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Abstract: Given two coprime numbers g1 and g2, let ' = q1Z @ g27Z. Let A + X be
the discrete periodic Schrodinger operator on Z2, where A is the discrete Laplacian
and X : Z> — C is I'-periodic. In this paper, we develop tools from complex analysis
to study the isospectrality of discrete periodic Schrodinger operators. We prove that if
two I"-periodic potentials X and Y are Fermi isospectral and both X = X & X, and
Y = Y| @ Y are separable functions, then, up to a constant, one dimensional potentials
X; and Y; are Floquet isospectral, j = 1, 2. This allows us to prove that for any
non-constant separable real-valued I'-periodic potential, the Fermi variety F; (V)/Z? is
irreducible for any A € C, which partially confirms a conjecture of Gieseker, Knorrer
and Trubowitz in the early 1990s.

1. Introduction and Main Results

Giveng; € Zy, j = 1,2,--- ,d, letT' = q1Z ® q2Z @ --- ® qqZ. We say that a
function V : Z? — C is I'-periodic (or just periodic) if for any y € I" and n € Z4,
V(in+y)=V@m).Forn = (n,na, - ,ng) € Z¢, denote by [|n]|]1 = Z?Zl |nj]. Let
A be the discrete Laplacian on the lattice Z¢, namely

Awm= Y u@).

n'eZd,||n'—n|| =1

In the following, we always assume that g;, j = 1,2, --- , d, are pairwise coprime
and V is ['-periodic.

In this article we are interested in the isospectrality problem and irreducibility of
Fermi varieties of discrete periodic Schrodinger operators A + V. We refer readers to
two survey articles [21,27] for background and recent developments about the two topics.

Let {e;}, j = 1,2, ---d, be the standard basis in 74

el2(1705"'50)5e2=(091709."90)7"'7ed=(0709."90’1)'
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Definition 1. The Bloch variety B(V) of A + V consists of all pairs (k, 1) € C%*! for
which there exists a non-zero solution of the equation

(Au)(n) + V(n)u(n) = Au(n),n € Zd, @))
satisfying the so called Floquet—Bloch boundary condition
u(n+qje;) = e umn), j =12 .d, andne 7’ )

where k = (ky, ko, - -+ , kg) € C4.
Given A € C, the Fermi surface (variety) F; (V) is defined as the level set of the
Bloch variety:

F(V)y={k:(k,r) € B(V)}.

We call k = (ky, ka, - - - , kg) that appears in (2) quasi-momentum. One can see that
both Fermi and Bloch varieties are analytic sets, in fact algebraic sets with respect to
variables z = (z1, 22, - - , 24), where z; = >k j =1,2,... . d [21,26,27].

Our first interest is the isospectrality problems.

Let Dy (k) be the periodic operator A+V with the Floquet—Bloch boundary condition
(2) (for fixed k, Dy (k) is a matrix. See Sect. 2 for the precise description of Dy (k)).
Denote by o (Dy (k)) the (counting the algebraic multiplicity) spectrum/eigenvalues of
Dy (k). Two I'-periodic potentials X and Y are called Floquet isospectral if

o (Dx(k)) = o (Dy (k)), forall k € R?. (3)
Two I'-periodic potentials X and Y are called k-isospectral, k € C?, if
o(Dx(k)) = o(Dy (k)). “)

Understanding when two periodic potentials X and Y are Floquet isospectral or
k-isospectral is a fascinating subject and has been extensively studied [5-7,13-15,17—
19,21,28,31].

In [25], the author introduced a new type of isospectrality: Fermi isospectrality.

Definition 2. [25] Let X and Y be two I"-periodic functions. We say X and Y are Fermi
isospectral at energy level Ag (Ao € C) if Fy,(X) = Fy,(Y). We say X and Y are Fermi
isospectral if there exists some Ao € C such that Fj (X) = Fj,(Y).

It is not difficult to see that two periodic functions X and Y are Floquet isospectral if
and only if Bloch varieties of X and Y are the same (or Fermi varieties of X and Y are
the same for every A € C) [25]. So Fermi isospectrality is a “hyperplane” version of
Floquet isospectrality.

