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Abstract

The classical n-variable Kloosterman sums over finite fields are well understood by Deligne’s
theorem from complex point of view and by Sperber’s theorem from p-adic point of view. In
this paper, we study the complex and p-adic estimates of inverted n-variable Kloosterman
sums, addressing a question of Katz (Finite Fields Appl 1(3):395-398, 1995). We shall give
two complex estimates. The first one is elementary based on Gauss sums. The second estimate
is deeper, depending on the cohomological results of Adolphson—Sperber, Denef—Loeser and
Fu for twisted toric exponential sums. This deeper result assumes that the characteristic p
does not divide n + 1. Combining with Dwork’s p-adic theory, we also determine the exact
p-adic valuations for zeros and poles of the L-function associated to inverted n-variable
Kloosterman sums in the case p = 1 mod (n + 1). As we shall see, the inverted n-variable
Kloosterman sum is more complicated than the classical n-variable Kloosterman sum in
all aspects in the sense that our understanding is less complete, partly because the Hodge
numbers are now mostly 2 instead of 1.
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1 Introduction

LetIF, be the finite field of ¢ elements with characteristic p. Let ¢ : F, — C* be a nontrivial
additive character and let xp, ..., xm : IF; — C* be multiplicative characters. A classical
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problem in number theory is to give a good estimate for the mixed character sum

) xm )Y (), (1.1)
)C,'E]FZ
where g, f1,..., fm € Fy [xlil, R x,j“] are Laurent polynomials. Reducing m if neces-
sary, we may assume that all the x;’s are non-trivial. Using the Gauss sum
GO =Y x@)y ), (12)
xeFy

one obtains the well known relation

D XD T Gm)V @+ 1 f1 4+ Y fon)

x,-,ij]P‘:;

=G - GOm) Z X1 (D) - xm ()W (8).

Xi E]F:;

As the Gauss sums are well-understood, the study of (1.1) can be reduced to the study of
sum of the form on the left-hand side. Thus, in this paper, we focus on the following type of
twisted toric exponential sum

G ) (). (13)
Xi E]F;
where some of the multiplicative characters x; may be trivial and f € IF, [xlil s x,fl ] isa

Laurent polynomial. This type of twisted toric exponential sum has been studied extensively
in the literature, most notably by Adolphson—Sperber [2, 4, 5, 7] via Dwork’s p-adic coho-
mology, and by Denef-Loeser [10] and Fu [12, 13] via Grothendieck’s £-adic cohomology.
For the complex estimate, both approaches depend on Deligne’s theorem on the Weil con-
jectures. A sharp estimate is obtained when f is non-degenerate with respect to its Newton
polyhedron A(f). For arbitrary f, the sum is still far from well understood.

An important example of toric exponential sums is the classical n-variable Kloosterman
sum, where x; = --- = x, = 1 and

fx1, .., x0) = X1 —l—«-«—l—xn—l—L, bEIFZ.
x| Xp
In this case, the complex weights were determined by Deligne’s well known theorem, and the
p-adic slopes were determined by Sperber’s theorem [22]. It should be noted that for twisted
n-variable Kloosterman sum (when some of the x;’s are non-trivial), the p-adic slopes are not
completely determined in general, except in the case n = 1 for which Adolphson—Sperber [3]
obtained the generic p-adic slopes. If we invert the above Laurent polynomial and consider
the following rational function
1

.f(-xls-"v-xn): b ) bEIFZ,
X1 X+

X1+ Xp

which is no longer a Laurent polynomial, we are led to the so-called inverted Kloosterman
sum. The study of such sums goes back to Katz [15].
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More precisely, in this paper, we study the following twisted inverted n-variable Kloost-
erman sum defined by

1
Z X1(x1) -+ Xnp1 (Xn1) Y (ﬁ)

X1-Xpq1=b, x,EFZ
X1t x4 70

b 1
Z x1(x1) -+ Xn () X1 ( )W( b )v
X1+ Xp XA, 4

x1+-~+x,,+ﬁ;£0 X1-Xp

X,‘E]Fj;

Su(x, D)

where b € ]FZ andn > 1.

When n = 1, Katz [15] obtained a sharp upper bound for Si(x, ), a simpler proof
of which was later proposed by Li [18]. The estimation for S;(x, b) is motivated by the
Ramanujan graphs. Katz’s results [15] along with the papers of Angel [1] and Evans [11]
proved that the finite upper half plane graph studied by Terra [23] is a Ramanujan graph in
characteristic 2. This is part of an attempt to study finite analogues of the real symmetric
spaces such as the Poincaré upper half plane. Ramanujan graphs are of interest because
they are good expanders and because the simple random walk on these graphs converges
particularly rapidly to uniform. Their importance and applications in many explicit algorithms
in computer science are discussed in [20].

In [15], Katz raised the question: what can be said for S, (x, b) when n > 1? The aim of
this paper is to study these inverted n-variable Kloosterman sums from both complex and
p-adic point of views. As we shall see, this class of sums is very interesting as various new
features and additional difficulties arise.

Remark The exact sum introduced in [15] is the following related sum,

b
T.(x,b) = Z x1(x1) - X1 DY <Xl+—+x+1> .

XX =1
X1 X 4170

Upon the change of variables x; — bx;, one sees that

1

T, (x,b) = Su(x, W

)x1(D) -+ Xn41(D).

Thus, the two families of sums S, (x, b) and T, (x, b) are essentially equivalent. We work
with S, (x, b) as it is the closer inverted analogue of the classical Kloosterman sum. O

The best complex estimate of S, (), b) that one can hope for would be a square root
cancellation in the sum S, (x, b), i.e.

Su(x,b) = 04(q?).

As we shall see, this is not true for n > 2 when x; = --- = x,41, in which case, S,(x, b)
has the main term —¢g” ! x1 (b) whose exponent n — 1 is larger than the exponent /2.

