitz, so interpolation obtains unsatisfactory dependencies of C on ¢;
See also [40, Problem 3.2.].

2.4 Hodge decomposition

It is not difficult to show, [21, (10.68),(10.69),(10.70)], that for any f € LP(R"; R"),
p € (1,00), g €[1, o], we have

||f||L(n,q>(Rn) ~ ||R f”L(p,q)(]Rn) + ||RLf||L(p,q)(Rn) (2-1)

This is essentially a consequence of Hodge decomposition in R”.
The main goal of this section is the following Hodge decomposition on a ball
without harmonic term.

Proposition 2.6 (Hodge decomposition) Let p > 2. Assume that F € C°(B,R")
then there exist a € W(}”’(B(o, 1)) and B € WP (B(0, 1), R") such that

F=Va+ B inB(0,1) (2.2)
and we have the estimates
lallwir o1y S IR - FliLemn), (2.3)
and
IBllLrso.1) S IREFllLr@e) (2.4)
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Decompositions such as the one in (2.2) are well-known, cf. [7, 25]. What is,
however, crucial for us are the estimates (2.3), (2.4) — and we are not aware of them
being readily available in the literature.

In order to prove Proposition 2.6 we will use the notion of differential forms, for
which we refer the reader to [7, 25]. With

i:9B(0,1) — B, 1)

we denote the inclusion map. We write /\k B(0, 1) the set of functions defined on

B(0, 1) with values into k-forms on R”. Given w € /\k B(0, 1), we can write w in
coordinates

w= E wrdxy,

1€

where 7 = {(i1,...,ix), 1 <i] <iy < ... < i < n}are ordered tuples and w;
are functions. We say that w belongs to Wl’p(/\k B(0, 1)) if w; € WP(B(0, 1)) for
all I € 7.

By d we denote the differential and by d* = xdx we denote the co-differential,
where « is the Hodge star operator.

Lemma 2.7 Assume p € [2,00). Assume F € C;’o(/\l B(0, 1)). Then there exists
a € Wy (B(0, 1)) such that

d*da =d*F inB(0,1
a in B(0, 1), 2.5)
a=0 ondB(, 1),
and we have
lallwir 0.1y S IR - FllLr@n). (2.6)

Proof We simply solve

Aa=divF in B(0,1)
a=0 on 0B(0, 1).

Using that a is a zero-form, and thus d*a = 0 we observe that this is equivalent to

(2.5).
For the estimate (2.6) we let ¢ € C2°(B(0, 1)). By the support of F

/ div ng:f divF<p=/ R-FIDI'¢ S IR - Fllo@n 11D @Il g
B(0,1) n R"
Since
1
|||D| (p”L[/(R") S ”V(p”Lp/(]Rn) Sx ||‘P||W1,p/(3(0’1)),
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we conclude that

||Aa||< )* SR - FllLe@ny-

we? (B, 1))

Standard Calder6n-Zygmund estimates imply (2.6). O

Lemma2.8 Let p € [2,00). Assume F € Cf"(/\1 B(0, 1)). Then there exists b €
L?(A\* B(0, 1)) N CY(A\? B(0, 1)), such that

dd*b =dF in B(0, 1),
db =0 in B(0, 1), 2.7)
i*(d*b) =0 ondB(0, 1),

such that
16Ilwirso,1y) S IR FllLo@n. (2.8)
Proof Let
2
X = {n ewh? </\ B(0, 1)), dn =0 in B(0, 1)},

which is clearly a closed subset of W12 ( /\2 B(0, 1)). Consider the energy

1
Eb) = f —(d*b,d*b) + (F,d"b).
B(0,1) 2

Let (bg)reny C X be a minimizing sequence in X for £.
Clearly we may assume & (by) < £(0) = 0, and then we have

sup ld* el 5019y S 1F 72 30,10y
u , ,

By [25, Theorem 6.3.], there exists iy € W'2(A? B(0, 1)), dhy = 0, d*hy = 0, [25,
(3.18)], such that

lbr — hk||W1.2(/\2 B(0,1)) 5 ||dbk||L2(3(0,1)) +||d*bk||L2(B(o,1)),
N——

=0

i.e.
bk — hk||W1,z(/\2 B(0,1)) 5 ||d*(bk - hk)”LZ(B(o,l)) 5 ||F||L2(B(0,1))-
Observe that by — hy still belongs to X, so we might as well assume sy = 0.
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Then by, is uniformly bounded in W12 ( /\2 B(0, 1)), and up to taking a subsequence
converges weakly in Wl*z( /\2 B(0, 1)) to some b € X. Clearly we have weak lower
semicontinuity of £(b) w.r.t. weak W!-2-convergence, so we have found a minimizer
be Xof€.

Now for the equation: For ¢ € C"O(/\2 B) with dp = O then b + 1¢ € X, and

j—t t:OS(b + t¢) = 0 implies

/@raw¢HwF¢w»=0
B

For a general ¢ € C°°(/\2 B(0, 1)), cf. [25, (5.8)], we find ¢ € C°°(/\2 B(0, 1)),
d¢p =01in B(0, 1), and ¢ € C"O(/\3 B(0, 1)) such that

p=9¢+dy
Since d* o d* = 0 we conclude
2
/ (d*b,d*¢) + (F,d*p) =0 forallg € COO(/\ B(0, 1)). 2.9)
B(0,1)

An integration by parts, [7, Theorem 3.28], implies

/ (d*b+F,d*<p)+/ (dd*b + dF, )
B(0,1) B(0,1)

2/’ (WA (d*b+F), ),
9B(0,1)

where v € /\1 d B (0, 1) denotes the outwards facing unit norm (as a form). This gives
the interior equation (2.7) for b. For the boundary data we observe from the above
equality that

VA(d*h+ F)=0 ondB(0,1).
By [7, Corollary 3.21], this is equivalent to the condition
i*(d*b+F)=0 ondB(0,1).
Since F has zero boundary data we have i*(F) = 0, so i*(d*b) = 0. Thus b is a
solution to the equation (2.7). In the previous arguments we have already used that b
is smooth, which follows as in [7, Theorem 6.12], but our main burden is to prove the
estimate (2.8).

Lety € C®(A*B(0, 1)), ¥ = Yapdx® Adx?,and denote by Eyy € CX(\*R")
an extension with

IEV lwha@ny Skaq 1Y lwkas0.1))-
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Since F = F,dx® vanishes outside of B(0, 1), we have
f (F,d*yr) =/ (F,d*EY)
B(0,1) n
ZZ/ Fﬂ 3,1E1//a/3
o, B R
Yap=—VYpa
e Zf (Fg 00 EViap — Fu 35 EVagp)

Rﬂ

—Z/ (Ra (Fg) — R (Fa)) IDI' Eiag

SIRFFllLe@ny 1Vl so.1))

From (2.9) we thus conclude

(d*b,d*lﬂ)‘ SIREFller@y ¥y o . (2.10)
fB(O H RHTY IwLr' (A" B0.1))
By duality, we may find n € Cfo(/\1 B) with ||17||L,,/(B(0 1y = 1 such that

ld*bllLrB0.1)) <2 ‘/ (d*b, 77)'-

B(0.1)

By Hodge decomposition of 1, [25, (5.16)],
n=d*y +¢ inB(0,1),

where ¢ = do + h, with o € WI'P(/\O B(0, 1)) satisfying i*(de) = 0 on dB(0, 1)

and h € L”(/\1 B(0, 1)) verifying dh = 0, d*h = 0in B(0, 1) and i*h = 0 on 9 B.
Thus, [7, Corollary 3.21.] and [7, Theorem 3.23.]

d¢p =0 in B(0, 1)
VA(da+h)=0 ondB(,1).

and we have [25, (5.18)],

IV lwiro,1)) < I1llLrso,1))-

Integration by parts, [7, Theorem 3.28], implies

/ <d*b,¢>+f <d¢,b>=/ (v A, b).
BO,1) B(0,1) —— IB(O,1) \/od
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Consequently,

ld*bllrBo,1)) <2 ‘/ (d*b, d*w)‘
B

2.10) N

S IRTFllzegn).

