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Abstract

LetI'=q1Z@® @ Z & - - - ® q4Z with arbitrary positive integers g;, [ = 1,2, --- ,d. Let Agiscrete + V be
the discrete Schrodinger operator on Z4, where Adgiscrete 15 the discrete Laplacian on Z4 and the function
V.29 Cis I'-periodic. We prove two rigidity theorems for discrete periodic Schrodinger operators:

(1) If for real-valued I'-periodic functions V and Y, the operators Agiscrete + V and Agigcrete + ¥ are
Floquet isospectral and Y is separable, then V is separable.

(2) If for complex-valued I'-periodic functions V and Y, the operators Agiscrete + V and Agjscrete + ¥ are
Floquet isospectrgl, anq both V = EB;-.:} Viand Y = @?:1 Y; are separable functions, then, up to a
constant, lower dimensional decompositions Vj and Y j are Floquet isospectral, j =1,2,---,r.

Our theorems extend the results of Kappeler. Our approach is developed from the author’s recent work on
Fermi isospectrality and can be applied to studying more general lattices.
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1. Introduction and main results

In this paper, we first study the discrete periodic Schrodinger equation

(Adiscretett) (n) + V(m)u(n) = au(n),n € 29, (1

with the so called Floquet-Bloch boundary condition

u(n+qje;) =e*iumn), j=1,2,---,d, andn e 29, )

where Agiscrete 18 the discrete Laplacian on 74, {e j}?:] is the standard basis in RY and V is
I-periodicwith ' =q1Z & q2Z. @ - - -  qaZ.

By standard Floquet theory, the equation (1) with the boundary condition (2) can be realized
as the eigen-equation of a matrix Dy (k), where k = (k1, k2, -- - , kg). Denote by o (Dy (k)) the
eigenvalues of Dy (k), counted with their algebraic multiplicity. Since until Section 5 we only
discuss discrete periodic Schrodinger equations (1) and (2), for simplicity, write A for Agiscrete-

Definition 1. We say that two I'-periodic operators A + V and A 4+ Y (or equivalently two I'-
periodic functions/potentials V and Y) are Floquet isospectral if

o (Dy(k)) = o (Dy(k)), forany k € RY. 3)
Studying Floquet isospectrality of periodic potentials started about four decades ago [5-7,
12-14,16-18,29,33]. We refer readers to three surveys [20,21,27] for the background and recent

development.

Definition 2. We say that a function V on Z? is (d, d3, - - - , d,)-separable (or simply separable),

where Z’/:l dj = d with r > 2, if there exist functions V; on de, j=1,2,---,r,such that for
any (ny,na, -+ ,ng) € Z,
V(ny,ng, - ,ng) =Vi(ny, -+, ng) + Va(ng, +1, na 2, -+ > Ndy+dy)
+--+V (nd1+d2+~~+dr,1+1, Tt nd1+d2+~~+dr)- “4)

Definition 3. We say V : Z¢ — C is completely separable if V is (1, 1, - - - , 1)-separable.

When there is no ambiguity, we write down (4) as V = EB;:I Vi.

The paper aims to investigate when periodic potentials are Floquet isospectral to separable
potentials. In [6,7,12], Eskin-Ralston-Trubowitz and Gordon-Kappeler asked the following two
questions:

Ql. Ifreal-valued functions Y and V are Floquet isospectral, and Y is separable, is V separable?
Q2. Assume that both ¥ = @;zl Yijand V = @;»:1 V; are separable. If V and Y are Floquet

isospectral, are the components V; and Y; (up to a constant) Floquet isospectral?
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We remark that the original questions (Q1 and Q2) in [6,7,12] were asked in the setting of con-
tinuous Schrodinger equations with completely separable functions. It is natural to ask the above
two questions in the discrete cases with arbitrary separable functions (e.g., [20, Section 5]).

In [18], Kappeler partially answered questions Q1 and Q2:

Theorem 1.1. [ /8] Let g1 = q» = - - - = qq. Then the following statements hold:

(1) If real-valued T -periodic functions Y and V are Floquet isospectral, and Y is completely
separable, then V completely separable.

(2) Assume that complex-valued T -periodic functions Y = @?:1 Yj and V = @?:1 V; are
completely separable. If V and Y are Floquet isospectral, then up to a constant, the one-
dimensional functions V; and Y; are Floquet isospectral.

The proof of Theorem 1.1 relies on spectral invariants of discrete Schrodinger equations. We
will present a different approach to study the Floquet isospectrality based on the idea introduced
by the author in [25].