We shall give two different estimates for S, (x, ). The first estimate is based on an
elementary method via Gauss sums which already shows the new feature of a non-trivial
main term when x| = - -- = x,41. We obtain the following simple estimate for S, (x, b):

Theorem 1.1 Notation as above. If x1 = - -+ = xn+1, we have
(g—1n" ntl
Sn(x, b) + T)u(b) =q7.
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If xi # xj for somei # j, we have
n+l
[Sh(x. D)l =g 7.

For large ¢, the error term ¢”"*1/2 is not the optimal square root cancellation yet. To
obtain a deeper square root cancellation with error term O, (g 2y, we reduce S, ( X, b) to
a certain twisted toric exponential sum S;(x, f) which can be handled by the results of
Adolphson—Sperber, Denef—Loeser and Fu. We check that the related Laurent polynomial f
is non-degenerate if p does not divide n + 1. This gives our second estimate:

Theorem 1.2 Notation as above. Suppose pt (n+ 1). If x1 = -+ = xu+1, we have
(g—D"—=(=D" n
18106:5) + H—— @) = @n+ g

If xi # x;j for somei # j, we have
1S0(x. B)| < 2(n + 1)g?.

It is clear that the estimate in Theorem 1.2 is better than the estimate in Theorem 1.1 if
qg > 4(n+ D2 Itis expected that Theorem 1.2 (with possibly a better constant) remains true
when p divides n + 1. But in this singular case, the above toric sum results do not apply and
one would need a different approach.

For p-adic slopes, we focus on the simpler untwisted case in which x; = -+ = x,4+1. We
study the p-adic valuations for the reciprocal roots and poles of the generating L-function
of the untwisted inverted n-variable Kloosterman sum. We show that the Newton polygon
agrees with the Hodge polygon if and only if p = 1 mod (n + 1). As a consequence, this
completely determines the p-adic slope sequence when p = 1 mod (n 4 1). The method to
study the p-adic slopes is described more precisely below.

Our approach is to reduce the generating L-function to a certain untwisted toric L-function.
To construct the relationship between the two L-functions, we need to consider the untwisted
inverted Kloosterman sum defined over every finite extension F «. Suppose x; = -+ =
Xn+1, the inverted n-variable Kloosterman sum over ]Fqk is defined by

1
Sulk, b) = Z Ip(Trk<x]-i-----i—xn-l- b >>’
#0

XX+ L XX

X]Xn

x; €F*
v qk

where b € Fy and Try : Fyx — Fg is the trace map.

Remark In the notation for the twisted inverted n-variable Kloosterman sum, we use the
parameter x to emphasize the multiplicative characters contained in the twisted case S, (x, b),
which is only defined over the ground field ;. In the untwisted case, we introduce the sum
over every finite extension I« and denote the sum by S, (k, b).

When x; = -+ = xn+1, the twisted sum S, (, b) reduces to the untwisted sum as follow:
1
> 0@y | |
X1+”'+xn+x1-}4}.xn 7&0 X1 n X1eeXn
x,'E]F:;
It is clear that S, (x, b) and S, (k, b) are equivalent when y; = --- = x,4+1 and k = 1. For
brevity, we omit x(b) in the definition of S, (k, b) since it is a non-zero constant. O
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The generating L-function of S, (k, b) is defined by

0 k
L, (b, T) = exp (Z Sa(k, b)Tk) )

k=1

Applying some systematic results available for the related toric L-function, which will be
introduced in Sect. 2, we obtain the complex and p-adic absolute values for all the reciprocal
roots and poles of L, (b, T) under given restrictions on p:

Theorem 1.3 Suppose p t (n + 1). The L-function is a rational function of the following
form:

2n

H(l —o;T).

i=1

ntl . , (OIS
Lo, " = = (1-¢77'7)"
j=2

As complex numbers, the reciprocal roots «; satisfy |«;| = q% forall1l <i <2n.
If p =1 mod (n+1), viewing the a; s as p-adic numbers, the slope sequence {v (%‘)},-221
in increasing order is given by

{0,1,1,2,2,...,.n—1,n—1,n}.

Our results show that for the inverted n-variable Kloosterman sum, if p does not divide
n + 1, the rigid cohomology giving the nontrivial factors of L, (b, T)(*l)nJrl has dimension
2n, pure of weight n and with Hodge numbers {1, 2,2, ...,2, 1}. One can refer to Defi-
nition 2.6 for precise definition of Hodge numbers and Theorem 3.3 for the above result
about Hodge numbers. On the other hand, the rigid cohomology giving the L-function of
the classical n-variable Kloosterman sum has dimension n + 1, pure of weight n and with
Hodge numbers {1, 1, 1, ..., 1, 1}. The larger Hodge numbers suggest that new features and
additional difficulties would likely arise in studying inverted n-variable Kloosterman sums.

As a corollary of the first part in Theorem 1.3, we get a slightly better bound for S, (k, b):

Corollary 1.4 If p (n + 1), for all integers k > 1, we have

k _ D" — (=1)" k 1 n
18,k by + LD q(k V@ D) gt
When k = 1, the exponential sum S, (k, b) reduces to S,(x, b) with x1 = -+ = xp+1-

Explicitly, the estimate in Corollary 1.4 is better than the estimate in the first case of Theo-
rem 1.2. We remark that the condition p = 1 mod (n + 1) in the second part of Theorem 1.3
is necessary and sufficient for the same conclusion to hold. Thus, if p £ 1 mod (n + 1), the
slope sequence will be strictly different, but we do not know the exact slope sequence in this
case.

The rest of this paper is organized as follows. In Sect. 2, we review some technical methods
including Adolphson—Sperber’s theorems and Dwork’s theory on toric exponentials sums.
In Sect. 3, we use these methods to prove the main results.