~

0,1

We apply once more [25, Theorem 6.3.] to find & € Wl”’(/\2 B(0, 1)), dh = 0,
d*h = 0, such that

* €
”b - h”wl,p(/\2 B(0,1)) 5 ” db ”LP(/\3 B(O,l))”d b”Lp(/\z B(0,1)) § ”R F”LP(R”)-
=0

Setting b := b—h we observe that b still satisfies (2.7) but also (2.8). We can conclude.
O

Proof of Proposition 2.6 We take a from Lemma 2.7 and b from Lemma 2.8, which
satisfy the claimed estimates.
Set

h:=F—da—dbe CW(AIM).
We can conclude once we show
h=0 1in B(0,1). (2.11)
For (2.11) we observe by the choice of b from Lemma 2.8,
dh=dF —dd*» =0 in B(0, 1)
and by the choice of a from Lemma 2.7
d*h =d*F —dd*a in B(0, 1).

So & is harmonic, dh = 0, d*h = 0.
By assumption we have

i*F=0 ondB(,1)
Since
i*(a) =0, soi*(da) =0,
and
i*(d*b) =0,
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we conclude i*h = 0. By Poincaré lemma we may write h = d ﬁ, where i is a 0-form,
that is to say a function. Then we have

Ah =0 inB(0,1)
3:h =0 ondB(,1)

The boundary conditjon means that / is constant on 0B(0, 1), thus his constant, and
consequently 4 = dh = 0. We have established (2.11) and we can conclude. O

Our goal in Sect.4 is to apply Proposition 2.6 to terms of the form
Fi = Qij|Vw|~*Vw/
where w € W(}’n_s(B(O, 1)) and Q;; € L™ N WI"(B(0, 1)).
Observe that this implies that for p € [2, {=¢] we can approximate F; by F;;s €
L?(A\'R") nc2(A' B(0, 1)), by considering

Fi.s = Qij;s(|Vws| + 8)’£Vw§

and wg € C°(B(0, 1)), Qij.s € C®MR", RN*N)) the usual approximations, and we
have

§—0
| Fis — FillLp@®ny — O.

That is, we have the following as a consequence of Proposition 2.6.

Corollary 2.9 Assume w € W&’"(B(O, 1)) and Q € WV (B(0, 1), R**"). There exist
al € Wy’ (B(0, 1)) and B' € W"P(B(0, 1), R") such that

Qij|Vw|*Vw/ = Va' + B" in B(0,1)
and we have the following estimates for all small € > 0

n—e < ) o0 1_8
lall 1422 o 1y < ICILS IV (501

and

IB] < (121101 + [01amo0) IVl % 0.1y

L Bo.1)

Here Q is any extension of Q to R".
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Proof The estimate for a follows from boundedness of the Riesz transform, Theorem
2.2, and Holder’s inequality. The estimate for B is a consequence of commutator
estimates,

s e
Vul Vol )| g
IR (Qif IVl ™V ) | e

-~ 1 £ J
< 010 IVwI L, o 1y + I1ON IR (IVwl ™Vl ) e

[Q]BMO”Vw”Ln ~£(B(0,1)) + ||Q||L°°|8|”vw”Ln ~£(B(0,1))

where in the first line we used Theorem 2.3 and in the second Theorem 2.5. O

3 Choice of gauge: Theorem 1.6 implies Theorem 1.2
The Uhlenbeck gauge was introduced in [46], the application to harmonic maps is due

to Riviere [34]. See also [38] for a variational method, [15, Theorem 1.2] for n > 3.
The following result is also often used in the theory of wave maps, see e.g. [42].

Proposition 3.1 (Uhlenbeck’s Coulomb gauge) There exists y > 0 and C > 0 such
that the following holds.
Assume that Q;; € L"(R",R") is antisymmetric, i.e. Q;; = —Qj;, and assume
1211 @wmy < v
Then there exists Q € L°(R", SO(N)), such that
IVOILr@®ny < ClIL L wn)s

and we have for

Q¢ :=0vo’ + 000"

div(Q9) =0 inR". (3.1

Since Proposition 3.1 in this form is usually stated on domains such as balls, or with
W2 -assumptions on €2, we sketch the proof.

Proof Fix R > 0 and set
Qr(x) := RQ(R").
Observe that
1207 B(0,1) = ILllL7BO,R) = V-
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By e.g. [15, Theorem 1.2], if y is small enough, there exists f’R € Wl’”(B(O, 1),
SO(N)) such that

div(PrRVPL + PRQrPE) =0 in B(0, 1)
and P — I € WOI’"(B(O, 1), RVXN) ‘where [ is the identity matrix in RV " and

IV PRI 0.1)) Snv 2R I2B0.1)) < 192 L0 (@n).-

Setting

| Pr¢/R) inB(,R)

PR .
1 inR"\ B(0, R)

we have

div(PRVPE + PRQPL) =0 inB(0, R),
moreover Pg € W,o" (R", SO(N)), and
IV PRIy Snon 1R 20 rey -

In particular, up to taking a subsequence R — oo we find that Pg converges to some
Q € L®®R", SO(N)), VQ € L"(R") and, using Rellich’s theorem

div(ovoT + 0207)=0 inR"

and

IVOIlln@ry < Uminf VPR pr@ey Saonv 120112 we) .
R—o0

m}

Our main point of view is that instead of using the divergence-free condition (3.1)
directly in the equation, as is usually done in the (n-)harmonic map theory, we use
the condition to improve the regularity of Q2. as is often done, e.g., in wave maps
[42]. Namely, the Uhlenbeck gauge regularizes with the regularity of €2 and curl €2.
Precisely we have

Proposition 3.2 Take y sufficiently small — possibly smaller than the one Proposition
3.1. Then under the assumptions of Proposition 3.1 we have additionally

Ivo ||L(n,2)(Rn) 5 [1€2 ||L<n-2)(Rn),

and

2 €1
19221 00 ny S IR0 oy + IR Q00 .
whenever the right-hand sides are finite.
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Proof From (3.1) we have
R-(QVOT +09"0)=0 inR".
Since ¢|D|' = =R - V,
cDI'Q" = Q"R Q1(VO") + Q"R - (0QQ") InR".
Consequently we have in view of Theorem 2.4 for any g € [1, o],

DI Ol sy S NQUL 1V QU2 2y gy + 1R -

Applying this estimate iteratively for ¢ = 5, 7, ..., 2, using that L™m = " and
observing that since y < 1 we can estimate high powers of y by y for convenience,

VOl o @ny SIVOILnwny + 120 L0 ®ey S 121 Lr@ny + 12 02 @ny
S 2||Q||L<n,2>(Rn)~

Now we observe that RV = 0 and thus, observing also our standing assumption that
n>3,

2.1
1290 Lon@ny S TR Q2 o @ + IRTQE Lo gy
=0

SIRHQVOD L @y + IRH(QQROD | Lo @)
SIRE, QUVOD) Lo gy + IR, Q12 Lty @y + IRl Lin )
SINVOIG 0 gy + IV Q02 oy 1201 vy + IRl ny -

In the last step we used Theorem 2.4. O

Corollary 3.3 There exists y > 0 such that the following holds. Consider the setting
of Theorem 1.2: let B C R" be a ball and assume that u € W'"(B; RN) solves the
system

—div (|Vu|"*2w") = Qij|Vu"2Vul in B,

where Q;; € L"(B) satisfies Q;j = —Qj; and

121 Lo gy + IR QLo @ny < ¥-

Then there exists Q € WLn(B; SO(N)) such that the assumptions of Theorem 1.6
are satisfied: |V Q| ») S v and u solves a system of the form

—div (|Vu|"—2wa) = Quj|Vu"2Vu! in B,
where |2l Lwn gy S ¥-
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Proof We observe that we have
—div(Q|Vu|""2Vu) = (=VQ + 09Q) |Vu|"*Vu.