Definition 4. The Bloch variety B(V) of A 4+ V is defined as

B(V) = {(k,») € C4t' . det(Dy (k) — AT) = 0}.

Given A € C, the Fermi surface (variety) F (V) is defined as the level set of the Bloch variety:

F.(V)={keC?: (k1) € B(V)).

Both Fermi and Bloch varieties (zero sets of det(Dy (k) — Al)) play a crucial role in the
study of (inverse) spectral and related problems arising in periodic operators [1,4,11,15,19,22,
23,31,32], such as embedded eigenvalue problems and integrated density of states. Clearly,
det(Dy (k) — Al) is algebraic in appropriate coordinates. Recently, the author discovered that
the algebraic properties of Fermi and Bloch varieties are related to more spectral problems such
as the quantum ergodicity [24,30], spectral edges [26] and isospectrality problems [25,28].

A basic fact of linear algebra allows to reformulate Floquet isospectrality as det(Dy (k) —
Al) =det(Dy (k) — AI). Like in the author’s recent works [24-26], in this paper we will focus
on studying det(Dy (k) — AI). One of the advantages of using det(Dy (k) — Al) (Bloch/Fermi
varieties) is to enable us to apply various tools from algebraic/analytic geometry and complex
analysis.

In [26], the author proved the irreducibility conjectures of Bloch and Fermi varieties (see
[8—10] for more recent works of the irreducibility of Bloch and Fermi varieties), where those
conjectures were only previously studied for d = 2,3 [2,3,11]. This particularly implies that
B(V) = B(Y) iff det(Dy (k) — AI) = det(Dy (k) — AI). Therefore functions V and Y are Flo-
quet isospectral iff B(V) = B(Y). In [25], the author introduced a new type of inverse spectral
problem-Fermi isospectrality.

Definition 5. [25] Let V and Y be two I'-periodic functions, and Ao € C. We say that V and Y
are Fermi isospectral at the level Ag if Fy,(V) = Fj,(Y).
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From the definitions, one can see that Fermi isospectrality is a “hyperplane” version (weaker
assumption) of Floquet isospectrality. In [25], the author proved the following rigidity statements.

Theorem 1.2. [25] Assume that d > 3 and qj, j =1,2,--- ,d are piecewise co-prime. Then the
following statements hold:

(1) If real-valued I"-periodic functions Y and V are Fermi isospectral, and Y is separable, then
V separable.

(2) Assume that complex-valued T -periodic functions Y = @?:1 Yj and V = @;‘:1 V; are
separable. If V and Y are Fermi isospectral, then up to a constant, lower dimensional de-
compositions V; and Y; are Floquet isospectral, j =1,2,---,r.

Theorem 1.2 immediately implies

Corollary 1.3. Assume that d > 3 and qj, j =1,2,---,d are piecewise co-prime. Then the
following statements hold:

(1) If real-valued T-periodic functions Y and V are Floquet isospectral, and Y is separable,
then V separable.

(2) Assume that complex-valued T-periodic functions Y = @?:1 Yj and V = @;Zl V; are
separable. If V and Y are Floquet isospectral, then up to a constant, lower dimensional
decompositions V; and Y j are Floquet isospectral, j =1,2,---,r.

The aim of this paper is twofold. Firstly, we answer Q1 and Q2 for arbitrary positive integers
q1,1=1,2,---,d and any types of separable functions which extends Theorem 1.1 and Corol-
lary 1.3. Secondly, we propose a simple and new approach to study the Floquet isospectrality
based on the ideas formulated in [25]. It turns out that our approach is quite robust and works for
more general lattices (see Section 5).

The main results of the present paper are

Theorem 1.4. Let real-valued T-periodic functions V and Y be Floquet isospectral, and Y be
(d1,da, - ,dy)-separable, then V is (d1,da, - - - , d,)-separable.

Theorem 1.5. Let complex-valued T -periodic functions V and Y be Floquet isospectral, and
both V = EB;'=1 Viand Y = @;Zl Y; be separable functions. Then, up to a constant, lower
dimensional decompositions V; and Y are Floquet isospectral, j =1,2,---,r.

Theorems 1.4 and 1.5 imply

Theorem 1.6. Assume that real-valued functions V and Y are Floquet isospectral, and Y =
@;Zl Y; is separable. Then V = EB;’=1 V; is separable. Moreover, up to a constant, Y; and V;,
j=1,2,---,r, are Floquet isospectral.

