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Abstract—Hyperdimensional computing (HDC) has drawn
significant attention due to its comparable performance with
traditional machine learning techniques. HDC classifiers achieve
high parallelism, consume less power, and are well-suited for edge
applications. Encoding approaches such as record-based encoding
and N -gram-based encoding have been used to generate features
from input signals and images. These features are mapped
to hypervectors and are input to HDC classifiers. This paper
considers the group-based classification of graphs constructed
from time series. The graph is encoded to a hypervector and the
graph hypervectors are used to train the HDC classifier. This
paper applies HDC to brain graph classification using fMRI
data. Both the record-based encoding and GrapHD encoding
are explored. Experimental results show that 1) For HDC
encoding approaches, GrapHD encoding can achieve comparable
classification performance and require significantly less memory
storage compared to record-based encoding. 2) The utilization
of sparsity can achieve higher performance as compared to
fully connected brain graphs. Both threshold strategy and the
minimum redundancy maximum relevance (mRMR) algorithm
are employed to generate sub-graphs, where mRMR achieves
higher performance for three binary classification problems:
emotion vs. gambling, emotion vs. no-task, and gambling vs.
no-task. The corresponding AUCs are 0.87, 0.88, and 0.88,
respectively.

Index Terms—Hyperdimensional computing (HDC), classifi-
cation, record-based encoding, graph hypervector, brain state
classification.

I. INTRODUCTION

Hyperdimensional computing (HDC), proposed in 1988 [1],
also known as vector symbolic architecture (VSA) [2], con-
tinues to attract considerable interest. Compared to traditional
machine learning and deep learning, HDC has its unique data
representation, data transformation, and data interpretation.
Instead of computing scalar numbers, HDC manipulates its
ultra-long vectors to represent the patterns of neural activities.
Those vectors are referred to as hypervectors with their dimen-
sionality in the thousands, e.g., d = 10,000, where d denotes
the dimensionality. Such a high-dimensional vector can be
used to represent all possible states of a human brain, which on
average contains about 100 billion neurons and 1,000 trillion
synapses. Data transformation for HDC is typically realized by
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three types of bit-level arithmetic operations, namely multiply-
add-permute (MAP) [3]. Similarity measurement is performed
to relate or distinguish different patterns. In this sense, HDC
is a brain-inspired computing paradigm that mimics how the
human brain works [3]. Although still in its infancy, HDC
continues to draw significant attention from both academia and
industry due to its comparable performance with traditional
machine learning techniques. HDC classifiers achieve high
noise immunity, massive parallelism, high energy efficiency,
fast learning/inference speed, and one-/few-shot learning abil-
ity. So far, the potential of HDC has been demonstrated
for applications in cognitive tasks, e.g., language recognition
[4], speech recognition [5], image classification [6], DNA
sequencing [7] and bio-signal processing [8].

The state of the human brain network dynamically changes
from task to task or from resting state (no-task) to the task.
Here the state refers to a specific pattern in brain connectivity
[9]. Researchers have great interest in understanding brain
connectivity patterns through the lens of network theory. The
corresponding hidden assumptions are 1) The whole brain
network can be denoted as a functional brain graph G(V,E),
where V and E, respectively, represent the vertices/nodes and
the edges. 2) Although the brain states change dynamically
when tasks or no-tasks are conducted, each state has its
specific pattern, namely the brain graph. 3) Network metric
is group differentiating and biologically meaningful. Built on
these three assumptions, [9] employs novel features—sub-
graph entropies—to classify three brain graph classification
problems (emotion vs. gambling, emotion vs. no-task, and
gambling vs. no-task) using the fMRI data, which are publicly
available in the Human Connectome Project (HCP) study [10].

Most HDC applications deploy two encoding approaches:
record-based encoding and N -gram-based encoding [3]. Both
of these have been applied to efficiently represent the data
structure like “sequence” [3], [8], [11]. A novel encoding
approach, called GrapHD, has been recently proposed to
encode the graph structure [12] as a graph hypervector. In
[12], storage and retrieval of graphs using HDC and graph
matching are considered.

Whether two classes of graphs can be discriminated based
on their GrapHD representation has not been investigated. This
paper addresses the group-based classification of graphs using



GrapHD. In particular, we classify functional brain graphs
associated with different tasks. We compare the performance
of the GrapHD encoding-based classification with the classical
record-based encoding using HDC and traditional support
vector machine (SVM). Based on the experimental results,
these two HDC encoding approaches require further/additional
steps to improve the classification performance since their
corresponding performance is lower than traditional linear
SVM. Using sub-graphs can improve the performance of
HDC. Moreover, GrapHD is preferred because record-based
encoding requires ∼ 41× larger memory storage.

The main contributions of this paper are three-fold. First,
using correlation coefficients as edge weights, we show that
graph hypervectors lead to the same accuracy as with record-
based encoding. Second, GrapHD was used for storage and
retrieval in prior work [12]. In this paper, we extend the ap-
plicability of GrapHD to for classification. Third, as compared
to fully connected brain graphs, sub-graphs can improve the
performance of HDC classifiers.

The remainder of this paper is organized as follows. Sec. II
introduces the HCP dataset and presents an overview of HDC-
based classification. Sec. III presents two encoding approaches
using HDC: record-based and GrapHD. To be more specific,
the record-based encoding flattens the matrix to generate a
one-dimensional vector of edge weights, whereas the GrapHD
is used to encode the graph structure. The corresponding ex-
perimental results are discussed in Sec. IV. To further improve
the performance of GraHD, two strategies for generating the
sub-graphs are employed. Both the threshold strategy and the
minimum redundancy maximum relevance (mRMR) algorithm
are investigated. Finally, Sec. V summarizes the entire paper.

II. PRELIMINARIES

This section presents the basics of HCP dataset. This is
followed by an overview of HDC-based classification. A
flowchart of the approaches using HDC for this paper is also
included.

A. HCP Dataset and Preprocessing

In this work, we use the publicly available dataset from the
HCP [9], where seven different task-fMRI data are collected
from 475 healthy subjects. Similar to [9], two chosen tasks
are investigated in this paper: gambling and emotion. One
thing that should be emphasized is that no-task fMRI data,
indicating the resting state, are also used as a baseline. For
each state (both task and no-task), the corresponding fMRI
data are acquired on a scanner for two runs, from right to left
(RL) and from left to right (LR). The reader is referred to [9]
for a more detailed description of the data.

Pre-processing should be conducted to model the brain
graph from fMRI. Using the scanner, two fMRI time series are
acquired for two runs. Then a matrix of R×T is obtained after
averaging the two runs of the time series from the predefined
anatomical regions from fMRI, where R is the number of
regions and T is the number of time points. In the brain
graph, each node corresponds to a region of interest (RoI),

whereas each edge weight is the absolute value of the Pearson
correlation coefficient between the time series of the related
two nodes. Due to this reason, the edge weight w ∈ [0, 1].

Similar to [9], this paper essentially addresses the brain
graph classification from fMRI data at a group level, where
only 85 RoIs are considered. However, unlike [9] where
entropy measures are used as features, this paper considers
a graph where the edge weight corresponds to the absolute
value of the correlation coefficient.
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Fig. 1. Classification overview for HDC [3].

B. Classification Overview of Hyperdimensional Computing
There are three different types of seed or atomic hypervec-

tors: random-, level- and circular-hypervectors [13]. Each type
of the seed hypervector possesses its unique correlation profile.
These properties include: 1) Random-hypervectors are quasi-
orthogonal to each other and are typically used to represent the
independently categorical/symbolic data, e.g., 26 alphabets;
2) Level-hypervectors are usually linearly correlated and are
employed to encode the sub-intervals of a certain range, e.g.,
quantization of the given range [0,1] into several levels; 3)
Circular-hypervectors are a variant of level-hypervectors and
are mostly used to handle the cyclic intervals, such as Jan 1st -
Dec 31st [13], [14]. In this paper, only the random- and level-
hypervectors are considered. Interested readers are referred to
[3], [13] for more details.

As shown in Fig. 1, starting from seed hypervectors, HDC
employs a certain encoding approach that maps the original
input data into HD space. Such an encoding approach involves
mathematical operations—addition (+), multiplication (*) and
permutation (ρ). After the seed hypervectors are manipulated,
meaningful compound hypervectors are generated at the out-
put.

For any HDC classification problem, during the training
phase, class hypervectors are generated using a certain encod-
ing approach. During the inference phase, a query hypervector
is generated based on an unknown test data. The predicted
label is determined by the highest similarity between the query
and pre-trained class hypervectors. In terms of the similarity
measurement, Hamming distance is adopted for binary HDC,
whereas cosine similarity is employed for non-binary HDC.
The experimental results throughout this paper are presented
using cosine similarity (δ) as calculated in (1), where d is
the dimensionality of the two hypervectors A and B, and ·
denotes the dot product.