We extend 2 to R” by zero, and choose Q from Proposition 3.1. Observe (VQ)Q7 =
—QVQT, so from Proposition 3.2 and the assumptions of Theorem 1.2 we find

IVO+ 0« an = 1202 ey S,
and
IVOIllLn@m S v-
Thus the assumptions of Theorem 1.6 are satisfied. O

4 Estimates below the natural exponent

Throughout this section, we denote Bj the unit ball of R” and B(r) the ball with same
center of B and radius r.

Let f € L'(Bi;RY) and G € Ln'Tll(Bl; R" ® RN). We assume that u €
Wbhn(By; RN) solves

div(Q|Vu|"2Vu) = f +divG in By,

where Q € L®(B;, SO(N)) and VQ € L"(B;, R" @ RV).

In this section we prove theorems that are substantially motivated by the estimates
obtained by Kuusi—-Mingione [28, Section 5]. However, we were not able to use their
techniques, in particular the n-harmonic approximation, because of the presence of
Q. Instead we use the Iwaniec’ stability result, Theorem 2.5, to establish somewhat
similar behavior.

The first result is a relatively standard consequence of Iwaniec’ stability result, see
e.g. [30, Section 4.4].

Lemma4.1 Fixo € (0,1) and 6 € (0, }‘), There exists eg = eo(n, N, ,0) € (0, 1)
and yp = yo(n, N, o) € (0, 1) such that the following holds:
1
IfR < 5 and

IVOIlirB2Rr) < Y0
and u € W (B(2R)) satisfies
div(Q|Vu|"2Vu) = f + divG in B(R). 4.1
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Then for any ¢ € (0, &)

(OR

<o R~

& &
) ”vu”Ln ¢(B(OR)) ”Vu”Ln ¢(B(R))

—& —&
+C@) (R IVl oy — ORI IVUIGE, (sory )
+C(e, 0 + |G

( ) (”f”Ll(B(R)) ” ” ] (B(R)))

Proof Denote for p > 0 the cutoff functions 7, € C(B(2p)), n = 1 in B(p),
Inl < 1inR", and |Vi,| < %
Let

i = 77%(” — (W) + (W) B(R).

Observe that supp Vit C B(R).
And

0:= Ug(Q —(Q)Bwr)) + (Q)B(R)

for which we observe that [Q]BMO S IV OIlLeBrY)-
By Hodge decomposition on R”

Q|Vil|™¥Vii =V + B
where for any p € (1, 00), ¢ € [1, 00]

- 1
||V‘P||L(p,q)(Rﬂ) Sp,q 1Ol = IVl €||L(p,q)(Rn),

the constant here is independent of ¢; also by Theorem 2.3 and Theorem 2.5 for all
suitably small ¢ > 0

181, 1=t o S (161100 +1018m0) IVl o 42)

1

We then have

fnywrf—s = /MQIWI"_QW:QIWI_SW
n R~ 4

To=1 D~
o2 /Q|Vu|"_2Vu:n§V<p +/ O|Vii|" Vi : N5 B
Rn

= OIVi|" Vi : V(nrg) — / OIVi|" Vi : Ve ¢
R” 4 R 4

+ | O|Vial"?Vii:nzB
R2 4
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Using (4.1)
/ nr|Vul"f <I+I1T+111+1V, 4.3)
R 4
where
I = fnrel,
R~ 4
1= cnvm”4Vu:VnR¢L
R" 1
111 = O|Vul">Vu : nRB',
R" 4
1V = f G:V(nmp)'-
Rn 4

Fix § > 0. For I, we observe as before, for any ¢ > 0

1SS ||f||L1(B(R))||§0||L°0(R")
SIANL Ry VOl Lo @y

S ”f”Ll(B(R)) |||v’/~l|l_8||L(n D(B(R))

< 1-¢
NC(5)||f||L'(B(R))|||VM| ”Lﬁ(B(R))

SCONSfLiskry Ri= ”VM”L" ~¢(B(R))

5||VM”L,, ¢(B(R)) + C({;‘, 8)R6 (”f”Ll(B(R)))m . (44)

For 11, it holds

I < oo—an n—e
19l T ) 190,

1
— o) | Vit
R”Q”L @& [Vull

n—1

L (BENBE)

Vol _ wo—e
) L n(l—g)+(n—e) (R”)

1 1
S =IOl ooy [ Vul"~ IVl
~R EOT e (s\m) e ®
lIIQIIL @ I Vu)" ™! IVl
©(R" n(n &) (l—¢
R L= é(B( )\B( )) L n(l—g)+(n— s)) (B(R))

n—1
IV gy 1V

< n—e
wvmb”ww»+cwmvnug@mnm))

4.5)
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Observe that the constants are independent of € when ¢ is small, since % ~
5. To estimate /11, we use (4.2):

< o0 n—e
111 QN ng Vully o 1B g

S g Vul i g, (IOl + 11y mo ) IVl . o,

< (10l +101varo) 190l (5
S (e + 1V QlLwy) IVRl% 5 egyy- (4.6)

For 1V, it holds

1V S ||G|| 1(B(R))||V(77§<P)||Lﬂ(1£e(1e))

1
< n — n
~ ”G”L"Tl(B(R)) (R “@”L"(B(R)\B(%)) + ||V§0||L (B(R)))

CENG] (llellzoo@ny + IV@llLr(B(RY)
L= =T (B(R))

CONGH 321 5xy) (IV@ll Lo gey + IV@ll Lr(B(R)))

< CEIGI,; |||Vﬁ|l_8||L(n,1)(Rn) + |||W|“€||Ln<3<m))

= (B(R)) (

S COIGH, 2y o R NVHILE

A

n— l
SVl gy + Cle DRG] I @.7)

Thanks to (4.3)—(4.4)—(4.5)—(4.6)—(4.7), we have shown

& & &
OR) T NVullpae pory <028 RNVl e gry

—& n
+C(87 8)9 <||f||L1(B(R)) + ||G||L1(B(R))>
+CO° (e +IVQlLrB(R)) R™°
+C@OR)~ SIIVMII" ‘

u”L}l S(B(R))

~(BRNBS)
For the last term we observe

OR)“IVully,® =R

&€
L= (B(R)\B(R/4) — ) ”VMHL” “(B(R)\B(OR))

& —& n—e
—(OR)” — OB IVull s

IVullpn®e gery)

— & ‘
=R~ ||vu||Ln —¢(B(R)) (QR) ”vu“L" “(BER)
+ O = DRIVUILE 5
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So we arrive at

OR) | Vul"* <07 F28 R

€
Ln=¢(BOR)) = IVl ~£(B(R))