In [25], the author proved several rigidity theorems of discrete periodic Schrodinger
operators about separable functions. We say that a function V on 74 is (di,da, -+ ,d)
separable (or simply separable, denote it by V = @;:1 V;), where 23:1 di =d

with r > 2, if there exist functions V; on 749 j = 1,2,---,r, such that for any
(nl’ npy, .-, nd) S Zd,
V(ni,ng, -+ ,ng) =Vi(ng, -+ ,ng) + Va1, Ray42, - -+, Ndy+dy)
+ o+ Ve(dywdotetd 415 0 My dotebd, ) - @)

One of the rigidity theorems in [25] states
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Theorem 1.1. [25] Let d > 3. Assume that two separable T -periodic potentials X =
@;’:1 Xjand Y = @;:1 Y; are Fermi isospectral. Then, up to a constant, lower
dimensional decompositions X j and Y; are Flogquet isospectral, j =1,2,--- ,r.

In the present work, we prove that the statement in Theorem 1.1 holds for dimension
d = 2. Namely,

Theorem 1.2. Let d = 2. Assume that q1 and gy are coprime. Assume that two T -
periodic potentials X and Y are Fermi isospectral and both X = X1 & Xo and Y =
Y1 @ Y, are separable. Then, up to a constant, the one dimensional functions X j and
Y; are Floquet isospectral, j =1, 2.

Remark 1. In Theorems 1.1 and 1.2, potentials are allowed to be complex-valued.

Our second interest of this paper is the irreducibility of Fermi varieties. Irreducibility
of Fermi varieties (also Bloch varieties) and related applications such as embedded
eigenvalues and spectral band edges have seen continuous progress in the past 30 years
[1-4,9-12,20,22-24,29,30].

Recently, the author introduced an algebraic method and provided more general
proofs of irreducibility of Fermi varieties [26].

Denote by [V] the average of V over one periodicity cell, namely

1
V= —— V(ni,ny, -+ na).
q192 -~ qd Z

I=nj=<q;j
l<j=d

Theorem 1.3. [26] For any d > 3, the Fermi variety F;(V)/Z¢ is irreducible for any
A € C. For d = 2, the Fermi variety F,(V)/Z? is irreducible for any % € C except
maybe for .. = [V] and Fiv1(V)/ 72 has at most two irreducible components.

Before [26], the irreducibility of Fermi varieties at all energy levels for d = 3 and
at all energy levels but finitely many A for d = 2 was proved in [2,12] by an different
approach (compactification).

Letd = 2. When the potential V is a constant function, direct computation (e.g., see
[27]) implies that F{y(V)/ 72 has exactly two irreducible components. When complex-
valued functions are allowed, there exist non-constant complex valued functions V such
that the Fermi variety is reducible at the energy level [V] (e.g. [8]).

However, for real-valued potentials, people believe the constant potential is the only
case that the Fermi variety F; (V)/Z? is reducible at some energy level, which has been
formulated as a conjecture by Gieseker, Knorrer and Trubowitz in the early 1990s [12].

Conjecture 1. [12, p.43] Assume that V is a non-constant real-valued periodic potential
on Z?. Then the Fermi variety F; (V)/Z? is irreducible for any A € C.

Theorem 1.2 allows us to confirm the Conjecture 1 for separable potentials.

Theorem 1.4. Assume that q1 and q> are coprime. Assume that V is a non-constant
separable real-valued periodic potential on 7*. Then the Fermi variety Fy(V)/Z? is
irreducible for any A € C.

The irreducibility of Fermi variety and Fermi isospectrality of discrete periodic
Schrodinger operators (dimension d > 3) are well understood in two recent papers
[25,26]. Besides Theorem 1.1, there are other Fermi isospectrality results in [25] for
dimension d > 3. However, approaches in [25] can not be extended to dimension d = 2
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since there are not enough free variables available. For irreducibility results of the Fermi
variety in Theorem 1.3, the proof for d = 2 is more difficult than that for d > 3. For
continuous periodic Schrodinger operators, Bittig, Knorrer and Trubowitz [3] proved
the irreducibility of Fermi varieties and a rigidity theorem of separable functions in
dimension three. However, the proof in [3] does not work for dimension d = 2. For
discrete periodic Schrodinger operators on Z< with d > 3, the Fermi variety Fy (V) /Z%
for any complex-valued potential is irreducible at any energy level A (see Theorem 1.3).
For d = 2, there are many complex-valued potentials V such that the Fermi variety
F5.(V)/Z? has two irreducible components at the average energy level [V] [8].