δ(A,B) =
A ·B
d

. (1)
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Fig. 2. Flowchart of the two HDC approaches for the brain state classification.

In this paper, the dimensionality of the hypervectors is d =
10, 000. The seed hypervectors are composed of bipolar values
(∈ {−1, 1}d).

C. Flowchart of The Approaches

Fig. 2 illustrates how the two HDC encoding approaches are
applied for the brain graph classification using the fMRI data
in the HCP study. Following the setup of [9], pre-processing
should be conducted over the time-series to generate the func-
tional connectivity, namely the 85× 85 correlation-coefficient
matrix, where 85 is the number of RoI (refer to [9]). Using
this matrix as the input features, HD encoding is performed
by constructing the data structure. Record-based encoding
is applied when the “sequence” data structure is extracted.
GrapHD is adopted once the graph structure is built. HDC
classification is carried out after the information is efficiently
encoded.

III. METHODOLOGY AND WORKFLOW

In this section, we illustrate two HDC approaches to encode
brain graphs: record-based and GrapHD.

A. Record-based Encoding

Record-based encoding is typically used to represent the
information whose data structure is in a “one-to-one mapping”
form, e.g., a key-value pair [15]. For this specific problem,
the correlation coefficient matrix is the input feature. Since
this matrix is symmetric along the diagonal, i.e., coefficient
value cij = cji, only the upper-/lower-triangular information
(excluding the diagonal) is required. Then, the effective fea-
ture becomes a one-dimensional vector after the triangular
data are flattened. At the very beginning, seed hypervec-
tors, {L1, · · · ,Lq} and {ID1, · · · , ID(m2 )

}, should be pre-
generated to represent both the coefficient values and position
indices, respectively. Here q represents the quantization level
and m is the number of nodes. The former hypervectors can
be either generated by level-hypervectors (see [16]) or the
edge weight hypervectors Ew (Sec. III-B), whereas the latter
ones are random-hypervectors. Then record-based encoding is
applied to this data structure as follows: 1) Each position value
is encoded by V̄k, which corresponds to the coefficient values
cij with the relationship described by ϕ(cij) = V̄k. As shown
in (2a), the value hypervector V̄k can be picked from the seed
hypervectors {L1, · · · ,Lq} (or {Ew}) based on its coefficitent
value. 2) The compound hypervector Si for this vector can be
calculated by (2b). 3) The class hypervector hvclass is formed

by adding its constituent hypervectors Si as described in (2c).

V̄k ∈ {L1, · · · ,Lq}, ( or V̄k = Ew), (2a)
Si = V̄1 ∗ ID1 + · · ·+ V̄k ∗ IDk + · · ·+ V̄(m2 )

∗ ID(m2 )
, (2b)

where 1 ≤k ≤
(
m

2

)
if the given matrix is m×m,

hvclass =
∑N

i=1 Si, where N is the number of subjects. (2c)

B. GrapHD Encoding
GrapHD is proposed to represent an arbitrary graph which

is composed of nodes and edges [12]. Such an encoding ap-
proach can represent: 1) unweighted undirected, 2) unweighted
directed, 3) weighted undirected, and 4) weighted directed
graphs. For this HCP dataset, the functional connectivity
for each subject—essentially an 85×85 correlation-coefficient
matrix—is extracted from the corresponding fMRI data. Based
on this matrix, a weighted undirected graph can be constructed.

Fig. 3 illustrates how to encode an arbitrary weighted
undirected graph with m nodes using GrapHD. 1) Generate a
total of (m+ 1) seed hypervectors, where node hypervectors
({N1,N2, · · · ,Nm}) correspond to the m nodes and 1 edge
weight hypervector (E“1”) represents the weight value “1”. For
the other weight values w, the corresponding hypervectors Ew

are generated by flipping the ( 1+w
2 d)th ∼ dth rightmost bits of

the hypervector E“1”. This flipping operation ensures that the
cosine similarity between w and the 1 vector, E“1”, is w (see
(4)). 2) The node memory Mk reflects the edge information
regarding the node k as shown in (3b). 3) The whole graph is
encoded as described in (3c). Note that the query hypervectors
can be generated from these three steps (3a, 3b,3c), whereas
class hypervectors are obtained by (3).

Nk ∈ {N1,N2, · · · ,Nm}, weight value “1”: E“1” (3a)
Mk =

∑
k Ewkj

∗Nj , where j∈ {nodes adjacent to node k}, (3b)

Gi =
1

2

∑
k

Mk ∗Nk, where 1 ≤ k ≤ m, (3c)

hvclass =
∑N

i=1 Gi, where N is the number of subjects. (3d)

δ(Ew,E“1”) =
Ew ·E“1”

d
=

1 + w

2
d−

flip these bits︷ ︸︸ ︷
1− w

2
d

d
= w (4)

C. Training and Test Workflow
We conduct leave-one-subject-out cross-validation for three

binary classification problems, i.e., gambling vs. emotion,
gambling vs. no-task, and emotion vs. no-task. For N subjects,
there are N folds. Within each fold, the HD model learns from
(N−1) subjects (training data) and then predicts the remaining
1 subject (test data).

IV. EXPERIMENTAL RESULTS

A. Evaluation Metrics
For this classification problem, following a similar evalua-

tion setting in [9], four metrics are measured for the perfor-
mance evaluation: accuracy, sensitivity, specificity, and area
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<latexit sha1_base64="LSA/+Rn1ncBIe+W5GfgJ3+U1Eag=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqUY8FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOlNvazC2/aL1fcqjsHWSVeTiqQo9kvf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m187JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZvU4GXCEzYmIJZYrbWwkbUUWZsQGVbAje8surpF2repfV+l290qjlcRThBE7hHDy4ggbcQhNawOARnuEV3pzYeXHenY9Fa8HJZ47hD5zPHyU4js8=</latexit>e31

<latexit sha1_base64="7E1Qi6ojIiY6KV9A2oTlKIMiZdQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSS1qMeCF48VbC20oWy2k3btZjfsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCorWWqKLao5FJ1QqKRM4EtwwzHTqKQxCHHh3B8M/MfnlBpJsW9mSQYxGQoWMQoMVZqYz+7qE375YpX9eZwV4mfkwrkaPbLX72BpGmMwlBOtO76XmKCjCjDKMdpqZdqTAgdkyF2LRUkRh1k82un7plVBm4klS1h3Ln6eyIjsdaTOLSdMTEjvezNxP+8bmqi6yBjIkkNCrpYFKXcNdKdve4OmEJq+MQSQhWzt7p0RBShxgZUsiH4yy+vknat6l9W63f1SqOWx1GEEziFc/DhChpwC01oAYVHeIZXeHOk8+K8Ox+L1oKTzxzDHzifPya9jtA=</latexit>e32
<latexit sha1_base64="Qfz7QIhKZbIkSKIzkjgI90xwol4=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUlqUZcFEVxWsA9oS5hMJ+3QyYOZiRJC/BU3LhRx64e482+ctFlo64GBwzn3cs8cN+JMKsv6Nkpr6xubW+Xtys7u3v6BeXjUlWEsCO2QkIei72JJOQtoRzHFaT8SFPsupz13dp37vQcqJAuDe5VEdOTjScA8RrDSkmNWhz5WU9dLbzInfXTS2XmWOWbNqltzoFViF6QGBdqO+TUchyT2aaAIx1IObCtSoxQLxQinWWUYSxphMsMTOtA0wD6Vo3QePkOnWhkjLxT6BQrN1d8bKfalTHxXT+ZR5bKXi/95g1h5V6OUBVGsaEAWh7yYIxWivAk0ZoISxRNNMBFMZ0VkigUmSvdV0SXYy19eJd1G3b6oN++atVajqKMMx3ACZ2DDJbTgFtrQAQIJPMMrvBlPxovxbnwsRktGsVOFPzA+fwBaaJUw</latexit>