+CEO = DRIVl )

—¢ =
+ C(87 8)9 (”f”Ll(B(R)) + ”G” ] (B(R)))
+CO7° (e + IVQIlLr(B(r)) Ri&IIVMII'in(B(R))

+ CO) (R IVulGE iy — ORIV oy ) -
In a first step, for given o > 0 we first choose § > 0 small so that

OR)™ <0F=

& —&
||VM||LH —€(B(OR)) — ||VM||LH —¢(B(R))

+ C(O’)(@ £ — 1) R~ E”VMHL,, ~£(B(R))
n— 1 n

+ C(e,0) <||f| LiBRY T ||G||Ln I(B(R)))

+Co) ( VI iy — @R IVHILE oy )
Then we can assume that &g is small enough (depending on ¢ and 6) so that for any
e € (0,&) wehave 7% <2, Ce < % and 7% — 1 < ,/e. This last condition is
assured by the asymptotic expansion e~¢102(®) _ | Y, ¢ log(6). Then we have for

E—>

any ¢ € (0, go)

—& U —&
OR)IVUlLE o)) = IVillyaZe g gy

+C<a)f 2.

+Ce.0) (IIfII sy TG ﬁ(m)))
2 +20n) RV

+ (g + VO) ” u”Ln ¢(B(R))

+C@) (R IVHILE iy — ORIV oy )

Next we reduce again &g so that for any ¢ € (0, gg) we can absorb C (o), and we
choose yp > 0 such that 2Cyp < 555"

—& U —&
(QR) ”Vu”Ln F(B(QR)) — 2 ”vu”Ln £(B(R))

+C(e.0) (Ilfl ey HIGI L )
L](B(R)) —T (B(R))
+C@) (R IVHIGE iy — ORIV oy )

O
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Lemma 4.1 is not enough to conclude regularity for n-harmonic map systems or
similar equation because || f||;1 decays in terms of ||Vul|z», not || Vu| pn—. This is
the main reason for all the additional differentiability assumptions in the literature, cf.
[40].

The following result is motivated by the iterative estimates as in [28, Lemma 5.2
or Proposition 5.1]. Kuusi-Mingione developed a n-harmonic approximation the-
ory for this [28, Section 4]— which we were note able to reproduce for our operator
div(Q|Vu|"2Vu) because of the rotation Q. Instead, we turn to Iwaniec’ stability
theorem to obtain comparable estimates without harmonic approximation — which
works because we consider W!-? for p ~ n, so Iwaniec’ stability allows us to move
into continuous test-functions with controlled expenses in error terms.

Lemma4.2 Fixo € (0, 1). There exists ¢ = €1(n, N, o) > 0 such that the following
holds.

For any ¢ € (0, e1) there exists yi = yi(n, N,e,0) > 0 with the following
properties.

Assume u € Wi (B(4/3),RV), £ € LY(B(1),RV), G € Li-1(B(1), R" @ RV),
Q € W' (B(4/3), SO(N)) are solutions to

div(Q|Vul"">Vu) = f +divG in B(1).

Assume moreover

e 0B(1) is a good slice in the sense that

SIVull e : (4.8)
L7FT (B(4/3))

[u] S [u]

Wisn @B > W (B/3)

e v solves

Ap,v =0 in B(1l),
vV=u on dB(1).

o VOl @/3) < 11

Then we have the estimate

1
—T

1
_ s < n n—1
||Vl/l Vv”L (B(l)) ~ C(U5 8) (“f”Ll(B(l)) + “G”L’lnl(B(l))>

+olIVul pn-c(Bs3))-

Proof of Lemma 4.2 We recall the following well-known inequality (cf. e.g. [3], :
denotes the Hilbert-Schmidt scalar product)

X —Y|P <Cp <|X|1’_2X - |Y|1’_2Y) (X —Y), VX,Y eR™N pe2,00).
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Then we have, using Q7 Q =1

f |Vu — Vo|" ¢
B(1)

< / (|Vu|”—2w - |Vv|’1—2w) V(U — )|V — )
B(1)

~

= f (QuI Va2Vt = Qi Vol 290k) : 01V = )~V (u = v).
B(1)

Sinceu — v € Wol‘" (B(1)) we find from Hodge decomposition, Corollary 2.9, a’ €

Wol’ﬁ(B(l)) and B € LT (B(1), R") such that
Qij|IV(u —v)|*d(u —v)! = Va' + B' in B(1),

and the estimates (choosing in Corollary 2.9 the extension 0= n(Q — (Q)pw@/3) +
(Q) B(4/3) for some cutoff function n € C°(B(4/3)), n = 1 in B(1))

1—
||a||WI"]lT_§(B(1)) S ” Q||L°°(B(4/3)) ”V(u - v)”L"fS(B(]))’ (49)
and
1—
||B||Lg(3(])) < (e 1QN Loy + 1V Clnaam) IV = L gy
(4.10)
We now drop the indices for better readability, and have
/ [Vu —Vo"* ST+ 1T+ 111+1V (4.11)
B(1)
where
I:= O|Vul""?Vu : Va
B(1)
= Q0|Vv|" Vv : Va
B(1)
111 := O|Vul"?Vu : B’
B(1)
1V = Q|Vv|[" Vv : B‘ .
B(1)

Fix now some small § > 0.

@ Springer



D. Martino, A. Schikorra

Since a has zero-boundary data, and by Sobolev embedding, and then Holder

inequality (observe that 1=% > n),

I = fa+ G :Va

B(1)

Sy lallLesay + I1G IVallL»ay

LT (B(1)
SIf sy 1Valzon sy + 1G]

<€@© (IfIway + 161
(4 9

L1 syl Vellnaw)

L%‘(B(l))) Ivall 4=
" L1-¢ (B(1))
< €@ (I lumay +1G1, 2y o)) 1Y@ = DI -

That is, by Young’s inequality

1< 38|V =75 gy + CG. ) (Ilfll 'L’lgw + ||G||‘1(B(m)

As for 11, observe that v is n-harmonic. Thus Vv is L"”-norm minimizing, and thus
the usual harmonic extension u” of u ‘33(1) is a competitor, that is from trace theorem

and Holder’s inequality,

“4.8)
IVollersan < Ve leeman S Wy pagpq), S 1Vl 2
ekl
S I Vullpn-eay3)) (4.12)

Also observe that
div(Q|Vv|"2Vv) = VO|Vv|"2Vv in B(1),
so that we find

1T SV QI sanlIVollta s lal ey
< C(E)HVQ”L”(B(I))”VM”Ln 5(3(4/3))”V(u v)”Ln £(B(1))"

Consequently,

11 S 81V = gy + CE DTN gy IV, a5
From (4.10) we can estimate

111 < ”VM”Ln 5(3(1))” ” (8 + ”VQ”L"(B(4/3))) ”V(M v)”Ln ~¢(B(1))

(B(l))
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With (4.12) we conclude
11 S (e + 1V Qlersass) IVulE gy
Lastly, with the help of Holder’s inequality, (4.12), and (4.10)
< n—1 e
IV S IVl sy UBI e

S IVul gy (€ + 1V Qlrwas) 1Y@ = 0155 g0,

Thus, again by Young’s inequality we have

1V <8IV = )15 gy + CO) (e + 1V @l nesassn) ™= IVullE gy

Plugging all these estimates together we obtain from (4.11) and using the smallness
of [VOIln(B@/3)»

IV @ = 0% gy <381V = 00 0,

+ C((Sv 8) (”fHLl(B(l)) + ”G””l )