Although the approach comes from [25], the technical parts are different. In the following,
we will present the main ideas of the proof of Theorem 1.4. Let us take r = 2 as an example. A
basic fact of discrete Fourier transform states that a function V' is (d1, d2)-separable iff for any
nontrivial (non-zero modulo periodicity) /1 € 79 and I, € 7%, V(h l>) = 0, where V is the
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discrete Fourier transform of V. In [25], to prove the separability of functions, the author used a
direct way to show that \7(1 1,12) = 0. In the present work, we use a Qetour. We first sllow that for
Floquet isospectral functions V and Y, le,lz IV, b))* = le,lz Y (11, 1), le V(0=
>, 1Y (1,0)1? and Y, [V(0,1)|* = 3, [¥ (0, 2)|?. Therefore, ¥ (I, 1>) = 0 for all nontrivial
(non-zero modulo periodicity) /1 and /, implies that for all nontrivial /1 and I, \7([ 1,10) =0.

The techniques of this paper can be applied to study the isospectrality problems for periodic
operators on more general lattices. In Section 5, we show the generalization for the triangular
lattice.

The rest of this paper is organized as follows. In Section 2, we recall some basics about the
discrete periodic Schrodinger equations. Sections 3 and 4 are devoted to proving Theorems 1.4
and 1.5. In Section 5, we discuss the Floquet isospectrality of periodic operators on the triangular
lattice.

2. Basics

In this section, we first recall some basic facts about the Fermi variety, see, e.g., [20,26,27].
Let W be a fundamental domain for ' =q\Z ® ¢2Z & - -- D qqZ:

W={n=(my,ny,- - ,nd)eZd:OSnj <q;j—1,j=12,---,d}.
By writing out the equation (1) on the Q = q1¢4> - - - qq4 dimensional space {u(n),n € W}, the
equation (1) with the boundary condition (2) translates into the eigenvalue problem fora Q x Q
matrix Dy (k).
Let C* = C\{0} and z = (21,22, ,z4)- Let z; = *™%i | j = 1,2,.-- ,d, Dy (z) = Dy (k)
and Py (z, A) =det(Dy (z) — LI).

By the basic facts of linear algebra, one has

Proposition 2.1. Let d > 1. Two complex-valued T-periodic functions V and Y are Floquet
isospectral iff Py (z, 1) = Py (z, 1).

Define the discrete Fourier transform ‘7(1 ) for I € W by

d
V()= L Z V(n)exp § —2mi Zl/ﬁ

Q = 1
For convenience, we extend \7(1 ) to 74 periodically, namely, for any /=m mod T,
V)= V(m).
Define
Dy(z2) =Dy (21,22, ,za) =Dy (&', 2, -+, 20D, 5)
and
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Pv(z,») =det(Dy (z, 1) — A1) =Py (21", 28, -, 2% ). ©6)
Let

, "
pn; = &

where0<n; <¢q; —-1,j=12,---,d.
A straightforward application of the discrete Floquet transform (e.g., [9,20,26]) leads to

Lemma 2.2. Let n = (ny,na,--- ,ng) € W and n' = (n',n},--- ,n))) € W. Then Dy (2) is uni-
tarily equivalent to A + By, where A is a diagonal matrix with entries

d
1
A(n;n') = E pizj + 5 Snw @)
Pn,Zj

and

By(n;n)=V (nl—nl,nz nh, o ng —ny). (8)
In particular,
Py (z, ») = det(A + By — AD).
3. Proof of Theorem 1.4

Assume Z;'=1 di=d withr >2andd; > 1, j=1,2,---,r. For convenience, let dy = 0.
Forany ! = (I1,02,---,14) ez4 and j =1,2,---,r, denote by

.= S ez, 9
I (1+Zm () 2+an=l()dm d +z:m Od'”) ( )

For j=1,2,---,r, denote by
={neZ¥b:0<ny< i —1,b=1,2,---.,d;}.
{n Snh =g il i}
ForanyneZd-f,j=1,2,~-- , 1, denote by

aj bj

m— e e d
_|=(O507"' 70’n1’n2"”’ndjv()’O’"'sO)eZ ) (10)

where a; ZZf;l;lodm for j =1,2,---,r and b; =Z:n:j+1dm for j=1,2,---,r — 1 (set
by =0).