We end the introduction by mentioning several recent references [8, 14, 17, 19, 27] which
applied some of the related toric techniques in treating different classes of non-toric n variable
exponential sums arising from analytic number theory.

@ Springer



60 Page 6 of 22 X.Lin, D. Wan

2 Preliminaries on toric exponential sums

2.1 Rationality of the toric L-function

Let f € Fy [xlﬂ, e x;tl] be a Laurent polynomial and its associated twisted toric expo-
nential sum is defined to be
StOG ) =D aMNe@D) - xa NG ¥ (Tr (), 2.1)
xiEF*k
q
where Try : Fqk — IF, is the trace map, Ny : Fqk — [F, is the norm map, xi,..., x» :

F? — C* are multiplicative characters and v : F, — C* is a nontrivial additive character.
A classical problem in number theory is to estimate the absolute values of S}’ (x, f).

A well known theorem of Dwork—-Bombieri—-Grothendieck says that the generating L-
function of S (x, f), which is called the rwisted toric L-function, is a rational function:

> ™\ [T, —T)
L f T =exp | Y Si(x. f)— ) = ==~
(k; ‘ k) M2, (1 - 1)

where all the reciprocal zeros and poles are non-zero algebraic integers. In particular, when
all of x; are trivial characters, the untwisted toric exponential sum and the untwisted toric
L-function are denoted by S (f) and L*(f, T) respectively.

Through logarithmic derivatives, we have

dy dy
SiGGH =) B =Y af, kel 2.2)
j=1 i=1

Thus, the estimate of S (x, f) is reduced to understanding all the absolute values of the
reciprocal zeros «; and poles ;. Deligne’s theorem on Riemann hypothesis [9] describes
the bounds for all the absolute values of «; and B; in general. The complex absolute values
of reciprocal zeros and poles satisfy

loi| = "%, 1Bj1 = %%, u; € ZN[0,2n], v; € ZNI0, 2n].

For non-archimedean absolute values, Deligne proved that |a;|¢ = |Bjl¢ = 1 when £ is a
prime and ¢ # p. For p-adic absolute values, one has

leilp =q ", 1Bjlp =q ", ri € QN[0,n],5; € QN 0, n].

The integer u; (resp. v;) is called the weight of ; (resp. 8;) and the rational number r; (resp.
s;) is called the slope of «; (resp. ;). For the sake of brevity, we will refer to the weights
(resp. slopes) of the reciprocal roots and poles of the generating L-function as the weights
(resp. slopes) of the L-function below.

In the past few decades, there has been tremendous interest in determining the weights
and slopes of the L-functions. Without any further conditions on the Laurent polynomial f,
it is even hard to determine the number of reciprocal roots and poles of L*(x, f, T'). Most
of the existing works about the weights and slopes relies on a suitable smoothness condition.
For toric exponential sums, this smoothness condition usually means the non-degenerate
condition, see below for the precise definition.
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Let
J
fOon . x) =) ajx" (2.3)
j=1

be a Laurent polynomial with a; € IF;; and V; = (vj,...,v,5) € Z" (1 < j < J). The
Newton polyhedron of f, A(f), is defined to be the convex closure in R” generated by the
origin and the lattice points V; (1 < j < J). For§ C A(f), let the Laurent polynomial

=2 g
VjE(S

be the restriction of f to §.

Definition 2.1 (Non-degenerate) A Laurent polynomial f is called non-degenerate if for each
closed face § of A(f) of arbitrary dimension which doesn’t contain the origin, the partial
derivatives

a0 9o
axy 7 Ax,

have no common zeros with x1 ... x,, # 0 over the algebraic closure of F,,.

When f is non-degenerate, Adolphson—Sperber [4] proved that the untwisted toric L-
function L*(f, T)(_l)ni1 is a polynomial and improved the bound for weight.

Theorem 2.2 [4] For any non-degenerate f € IF, [xlil, cee x,:ltl], the associated L-function

L*(f, T)(_l)%1 is a polynomial of degree n! Vol(A( f)). Namely,
n! Vol(A(f))
n—1
L, = [ a-an), a#o.

i=1

For any multiplicative characters y; (nontrivial or trivial), the degree and weights of the
twisted toric L-function are studied and completed by Adolphson—Sperber [6, 7], Denef—
Loeser [10] and Fu [12] under the non-degeneracy assumption. These results lead to the
following bound for the twisted toric exponential sum.

Theorem 2.3 [7, 10, 12] Let f € F, [xlil, e xnil] be a Laurent polynomial with A =
A(f). If f is non-degenerate, one has

nk
[SEX1s -+ xns £ < n!VOl(A)g 2.

For the slopes of the L-function, the situation is somewhat simpler in the untwisted case,

otherwise, even the description of Adolphson—Sperber’s “Hodge lower bound” is a little

cumbersome. Thus, the definitions and theories discussed in the following subsections focus
on the untwisted L-function.

2.2 Newton polygon and Hodge polygon

To determine the slopes of the L-functions, we introduce the g-adic Newton polygon.

@ Springer



60 Page 8of 22 X.Lin, D. Wan

Definition 2.4 (Newton polygon) Let L(T) = Y /_a;T* € 1 + TQ,[T], where Q,, is the
algebraic closure of Q,. The g-adic Newton polygon of L(7T') is defined to be the lower
convex closure of the set of points {(k, ord, (ak)) k=0,1,...,n}in R2.

Lemma 2.5 [16] Notation as above. Let L(T) = (1—a;T) ... (1 —a,T) be the factorization
of L(T) in terms of reciprocal roots a; € Q). Let X; = ordy o;. If X is the slope of the q-adic
Newton polygon of L(T) with horizontal length l, then precisely | of the \; are equal to ).