Finally, we want to comment that dimension two is the transition of Fermi isospec-
trality problems of periodic Shcrodinger operators. For d = 1, it does not make sense to
study Fermi isospectrality since for any periodic potential V', F,(V) contains at most
two points. For d = 2 and any periodic potential Y, all periodic potentials X such that X
and Y are Fermi isospectral at Ao (namely F;,(X) = Fj,(Y)) is an algebraic set with at
least one dimension [8]. For d > 3 and any periodic potential Y, all periodic potentials
X such that X and Y are Fermi isospectral at Ay could be an algebraic set with zero
dimension [8].

All evidence above seems to indicate that when d = 2, problems related to Fermi
varieties are special (often more challenging).

In this paper, we present a new approach to study the Fermi isospectrality of dis-
crete periodic Schrodinger operators. As in [25], we focus on the study of a family
of Laurent polynomials whose zero sets are Fermi varieties after changing variables
(zj = €™k j =1,2,---,d). Our strategy is to develop tools from complex analy-
sis to study the eigenvalue problems of (1) and (2) (or (6) and (7)) with complexified
quasi-momenta. One needs to relabel spectral band functions of one dimensional pe-
riodic Schrodinger operators based on asymptotics of eigenvalues and show that those
functions are analytic with respect to quasi-momenta in an appropriate domain. Apply-
ing Rouché’s Theorem, one sees that for any two one-dimensional g-periodic potentials
with the same average, there exist ¢ quasi-momenta such that for those quasi-momenta,
labelled eigenvalues of two potentials only differ by a (same) constant. This enables
us to show that separable components of Fermi isospectrality potentials with respect to
one coordinate are Floquet isospectral and hence remaining separable components are
Floquet isospectral as well.

The rest of this paper is organized as follows. In Sect. 2, we recall some basics for
Fermi varieties. In Sect. 3, we study one dimensional periodic Schrodinger operators.
Section 4 is devoted to proving Theorems 1.2 and 1.4.

2. Basics of Fermi Varieties
Let C* = C\{0} and z = (z1, 22, - - - , zq). For any z € (C*)¢, consider the equation
(A+V)u=2Au (6)
with the boundary condition
u(n+qje;) =zju(n), j=1,2,---,d, andn € 2, (7
Introduce a fundamental domain W for I':

W={n=ny, - ,n)) el 0<n;<qj—1,j=12,---,d}.
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By writing out A+V as actingonthe Q = q1¢> - - - q¢ dimensional space {u(n), n € W},
the equation (6) with boundary condition (7) ((1) and (2)) translates into the eigenvalue
problem for a O x Q matrix Dy (z) (Dy (k)).

Let

Py (z, 1) =det(Dy(z) — A1), Py (k, )) = det(Dy (k) — Al). ®)

We remark that Dy (z) and Dy (k) (Py(z, 1) and Py (k, A)) are the same under the
relations z; = e2mikj i =1,2,--- ,d.

Example 1. Whend = 1, the equation (A+V)u = iu with the Floquet—Bloch boundary
condition u(n+q) = zu(n), z € C*, can be reduced to an eigenvalue problem of ag x g
matrix:

vih 10 -~ 0 77}
1 vey 1 --- 0 0
0 1 vQ@a)--- 0 0
Dv@a=| . . . . : ez 3 9
0 0 0 ---V@@g-1 1
b4 0 0 --- 1 Vg)
(VD) 1+ .
Dy(z) = <1+Z V() ) q =2 (10)
and
Dy(x)=z+z '+V(), ¢=1 (11
We have the following Basic Facts:
(1) The Fermi variety of V at energy level A is given by
Fu(V)=1{k e C¢: Py(k, 1) = 0}. (12)

(2) Two periodic functions X and Y are Floquet isospectral! if and only if for all (z, 1) €
(€M’ xC,

Px(z,2) =Py (z, 4). 13)

3. One Dimensional Discrete Periodic Schrodinger Operators
In this section, we study one dimensional discrete periodic Schrodinger operators A+V:
(A+V)u)y(n)y=um+1D+um—1)+Vmum),n cZ,
where V is a periodic function on Z, namely, V(n+q) = V (n), n € Z for some positive
integer q.
In the following, we say z is large if |z] is large.