Lemma 3.1. (e.g., [25]) A function V is (d1,dy, - - , dy)-separable if and only if for any | € W
with at least two non-zero lj, j=1,2,---,r, V() =0.
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Denote by [V] the average of V:

(V]= é > vm.

neW

Lemma 3.2. Assume that real-valued T-periodic functions V and Y are Floquet isospectral.
Then

[Vl1=1Y] a1

and

> V(0 —n)P2
new (—A+ Z?:l Pz (—h+ Z?ZI 'O’iljzj)
n'ew

_ Z |1?(n—n’)|2
new (A + Z?:l Pi; 2 (=h + Z?:] Py i)
n'ew J

12)

The proof of Lemma 3.2 is similar to that of Theorem 4.1 [25]. We include a proof in the
appendix for the readers’ convenience.

Theorem 3.3. Assume that real-valued T-periodic functions V and Y are Floquet isospectral.
Then we have that

YIVOPr=) IYOP, (13)

lew lew
and forany j=1,2,---,r,
DOWVATP= )Y IYe)P, (14)
lEWj IEW]'

Proof. Letting z =0 in (12), one has (13). Without loss of generality, we only prove (14) for
j = 1. Rewrite (12) as

V)2
>

d d__J
newitew (—A+ 251 Pz (= + X5 Pij+1jzj)

B MOE
- > T 0
newtew (—A+ ijl ,Oanj)(—)\ + Z/‘=1 ,o,lj+[ij)

Let zy =22 = -+ = z4; = 0 and consider the plane —A + Z?=d1+l zj = 0. Since for any
(dy+1,ndy+2, -+ s ng) with (ng,11,n4,42, -+ ,ng) 7 0 (modulo periodicity), planes —A +
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Zd_dH_l zj=0and —A + Z =dy+1 p,,}zj = 0 are not the same. This implies that the leading
term in the sum of (15) (double zeros in the denominators) consists of

1
d J d J
(=ht X1 0,20+ g P 1,20

withng 41 =ng42=---=ng=0and ly; 11 =442 =+ =4 = 0. Therefore, one has
Yoo vor= Y ol (16)
leW leW
In=0,d)+1<m=<d In=0,d\+1<m<d

This implies (14). O

Proof of Theorem 1.4. Let S C W consist of all / with at least two of [ j»Jj=1,2,---,r non-
Zero.
By Lemma 3.1, one has

Z Y12 =0. 17)
leS

By Theorem 3.3 and (17), one has
DIV =0. (18)
leS

By Lemma 3.1 again, V is separable. 0O
4. Proof of Theorem 1.5

Proof of Theorem 1.5. By induction, it suffices to prove the case r = 2. Recall (11). Without
loss of generality, assume [V1] =[V2] =[Y1] =[Y2] =0 and thus [V] =[Y] =0. Fix any y. Let

d
1
A:A(z1,zz,--',Zdl,y)=y+z<zj+;). (19)
J

j=1

Then for any n € Wi\{(0,0,---,0)},

d
A+ Y (p,{jzj +
j=1

>=—y+Z( 1+p_n,>—+2< L+00)z.  (20)

nj<j j=1

Comparing the coefficients of highest degree terms (the highest degree is Q — [Wa2[) of
(z1,z2,++, zq,) in both Py (z, A) and Py (z, 1) with A given by (19), one has that

Py, Zdy+1: 2dj+2, -+ 2d> Y) = Pvy (Zdy 415 2dy 425+ + 2d5 Y)-
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This implies V» and Y, are Floquet isospectral. Interchanging, V1 and V3, Y and Y3, we have V;
and Y are Floquet isospectral. We complete the proof. O

5. Floquet isospectrality for periodic Schrodinger operators on the triangular lattice
We consider discrete periodic Schrodinger equations on the triangular lattice,
(Aiu)(n) + V()u(n) = Au(n), n € Z2, 21
with the boundary condition
u(n +qje;)=e**iu(n), j=1,2andn € 72, (22)

where {e; = (0, 1), eo = (0, 1)} is the standard basis in R2,Vis I-periodic with ' =q1Z ® q2 Z,
and Ay is the discrete Laplacian on the triangular lattice, namely

(Ariu)(ny, n2) =u(ng +1,n2) +u(ny — 1,n2) +u(@my,ny + 1) +u(ng,ny — 1)
+uni+1,np—1)+u@m —1,ny+1).

We say ATy + V and ATy + Y are Floquet isospectral if for any k € R2, A+ V and A + Y
with the boundary condition (22) have the same eigenvalues.