The g-adic Newton polygon of L*( f, T)(_l)'k1 is denoted as NP( f). Lemma 2.5 relates
NP( f) to the g-adic valuation of reciprocal roots of toric L-functions. The definition of NP( f)
relies on the coefficients of L-function, which makes it hard to compute directly. When f
is non-degenerate, Adolphson and Sperber proved that L*(f, T)(_l)nf1 is a polynomial and
NP(f) has a topological lower bound called Hodge polygon, which is easier to determine.
Thus, we shall compute Hodge polygon and consider when the Newton polygon coincides
with this lower bound.

Let A be an n-dimensional integral polytope containing the origin in R”. For u € R", the
weight function w(u) represents the smallest non-negative real number ¢ such that u € cA.
Denote w(u) = oo if such ¢ doesn’t exist. Assume § is a co-dimension 1 face of A not
containing the origin. Let D(§) be the least common multiple of the denominators of the
coefficients in the linear equation defining §, normalized to have constant term 1. We define
the denominator of A to be the least common multiple of all such D(§) given by:

D = D(A) = lemsD(5),

where § runs over all the co-dimension 1 faces of A that don’t contain the origin. It’s easy to
check

1
w(Z") mzzo U {+00}.

For a non-negative integer k, let
k
WA(k):#{u c ZMw(u) = B} (2.4)

be the number of lattice points in Z" with weight k/D. Its generating function is known to
be a rational function of the following form

D
i W ot/2 — k=0 a0 Gl 2.5)
k=0 (=" ' .
This leads to

Definition 2.6 (Hodge number) Let A be an n-dimensional integral polytope containing the
origin in R". For a non-negative integer k, the k-th Hodge number of A is defined to be

Ha(k) =Y (=1 (:’) Wik —iD). (2.6)
=0

It is known that
Hp(k) =0, ifk>nD.
Based on the Hodge numbers, we define the Hodge polygon of a given polyhedron A € R"

as follows.
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Remark The Hodge number defined above is closely related to irregular Hodge theory by
Sabbah [21, §12] and Yu [26]. O

Definition 2.7 (Hodge polygon) The Hodge polygon HP(A) of A is the lower convex polygon
in R? with vertices (0,0) and

k k
1
Q = (2) Hp(m), ) X;)mHA(m)> . k=0,1,....nD,
M=l m=

where H (k) is the k-th Hodge number of A, k =0,1,...,nD.

That is, HP(A) is a polygon starting from origin (0,0) with a slope k/ D side of horizontal
length Ha (k) fork =0, 1, ..., nD. The vertex Qy is called a break point if Hx(k+ 1) # 0
where k =1,2,...,nD — 1.

Note that the horizontal length H (k) is the number of lattice points of weight k/D in a
certain fundamental domain corresponding to a basis of the p-adic cohomology space used
to compute the L-function. By a theorem of Adolphson—Sperber, the Hodge polygon is a
lower bound of the corresponding Newton polygon.

Theorem 2.8 [4] For every prime p and non-degenerate Laurent polynomial f with A(f) =
A C R", we have

NP(f) = HP(A),

where NP(f) is the g-adic Newton polygon of L*(f, T)(_l)%1 . Furthermore, the endpoints
of NP(f) and NP(A) coincide.

Definition 2.9 (Ordinary) A Laurent polynomial f is called ordinary if NP(f) = HP(A).

It is clear that the ordinary property of a Laurent polynomial depends on its Newton
polyhedron A and on the coefficients of f(x). Applying the facial decomposition theorem
[24], we reduce the ordinary property of f to its smaller pieces which are easier to deal with.

Theorem 2.10 (Facial decomposition theorem [24]) Let f be a non-degenerate Laurent poly-
nomial over F,;. Assume A = A(f) is n-dimensional and 8y, . . ., 8, are all the co-dimension

1 faces of A which don’t contain the origin. Let % denote the restriction of f to 8;. Then f
is ordinary if and only if f% is ordinary for 1 <i < h.

2.3 Boundary decomposition theorems

Before describing the boundary decomposition, we express the L-function in terms of the
Fredholm determinant of an infinite Frobenius matrix via Dwork’s trace formula.

2.3.1 Dwork’s trace formula

Let @, be the field of p-adic numbers and €2 be the completion of @p. A fixed primitive
p-throot of unity in € is denoted as ¢,,. Let 7 be the element of Q,(¢,) satisfies

= " 2 1
V;W:O’”Efﬂ_lmOd(gﬂ_l)’ and ordpn:ﬁ.
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Then, 7 is a uniformizer of Q, (;r) and thus Q, () = Q,(¢p). Let E () be the Artin-Hasse
exponential series,

o0 Pm o0
E,(1) = exp (Z tpm) = At € Zp[[x]].

m=0 m=0

In Dwork’s terminology, a splitting function 6 (¢) is defined to be

0(t) = Ep(mt) = Y Anr"t".

m=0

A Laurent polynomial f € F, [xlil, o xfl] is written as

J
f=> apx",
j=1

where V; € Z" and a; € Fy. Leta; be the Teichmiiller lifting of a; in 2 satisfying a? =aj.
Let

J
F(f.x)=]]6Gx") =Y F(Hx".
j=1

reZ”

The coefficients are given by

J
F.(f) = Z 1_[ )»uja]u-j gttt e e 7
u j:]

where the sum is over all the solutions of the following linear system

J
ZujVj =r with uj € Z>,
j=l1
and A, is m-th coefficient of the Artin—Hasse exponential series E ().