Ln=1(B(1))
+ C(e, 5)1/;1 IVul e paas))
+ (e + yD) IVull 7= (B(1))
+CO) (e +y)t [Vuly® “(B(1)"

Choosing § sufficiently small, we can absorb the first term on the right-hand side and
have found

SUIk
= L

IV @ = 075 g1y <C ) (IIfIIL.(B(l)) + IIGII Wm)))

+Cle)y it ||W||Ln )

+ (e + ) IV -

Now we can choose ¢1 small enough so that for any ¢ € (0, £1) we have

IV = 025 gy <CE) (nfuLl(B(m + ||G||L" 1(3(1»)

n-e n—e o\'¢
+ ‘)/"71 ||VM||Ln —£(B(1)) + <10 (Z) ) ”VMHLn ¢(B(1))"
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For any ¢ € (0, &9) we can then choose a small y that compensates for C(¢) in the
second line, so that
n=1(B (1))>

o o\n—¢ V n—se
+ 5 + (5) ” u”Ln—S(B(4/3))-

We can conclude. O

IV = DI sy < C@ (nfnLl(B(m +1G1™

5 Lorentz-space estimates for n-Laplacian systems: Proof of
Proposition 1.7

The goal of this section is to prove the following result which is probably interesting
on its own

Proposition 5.1 There are some uniform constants I' = I'(n, N) > 1 and 11 =
T1(n, N) € (0, }1) and a = a(n, N) € (0, 1) satisfying the following.
For any o € (0, 1), there exists g = eo(n, N,o) € (0, 1) such that for any
e € (0, ¢e0) we find yyp = yo(n, N, &, 0) € (0, 1) such that the following holds.
Assume f € L'(B"(0, 1); RV), G € L#=T(B(0, 1); R"®@RN), 0 € WI(B(0, 1);
SO(N)) and u € W (B(0, 1); RN) satisfy the system

—diV(|Vu|”_2QVu) = f 4+ divG in B(0, 1)
and the bound

IVOIllLrBw©,1) < vo-

Foranyt € (0, 11), there exists C;y = C1(n, N,o,¢e,t) > 0andCy, = Ca(n, N, ) >
0 such that

l
||VM||L(,, oo)(B(() 7)) =< Cl(U g, T) <||f|IL1(B(0 1) + ”G” T (B, 1)))

+ CZ(T)HVM”L”—S(B(O,])) +TI (7;1 + ta> ||VM||L(H,00)(B((),1))-

Tn—1

We first list our main ingredients: We first record the scaled version of Lemma 4.2.

Corollary 5.2 Let 0 € (0, 1) and consider ¢y = e1(n, N,o) € (0, 1) be given by
Lemma 4.2. Let ¢ € (0,¢1) and y1 = y1(n, N, e,0) > 0 also given by Lemma 4.2.
There exists Co = Co(n, N, o, &) > 0 such that the following hold.

Assume that u € W1"(B(x, r); RV) satisfies

div(Q|Vu|"2Vu) = f +divG in B(x,r).
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where Q € WY(B(x, r); SO(N)) and
IVOILrBx.r = i (5.1
There exists a radius p € [%r, %r] such that if v € Wl (B(x, pP); RM) satisfies

Apv=0in B(x, p),
v=u ondB(x,p),

then it holds

1 1
= 1 n—1
(][ |Vu — Vvl”_8> < Co(o, ¢) ( — / |f|)
B(x,p) r' B(x.r)

1

+ Co(a, €) |mﬂ) (5.2)
B(x,r)

1
+o (][ |Vu|"8) . (5.3)
B(x,r)

The following regularity result for n-harmonic maps into R was proven in [28,
Theorem 3.2].

Lemma 5.3 There exists 19 = t9(n, N) € (0, %), Chol = Chol(n, N) > 0 and a =
a(n, N) € (0, 1) such that the following holds. Assume v € whn(B(x, p)) satisfies

A,v=0 inB(x,p)

Then for any t € (0, t9) and any ball B(y, s) C B(x, p) we have

osc (Vv) < chozro‘][ Vv — (VU)B(y,9)l- (5.4)
(y,Ts) B(y,s)

Using this Holder-continuity estimate, we can exchange in (5.2) the n-harmonic
map Vv with the average (Vu) g(x,:r). Namely we have,

Lemma 5.4 There exists 19 = 19(n, N) € (0, %), I' = I'(n, N) > 1 such that the
following holds. Fix o € (0, 1), take ¢1 from Corollary 5.2. For ¢ € (0, ¢1) take
y1 also from Corollary 5.2 and assume (5.1). For any t € (0, 19) and ¢ € (0, 1),
there exists C1 = C1(n, N, 0, t,¢) > 1 such that for any ball B(x,r) C B(0, 1) the
following holds when u, Q, f, G are as in Proposition 5.1:

1 1
N\ 1 =T
‘ 7[ IVu — (Vu)g(x,on)" s) = Ci(o,7,¢) <—n_1 / |f|>
B(x,Tr) r B(x,r)

1

+Ci(o, 7, ¢) |G|n’11)
B(x,r)
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1

+T < On —i—t“a) G[ |Vu|"_8) .
Tn-1 B(x,r)

1
+I't¢ (][ . |Vu — (VM)B(x)rﬂn_g)
B(x,r

Proof We take T to be ﬁ of the 1o from Lemma 5.3.
Pick p € (3, %r) from Corollary 5.2 and let v € W' (B(x, p); RV) satisfy

o

Apv =0in B(x, p),
v=u ondB(x,p),

By triangle inequality

i 1
(][ [Vu — (VM)B(x,n)I"%) <2 (][ [Vu — Vv|”’s) + osc (Vv).
B(x,tr) B(x,tr) B(x,tr)

For t < 19 we use (5.4) we obtain

1
(f [Vu — (VM)B(x.fr)|n_S>
B(x,tr)

1

1 =
2 ( ][ |Vu — Vvl"_8>
2" J B(x,r/2)

+ chor T (7[ Vv — (VU)B(x,r/2)|n7£>
B(x,r/2)

1

1 =
<, (—][ |Vu — Vv|”_5)
" J B(x.p)

+ cport® (][ Vv — (VU)B(x,p)|n78> e
B(x,p)

We estimate the first term thanks to (5.2) and the second to last term by the triangle
inequality

IA

_1

n—e

1

1
LV - Coeee) (1 wr
(7[ [Vu — (VM)B(x,rr)|n 8) Sn 0 n_1 |f|
B(x,tr) Tn-¢ r B(x,r)

1

C , € _n_ n
+ 0(0, &) |G|n—1>
B(x,r)

_n_
Tn—e¢

1
O" n—e
+ — ( 7[ IVul'H)
Tn—e B(x,r)
1

+ 2cho T (7[ |Vu — VU|”7£> B
B(x,p)

+ Cholfa (7[ |Vu - (VM)B(x,p)|n_8>
B(x,p)

1

n—e
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Using again (5.2) for the last term above

1
e\ Co(U €) 1 et
(7[ |[Vu — (VM)B(x,fr)ln 8) S" ( + t%cochol n—1 /1
B(x,tr) '[n £ r B(x,r)
1
Co(cr €) n\ "
+< + t%cochol |G|n-T
-[n £ B(x,r)

1

20 n—e
+( n +2Tachol<7> (][ [Vul|"™ 8)
Tn—¢ B(x.,r)

1
+ cholfa (f [Vu — (Vu)B(x,r)|n7€>
B(x,r)

We conclude by observing that since T € (0, 1) and ¢ € (0, 1), we have the inequality
T <t = O

In order to obtain L) _estimates, we will rewrite the estimate of Lemma 5.4 in
the form of maximal functions: For a given x € B(0, 1) we take the supremum over
r > 0 in the estimates and then consider the result as an estimate between maximal
functions.