Theorem 5.1. Assume that real-valued functions V and Y on 7% satisfy that Ati + V and
Aty + Y are Floquet isospectral, and Y is separable, then V is separable.

We can transfer all notions for discrete periodic Schrédinger equations on the lattice Z? to
the triangular lattice. For example, we will use Dy, v (k) to represent the equation (21) with the
boundary condition (22). Similarly, we will use notations D1y, v, 73Tri,v(z, A), Atri and Bty v.

By the standard discrete Floquet transform (e.g., [9,20]), one has

Lemma 5.2. The matrix ﬁTri,V (z) is unitarily equivalent to Aty + Bty v, where Aty is a diag-
onal matrix with entries

2 1
1 1 P22 Py 2l
Atitsn) = pp 21+ T— + o2+ —5— + — + 35— | b (23)
P, 21 P22 Pu 2l P22
and
Briy(n;n') =V (ny —nl,na —nb). (24)
In particular,

Pri,v (2. 4) = det(Aryi + Bri,y — ).
Proof of Theorem 5.1 .. By Lemma 5.2, we can first show that (11) and (12) hold by a similar
argument in the appendix. One can see that the proof of Theorem 1.4 only uses (11) and (12). So

Theorem 5.1 holds. O
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Appendix A. Proof of Lemma 3.2

Fora=(ai,as, - ,aq) € Z¢ and z* = z{'z5? - - 2", denote by |a| = aj +ar + -+ + aq the
degree of z“.
Proof. By Proposition 2.1, one has
Py (z,r) =Py(z, A), (25)
and hence
Py(z. 1) =Py (z, M. (26)
Forany n = (n1,n2,--- ,ng) € W, let

d
: 1
tn(z,x)=x+z<p,{_,z,-+ - ) @7

j=1 Pn;Zj

Clearly, t,(z,[V] — 1) is the n-th diagonal entry of the matrix A 4+ By. By Lemma 2.2, direct
calculations imply that

Py (z, ») =det(A + By — Al)

= — ) — 1 ]_[neth(Z, [V1—X) o
= l_[ th(z,[V]—2A) 2 Z Ly (2, [V] = Mia(z, [V]_)L)|BV(1’1,I/Z)|

neWw neW,n’'ew
n#n'
+ products of at most q1¢3 - - - g4 — 3 terms of #,(z, [V] — A). (28)

Let

neWw

d
ha =[] |-2+X ez |,
j=1

and h%,(z, )) be all terms in 75v(z, M) consisting of 72920 with lal+b=q1q2---qqa — 1.

651



W. Liu Journal of Differential Equations 374 (2023) 642—653

By (28), one has that h%,(z, ) must come from ]_[new t,(z,[V] — A) and hence

h(z, A)
hy(z,0) =[V] ( : ) . (29)
Y ,;V _)“i‘Z?:lp']lij

By (26) and (29), one has

1% Y
Z [d] = [d] —. (30)
new —A D250 P,2j pew —h D1 Pz

This implies [V] = [Y]. 5

Let h%,(z, A) (h%,(z, 1)) be all terms in Py (z,A) ([[,cw ta(z, [V] — 1)) consisting of 792
with l[a| +b=q1q2---qq4 — 2. ) _

By the fact that [V] = [Y], one has that h%/ (z, ) = h% (z, 1). Therefore, by (26), we have that

B2 (z,2) — by (z,0) = h3 (2, 2) — hy (2, 1). 31)
By (28), one has that
_ h(z, A —|By (n;n")?
Wye ) — e =" 5 B )
neW.,n'ew (=2 + Zj=1 'O"./Zj)(_)” + Zj=1 ,On/ij)
n#n’

By (31) and (32), one has

)3 |By (n; n)|?

d J d J
neW,n'ew (=2 + Zj=1 'O".IZJ‘)(_)” + Zj=] 'On;Zj)
n#n'

— Z |By (n; n)|?
= y ' y _ ’
new,n’'ew (=4 + Zj:l ,041-2]‘)(—)\ + Zj:l /Or]l/ij)
n#n’

and hence

3 |V (n—n")?

d j d i
neW,n'ew (_)" + Zj:l ,OJJZ])(—)\. + Zj:l p}i,jzj)

n#n'
? N2
= Z d | - (”l n )| - - ' (33)
neW.n'ew (=A+ Zj:] tOanj)(_)L + Zj=1 ,On/ij)
n#n’

By (11) and (33), one has (12). O
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