Ewk3

<latexit sha1_base64="lBmrjqMoUZMSPJlKTKpunFZ9VLk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lspu3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5EPOqLFSGwdZPZwNyhW36i5A1omXkwrkaA7KX/0wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni2tn5MIqIRnGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rhjZ9xmaQGJVsuGqaCmJjMXychV8iMmFpCmeL2VsLGVFFmbEAlG4K3+vI6adeq3lW1fl+vNGp5HEU4g3O4BA+uoQF30IQWMHiEZ3iFNyd2Xpx352PZWnDymVP4A+fzB3Q9jwM=</latexit>e4d•••
<latexit sha1_base64="U5TgmN1gZBIjrgo/cM+JnXO9Ku4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipjYOs7s0G5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni2tn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz18mQK2RGTC2hTHF7K2FjqigzNqCSDcFbfXmdtGtV76pav69XGrU8jiKcwTlcggfX0IA7aEILGDzCM7zCmxM7L86787FsLTj5zCn8gfP5Aya+jtA=</latexit>e41

<latexit sha1_base64="rKS3ov75Wo67DmZUNQUZlH19uyw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lsJ+3aTTbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikrWWqGLaYFFJ1A6pR8BhbhhuB3UQhjQKBnWByO/c7T6g0l/GDmSboR3QU85AzaqzUxkFWr80G5YpbdRcg68TLSQVyNAflr/5QsjTC2DBBte55bmL8jCrDmcBZqZ9qTCib0BH2LI1phNrPFtfOyIVVhiSUylZsyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ/xOEkNxmy5KEwFMZLMXydDrpAZMbWEMsXtrYSNqaLM2IBKNgRv9eV10q5Vvatq/b5eadTyOIpwBudwCR5cQwPuoAktYPAIz/AKb450Xpx352PZWnDymVP4A+fzByhDjtE=</latexit>e42
<latexit sha1_base64="FPZJFPx83cAYlwqgW2U8hvq5j5Y=">AAAB/HicbVBNS8NAFHypX7V+RXv0EiyCp5KUoh4LInisYFuhDWGz3bRLN5uwu1FCiH/FiwdFvPpDvPlv3LQ5aOvAwjDzHm92/JhRqWz726isrW9sblW3azu7e/sH5uFRX0aJwKSHIxaJex9JwignPUUVI/exICj0GRn4s6vCHzwQIWnE71QaEzdEE04DipHSkmfWRyFSUz/IrnMve/SyWTvPPbNhN+05rFXilKQBJbqe+TUaRzgJCVeYISmHjh0rN0NCUcxIXhslksQIz9CEDDXlKCTSzebhc+tUK2MriIR+XFlz9fdGhkIp09DXk0VUuewV4n/eMFHBpZtRHieKcLw4FCTMUpFVNGGNqSBYsVQThAXVWS08RQJhpfuq6RKc5S+vkn6r6Zw327ftRqdV1lGFYziBM3DgAjpwA13oAYYUnuEV3own48V4Nz4WoxWj3KnDHxifP1vulTE=</latexit>

Ewk4
<latexit sha1_base64="2dvYtO9h3dpEzSRVmGXRqA39UDs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dhBbBVUlKUZcFEVxWsA9oQzqZTtqhk0mYmSgl9lPcuFDErV/izr9x0mahrQcGDufcyz1z/JhRqWz72yhsbG5t7xR3S3v7B4dHZvm4I6NEYNLGEYtEz0eSMMpJW1HFSC8WBIU+I11/ep353QciJI34vZrFxA3RmNOAYqS05JnlQYjUxA/Sm7mXDodOZe6ZVbtmL2CtEycnVcjR8syvwSjCSUi4wgxJ2XfsWLkpEopiRualQSJJjPAUjUlfU45CIt10EX1unWllZAWR0I8ra6H+3khRKOUs9PVkFlSuepn4n9dPVHDlppTHiSIcLw8FCbNUZGU9WCMqCFZspgnCguqsFp4ggbDSbZV0Cc7ql9dJp15zLmqNu0a1Wc/rKMIpVOAcHLiEJtxCC9qA4RGe4RXejCfjxXg3PpajBSPfOYE/MD5/APW0k8M=</latexit>

E“1”

<latexit sha1_base64="jH0+v0TYN+BxejI6RAJx1leFE50=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxJBfuAzlAyaaYNzSRDkhHK0N9w40IRt/6MO//GTDsLbT0QOJxzL/fkhAln2rjut1Pa2Nza3invVvb2Dw6PqscnXS1TRWiHSC5VP8SaciZoxzDDaT9RFMchp71wepv7vSeqNJPi0cwSGsR4LFjECDZW8v0Ym0kYZffzoTes1ty6uwBaJ15BalCgPax++SNJ0pgKQzjWeuC5iQkyrAwjnM4rfqppgskUj+nAUoFjqoNskXmOLqwyQpFU9gmDFurvjQzHWs/i0E7mGfWql4v/eYPURDdBxkSSGirI8lCUcmQkygtAI6YoMXxmCSaK2ayITLDCxNiaKrYEb/XL66TbqHtX9eZDs9ZqFHWU4QzO4RI8uIYW3EEbOkAggWd4hTcndV6cd+djOVpyip1T+APn8wfoSZGP</latexit>

N1
<latexit sha1_base64="CyJ7KMDNr27YUoEheKkkLA1JpJU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mUoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/e4WNza3tneJuaW//4PCofHzSNirVlLWoEkp3Q2KY4JK1LLeCdRPNSBwK1gknt3O/88S04Uo+2GnCgpiMJI84JdZJbTnIMJ4NyhW/6i+A1gnOSQVyNAflr/5Q0TRm0lJBjOlhP7FBRrTlVLBZqZ8alhA6ISPWc1SSmJkgW1w7QxdOGaJIaVfSooX6eyIjsTHTOHSdMbFjs+rNxf+8XmqjmyDjMkktk3S5KEoFsgrNX0dDrhm1YuoIoZq7WxEdE02odQGVXAh49eV10q5V8VW1fl+vNGp5HEU4g3O4BAzX0IA7aEILKDzCM7zCm6e8F+/d+1i2Frx85hT+wPv8AS/9jtY=</latexit>n11

<latexit sha1_base64="xUQCic8BIv/JuK8mA6OIOwGqRp4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukthxkfm02KFe8qrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ugkyLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttq1qn9Vrd/XK41aHkcRzuAcLsGHa2jAHTShBRQe4Rle4Q0p9ILe0ceytYDymVP4A/T5AzGCjtc=</latexit>n12
<latexit sha1_base64="5SXqLLJ+aoPKKpTdeunld/k7AoE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lsNu3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7CmnAnaMcxw2k8UxXHAaS+Y3i783hNVmknxYGYJ9WM8FixiBBsrdcUo88L5qFpz624OtE68gtSgQHtU/RqGkqQxFYZwrPXAcxPjZ1gZRjidV4appgkmUzymA0sFjqn2s/zaObqwSogiqWwJg3L190SGY61ncWA7Y2wmetVbiP95g9REN37GRJIaKshyUZRyZCRavI5CpigxfGYJJorZWxGZYIWJsQFVbAje6svrpNuoe1f15n2z1moUcZThDM7hEjy4hhbcQRs6QOARnuEV3hzpvDjvzseyteQUM6fwB87nD318jwk=</latexit>n1d•••

<latexit sha1_base64="61FeTIujd4/xUvK85bkHpR5Ja6Q=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiS1VJcFN66kgn1AG8tkOmmHTiZhZqKUkP9w40IRt/6LO//GSZuFth4YOJxzL/fM8SLOlLbtb6uwtr6xuVXcLu3s7u0flA+POiqMJaFtEvJQ9jysKGeCtjXTnPYiSXHgcdr1pteZ332kUrFQ3OtZRN0AjwXzGcHaSA+DAOuJ5ye36TC5SIflil2150CrxMlJBXK0huWvwSgkcUCFJhwr1XfsSLsJlpoRTtPSIFY0wmSKx7RvqMABVW4yT52iM6OMkB9K84RGc/X3RoIDpWaBZyazlGrZy8T/vH6s/Ss3YSKKNRVkcciPOdIhyipAIyYp0XxmCCaSmayITLDERJuiSqYEZ/nLq6RTqzqNav2uXmnW8jqKcAKncA4OXEITbqAFbSAg4Rle4c16sl6sd+tjMVqw8p1j+APr8we3VJKd</latexit>

N3 •••<latexit sha1_base64="qRGynSrtRp8KdwxpQdqrXJgDHw4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqezWoh4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2rKfXfjTfrniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje10XWQcZmklkm6WBSlAluFZ6/jAdeMWjFxhFDN3a2Yjogm1LqASi4Ef/nlVdKuVf3Lav2uXmnU8jiKcAKncA4+XEEDbqEJLaDwCM/wCm9IoRf0jj4WrQWUzxzDH6DPHzMJjtg=</latexit>n31
<latexit sha1_base64="xNVChq2lynB0aMtirQJG99ir+j8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqezWoh4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2rKfXdSm/XLFq3pz4FXi56QCOZr98ldvoGgaM2mpIMZ0fS+xQUa05VSwaamXGpYQOiZD1nVUkpiZIJtfO8VnThngSGlX0uK5+nsiI7Exkzh0nTGxI7PszcT/vG5qo+sg4zJJLZN0sShKBbYKz17HA64ZtWLiCKGau1sxHRFNqHUBlVwI/vLLq6Rdq/qX1fpdvdKo5XEU4QRO4Rx8uIIG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzSOjtk=</latexit>n32