Assume A = A(f).Let L(A) = Z" N C(A) be the set of lattice points in the closed cone
generated by origin and A. For a given point » € R”, define the weight function to be

J J

w(r) ;= inf ujl uiVi=r, ujeRxp

The infinite semilinear Frobenius matrix Aj(f) is the following matrix whose rows and
columns are indexed by the lattice points in L(A) with respect to the weights:

AL(f) = @ 5(f) = (Fps—p (/)m?O70),

where r, s € L(A). The infinite linear Frobenius matrix A, (f) is defined to be

a—1

Aa(f) = AL(NAT(H) - AT (),

where 7 is the absolute Frobenius automorphism.
Dwork’s trace formula can be expressed in terms of the matrix A, (f) as follows, see [25]
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Theorem 2.11 We have

LT = [ det = Tq ()0, @)
i=0
Equivalently,
o0 ) el (nﬂfl)
det(l = TA, () = [T (L*(f.a D) 7 258)
i=0

Now it suffices to understand the determinant det(/ — 7T A,(f)). Based on the fact that

ord, F,.(f) > ’;(_r]) , we have the following estimate

w(ps —r) +w(r) —w(s) > w(s)
p—1 -

ord,(ars(f)) =

Let & be an element in €2 satisfying &P = 7P~ Then A1 (f) can be written in a block form,

Ao Aot - & Ao
A EAn - E'Ay
A =| : e :

Aio EAn - ETAy

where the block A;; is a p-adic integral Wa (i) x Wa (i) matrix. This implies that the g-adic
Newton polygon of det(/ — 7 A1 (f)) has a natural lower bound which can be identified with
the chain level version of the Hodge polygon.

Definition 2.12 Let P(A) be the polygon in R? with vertices (0, 0) and
k 1 k
P = (Z% Wa(m), — X%mWA(m)> , k=0,1,2,...
= m=

The chain level version of Adolphson—Sperber’s lower bound and the ordinary property
are as follows.

Proposition 2.13 [2] The g-adic Newton polygon of det(I — T A,(f)) lies above P(A).

Proposition 2.14 [25] Notation as above. Assume f is non-degenerate with A = A(f). Then
NP(f) = HP(A) if and only if the q-adic Newton polygon of det(I — T A,(f)) coincides
with its lower bound P(A).

2.3.2 Boundary decomposition

Let f e Iy, [xfl, e, x,jfl] with A = A(f), where A is an n-dimensional integral convex
polyhedron in R” containing the origin. Let C(A) be the cone generated by A in R”.

Definition 2.15 The boundary decomposition
B(A) = {the interior of a closed face in C(A) containing the origin}

is the unique interior decomposition of C(A) into a disjoint union of relatively open cones.

@ Springer



60 Page 12 0f 22 X. Lin, D. Wan

If the origin is a vertex of A, then it is the unique O-dimensional open cone in B(A).
Recall that A1 (f) = (ar s(f)) is the infinite semilinear Frobenius matrix whose rows and
columns are indexed by the lattice points in L(A). For ¥ € B(A), we define A (X, f) to
be the submatrix of Aj(f) withr, s € . Let f* be the restriction of f to the closure of X.
Then A (X, f¥) denotes the submatrix of A;(f>) withr,s € X.

Let B(A) = {0, ..., X} such that dim(%;) < dim(X;4+1), i =0, ..., h — 1. Define
Bij = (a,s(f)) withr € ¥;ands € ¥; (0 < i,j < h). After a permutation of basis
vectors, the infinite semilinear Frobenius matrix can be written as

Boo Bor -+ Bon
Biop Bir -+ By

AH =1 . T E 2.9)
Bno Bnmi -+ B

where B;j; = 0 fori > j. Thendet(/ — TA((f)) = ]_[f-'zo det(I — T B;;) and we have the
boundary decomposition theorem.

Theorem 2.16 (Boundary decomposition [24]) Let f € F, [xlil, - x,fl] with A = A(f).
Then we have the following factorization

det(l = TA (N = [] det(l—TAl(z,ff)).

TeB(A)

2.4 Diagonal local theory

In this subsection, we introduce some non-degenerate and ordinary criteria when the Laurent
polynomial is diagonal.

Definition 2.17 A Laurent polynomial f € F, [xlil, e x,f]] is called diagonal if f has
exactly n non-constant terms and A(f) is an n-dimensional simplex in R”.

Let f be a diagonal Laurent polynomial over F,. Write
n
fonx, ) =Y ax’i,
j=1

where a; € IE‘; and V; = (v}, ...,vy) € Z" for1 < j < n.Let A = A(f). The vertex
matrix of A is defined to be

MA)=(V1,..., Va),
where the i-th column is the i-th exponent of f. Since f is diagonal, M (A) is invertible.

Proposition 2.18 Suppose [ € Fq[xlil, <o, xE is diagonal with A = A(f). Then f is
non-degenerate if and only if p is relatively prime to det(M (A)).

Let S(A) be the solution set of the following linear system

r

M(A) r.z =0 (modl), r, €QNIO,1).
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It’s easy to prove that S(A) is an abelian group and its order is given by
[det M(A)| = n! Vol(A). (2.10)

Let S,(A) denote the prime to p part of S(A). It is an abelian subgroup of order equal to
the prime to p factor of det M (A). In particular, S,(A) = S(A) if p is relatively prime to
det M(A). By the Stickelberger theorem for Gauss sums, we have the following ordinary
criterion for a non-degenerate Laurent polynomial [25].

Proposition 2.19 A diagonal Laurent polynomial f is ordinary at p if and only if the norm
Sunction|r| = ri+---+r, on§,(A) is stable under the p-action: That is, for eachr € S,(A),
we have |r| = |{pr}|, where {pr} is the class of pr in S,(A).

3 Proof of the main theorems

We prove the main theorems in this section.