1 Although the definition of Floquet isospectrality only involves real k, it extends to all complex k because
of the analyticity of Py (k, A) (algebraicity of Py (z, 1)) .
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By (9)—(11) in Example 1, Py (z,A) — (—1)9*1z — (=1)9*1z~! is independent of
variable z. So let Py (1) be such that

Pv(z, 2) =Py + (=D g+ (=197 (14)
By (9)—(11), one has that (recall that [V] = 617(23:1 V()))

Py(h) = (=1)9x9 — (=1)7g[V]r9~" + lower order terms of A. (15)
Fixing z € C, solve the algebraic equation
Py (z?, 1) = 0. (16)

By (14), (15) and the standard asymptotic analysis, there exist (exact g) solutions )‘lv (2)
of equation (16),/ = 0,1,2,---,¢g — 1 such that Al(z) is analyticin Q = {z € C :
|z| > R} with large R (the largeness only depends on the potential V). Moreover, )‘lv (2),
1=0,1,2,---,q — 1 have the following representations in Laurent series,

ar(V)
7

M@ =iz e v+ Y (17)
k=1

where the coefficient a; (V') depends on V. For readers’ convenience, we include a proof
of (17) (along with the existence of AL (z)) in the “Appendix”.

Clearly, for any large enough z, Al‘/ (), =0,1,2,---,q — 1, are eigenvalues of
D(z9), and hence

g—1
Py (2%, 2) = det(D(z?) — al) = [ [y (2) — 2. (18)
=0

In the following, when z is large enough, we always let Al‘, (z) (the labeled eigenvalues
of Dy (z7)),1=0,1,2,---,q — 1, be given by (17).

Lemma 3.1. Let V and V be two q-periodic functions on Z. Assume that [V] = [\7],
and V and V are not Floquet isospectral. Then there exist sufficiently large R > 0 and
small € > 0 such that foranyn € Cwith0 < |n| <eandl =0,1,2,--- ,q — 1, the
equation )‘Zv () = )”Zf/ (z) + n has at least one solution in {z € C : |z] > R}.

Proof. Fixanyl € {0, 1,---,g — 1}. By (17), one has that for any large enough z,

A (2) =e2”5"z+[v1+2“"z(,y), (19)
k=1
and
M) = e2”3i1+[x7]+za"z(,y), (20)
k=1

If )‘lv (2) = )»l(/ (z) for every large z, then V and V must be Flgouet isospectral, which

contradicts the assumption. So functions )JV (z) and kl‘7 (z) are not identical.
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When a1 (V) # a1(‘7), let kg = 1. OtNherwise, let kg € Z, be such that ar (V) =
ar(V) for any k < ko and ag, (V) # ax,(V). Consider aball B, = {z € C : |z] < €}
with a small € > 0. Define an analytic function f(z) in B¢, by

o0

@) =Y (@) —a (V). @1
k=ko
Then for any large enough z,
FEH =2 @ - 2@. (22)
Let
f1(2) = agy (V)20 — a4y, (V)2
and
@) = i (ax (V)2 — ap(V)2*)
k=ko+1

For any z € 0B, = {z € C: |z| = €1}, one has that for small €/,

|ak, (V) — akO(Vﬂéko
ko,

1] = 2]+ 5

(23)

Let € be sufficiently small (depending on €1). Choose any 1 with 0 < || < €. By (23),
one has that for any z € 9B,

| f1(@) —nl > | f2(2)]. (24)
By Rouché’s theorem, f1(z) —n =0and f(z) — n = f1(z) + f2(z) — n = 0 have the
same number of zeros (counting multiplicity) in {z € C : |z| < €;}. This particularly
implies that f(z) = n has at least one non-zero solution in {z € C : |z] < €1}. Now
Lemma 3.1 follows from (22). |
4. Proof of Theorems 1.2 and 1.4
Lemma 4.1. [25, Lemma 2.3] Assume F;,(X) = Fy,(Y). Then for any z € (C*2,
Px (z, ko) = Py (z, 2o). (25)
Lemma 4.2. Assume that separable functions X = X1 @ XoandY = Y & Y> are

Fermi isospectral. Assume that X, and Y, are Floquet isospectral. Then X1 and Y1 are
Floquet isospectral.
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Proof. Recall that z = (z1, z2). By the assumption that Fy,(X) = F;,(Y) and Lemma
4.1, one has that