<latexit sha1_base64="lkfdrDJfzxR+tOn7lyeC4ADdLyk=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtpXosePFYwX5Au5RsNtvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTjpapIrRNJJeqF2BNORO0bZjhtJcoiuOA024wuZ373SeqNJPiwUwT6sd4JFjECDZW6ohhdhXOhuWKW3UXQOvEy0kFcrSG5a9BKEkaU2EIx1r3PTcxfoaVYYTTWWmQappgMsEj2rdU4JhqP1tcO0MXVglRJJUtYdBC/T2R4VjraRzYzhibsV715uJ/Xj810Y2fMZGkhgqyXBSlHBmJ5q+jkClKDJ9agoli9lZExlhhYmxAJRuCt/ryOunUql6jWr+vV5q1PI4inME5XIIH19CEO2hBGwg8wjO8wpsjnRfn3flYthacfOYU/sD5/AGAiI8L</latexit>n3d

<latexit sha1_base64="Ginh1tBtrF4XFGRJI7Fvzp4Cik8=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiSlqMuCG1dSwT6gjWUynbRDJ5MwM1FKyH+4caGIW//FnX/jJM1CWw8MHM65l3vmeBFnStv2t1VaW9/Y3CpvV3Z29/YPqodHXRXGktAOCXko+x5WlDNBO5ppTvuRpDjwOO15s+vM7z1SqVgo7vU8om6AJ4L5jGBtpIdhgPXU85PbdJQ001G1ZtftHGiVOAWpQYH2qPo1HIckDqjQhGOlBo4daTfBUjPCaVoZxopGmMzwhA4MFTigyk3y1Ck6M8oY+aE0T2iUq783EhwoNQ88M5mlVMteJv7nDWLtX7kJE1GsqSCLQ37MkQ5RVgEaM0mJ5nNDMJHMZEVkiiUm2hRVMSU4y19eJd1G3bmoN++atVajqKMMJ3AK5+DAJbTgBtrQAQISnuEV3qwn68V6tz4WoyWr2DmGP7A+fwC42ZKe</latexit>

N4 •••<latexit sha1_base64="KHWKqGSXqlCYlUr2SgKYE/5+SSY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukthxkdX82KFe8qrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ugkyLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttq1qn9Vrd/XK41aHkcRzuAcLsGHa2jAHTShBRQe4Rle4Q0p9ILe0ceytYDymVP4A/T5AzSPjtk=</latexit>n41
<latexit sha1_base64="sYXUPCgmX4p45X4LL/AL3REvOc8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukthxk9dpsUK54VW8BvE78nFQgR3NQ/uoPFU1jJi0VxJie7yU2yIi2nAo2K/VTwxJCJ2TEeo5KEjMTZItrZ/jCKUMcKe1KWrxQf09kJDZmGoeuMyZ2bFa9ufif10ttdBNkXCapZZIuF0WpwFbh+et4yDWjVkwdIVRzdyumY6IJtS6gkgvBX315nbRrVf+qWr+vVxq1PI4inME5XIIP19CAO2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzBzYUjto=</latexit>n42

<latexit sha1_base64="ZVVlUTzokYW1XO1Bkmh2/iCXBbc=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lsNu3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7CmnAnaMcxw2k8UxXHAaS+Y3i783hNVmknxYGYJ9WM8FixiBBsrdcUoa4bzUbXm1t0caJ14BalBgfao+jUMJUljKgzhWOuB5ybGz7AyjHA6rwxTTRNMpnhMB5YKHFPtZ/m1c3RhlRBFUtkSBuXq74kMx1rP4sB2xthM9Kq3EP/zBqmJbvyMiSQ1VJDloijlyEi0eB2FTFFi+MwSTBSztyIywQoTYwOq2BC81ZfXSbdR967qzftmrdUo4ijDGZzDJXhwDS24gzZ0gMAjPMMrvDnSeXHenY9la8kpZk7hD5zPH4IOjww=</latexit>n4d

*

*

*

++•••
<latexit sha1_base64="ZTfEQHJnY+ZR2cMCvHpS7gtB+n0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LbtwIFewDOkPJpJk2NMkMSUYoQ3/DjQtF3Poz7vwbM+0stPVA4HDOvdyTEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLp7e533uiSrNYPppZQgOBx5JFjGBjJd8X2EzCKLufD6fDas2tuwugdeIVpAYF2sPqlz+KSSqoNIRjrQeem5ggw8owwum84qeaJphM8ZgOLJVYUB1ki8xzdGGVEYpiZZ80aKH+3siw0HomQjuZZ9SrXi7+5w1SE90EGZNJaqgky0NRypGJUV4AGjFFieEzSzBRzGZFZIIVJsbWVLEleKtfXifdRt27qjcfmrVWo6ijDGdwDpfgwTW04A7a0AECCTzDK7w5qfPivDsfy9GSU+ycwh84nz8+uZHI</latexit>

Mk
<latexit sha1_base64="/Ylp7ehXxs4ywUybq6zu5F6zV4o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0E2CWaDcsWv+gugdRLkpAI5moPyV3+oSCqotIRjY3qBn9gww9oywums1E8NTTCZ4BHtOSqxoCbMFtfO0IVThihW2pW0aKH+nsiwMGYqItcpsB2bVW8u/uf1UhvfhBmTSWqpJMtFccqRVWj+OhoyTYnlU0cw0czdisgYa0ysC6jkQghWX14n7Vo1uKrW7+uVRi2PowhncA6XEMA1NOAOmtACAo/wDK/w5invxXv3PpatBS+fOYU/8D5/AIbQjw8=</latexit>mk1

<latexit sha1_base64="ulYQNILFiSFzIEd31nT/u5tfVNw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0E2qc0G5Ypf9RdA6yTISQVyNAflr/5QkVRQaQnHxvQCP7FhhrVlhNNZqZ8ammAywSPac1RiQU2YLa6doQunDFGstCtp0UL9PZFhYcxURK5TYDs2q95c/M/rpTa+CTMmk9RSSZaL4pQjq9D8dTRkmhLLp45gopm7FZEx1phYF1DJhRCsvrxO2rVqcFWt39crjVoeRxHO4BwuIYBraMAdNKEFBB7hGV7hzVPei/fufSxbC14+cwp/4H3+AIhVjxA=</latexit>mk2
<latexit sha1_base64="GBVKzOgNjDb1EGdamLoZIhqATTY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7O0nGzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgk2ZARbJ3UFoNsEs8G5Ypf9RdA6yTISQVyNAflr36sSCqotIRjY3qBn9gww9oywums1E8NTTCZ4BHtOSqxoCbMFtfO0IVTYjRU2pW0aKH+nsiwMGYqItcpsB2bVW8u/uf1Uju8CTMmk9RSSZaLhilHVqH56yhmmhLLp45gopm7FZEx1phYF1DJhRCsvrxO2rVqcFWt39crjVoeRxHO4BwuIYBraMAdNKEFBB7hGV7hzVPei/fufSxbC14+cwp/4H3+ANRPj0I=</latexit>mkd

<latexit sha1_base64="V7CkrlkwaDPwWcSGip+xOFQX1Ao=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lsNu3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7CmnAnaMcxw2k8UxXHAaS+Y3i783hNVmknxYGYJ9WM8FixiBBsrdcUoa4TzUbXm1t0caJ14BalBgfao+jUMJUljKgzhWOuB5ybGz7AyjHA6rwxTTRNMpnhMB5YKHFPtZ/m1c3RhlRBFUtkSBuXq74kMx1rP4sB2xthM9Kq3EP/zBqmJbvyMiSQ1VJDloijlyEi0eB2FTFFi+MwSTBSztyIywQoTYwOq2BC81ZfXSbdR967qzftmrdUo4ijDGZzDJXhwDS24gzZ0gMAjPMMrvDnSeXHenY9la8kpZk7hD5zPH38Cjwo=</latexit>n2d
<latexit sha1_base64="Mv3GFGg0slOY8rAr9wKHQxyf+VQ=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukthxkNX82KFe8qrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ugkyLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttq1qn9Vrd/XK41aHkcRzuAcLsGHa2jAHTShBRQe4Rle4Q0p9ILe0ceytYDymVP4A/T5AzGDjtc=</latexit>n21