3.1 Proof of Theorem 1.1

Recall that for integer n > 1, the twisted inverted n-variable Kloosterman sum is defined to
be

1
Si0eb = Y i) e G )Y <ﬁ>

x| Xpp1=b
K1 1 £0

where b € ]FZ, ¥ : F, — C* is a nontrivial additive character and x1, ..., Xp41 : IFZ — C*
are multiplicative characters. Let x : Fj — C* denote a multiplicative character. By the
orthogonality of characters, we have

Su(x:b) = DD @A A X — W) X&) - Xt (K1)

( 1) Axi e]F* uely

xvf<%>2x<+““;<"“>

X

Z Z X1(x1) -+ X1 G DY ( )ZX ( Xn-H)
X

Ae]F* xi €F}

q—l) DY D v @@t A xapr =)

AEF* Xi EIF* u EIF*

X x1(x1) - Xnt1 Kot DY <%> DX (quﬂ)

X
=81+ 5. (3.1
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Then

> w( )Z “HB) Y Gon) ) (X otn) (Gagn)

q(q o 1) AEIF* x[e]F*
n+1
prp— v ( )Zx“(b) 1"[ > Go) ()
Ae]F* = x,-e]Fj;
B L A
_ 7 x1(), if xi Xn+1s (32)
0, otherwise.
As defined in (1.2), the Gauss sum
—1, if x is trivial,
GO = L .
J/q, if x is non-trivial.
Then
S = ( TP DY xT®) DD Gox) Y @x) - (X n41) Con )Y (W g1)

A, uEF* X Xi EIF

—

DD x T O e Y (= uxw( )G(X)m) -G (X Xnt1)

q(q - huels x

1 1 —_——
1)2)(_1() DX Xn+1< k)w(ﬁ GOX"™ X1 Xnt1)

Ae]F*

x G(xx1) - G(X Xn+1)

1 —
BT ZX YO " 1 st (DGO 1 e DG X XL - Xnt1)

x G(xx1) - G(X Xn+1)- (3.3)

Since |G (x)| < /7. it follows that |S,| < ¢"T
the following bounds.

(g—D" nil
n(X7b)+qTX b)) <qg7z, ify1=-=xus1,

and
S0, B) < "7, if x; # x; for some i # j.
This proves Theorem 1.1.
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3.2 Proof of Theorem 1.2

The twisted inverted Kloosterman sum S, (x, ) has the expression

b
Su(x. b) = > X1GED) - o () X1 (x — )
b e 0 b

X,’G]Fz

1
X P 3
Xr+o X+

= > Xnt1(B) Xk D (X1 -+ Xt D) () ¥ (2)
Z(x1+--~+xn+ﬁ)=l

2, xiEFZ

1
= > X1 ®) COXr D) 1) - Ot Xk ()

Z, x,-EIF;
b
xl ...xn

yelRy

Xl/f(z+y<1—z<x1+-~-+xn+

Xn+1(b) _ .
=202 Y @) - D @)Y @) + Ea(x. b)
q z,me]F:;
_ [P ®) + @ E G by, i = = g, o)
X1 (D) Ey (x, b), if xi # xj forsomei #j,

where

E,(t.b)= Y GaXarDGn) - OXng1) ()

) . *
V.2, Xi e]Fq

X1ﬁ<z+y<1—z<m+---+xn+ b )))
x1-.-xn

In order to prove Theorem 1.2, it suffices to estimate E, (x, b).
Let f € Iy [xlil, e, Xl ] be the Laurent polynomial defined by

n+2
b
+ Xn+42-
- Xn

As defined in (2.1), E,(x, b) is the twisted toric exponential sum associated to f. Let
A = A(f) denote the Newton polyhedron corresponding to f. Clearly, dim A = n + 2
and A has n + 4 vertices in R"*2: V, = (0, ..., 0)(the origin), Vi = (1,0,...,0,1,1),
Vo=(,1,...,0,1,1),...,V, =(0,0,...,1,1,1), Vyyuu = (—=1,...,=1,1, 1), Vyuo =
©,...,0,1,0) and V,,43 = (0,...,0,0, 1). As an example, one can refer to Fig. 1 for the
case n = 1. Furthermore, A has exactly 2 co-dimension 1 faces not containing the origin.
Explicitly, they are

f(-xlv"'vxn+2):xn+l (l — Xn42 (xl +"'+xn+x

81 1 xp41 =1 and & :xp40 = 1.
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Fig.1 Aforn=1 Vs
1%
o
Vertices Vi, ..., V,42 determine the face §; and vertices Vi, ..., V41, V43 determine the
face §,. Let M (§;) be the vertex matrix of §;, we have
1 0 --- 0 =1 0 1 0 0 -1 0
o1 --- 0 -1 0 0 1 0O -1 0
MGy ="+ - M@= ¢ L @35
o o0 --- 1 -1 0 0 o1 =1 0
1 1 1 1 1 1 1 0
1 1 0 1 1 1 1

Explicitly, each f% is diagonal for i = 1, 2. The restriction of f to §; is defined by

f’si = Z ajxvf.

Vi€di

Proposition 3.1 (i) The denominator D = 1.

(ii) f is non-degenerate if and only if p ¥ (n + 1).
(iii) Vol(A) = %
Proof The denominator D = 1 can be deduced immediately from the equation of ;. Since
81 and 8, are the co-dimension 1 faces of A(f) not containing the origin, it suffices to prove
f° and f% are non-degenerate. By Proposition 2.18, £ is non-degenerate if and only if p
is relatively prime to det(M (§;)). By formula (3.5),

det(M(61)) = —(m+1) and det(M(82)) =n+ 1. (3.6)

This proves (ii).
Let A; be the polytope generated by §; and the origin. The facial decomposition of A
implies that

Vol(A) = Vol(Ay) + Vol(Ay).
By formula (2.10) and (3.6), we obtain (iii). ]
Combining Theorem 2.3 with Proposition 3.1, if p t (n + 1), we have
|En(x. D) < (n 4+ DIVOl(A) - ¢"F = 2(n + 1)g"F (3.7

where p is the characteristic of IF,. Putting (3.4) and (3.7) together, we then obtain the
following bounds when p { (n + 1).