We consider the following maximal functions: given p, g € [1, 00), T € (0, 1) and
a function g € L' (B(0, 1)), we set

1
P
ME ,g(x) = sup (][( )Ig—(g)mx,r)l”) “B(x,r/t) C B(0, 1)},
B(x,r

P
Mbg(x) = sup (7[ |g—(g>3<x,r)|l’> :B(x,r)CB(O,l)},
B(x,r)

1
1 q
Mqg(x) = sup (r,,_q /B( )|g|q> : B(x,r) C B(0, l)},
X,r

Mg(x) = sup ][ lg| :B(x,r)CB(O,l)}.
B(x,r)

Lemma5.5 There are universal constants 11 = t1(n, N) € (0,79) and T' =
I'(n, N) > 1 satisfying the following. Let o € (0, 1) and consider €1 = ¢1(n, N, o)
given by Corollary 5.2. Let ¢ € (0,¢1) and assume (5.1). There exists ¢c1 =
ci(n,N,o,t,¢) >0and cy = cp(n, N, t) > 0 such that

Ii n—1 n—=1
”M r—e (Vi )”unoo) (80.1) =a@ne <”f”“(3(° o IO 1(3(01»)

o
+ ex(@IVatll s ao.1y + T <— + %)
‘[”—

||Vu ||L(n.oo)(B(()’1)).
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Proof Thanks to Lemma 5.4, we obtain the pointwise estimate in B (0, 1/2):

1
1 n n
ME (Vi) < i )T + e (M [1G17T])

1
4T ( o 4 r“a) M[[Vul"]7% + Tt*M"_ (Vi)
Tn—1

So for any A > 0, we can estimate the level sets of Mf’n_s (Vu) on B(0, %):

{x €B (o, %) ML, (Vi) (x) > A}

B O1 M 2\ 5.5
X € <,§) 1f(x)><a) ()

=

B0 1) MG Ay 5.6
+lxe (§> [|| ](x)>(H (5.6)
1 _ 1 A

+|{xeB (0, 5) S M[|Vul" €] (x)—= > (5.7)
4r< "ﬁl—i-t"‘a)
o L) mt (v k (5.8)
+ |1x € ( ,§> ‘M, (Vu)(x) > e (| .
We define

Ao = 8T 7% s < ) (/ |W|H> . (5.9)
| By| B(0,1)

We claim that if A > Aq, then we can rewrite (5.8), namely

1 #
B(o,=):M_ (v
{x © <0’ 2) n_g( u) g 41—11"0[ }’

N A
X € B O, E . Mr’n_g(Vu) > m

Indeed, for any x € B(0, %), it holds

7 (5.10)

1
n—e

M’__(Vu)(x) = max (ME,,,_E(W)(x), sup {(7[ |Vu — (Vu) B(x,p)rl—f)

B(x,p)
o

B(x, p) C B, 1), B (x, ;) ¢ B0, 1)]) .
If x € B0, 1/2) and B (x, £) ¢ B(0, 1), then
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p = 5. Therefore,
e e I

(][ |Vu — (VM)B(x,p)VlS) ) </ |Vu|"~ E) .
B(x,p) B(0,1)

If A > Ao, then

®

m
N
1

=N
w S

1

1
A W [ 20\ s
> 27 n—e < ) (/ |Vul*~ 8)
4r'ze |B1] B(0,1)
1 1
on = e
| B B(0,1)

So (5.10) holds for A > Xg. To estimate the right-hand side of (5.5), we use a Vitali

n—1
covering. If x € B (0, %) satisfy M1 f(x) > (%) , there exists r, > 0 such that
B(x,ry) C B(0, 1) and

1 A n—1
e ()
rx B(x,ry) Cl

We can write this in the form

()
< | — |1 .
* ( A B(x,r)

n—1
Now, we can cover the set {le > (ﬁ) } by balls (B (x;, 10ry;));cs such that

the balls (B(x;, ry;))ics are disjoint. Then, (5.5) can be estimated in the following
manner:

B O] M 2\
X € (,§> 1f(x)><a)

<Y IB(xi, 10ry,)]

iel
<10"[Bi| )
iel
4c1\" nT
< 10"|By] (*) / [f]
; A B(xi.ry,)
<40"|Bl|c1 ( ) Z/
- A NI B, iel Y BGiry)
Cn
< 40”|191|—1 ( ) . (5.11)
A \JBo,1
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As well for (5.6). It holds

)\, n
{xeB(O 2) M[|G|n 1](x)> <E> }
={xeB( ) rx>0 |G|n"1><i)n}
B(xrx) 4cy
Pres(eg):=0 () [, 107 -]
=|1xe€B Iry > 0, / |G|"=T > r}
B(x,ry)

S40n|Bl|—1/ IG|5T.
A J B, 1)

Now we estimate the L°)-norm of Mf,n_ «(Vu) by separating the cases A < Ao and
A > Ap:

1
sup A" {x €B <0, —> cME, L (Vu)(x) > k}'
A>0 2 ’
1
< sup A" {xeB(O, —) ,n 5(Vu)(x)>k”
Ao 2
1
+ sup A" {x €B <0, —) : an_g(Vu)(x) > AH
A<Ao 2 '
1
< sup A" {x €B (O, —) ,n (Vi) (x) > A}‘ (5.12)
A>ho 2
+ 271 Byl (5.13)

We estimate (5.12) thanks to (5.11)-(5.7)-(5.10):

1
sup A" {x €B <0, —) cME L (Vu)(x) > )\H
A> Ao 2 ’

< 40"|By|c} (/B«) |f|> 40 |By " /B(O 1)|G|n”ﬁ (5.14)

o " i qn
+ 47" — + 1% M[|Vu|" ] (5.15)

7T L02(B0.5))
+ 4" e Mrr:n s(v )”L(noo) B(O )) (5.16)
2

Using (5.14)-(5.15)-(5.16) and (5.13), we obtain

H T,n— 8

< 40"|By|c} (/ | |) : +4o"|31|cf |G|7T
L") (B(0,1/2)) — ! B(0,1) f 1 B(0,1)

n
+ 4" ( U + r“o)
Tn-1

n
M| Vu|"—¢]7
[l | ] L("vm)(B(O.%))
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+ 4}1 l"n ,C,YLC(

:
ME  (Vu H
T,n— F( ) 1(n.00) B(O 2))

+ 27" (B AL
Hence, if T < 11, where
71 := min ((SF)_I/“, 7,'()) . (5.17)

then 4" 7% < 27"% and we obtain, using the definition (5.9) of Ag:

|42-cco0],

Lo °0> B(O 2))

40" | By |c" T 407 |By ! N
=T R T
- B(0,1) - B(0,1)
4}1 o n | n
Fn o M V n—e n—s
+ | — o—na <-L-ni1 + 7T O’) [l u| ] L<”’°O><B(0,%)>

N =
arpng e 5)<2 ) (f |W|“> :
| B1] B(0,1)

Since 7 € (0,1) and & € (0, 1), it holds o) < (1) ana (i)i =<

max (%, (%) " ) We conclude thanks to the estimate

| MUvur—17=

< | M1IVu|"~*]

L(”<°°)(B(O,%)) L(f 00)(3«) )>

<c@) ||Vu"~*

L<n_; ) (B(0,1))
< cMIVull oo 0,1y

]

To apply known results on the sharp maximal function, we show that in the definition

of ME 1—e» One can replace the supremum over cubes and not over balls. We define

1
1 .
Mg,nfs,cg(x) = sup { (][ lg — (g)Q|n_5) : ;Q C B(0,1),x € Q, Qisacube
0

1 A . . 1. .
where — O is the cube of same center as O, with side lingth - times the side length of Q.
and M.

We show that the maximal functions M* T—ec

T—e are pointwise comparable.