<latexit sha1_base64="8xLf98FGg9wDTOo2aUY+pOMmLew=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lCUY8FLx4r2A9oQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8tUEdomkkvVC7GmnAnaNsxw2ksUxXHIaTec3i787hNVmknxYGYJDWI8FixiBBsrdcQw8/35sFpz624OtE68gtSgQGtY/RqMJEljKgzhWOu+5yYmyLAyjHA6rwxSTRNMpnhM+5YKHFMdZPm1c3RhlRGKpLIlDMrV3xMZjrWexaHtjLGZ6FVvIf7n9VMT3QQZE0lqqCDLRVHKkZFo8ToaMUWJ4TNLMFHM3orIBCtMjA2oYkPwVl9eJx2/7l3VG/eNWtMv4ijDGZzDJXhwDU24gxa0gcAjPMMrvDnSeXHenY9la8kpZk7hD5zPHzMIjtg=</latexit>n22 •••

A. Seed Hypervectors B. Node Memory C. Graph Memory

1. Node Hypervectors

2. Edge Weight Hypervector
<latexit sha1_base64="tXeU4fR9VOpBrFfZhNtUT+LjNUw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklKUY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi69fqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpFWteFeV2n2tXK/mcRTgFM7gAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH972jOM=</latexit>

+1
<latexit sha1_base64="tXeU4fR9VOpBrFfZhNtUT+LjNUw=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSIIQklKUY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O2vrG5tb24Wd4u7e/sFh6ei4ZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHi69fqnsVtw5yCrxclKGHI1+6as3iFkacYVMUmO6npugn1GNgkk+LfZSwxPKxnTIu5YqGnHjZ/NLp+TcKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YY3viZUEmKXLHFojCVBGMye5sMhOYM5cQSyrSwtxI2opoytOEUbQje8surpFWteFeV2n2tXK/mcRTgFM7gAjy4hjrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPH972jOM=</latexit>

+1
<latexit sha1_base64="5/C6QHT68nhi+Ue9OLRggTmuywg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSSlqMeCF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2MbzO//cS1EbF6xEnC/YgOlQgFo2ilh0uv2C+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9KdUo2CSz4q91PCEsjEd8q6likbc+NP5qTNybpUBCWNtSyGZq78npjQyZhIFtjOiODLLXib+53VTDG/8qVBJilyxxaIwlQRjkv1NBkJzhnJiCWVa2FsJG1FNGdp0shC85ZdXSata8a4qtftauV7N4yjAKZzBBXhwDXW4gwY0gcEQnuEV3hzpvDjvzseidc3JZ07gD5zPHxZ7jPk=</latexit>�1

<latexit sha1_base64="6O6XwHTqvh8Mavh8jDOjWoRvtdY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxJBfuAzlAyaaYNTTJDkhHK0N9w40IRt/6MO//GTDsLbT0QOJxzL/fkhAln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+iHWlDNJO4YZTvuJoliEnPbC6W3u956o0iyWj2aW0EDgsWQRI9hYyfcFNpMwyu7nQzGs1ty6uwBaJ15BalCgPax++aOYpIJKQzjWeuC5iQkyrAwjnM4rfqppgskUj+nAUokF1UG2yDxHF1YZoShW9kmDFurvjQwLrWcitJN5Rr3q5eJ/3iA10U2QMZmkhkqyPBSlHJkY5QWgEVOUGD6zBBPFbFZEJlhhYmxNFVuCt/rlddJt1L2revOhWWs1ijrKcAbncAkeXEML7qANHSCQwDO8wpuTOi/Ou/OxHC05xc4p/IHz+QNDSJHL</latexit>

Nm
<latexit sha1_base64="dM36hYvurmKNAoEVWchPAEJg9hU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qy0EmgtmgXPGr/gJonQQ5qUCO5qD81R8qkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUIYqVdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91MY3YcZkkloqyXJRnHJkFZq/joZMU2L51BFMNHO3IjLGGhPrAiq5EILVl9dJu1YNrqr1+3qlUcvjKMIZnMMlBHANDbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8fi2WPEg==</latexit>nm1

<latexit sha1_base64="gbOQagJ4/k90qEDaULunkykaZRc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qy0EmarNBueJX/QXQOglyUoEczUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vwozJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+Tdq0aXFXr9/VKo5bHUYQzOIdLCOAaGnAHTWgBgUd4hld485T34r17H8vWgpfPnMIfeJ8/jOqPEw==</latexit>nm2
<latexit sha1_base64="THAijA3CljdI1gOgZUHO5RPSbx8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7O0nGzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgk2ZARbJ3UloNMxLNBueJX/QXQOglyUoEczUH5qx8rkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUGA2VdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91A5vwozJJLVUkuWiYcqRVWj+OoqZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+Tdq0aXFXr9/VKo5bHUYQzOIdLCOAaGnAHTWgBgUd4hld485T34r17H8vWgpfPnMIfeJ8/2OSPRQ==</latexit>nmd•••

<latexit sha1_base64="6O6XwHTqvh8Mavh8jDOjWoRvtdY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxJBfuAzlAyaaYNTTJDkhHK0N9w40IRt/6MO//GTDsLbT0QOJxzL/fkhAln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+iHWlDNJO4YZTvuJoliEnPbC6W3u956o0iyWj2aW0EDgsWQRI9hYyfcFNpMwyu7nQzGs1ty6uwBaJ15BalCgPax++aOYpIJKQzjWeuC5iQkyrAwjnM4rfqppgskUj+nAUokF1UG2yDxHF1YZoShW9kmDFurvjQwLrWcitJN5Rr3q5eJ/3iA10U2QMZmkhkqyPBSlHJkY5QWgEVOUGD6zBBPFbFZEJlhhYmxNFVuCt/rlddJt1L2revOhWWs1ijrKcAbncAkeXEML7qANHSCQwDO8wpuTOi/Ou/OxHC05xc4p/IHz+QNDSJHL</latexit>

Nm
<latexit sha1_base64="dM36hYvurmKNAoEVWchPAEJg9hU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qy0EmgtmgXPGr/gJonQQ5qUCO5qD81R8qkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUIYqVdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91MY3YcZkkloqyXJRnHJkFZq/joZMU2L51BFMNHO3IjLGGhPrAiq5EILVl9dJu1YNrqr1+3qlUcvjKMIZnMMlBHANDbiDJrSAwCM8wyu8ecp78d69j2VrwctnTuEPvM8fi2WPEg==</latexit>nm1

<latexit sha1_base64="gbOQagJ4/k90qEDaULunkykaZRc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qy0EmarNBueJX/QXQOglyUoEczUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vwozJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+Tdq0aXFXr9/VKo5bHUYQzOIdLCOAaGnAHTWgBgUd4hld485T34r17H8vWgpfPnMIfeJ8/jOqPEw==</latexit>nm2
<latexit sha1_base64="THAijA3CljdI1gOgZUHO5RPSbx8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7O0nGzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgk2ZARbJ3UloNMxLNBueJX/QXQOglyUoEczUH5qx8rkgoqLeHYmF7gJzbMsLaMcDor9VNDE0wmeER7jkosqAmzxbUzdOGUGA2VdiUtWqi/JzIsjJmKyHUKbMdm1ZuL/3m91A5vwozJJLVUkuWiYcqRVWj+OoqZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+Tdq0aXFXr9/VKo5bHUYQzOIdLCOAaGnAHTWgBgUd4hld485T34r17H8vWgpfPnMIfeJ8/2OSPRQ==</latexit>nmd•••

<latexit sha1_base64="oJrpUevO61jVSG8tjzo01/wNXME=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0EWBLNBueJX/QXQOglyUoEczUH5qz9UJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpQxQr7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qY1vwozJJLVUkuWiOOXIKjR/HQ2ZpsTyqSOYaOZuRWSMNSbWBVRyIQSrL6+Tdq0aXFXr9/VKo5bHUYQzOIdLCOAaGnAHTWgBgUd4hld485T34r17H8vWgpfPnMIfeJ8/LnSO1Q==</latexit>m11
<latexit sha1_base64="h+6CUCuMtpkIdu8GOr5yrgcTz2Y=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7O0nGzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgk2ZARbJ3UFoMsiGeDcsWv+gugdRLkpAI5moPyVz9WJBVUWsKxMb3AT2yYYW0Z4XRW6qeGJphM8Ij2HJVYUBNmi2tn6MIpMRoq7UpatFB/T2RYGDMVkesU2I7NqjcX//N6qR3ehBmTSWqpJMtFw5Qjq9D8dRQzTYnlU0cw0czdisgYa0ysC6jkQghWX14n7Vo1uKrW7+uVRi2PowhncA6XEMA1NOAOmtACAo/wDK/w5invxXv3PpatBS+fOYU/8D5/AHvzjwg=</latexit>m1d