(q—l)" n .
[S:(x,b) + TXl(b” <2(m+1gq2, ifx1 == xpt1,

@ Springer



On inverted Kloosterman sums over finite fields Page170f22 60

and
1S,(x, b)| < 2(n + 1)q2, if x; # x; for some i # j.

Inthe case x; = -+ - = xu+1, the twisted sum E, (x, b) becomes the following untwisted
toric exponential sum

b
E}’l(X’b): Z W<Z+y<1—z<xl+..+xn+7>>>.
y,2,x; €F} X1 Xn

Since the origin is a vertex of A and the polynomial inside the additive character has no
constant term, 1 is a trivial eigenvalue of the middle dimensional cohomology. Removing
this trivial eigenvalue from the error term, one gets

|En(x.b) — (=) < @n+1g?, if 1= = fus1.
and hence the slightly sharper estimate

(q — )" + (—1)m! .
180, b) + L y X1 < @n+ Dgh, ifyi == xui1.

This proves Theorem 1.2.

3.3 Proof of Theorem 1.3

Similar to formula (3.4), we relate the untwisted inverted Kloosterman sum S, (k, b) to toric
exponential sum S} (f).

1
Su(k, b) = > W (Trk ( . ))
X 2 #0 X e

X1 Xn
x,'E]Fqk
= > ¥ (Trg (2))
z(x1+-~+x,,+x1.+xn):1
z, x,-e]FZk
! b
=k Z YT lz+y(1l—z(x1 4+ F+xp+—
q * X] Xy
z, x,-e]Fqk
yeF k
@G- 1,
T + 475k (f)- (38)

where f is the Laurent polynomial given by

b
fOr, . Xng2) = X4 <1 — Xn+2 (Xl + o x + 7)) + Xnt2
xl-o-xn

and

b
SE(f) = Z 4 <Trk (Xn+2 + Xn+1 (1 — Xn42 <X1 + ot X+ m)))) .

x;€F*,
1 C[L
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The L-functions associated to S, (k, b) and S} (f) are defined as

o] k 00
L, (b, T) = exp (Z S, (k, b)i) and L*(f,T) =exp (Z Sk(f)>
k=1

k=1
It follows from formula (3.8) that

= (¢ -1)" Tk
L,(b, T) = exp (Z —(qqk)> L*(f,T/q)

k=1 -k

[Tew (—1>”_i+l<n> > TN g )
i k ’

i=0 k=1
n 1 ( l)" i+|(7)
=L"(f, T/Q)H(m) . 3.9
i=0

The main purpose of this subsection is to determine the slopes and weights of L, (b, T').
Based on formula (3.9), it suffices to consider L*( f, T) instead. Let A = A(f) denote the
Newton polyhedron corresponding to f. Some of the geometric properties about A have
been discussed in Sect. 3.2. In Proposition 3.1, we proved that f is non-degenerate if and

only if p t (n + 1). In this case, the L-function L*(f, T)(’l)nJrl is a polynomial of degree
2n + 2. To determine the slopes of the reciprocal roots of L*(f, T)(’l)"+1 , we shall compute
the Hodge polygon and consider when it coincides with the Newton polygon.

Proposition 3.2 The Laurent polynomial f is ordinary if and only if p = 1 mod (n + 1).

Proof By facial decomposition theorem, it suffices to consider f S fori = 1,2.Let S (8;) be
the solution set of the following linear system

r
rn
M@ | . | =uez™?, wherer; eQNIO,1). (3.10)
n+2
Fori = 1 and a given point u = (x1, ..., xn+2)T, linear system (3.10) equals to

X1 =711 = TFn+1;

X2 =712 = I'n+l,

where r; € QN [0, 1). 3.11)
Xn =Tn — In+l,
Xptl =11+ +Tpg2,
Xpg2 =711+ -+ Fntd,
Note that x; € Z, where 1 < j <n+ 2. Forany r = (rl,...,rn+2)T € S(81), we have
Z
r1=---=rn=rn+1em and r,40 =0.

Let S, (8;) denote the prime to p part of S(8;). In particular, S, (8;) = S(&;) if p { det(M (5;)).
Suppose p t (n + 1), the norm function || and |{pr}| are given by

[rl= @+ Dry and [{pr}| =+ D{pri}.
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Then |r| on S, (81) is stable under the p-action if and only if p = 1 mod (n + 1). To see this,
it suffices to consider the unique point r = (#, el #, 0) with norm 1. This condition
holds for S, (8;) through a similar proof. By Proposition 2.19, we obtain Proposition 3.2. O

Theorem 3.3 The n + 2 Hodge numbers of A are {1,2,2,...,2,1}. Namely,
HA0) =1, Hrx(1) =--- = Ha(n) =2, Hx(n+ 1) = 1.

Proof Let A; be the polytope generated by the origin and &;. Let u = (x, ..., x,42)7 €
C(A;) be a lattice point with the weight w(u) = k, where 0 < k <n+ 2. Fori = 1,2,
consider the linear system (3.10). Since f% is diagonal, system (3.10) has a unique solution
r=(@y,..., r,,+2)T for a fixed point u € C(A;). In this case, the weight is given by

w) =ri+--+rpp2=1rl

When i = 1, the linear equations (3.11) has exact one solution u = (0, ..., 0, k, k)T . Since
Xp42 = Z'}:} ri =kand 0 <r; < 1, we get the restriction 0 < k < n + 1. The Hodge
number Ha, (k) counts the number of lattice points u of weight k/ D in a fundamental domain:

That is,

N
The generating function of Ha, (k) is

Hi(x)=1+x+---+x".
By formula (2.5), we get the generating function of W, (k) as follow.