@ Springer



D. Martino, A. Schikorra

Lemma 5.6 There exists C = C(n) > 1 and a = a(n) > 1 such that for any function
g€ L #(B(0, 1)), T € (0, ﬁ) and x € B(0, 1) it holds

loc

1
M, () <M., . .8(x) < CM,

C a‘L’I‘l«S’

g(x).

Proof Given a ball B C B(0, 1) such that %B C B(0, 1), consider Q the smallest
cube having the same center as B and containing B. There exists C = C(n) such that

1 < % < C. In particular, there exists a = a(n) > 1 such that %Q C B(0,1).

Then, for any function g € C*°(B(0, 1)), it holds

n—e ’7 10| n—e '
(7[ lg — (¢&)Bl ) <|B|][ lg — (&)Bl )

< ('é:) (7[ 12— (@0l ) +|(g>g—(g>3|}
@ n—e _ s nfs f _

< <|B|> (][ lg — (&)ol ) +1 1(@o gl}
O]\ ¢ n—s IQI

< (ﬁ) (7[ lg — (8ol ) IBl][ l(g)o — gl}
Q] 0] nee\"

5(@) ( |B|>(7[ 8= ®ol )

Using ¢ € (0, 1), we conclude that

(o = ()7 (1412 (o)

Therefore, Mr n—e8(x) < C(n)M ar.n—e.c8(x) for some a = a(n) > 1. The converse
is shown with in the same manner: given a cube Q, we consider the smallest ball B
containing Q with the same center. The computations are similar. O

We now obtain a lower bound for ||Mﬁ,,l,cgllwwo,l)), given g € L*°(B(0, 1)).
This is a direct adaptation of the proof of [1, Corollary 7.5, p.380].

Lemma 5.7 Let a be defined in Lemma 5.6 and v € (0, 11), where 11 is defined in
Lemma 5.5. Let p € (1,00) and q € [1, oo]. For any function g € L9 (B(0, 1)), it
holds

lgllLraB©,ar)) < C(n, p,q) <||M ar.1.c8llLra(B©,1)) +][ |g|> .
B(0,at)
Proof We start with the straightforward inequality

||M§,,1,cg||LM(B(o,1)) > | M*gllracoy),
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where Qo := [-57, 571", g := glg, and

MPg(x) = sup{ 18— (3ol: 0 C Q0. 0>x, Qis acube} :
0
Thanks to Theorem 2.1, it holds
FH () — &5 (1) < c(n)(MPZ)*(1).

By integration by parts, forany 0 <t < u < %|Qo|, it holds
- - wo - ds
g7 (1) — g™ ) =/ (87 —8"() —
t

The choice u = %| Qo| leads to

0 < 7 ('Q°'>+c<n> / (Mg (s)—

<cmf 13+ cm / Wy ).
Qo t s

Thanks to Hardy’s inequality, see [1, (3.19), Lemma 3.9, p.124]:

1 . .
gllLracoy) < c(n, p, 61)|Q0|”][Q 18|+ c(n, p, UM gl Lra(0y)-
0

1
Since Qg C B(0, 1), itholds |Q¢|? < c(n, p). O

Combining Lemma 5.5, Lemma 5.6, and Lemma 5.7 we readily obtain Proposition
5.1.

6 Regularity iteration: Proof of Theorem 1.6

The goal of this section is to prove the following result.

Proposition 6.1 There exists yp, A,v € (0,1) and k > 0 depending on n and

N such that the following holds. Consider u € W""(B"(0,1);RN), QO €

WL (B0, 1); SO(N)) and Q2 € L™V (B"(0, 1); R* @ RN*N) such that
—div(|]Vu|" 2 Q0Vu) = Q2|Vu">Vu inB(0,1)

Assume that

IV QI so.1) + 1221 Len(s0.1y) < Yo
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Then for any ball B(x,r) C B(0, 1),

k
IVully o + —
LB (r)® ) pxry

[nwn + X / |Vu|"—f]
L) (B(x,r)) B

Once Proposition 6.1 is proven, we can conclude

|Vu|n76

Proof of Theorem 1.6 By a standard iterative argument we obtain from Proposition 6.1
the existence of C > 0 and g € (0, 1) such that for any ball B(x,r) C B(0, 1):

k _
”VMHL(" ) (B(x.r) + — /B(x N [Vu|" "¢ < crP.

By [17, Corollary 3.2], we conclude that « is continuous. O

Proof of Proposition 6.1 For simplicity of presentation we assume that x = 0 and
r=1.

We fix o, T € (0, 1) to be specified later.

First we have the estimate coming from the Proposition 5.1. We obtain ¢;(0) €
(0, 1) and a constant y;(o) € (0, 1) such that if |[VQ| 1)) < v1, then the
following holds. There exists ' = I'(n, N) > 0, « = a(n, N) € (0,1) and 71 =
71(n, N) € (0, 1) such that for

te€(0,11), €€ (0,¢e9)

IV, <ci(0.T.e) Hmvm" !

+ c2(7) |Vul|"™*
LI(B(O 1)) B(0,1)

o n—e
o
+F<t”nl +7 ) ”VM” (noo)(B(O 1)°

L029(80,0)) =

Then we have the estimate from Lemma 4.1: there exists eg(o, t) € (0, 1) and yy(0) €
(0, 1) such that if |V Q|1 (0,1)) < »o, then for the choice & € (0, &), it holds

1 1
— [Vu|"™* < 0/ [Vul"" 4+ ¢3(0) (/ [Vu|""¢ — *'/ IVMI"%)
¢ JB,71) B(0,1) B(0,1) ¢ JB,7)

+ calo, T, 8) |

(B(O D) -

From now on we set & = min{egg, €1} (which depends on 7 and o).
Thanks to Holder’s inequality

Qv n—1 n—1
” Vil HL’(B(O,])) = 1€2lev syl u”L("*O"’(B(OJ))
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Plugging this into the above estimates, we obtain first

nee o "
<C1(0 T, €)||Q||L<n nony TT ( = * Ta)
T}l*

n—e
”Vu”L(”'OO)(B(O,‘L’)) E
Vull} ol + c2(7) |Vu|""¢, (6.1
L( )(B(0,1)) BO.1)
then
1 _ c3(0) _
[ wrseraon [ ware - S2 e
T° JB(,7) B(0,1) T B(0,7)
IVM ”L(n oo)(B(O 1)° (62)

+ 64(0 T, S)HQHL(n 1)(3(0 1))'

Adding (6.1) and 10cy(7) times the estimate (6.2), we obtain

105 (1) .
”Vu”L(n %) (B(0,1)) T—s BO.T) |VL£|
n—e o n—e
A +T <_n + Ta)
AT

< | (c1(0, 7, &) + 10c2(0)ea(o, 7, ) ) 19207,
LD(B(0,1))

1Vul e 0y + (€2() + 106200 + 10e2(T)es (@)

10ca2(7)c3(o
/ |Vu|"_8 — w |Vu|”_8.
B(0,1) T B(0,7)
The last term goes on the left-hand side
10c2(0)(1 4 c3(0)) _
IVull} oo |Vl
(B(0,7)) € BO.7)
n—e o n—e
n—1 + r ( . + T(x) }
Tn—1