<latexit sha1_base64="0uOyeb4bbk3pVCA5qhYb+0lazAA=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0EW1GaDcsWv+gugdRLkpAI5moPyV3+oSCqotIRjY3qBn9gww9oywums1E8NTTCZ4BHtOSqxoCbMFtfO0IVThihW2pW0aKH+nsiwMGYqItcpsB2bVW8u/uf1UhvfhBmTSWqpJMtFccqRVWj+OhoyTYnlU0cw0czdisgYa0ysC6jkQghWX14n7Vo1uKrW7+uVRi2PowhncA6XEMA1NOAOmtACAo/wDK/w5invxXv3PpatBS+fOYU/8D5/AC/5jtY=</latexit>m12 •••

•••

•••

<latexit sha1_base64="ZVm3LuJioUH3SJWMmzUgBEByZ1Q=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LbtwIFewDOkPJpJk2NJMMSUYoQ3/DjQtF3Poz7vwbM+0stPVA4HDOvdyTEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdLVMFaEdIrlU/RBrypmgHcMMp/1EURyHnPbC6W3u956o0kyKRzNLaBDjsWARI9hYyfdjbCZhlN3Ph96wWnPr7gJonXgFqUGB9rD65Y8kSWMqDOFY64HnJibIsDKMcDqv+KmmCSZTPKYDSwWOqQ6yReY5urDKCEVS2ScMWqi/NzIcaz2LQzuZZ9SrXi7+5w1SE90EGRNJaqggy0NRypGRKC8AjZiixPCZJZgoZrMiMsEKE2NrqtgSvNUvr5Nuo+5d1ZsPzVqrUdRRhjM4h0vw4BpacAdt6ACBBJ7hFd6c1Hlx3p2P5WjJKXZO4Q+czx/mwpGO</latexit>

M1

<latexit sha1_base64="jPcRdqXp457bx+vOKPK7xygE2+w=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LbtwIFewDOkPJpJk2NMkMSUYoQ3/DjQtF3Poz7vwbM+0stPVA4HDOvdyTEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLp7e533uiSrNYPppZQgOBx5JFjGBjJd8X2EzCKLufD8WwWnPr7gJonXgFqUGB9rD65Y9ikgoqDeFY64HnJibIsDKMcDqv+KmmCSZTPKYDSyUWVAfZIvMcXVhlhKJY2ScNWqi/NzIstJ6J0E7mGfWql4v/eYPURDdBxmSSGirJ8lCUcmRilBeARkxRYvjMEkwUs1kRmWCFibE1VWwJ3uqX10m3Ufeu6s2HZq3VKOoowxmcwyV4cA0tuIM2dIBAAs/wCm9O6rw4787HcrTkFDun8AfO5w9BwZHK</latexit>

Mm

*

*

<latexit sha1_base64="jH0+v0TYN+BxejI6RAJx1leFE50=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxJBfuAzlAyaaYNzSRDkhHK0N9w40IRt/6MO//GTDsLbT0QOJxzL/fkhAln2rjut1Pa2Nza3invVvb2Dw6PqscnXS1TRWiHSC5VP8SaciZoxzDDaT9RFMchp71wepv7vSeqNJPi0cwSGsR4LFjECDZW8v0Ym0kYZffzoTes1ty6uwBaJ15BalCgPax++SNJ0pgKQzjWeuC5iQkyrAwjnM4rfqppgskUj+nAUoFjqoNskXmOLqwyQpFU9gmDFurvjQzHWs/i0E7mGfWql4v/eYPURDdBxkSSGirI8lCUcmQkygtAI6YoMXxmCSaK2ayITLDCxNiaKrYEb/XL66TbqHtX9eZDs9ZqFHWU4QzO4RI8uIYW3EEbOkAggWd4hTcndV6cd+djOVpyip1T+APn8wfoSZGP</latexit>

N1
<latexit sha1_base64="CyJ7KMDNr27YUoEheKkkLA1JpJU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mUoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurO9/e4WNza3tneJuaW//4PCofHzSNirVlLWoEkp3Q2KY4JK1LLeCdRPNSBwK1gknt3O/88S04Uo+2GnCgpiMJI84JdZJbTnIMJ4NyhW/6i+A1gnOSQVyNAflr/5Q0TRm0lJBjOlhP7FBRrTlVLBZqZ8alhA6ISPWc1SSmJkgW1w7QxdOGaJIaVfSooX6eyIjsTHTOHSdMbFjs+rNxf+8XmqjmyDjMkktk3S5KEoFsgrNX0dDrhm1YuoIoZq7WxEdE02odQGVXAh49eV10q5V8VW1fl+vNGp5HEU4g3O4BAzX0IA7aEILKDzCM7zCm6e8F+/d+1i2Frx85hT+wPv8AS/9jtY=</latexit>n11

<latexit sha1_base64="xUQCic8BIv/JuK8mA6OIOwGqRp4=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuukthxkfm02KFe8qrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ugkyLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttq1qn9Vrd/XK41aHkcRzuAcLsGHa2jAHTShBRQe4Rle4Q0p9ILe0ceytYDymVP4A/T5AzGCjtc=</latexit>n12
<latexit sha1_base64="5SXqLLJ+aoPKKpTdeunld/k7AoE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lsNu3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7CmnAnaMcxw2k8UxXHAaS+Y3i783hNVmknxYGYJ9WM8FixiBBsrdcUo88L5qFpz624OtE68gtSgQHtU/RqGkqQxFYZwrPXAcxPjZ1gZRjidV4appgkmUzymA0sFjqn2s/zaObqwSogiqWwJg3L190SGY61ncWA7Y2wmetVbiP95g9REN37GRJIaKshyUZRyZCRavI5CpigxfGYJJorZWxGZYIWJsQFVbAje6svrpNuoe1f15n2z1moUcZThDM7hEjy4hhbcQRs6QOARnuEV3hzpvDjvzseyteQUM6fwB87nD318jwk=</latexit>n1d•••

++
<latexit sha1_base64="0t+Kd75vpq9cFwRk4BTDybTvh5M=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KUoh4LXjxWsK3QlLLZbtqlmw92J2IJ+StePCji1T/izX/jts1BWx8MPN6bYWaen0ih0XG+rdLG5tb2Tnm3srd/cHhkH1e7Ok4V4x0Wy1g9+FRzKSLeQYGSPySK09CXvOdPb+Z+75ErLeLoHmcJH4R0HIlAMIpGGtpVD0XINfECRVnm5lkjH9o1p+4sQNaJW5AaFGgP7S9vFLM05BEySbXuu06Cg4wqFEzyvOKlmieUTemY9w2NqFk4yBa35+TcKCMSxMpUhGSh/p7IaKj1LPRNZ0hxole9ufif108xuB5kIkpS5BFbLgpSSTAm8yDISCjOUM4MoUwJcythE2pSQBNXxYTgrr68TrqNuntZb941a61GEUcZTuEMLsCFK2jBLbShAwye4Ble4c3KrRfr3fpYtpasYuYE/sD6/AHPg5RB</latexit>

⇥1

2

<latexit sha1_base64="p/+WGY0gdZxEj660sOEGXxwYJj8=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LLnRZwT6gM5RMmmlDM8mQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05YcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7GmnAnaMcxw2k8UxXHIaS+c3uZ+74kqzaR4NLOEBjEeCxYxgo2VfD/GZhJG2d18yIbVmlt3F0DrxCtIDQq0h9UvfyRJGlNhCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKnBMdZAtMs/RhVVGKJLKPmHQQv29keFY61kc2sk8o171cvE/b5Ca6CbImEhSQwVZHopSjoxEeQFoxBQlhs8swUQxmxWRCVaYGFtTxZbgrX55nXQbde+q3nxo1lqNoo4ynME5XIIH19CCe2hDBwgk8Ayv8Oakzovz7nwsR0tOsXMKf+B8/gAyh5HA</latexit>