00 Hy(x) 1 _xn+1
Wi (x) = kX::O WAl(k)Xk = (l _x)n+2 = (1 _x)n+3'

Let H>(x) and W(x) be the generating function of Ha,(k) and Wa,(k), respectively.
Similarly, we can prove Ha(x) = Hi(x) and Wa(x) = W;j(x). The polytope Aj () A2

is determined by Vi, ..., V,41, whose generating function is given by
o 1 — x+l
vmu)=§:wmnAgmﬁ::aj;Vg-
k=0
By facial decomposition, we have
Wak) = Wa, (k) + Wa, (k) = Wa, na, (K), (3.12)

which implies

14 2x 4 422" +x"F!
(1 — x)n+2

o0

W(x) =Y Walk)xh = Wi(x) + Wa(x) — Wa(x) =
k=0

This gives the Hodge numbers of A via formula (2.6), that is,

HA(0) =1, HA(1) =---=Ha(n) =2, HA\(n+1) = 1.

)n+1

When f is ordinary, the slopes of L*(f, T)"! can be deduced from Theorem 3.3.
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Theorem3.4 [f p = 1 mod (n + 1), the slope sequence of L*(f, T)(’l)nJrl is given by

{0,1,1,2,2,...,n,n,n+ 1}.
Proof This theorem follows from Lemma 2.5, Proposition 3.2 and Theorem 3.3. O

Note that the converse of this theorem is also true, as Proposition 3.2 shows that the
condition p = 1 mod (n + 1) is a necessary and sufficient condition for f to be ordinary.
Now we are ready to consider the weights for the reciprocal roots of L*(f, T)(_l)”Jrl .

Theorem 3.5 Suppose p 1 (n + 1). We have

2n

=(1-T)(1—gD) ] -8

i=1

)rH»l

L*(f, 1!

For each 1 <i < 2n, the reciprocal root B; satisfies |Bi| = qnz .

Proof Since the origin is a vertex of A, we decompose the cone C(A) via boundary
decomposition B(A). Let N (i) be the number of i-dimensional face X; of C(A), where
0 <i < dimA. For Newton polyhedron A = A(f), we have N(0) = 1 and N(1) =n + 3.
Note that ¥; is an open cone and X; € B(A). Let X; be the closure of X;. For simplicity,
we denote the Fredholm determinants as

D(T)=det(I —TA(f)),
DY(T) = det (1 —TA(S, ff")) :
D;(T) = det (1 ~TA(T, fff)) :

The unique 0-dimensional cone X is the origin and Do(T) = Dy(T) =1—T.Wheni =1,

each f Z1 can be normalized to x by variable substitution. That is,
> o~ T
L* LT = ——— | =1-T.
(fF Ty =exp| D -
k=1
By formula (2.8), we have
ad ol o)
D) =T (L (£2.4'7)) " =1 =1y (1 —qT) (1 = 4°T) -
i=0
Since the only boundary of X are | and X, we get D1 (T) after eliminating D(T), i.e.,

Di(T) = ;
pp) ! ~aD (1=¢'T)[(1-4'T).

i=3

DY(T) =

Theorem 2.16 shows that D(T') can be expressed as a product of D7 (T') as follow.

n+2 N(@i)
D) =[] [] D/ = =1)A —gT)"+ -

i=1 j=I
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Note that L*(f, T)(’l)"+I is a polynomial of degree 2(n + 1) if f is non-degenerate. Com-
bining formula (2.7), we obtain

D)D) ... 21
m— == —gD[[a-pD),
DTy D)) - Pl

L =

where |8i| = ¢ & < "% . Thatis, w; < n + 2.
If B; is a reciprocal root of L*(f, T)(’l)"ﬂ, the conjugate B; is a reciprocal root of the
conjugate L-function

)n+1

Co D e !

By Theorem 2.8, the Newton polygon and Hodge polygon coincide at the end points. Applying

. N (1l (- D
this to the product L*(f, T') L*(f,T) , we deduce that
n 2n
2n+ 12 =2 (Zzi +n+ 1) = ord, (1 - q? -Hﬂ,ﬂ,)
i=1 i=1
2n

=24 w <242 +2) =2+ >
i=1
It follows that the inequality must be an equality, that is, all w; = n + 2. O
Formula (3.9) relates L*(f, T') to L,,(b, T'). The valuations for the reciprocal roots and
poles of L, (b, T') follow from Theorems 3.4 and 3.5.
Theorem 3.6 Suppose p 1 (n + 1). We have

iy i) n - (?)(_l)j—l 2n
L.(b, T) — (-1 ] (1 _q T) [T - ).
j=2

i=l1

For each 1 <i < 2n, the reciprocal root «; satisfies |o;| = q%. If p=1mod (n + 1), the
slope sequence of the a;’s is given by {0,1,1,2,2,...,n — 1,n — 1, n}.

Based on weights of toric L-function, we get the following slightly more precise upper
bound for its associated exponential sum.

Corollary 3.7 If p{ (n + 1), we have

Ko — (=D gk +1 ;
Stk by + L= ZCG D) 0%,
q
Proof Theorem 3.5 implies that
(n+2)k
ISE() = (=D"(@" + DI < 2ng
Combining formula (3.8), we get the bound for S, (k, b). O

Remark We finish this paper with two open problems on the estimations of inverted Kloost-
erman sums. If n 4 1 is divisible by p, the related Laurent polynomial f is degenerate and
thus the results for toric exponential sums are not tenable. In this case, it is an open problem to
determine the optimal square root cancellation for S, (x, b) in general. The case n = 1 with
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p = 2 is already handled in [15]. The second question concerns the g-adic slope sequence.
If p is not equivalent to 1 modulo n 4 1, the Newton polygon corresponding to f is strictly
above its Hodge polygon. Under this assumption, can one still obtain the explicit g-adic slope

sequence? O
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