= |:(Cl (Ga T, 8) + 1004(0—7 T, 8)) ”QHL("'”(B(O,I))
(6.3)

IVul" o +cz(r)<1+100+1003(0))/ V|8
L( )(B(0,1)) 50.0)

n—e
We bound the term < +1 ) independantly of ¢ in the following way,
T "_

—&
< o +ra>n < pn—e <0n € + ta(n 8))
Tn-1 7=
on—l
< on . + _L,a(n—l) .
AT
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Using this inequality in (6.3), we obtain

10c2(7)(1 + ¢3(0))

n—e
”VMHL(n oo)(B(O 7)) € BO.7) |Vu|
on—l (1)
n an—
= (01(0', T, 8)+ 1004(03 T, 8))||Q”L(n 1)(3(0 1))+2 I i +T
Tn—1
Va5, + cz(r)(l + 100 + 1003(0))f Vu|"¢. (6.4)
L< )(B(0,1)) B(O.1)

Now we choose the parameters. We consider first 7 < t; such that

1
n a(n—1)
2'Tr = 101000
Then we choose o small enough to obtain
< ; 2nron_l < ;
101000 2= 701000
T

Finally we choose [|2[| .1 (5(0,1)) < v2, Where y2 = y2(n, N) € (0, 1) satisfies

1
(C](O', 7,€) 4+ 10c4(o, T, 8)))/2 = 101000

Let

k :=10c2(t)(1 + c3(0)),
1+ g + 10c3(0)
10 + 3(0))

€ (0, 1).

From (6.4), we obtain

k n—e
S e /3(0 7) .

3 1
- + 1+ 55 + 10 Vul"™*
101000 IVall oo s 0,1y + €2(0) < 10999 C3(G)) /1;(0,1) e

IVully

30(1 + c3(0))

v IVl oy [ v
101000 (1 + 999 + 1063(0)> L (BO.1) B(0,1)

I/\

IVl o +1062(f)(1+63(0))/ IVMI”_S]
|: L( Y(BO.1) B(0,1)
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7 Applications to harmonic maps: Proof of Corollary 1.5

Here we discuss applications of the Theorem 1.6 to n-harmonic maps into a manifold.
Let (N, h) be a smooth Riemannian manifold. For any u € W1 (B(0, 1); N), we
let the Dirichlet energy be

D(u) := / |duly.
B(0.1)

Thanks to Nash embedding theorem, we can consider A/ as a smooth submanifold of
RN, for some N > 1.

Theorem 7.1 Let N be a smooth submanifold of RN with second fundamental form

A satisfying A € WH°(N). Consider u € WH2 (B"(0, 1); N) a critical point of

D. Thenuis C ll(;g.

Proof We follow Riviere’s argument in [34]. The Euler-Lagrange equation is given by
—Anu = |Vul" 2 Au)(Vu, Vu).

Componentwise, this system is understood as

Vie{l,...,N}, —div (|vu|"—2vu") - |Vu|”_2Aiik(u)<Vuj, w"}.

The second funda_mental form takes values into (TN)L, so we have the orthog-
onality relation A’jkVui = 0, for any j,k € {I,..., N}. Consequently, for any
i €{l,..., N},itholds

—div (|Vu|"*2wi) = |Vu|"2 <A§.k(u)w’< — A (W) Vu*, Vuf).

If we set Q;; := A;k(u)duk — A{k(u)duk, we obtain an skew-symmetric 1-form such
that its exterior derivative is given by

dQl] = [(aOtAl]k)(u) - (aaAljk)(u)] du® A duk.

By assumption the assumption VA € L™ and Vu € L%, we obtain dQ; €
LD (B(0, 1)). Thanks to Theorem 1.2, we obtain that u is continuous. The smallness
assumption is satisfied on small balls by absolute continuity of the L?-norm, see
e.g. [33, Theorem 8.5.1.]. Following the proof of [18, Theorem 3.1], we obtain the
C1%regularity. O
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8 Applications to H-System: Proof of Corollary 1.8
The H-systems are a closely related problem to n-harmonic maps. Instead of looking

at arbitrary critical points of the Dirichlet energy for maps from B” (0, 1) into R"*+!,
we consider the additional constraint of fixing the volume

V(u):/ (u, 911 X U X -+ X Oplt) .
B(0,1)

Under the constraint V (u) = V), the Euler-Lagrange equation is given by
—Ayu=Hou x dou X --+ X 0y,
where H is a constant depending on V.

Theorem 8.1 Let H € WL (R R). Assume u € WHa=1)(B"(0, 1); R"+1)
satisfies

—Ayu = H(u)oju X oou X -+ X oylt.
Then u is continuous.
Proof The right-hand side of the H-system can be written as
H () Bu)' Vu,

where B (u) satisfies:
e a pointwise bound: |B(u)| < [Vu|""!, _ ‘ _
e a pointwise identity: for any i € [1,n + 1], if M' := (Vul, e, Vit vyttt
oo, Vut1 then
M Bu)" = (det M)1,.
By [2, Lemma 1.9], B(u) is divergence free, so R - B(u) = 0.

Consider a cut-off function n € C2°(B(1)) such that n = 1 in B(%), In] <1 and
[Vn| < 1. Let

u=n (u — (u)B(%)> + (u)B(%).
We decompose the following quantity on R":

H(a)Vi B(@) = —[R, H(@]1(D|'ii) B(ii) + R(H@)|D|'it) B(ii)

=Q =g

=:f
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For the first term we observe by Theorem 2.4:
1210l Lo ey S MNVH @) o2 ey IVl o2y ey S ||Vu||i(n.2)(B(0’1))’
We estimate f by Holder inequality:
1 i@y S IV 0001y V2 oo 010

We want to write g as a divergence term. We estimate it by duality. For any ¢ €
C°(R™), it holds

/RR(H(ﬁ)|D|‘ﬁ)B(ﬁ)¢=A[R,w](H<ﬁ>|D|‘ﬁ>B(ﬁ>

SIBG@I 2y o

R™) LoD (Rm)

< ”Vu”L(n oo)(Rn ”VQDHL"(RV‘) ”Vﬂ”L(n,nnj)(Rn)'

By duality, there exists G € LT (R™) such that
g =divG,
with the estimate

IGI, np o S IVEIT Vi

Ln=T (Rn) L, OO)(]R" | L("’#)(R”)

S IVl V]

Lo °°)<B(l>> L7 (B(1))

Namely we may take G = —R (Z13).

We observe that w.l.o.g. we may assume || Vul|| < 1, by absolute

L5 (B 1))
continuity of the L™2) _norm, see e.g. [33, Theorem 8.5.1.].
Fix o € (0, 1) and t € (0, t1). Thanks to Lemma 4.1, we obtain the estimate

—8 V n—e V n—e
IVl e pety =7 VAL gty
< @+ CLON VUL 1y — CLO T IVHIE

—&

=,
+C2(8’0)”vu”L(n«ﬁ)(3( v || (noo)(B(l))

Thanks to Proposition 5.1, it holds

IVl Lo (B(ly = V]| Lo (B(1))

1
SCs(o, e, D)l Vul ™,

n Vu n,00
o gy T Lo B )
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(o2
+ C4(@) I Vullpr- By + F( T

Tn=

+ Ta) ||VM ”L(n.:)o)(B(l)).

The rest of the proof goes like the proof of Proposition 6.1. O
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