Gi
<latexit sha1_base64="n2QLEu/7yOAI8uytWUVqz3hS3Yw=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuuk9miQcX82KFe8qrcAXid+TiqQozkof/WHiqYxk5YKYkzP9xIbZERbTgWblfqpYQmhEzJiPUcliZkJssW1M3zhlCGOlHYlLV6ovycyEhszjUPXGRM7NqveXPzP66U2ugkyLpPUMkmXi6JUYKvw/HU85JpRK6aOEKq5uxXTMdGEWhdQyYXgr768Ttq1qn9Vrd/XK41aHkcRzuAcLsGHa2jAHTShBRQe4Rle4Q0p9ILe0ceytYDymVP4A/T5A3qOjwc=</latexit>gi1

<latexit sha1_base64="qLot2C0NCT7Sh2zI+h0JEjABMDU=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsB/QLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pG5VqylpUCaW7ITFMcMlallvBuolmJA4F64ST27nfeWLacCUf7DRhQUxGkkecEuuk9miQ8dpsUK54VW8BvE78nFQgR3NQ/uoPFU1jJi0VxJie7yU2yIi2nAo2K/VTwxJCJ2TEeo5KEjMTZItrZ/jCKUMcKe1KWrxQf09kJDZmGoeuMyZ2bFa9ufif10ttdBNkXCapZZIuF0WpwFbh+et4yDWjVkwdIVRzdyumY6IJtS6gkgvBX315nbRrVf+qWr+vVxq1PI4inME5XIIP19CAO2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB3wTjwg=</latexit>gi2
<latexit sha1_base64="EUrGpm/AfSz9H6uiIWfUBNGH7Lo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2A9oQ9lsNu3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8tUEdohkkvVD7CmnAnaMcxw2k8UxXHAaS+Y3i783hNVmknxYGYJ9WM8FixiBBsrdcejjIXzUbXm1t0caJ14BalBgfao+jUMJUljKgzhWOuB5ybGz7AyjHA6rwxTTRNMpnhMB5YKHFPtZ/m1c3RhlRBFUtkSBuXq74kMx1rP4sB2xthM9Kq3EP/zBqmJbvyMiSQ1VJDloijlyEi0eB2FTFFi+MwSTBSztyIywQoTYwOq2BC81ZfXSbdR967qzftmrdUo4ijDGZzDJXhwDS24gzZ0gMAjPMMrvDnSeXHenY9la8kpZk7hD5zPH8gNjzo=</latexit>gid

•••
<latexit sha1_base64="ZTfEQHJnY+ZR2cMCvHpS7gtB+n0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LbtwIFewDOkPJpJk2NMkMSUYoQ3/DjQtF3Poz7vwbM+0stPVA4HDOvdyTEyacaeO6305pY3Nre6e8W9nbPzg8qh6fdHWcKkI7JOax6odYU84k7RhmOO0nimIRctoLp7e533uiSrNYPppZQgOBx5JFjGBjJd8X2EzCKLufD6fDas2tuwugdeIVpAYF2sPqlz+KSSqoNIRjrQeem5ggw8owwum84qeaJphM8ZgOLJVYUB1ki8xzdGGVEYpiZZ80aKH+3siw0HomQjuZZ9SrXi7+5w1SE90EGZNJaqgky0NRypGJUV4AGjFFieEzSzBRzGZFZIIVJsbWVLEleKtfXifdRt27qjcfmrVWo6ijDGdwDpfgwTW04A7a0AECCTzDK7w5qfPivDsfy9GSU+ycwh84nz8+uZHI</latexit>

Mk
<latexit sha1_base64="/Ylp7ehXxs4ywUybq6zu5F6zV4o=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0E2CWaDcsWv+gugdRLkpAI5moPyV3+oSCqotIRjY3qBn9gww9oywums1E8NTTCZ4BHtOSqxoCbMFtfO0IVThihW2pW0aKH+nsiwMGYqItcpsB2bVW8u/uf1UhvfhBmTSWqpJMtFccqRVWj+OhoyTYnlU0cw0czdisgYa0ysC6jkQghWX14n7Vo1uKrW7+uVRi2PowhncA6XEMA1NOAOmtACAo/wDK/w5invxXv3PpatBS+fOYU/8D5/AIbQjw8=</latexit>mk1

<latexit sha1_base64="ulYQNILFiSFzIEd31nT/u5tfVNw=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7mU3GzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgkWcwItk5qi0E2qc0G5Ypf9RdA6yTISQVyNAflr/5QkVRQaQnHxvQCP7FhhrVlhNNZqZ8ammAywSPac1RiQU2YLa6doQunDFGstCtp0UL9PZFhYcxURK5TYDs2q95c/M/rpTa+CTMmk9RSSZaL4pQjq9D8dTRkmhLLp45gopm7FZEx1phYF1DJhRCsvrxO2rVqcFWt39crjVoeRxHO4BwuIYBraMAdNKEFBB7hGV7hzVPei/fufSxbC14+cwp/4H3+AIhVjxA=</latexit>mk2
<latexit sha1_base64="GBVKzOgNjDb1EGdamLoZIhqATTY=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjxGMA9IljA7O0nGzGOZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSDnSY0FHgk2ZARbJ3UFoNsEs8G5Ypf9RdA6yTISQVyNAflr36sSCqotIRjY3qBn9gww9oywums1E8NTTCZ4BHtOSqxoCbMFtfO0IVTYjRU2pW0aKH+nsiwMGYqItcpsB2bVW8u/uf1Uju8CTMmk9RSSZaLhilHVqH56yhmmhLLp45gopm7FZEx1phYF1DJhRCsvrxO2rVqcFWt39crjVoeRxHO4BwuIYBraMAdNKEFBB7hGV7hzVPei/fufSxbC14+cwp/4H3+ANRPj0I=</latexit>mkd

•••
<latexit sha1_base64="abSXuUVy2OAheud/KjTfHTfpG5E=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4LblxJBfuAdiiZNNOGJpkxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL/fkBDFn2rjut1PY2Nza3inulvb2Dw6PyscnbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md6ZUaRbJRzOLqS/wSLKQEWys5PcFNuMgTO/ng0lpUK64VXcBtE68nFQgR3NQ/uoPI5IIKg3hWOue58bGT7EyjHA6L/UTTWNMJnhEe5ZKLKj200XoObqwyhCFkbJPGrRQf2+kWGg9E4GdzELqVS8T//N6iQlv/JTJODFUkuWhMOHIRChrAA2ZosTwmSWYKGazIjLGChNje8pK8Fa/vE7atap3Va0/1CuNWl5HEc7gHC7Bg2towB00oQUEnuAZXuHNmTovzrvzsRwtOPnOKfyB8/kDeUCR3Q==</latexit>

Nk
<latexit sha1_base64="07tJ7Q9WwPkFq5CdBZ5PUm1v0vs=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsN+3SzSbsToQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IJHCoOt+O6WNza3tnfJuZW//4PCoenzSNXGqGe+wWMb6MaCGS6F4BwVK/phoTqNA8l4wvc393hPXRsTqAWcJ9yM6ViIUjKKVemqYTb15ZVituXV3AbJOvILUoEB7WP0ajGKWRlwhk9SYvucm6GdUo2CSzyuD1PCEsikd876likbc+Nni3Dm5sMqIhLG2pZAs1N8TGY2MmUWB7YwoTsyql4v/ef0Uwxs/EypJkSu2XBSmkmBM8t/JSGjOUM4soUwLeythE6opQ5tQHoK3+vI66Tbq3lW9ed+stRpFHGU4g3O4BA+uoQV30IYOMJjCM7zCm5M4L86787FsLTnFzCn8gfP5A77QjyQ=</latexit>nk1

<latexit sha1_base64="gwsd5bEDxegim6Mf9RgVefYYQJg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GTZuDtj4YeLw3w8y8IBFcG9f9dkobm1vbO+Xdyt7+weFR9fikq+NUMeywWMTqMaAaBZfYMdwIfEwU0igQ2Aumt7nfe0KleSwfzCxBP6JjyUPOqLFSTw6zaWNeGVZrbt1dgKwTryA1KNAeVr8Go5ilEUrDBNW677mJ8TOqDGcC55VBqjGhbErH2LdU0gi1ny3OnZMLq4xIGCtb0pCF+nsio5HWsyiwnRE1E73q5eJ/Xj814Y2fcZmkBiVbLgpTQUxM8t/JiCtkRswsoUxxeythE6ooMzahPARv9eV10m3Uvat6875ZazWKOMpwBudwCR5cQwvuoA0dYDCFZ3iFNydxXpx352PZWnKKmVP4A+fzB8BWjyU=</latexit>nk2
<latexit sha1_base64="mtTsknIoseIUey4+Su//JVQ+C7o=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY8FLx4r2FZoQ9lsNu2S3U3Y3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5QcqZNq777VQ2Nre2d6q7tb39g8Oj+vFJXyeZIrRHEp6oxwBrypmkPcMMp4+polgEnA6C+LbwB09UaZbIBzNLqS/wRLKIEWysNJDjPA7ntXG94TbdBdA68UrSgBLdcf1rFCYkE1QawrHWQ89NjZ9jZRjhdF4bZZqmmMR4QoeWSiyo9vPFuXN0YZUQRYmyJQ1aqL8nciy0nonAdgpspnrVK8T/vGFmohs/ZzLNDJVkuSjKODIJKn5HIVOUGD6zBBPF7K2ITLHCxNiEihC81ZfXSb/V9K6a7ft2o9Mq46jCGZzDJXhwDR24gy70gEAMz/AKb07qvDjvzseyteKUM6fwB87nDwyRj1c=</latexit>nkd