Px (z, 20) = Py (z, ro),
and hence
Px (21,237, ho) = Py (21,237, ho). (26)
Using the fact that both X and Y are separable, one has that for any large enough z»,

q—1
Px(z1, 237, 1o) = l_[ Px, (z1, —)\[xz(zz) +Ao)
=0
q—1 .
=[] ®Px, (=25, @) + 20) + (=T + (=D 27D, @27)
=0

and

q—1
Pr(z1. 25, 20) = [ | Priz1. =2, (z2) + ho)
=0
g1 .
= [ Pri(—2), @) +20) + (=D 2 + (=T z7h. (28)
=0

By (17), (26), (27), (28) and the unique factorization theorem (using (=2l +

(—1)q1+1z1_l as a variable), one has that forany / =0, 1,--- , ¢ — 1,
Py, (=M, (22) + 1) = Py, (=24, (22) + 1), (29)
and
P, (21, =Ny, (22) + h0) = Py, (21, —A}, (22) + 1) (30)

Since X, and Y, are Floquet isospectral, we know that for any large enough z»,
My, (@2) = Ay, (22).1=0,1,2, - g2 — 1. 31
By (30) and (31), one has that for any z; € C* and A € C,
Px,(z1,A) = Py, (z1, A). (32)

By (32) and basic fact (2) appearing at the end of Sect. 2, we conclude that X and Y
are Floquet isospectral. O
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Proof of Theorem 1.2. Without loss of generality, assume that ¢o > ¢; and [X2] =
[Y2] = 0. If X, and Y, are Floquet isospectral, then Theorem 1.2 follows from Lemma
4.2. So we assume X and Y» are not Floquet isospectral.

Applying Lemma 3.1 with V = X», V = Y, and g = ¢», there exist n and large x;,
1=0,1,2,---,9> — 1, such that

My, (1) = My, (xp) + 1. (33)

By (29) and (33), we have that forany/ =0, 1,2,--- , g2 — 1,
Px, (=M, (x1) — 0+ ho) = Py, (=2, (x1) + 20). (34)

Since both 75;(1 (A —n) and 751/l () are polynomials of A with degree g1, by (34) and the
fact that g > g1, one has that

Px, (A —n) = Px, (), » € C. (35)

This implies that X and Y] are Floquet isospectral up to a constant (by letting n — 0
in (35), we can indeed show that X| and Y| are Floquet isospectral. This is because
we have already shifted the constant by setting [X»>] = [Y2] = 0). Now Theorem 1.2
follows from Lemma 4.2 (exchange X and X», and Y and Y>). |

Denote by 0 the zero function on Z2.

Proof of Theorem 1.4. Assume that Fj (V) is reducible at some A = Xg. By Remark
4 in [26] (also Theorem 2.5 in [25]), Ao = [V] and Py (z, Ag) = Po(z, 0). Therefore
Pv_vi(z,0) = Py(z,0). By Theorem 1.2, we have that V and a constant potential
are Floquet isospectral. Therefore, Ambarzumian-type theorem (e.g. [16]) implies V is
constant. This contradicts the assumption. O
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Appendix A. Proof of (17)

Proof. When g = 1, (17) (along with the existence of A!(z), | = 0) follows from (11).
So we assume g > 2. For any fixed/ € {0, 1, --- , g — 1}, introduce a new variable AL

a=il P i V], (36)

Substituting (36) into equation (16), simple computations (do the expansion with respect
to z variable) imply that

Pyl h) =(— )T 20 4 (“1)7 770 4 ()4 (¥ 4 7)1
oL

I ~ .
+(=1)Ig™a )1 G+ [V]) — (= D)g[V]EeTa 5!
+ lower order terms of z

1. ~
=(—1)417 4 (=1)9g (e 7' 2)?7 17! + lower order terms of z.  (37)

We remark that lower order terms of z are polynomials of z with degree at most ¢ — 2
(coefficients depend on Ah.
Let G(z, M) = Py (z79, A)z¢~ 1. By (37), one has that

- @=Di : - -
Gz i) = (=1)ge®™ 7T il +2G1(z, 31). (38)
where G(z, M) is a polynomial of z and AL, Since G(0,0) = 0 and 0;:G(0,0) =

@=DI; ~
(-4 qezn T # 0, the implicit function theorem implies that the equation G (z, A =
0 with the initial condition A/ (0) = 0 has an analytic solution in a small neighborhood
of z = 0. Now (17) follows from (36) and the definition of G (z, A!). O
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