*

<latexit sha1_base64="0NuRxIb9cYXST4xGVwuerZCX8vM=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyWoh4LXjxWsK3QLiWbZtvQJLskWaEs/RFePCji1d/jzX9jtt2Dtj4YeLw3w8y8MBHcWM/7RqWNza3tnfJuZW//4PCoenzSNXGqKevQWMT6MSSGCa5Yx3Ir2GOiGZGhYL1wepv7vSemDY/Vg50lLJBkrHjEKbFO6slhJhvzyrBa8+reAnid+AWpQYH2sPo1GMU0lUxZKogxfd9LbJARbTkVbF4ZpIYlhE7JmPUdVUQyE2SLc+f4wikjHMXalbJ4of6eyIg0ZiZD1ymJnZhVLxf/8/qpjW6CjKsktUzR5aIoFdjGOP8dj7hm1IqZI4Rq7m7FdEI0odYllIfgr768TrqNun9Vb943ay2viKMMZ3AOl+DDNbTgDtrQAQpTeIZXeEMJekHv6GPZWkLFzCn8Afr8AcFAjyQ=</latexit>mm2
<latexit sha1_base64="t8Jyln4gaIswdvLGLiMr9aQ3TR0=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY8FLx4r2A9ol5JNs21okl2SrFCW/ggvHhTx6u/x5r8x2+5BWx8MPN6bYWZemAhurOd9o9LG5tb2Tnm3srd/cHhUPT7pmDjVlLVpLGLdC4lhgivWttwK1ks0IzIUrBtO73K/+8S04bF6tLOEBZKMFY84JdZJXTnMpD+vDKs1r+4tgNeJX5AaFGgNq1+DUUxTyZSlghjT973EBhnRllPB5pVBalhC6JSMWd9RRSQzQbY4d44vnDLCUaxdKYsX6u+JjEhjZjJ0nZLYiVn1cvE/r5/a6DbIuEpSyxRdLopSgW2M89/xiGtGrZg5Qqjm7lZMJ0QTal1CeQj+6svrpHNV96/rjYdGrekVcZThDM7hEny4gSbcQwvaQGEKz/AKbyhBL+gdfSxbS6iYOYU/QJ8/v7qPIw==</latexit>mm1

<latexit sha1_base64="G5z4A3j320wDR3+GH3Dn91cTI/w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU02kVI8FLx4r2A9oQ9lsNu3S3U3Y3Qgl9Ed48aCIV3+PN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4LFnECDZW6olRJsJ5ZVStuXV3AbROvILUoEB7VP0ahjFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8pgNLJRZU+9ni3Dm6sEqIoljZkgYt1N8TGRZaz0RgOwU2E73q5eJ/3iA10a2fMZmkhkqyXBSlHJkY5b+jkClKDJ9Zgoli9lZEJlhhYmxCeQje6svrpHtd95r1xkOj1roq4ijDGZzDJXhwAy24hzZ0gMAUnuEV3pzEeXHenY9la8kpZk7hD5zPHw0uj1U=</latexit>mmd
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Fig. 3. Graph encoding for weighted undirected graphs in GrapHD [12].

TABLE I
CLASSIFICATION PERFORMANCE FOR THREE CLASSIFICATION TASKS

Approach Emotion vs. Gambling Emotion vs. No-task Gambling vs. No-task
Metricsa Acc Sen. Spec. AUC Acc Sen. Spec. AUC Acc Sen. Spec. AUC
GrapHD 75.48% 75.16% 75.80% 0.75 78.87% 78.98% 78.77% 0.79 80.57% 78.77% 82.38% 0.81

Record-based 75.27% 73.25% 77.28% 0.75 79.09% 79.62% 78.56% 0.79 80.04% 78.98% 81.10% 0.80
Linear SVM 94.27% 93.21% 95.33% 0.94 98.09% 97.66% 98.51% 0.98 97.88% 97.88% 97.88% 0.98
aIn terms of metrics, “Acc” represents test accuracy, “Sen.” is short for sensitivity, specificity is denoted by “Spec.”.

under the ROC curve (AUC), where ROC refers to the receiver
operating characteristic.

B. Performance Comparison
Table I demonstrates the simulation results for the two em-

ployed HDC encoding approaches given the same features—
85×85 correlation-coefficient matrix. Additionally, the results
of the traditional linear SVM approach are also considered as a
reference. From this table, we observe that: 1) with the same
correlation-coefficient matrices as the features, the GrapHD
achieves similar performance as the record-based encoding.
2) The performance parameters of HDC encoding approaches
are lower than the traditional linear SVM approach. This
indicates the parameter-tuning for the hyperplane of SVM
functions can separate the data quite well; however, HDC
encoding approaches cannot perform as well as SVM in data
separability for fully connected brain graphs. Therefore, sub-
graphs are generated to further improve the HDC performance
by utilizing sparsity.

In terms of HDC encoding approaches, GrapHD requires
less memory storage than record-based encoding. As shown in
Table II, for an arbitrary m×m correlation-coefficient matrix
as the input feature, the memory requirement is (m + 1) for
GrapHD and

(
m
2

)
+1 for record-based encoding. More specif-

ically, for this classification problem using m = 85, record-
based encoding requires ∼ 41× memory storage as compared
to GrapHD. Due to this reason, GrapHD is preferred.

TABLE II
MEMORY STORAGEa COMPARISON FOR TWO HD ENCODING

APPROACHES

Approach GrapHD Record-based

Seed Hypervector Storage m+ 1
(m
2

)
+ 1

86 3571
aHere the memory storage is defined by the number of
hypervectors (d = 10, 000).

C. Performance Improvement By Sub-Graphs

Instead of fully connected brain graphs, sub-graphs can
improve the performance of binary classification using HDC.
To utilize the sparsity of graphs, both the threshold strategy
and mRMR algorithm are employed.

1) Threshold Strategy: For the given fully connected brain
graphs, there will be no edge connection if the edge weight
w is below a pre-defined threshold value Th. Here, this
threshold value Th is tested from 0.3 to 0.8 with a step
size of 0.1. As shown in Fig. 4(a), the Th = 0.5 leads
to the optimal/suboptimal performance for all three binary
classification problems. The corresponding AUCs are 0.85 of
emotion vs. gambling, 0.84 of emotion vs. no-task, and 0.87
of gambling vs. no-task, respectively.

2) mRMR Algorithm: To generate sub-graphs, feature se-
lection methods can be applied to select important edge
weights from the fully connected graphs. Here, the mRMR al-
gorithm is employed to select the top k features, where k ≤ 20.



(a) Threshold strategy.

(b) mRMR algorithm.

Fig. 4. Performance improvement for GrapHD encoding by two strategies.

As shown in Fig. 4(b), the optimal/suboptimal performance
for all three classification problems is achieved when k = 14.
The corresponding AUCs are 0.87 of emotion vs. gambling,
0.88 of emotion vs. no-task, and 0.88 of gambling vs. no-task,
respectively. These AUC results are significantly better than
those with fully-connected brain graphs.

V. CONCLUSION

This paper investigates the application of HDC to brain
graph classification using three different fMRI data. Both the
record-based encoding and GrapHD are explored. Experimen-
tal results show that these two HDC approaches cannot achieve
comparable classification performance with the traditional
linear SVM. In terms of HDC encoding approaches, GrapHD
requires significantly less memory storage than record-based
encoding. Compared to fully connected brain graphs, the
utilization of sparsity improves the classification performance
of GrapHD encoding. This paper has not explored the use
of retraining. Whether retraining can further improve the
performance of HDC needs to be investigated. Recent work

has shown that directed graphs based on causal information
such as directed information can lead to higher accuracy in
traditional classification. Future work should also be directed
towards HDC classification based on directed brain graphs.
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