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Abstract. Solutions to many partial differential equations satisfy certain bounds or constraints. For
example, the density and pressure are positive for equations of fluid dynamics, and in the
relativistic case the fluid velocity is upper bounded by the speed of light, etc. As widely
realized, it is crucial to develop bound-preserving numerical methods that preserve such
intrinsic constraints. Exploring provably bound-preserving schemes has attracted much
attention and has been actively studied in recent years. This is, however, still a challeng-
ing task for many systems, especially those involving nonlinear constraints. Based on some
key insights from geometry, we systematically propose an innovative and general frame-
work, referred to as geometric quasilinearization (GQL), which paves a new effective way
for studying bound-preserving problems with nonlinear constraints. The essential idea of
GQL is to equivalently transform all nonlinear constraints to linear ones, by properly intro-
ducing some free auxiliary variables. We establish the fundamental principle and general
theory of GQL via the geometric properties of convex regions and propose three simple
effective methods for constructing GQL. We apply the GQL approach to a variety of par-
tial differential equations and demonstrate its effectiveness and remarkable advantages for
studying bound-preserving schemes, using diverse challenging examples and applications
which cannot be easily handled by direct or traditional approaches.

Key words. geometric quasilinearization, nonlinear constraints, bound-preserving numerical schemes,
time-dependent PDE systems, convex invariant regions, hyperbolic conservation laws

MSC codes. 65M08, 65M60, 65M12, 65M06, 35165

DOI. 10.1137/21M1458247

Contents
I Introduction 1032
2 Examples of PDE Systems with Nonlinear Constraints 1037
3 Theoretical Framework of Geometric Quasilinearization 1040
3.1 A Heuristic Example....... ..o 1041

*Received by the editors November 9, 2021; accepted for publication (in revised form) August 16,
2022; published electronically November 7, 2023.
https://doi.org/10.1137/21M 1458247
Funding: The work of the first author was supported by NSFC grant 12171227. The work of the
second author was supported by NSF grant DMS-2010107 and AFOSR. grant FA9550-20-1-0055.
fDepartment of Mathematics, SUSTech International Center for Mathematics, Southern Univer-
sity of Science and Technology, and National Center for Applied Mathematics Shenzhen (NCAMS),
Shenzhen, Guangdong 518055, China (wukl@sustech.edu.cn).
IDivision of Applied Mathematics, Brown University, Providence, RI 02912 USA (chi-wang_
shu@brown.edu).

1031

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/21M1458247
mailto:wukl@sustech.edu.cn
mailto:chi-wang_shu@brown.edu
mailto:chi-wang_shu@brown.edu

Downloaded 11/08/23 to 128.148.225.84 . Redistribution subject to CCBY license

1032 KAILIANG WU AND CHI-WANG SHU

3.2 Concepts from Geometry and Convex Sets ..............ccovvuivnn... 1042
3.3 GQL Framework . . ... ..o 1042
4 Construction of Geometric Quasilinearization 1046
4.1 Gradient-Based Method . ........ ... i 1047
4.2 Cross-Product Method ...... ... i 1047
4.3 Constructive Method.......... ... i 1048
5 GQL for Bound-Preserving Study on Euler and Navier-Stokes Systems 1048
5.1 GQL Representation of Invariant Region............................. 1048
5.2 GQL for Bound-Preserving Analysis................c.o.ooiiit 1050
6 More Examples of GQL 1055
6.1 Example 1: Ideal MHD System ...........cooiiiiiiiiiiiiii ... 1055
6.2 Example 2: Relativistic Hydrodynamic System....................... 1055
6.3 Example 3: Relativistic MHD System .....................oooiiat. 1056
6.4 Example 4: Ten-Moment Gaussian Closure System................... 1057

7 GQL for Design of Bound-Preserving Schemes for Multicomponent
MHD 1059
7.1 GQL Representation of Invariant Region ............................. 1059
7.2  GQL Bridges Bound-Preserving Property and DDF Condition........ 1060
7.3 Seek High-Order Provably Bound-Preserving Schemes via GQL....... 1063
8 Experimental Results 1064
9 Conclusions 1065
Appendix A. Proof of Proposition 3.9 1066
Appendix B. A Simple Scaling Limiter to Enforce (7.12) 1067
References 1068

I. Introduction. Solutions to many partial differential equations (PDEs) satisfy
certain algebraic constraints that are usually derived from some (physical) bound
principles, for example, the positivity of density and pressure. Consider such time-
dependent PDE systems in the general form

(1.1) Opu+ L(u) =0, u(x,0) = up(x),

where £ denotes the differential operator associated with the spatial coordinates x,
and suppose the system (1.1) is defined in a bounded domain with suitable boundary
conditions. Assume that the algebraic constraints (bound principles) can be expressed
by either the positivity or the nonnegativity of several (linear or nonlinear) functions
of u as

(1.2) gi(u) >0 Viel, g(u)>0 Viel,

where TUT = {1,...,I} with the positive integer I denoting the total number of the
constraints. In other words, the evolved variables u = (uy,...,uy)" are constrained
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in the admissible state set:
(1.3) G:{ueRN: gi(u) >0 Yiel, g(u)>0 \ﬁei}.

Throughout this paper, we assume that G is a convex set with nonempty interior,
while the functions {g;(u)}/_, are not necessarily concave (and are not required to be
concave in this paper). Moreover, we suppose that G is an invariant region for the
exact solution of system (1.1):
o If u(x,0) € G for all z, then u(x,t) € G for all  and ¢ > 0.

The PDE models with such convex invariant regions appear widely in many science
and engineering problems from a variety of fields such as fluid mechanics [86, 109,
119], materials science [13, 73], astrophysics [103, 108], hydraulic engineering [113],
chemistry [29, 25], biology [19, 92], etc. Typical examples of such PDEs (1.1) include
the semilinear parabolic equations with maximum principles [28, 2] and the reaction-
diffusion and convection-diffusion systems [22, 29, 95]. Another important class of
such systems is that of the hyperbolic conservation laws d;u+ V - f(u) = 0 and other
related hyperbolic systems; see [48, 90, 121, 122, 44, 94] and a few examples listed in
section 2.

A basic goal in the design of numerical methods for (1.1) is that the numerical
solutions can inherit as far as possible the intrinsic properties of system (1.1). The
constraints (1.2) and the associated invariant region G carry important meanings or
properties of the system. It is natural to explore bound-preserving schemes that keep
the numerical solutions within the region G:

o If up(-,tg) € G, then up(-,t,) € G for all n € N,
where uy, (-, t,) denotes the numerical solutions at nth time level. In fact, preserving
such constraints is not only necessary for physical considerations, but also very es-
sential for numerical stability and theoretical (e.g., convergence [1]) analysis. If the
intrinsic physical constraints (1.2) are violated numerically, often the PDE system
(1.1) and its discrete equations may become ill-posed. For example, when negative
density and/or pressure are produced when numerically solving the compressible Euler
equations, the fundamental hyperbolicity of the system is lost. As such, failure to pre-
serve such physically relevant constraints may cause serious numerical problems such
as nonlinear instability, nonphysical solutions or phenomena, blowups of the code, etc.
Therefore, it is significant and highly desirable to develop bound-preserving schemes.

In the past few decades, the exploration of bound-preserving numerical meth-
ods has attracted much attention and has been actively studied. The extensive re-
search in this direction includes, for example, maximum-principle-preserving schemes
[23, 9, 32, 121, 116, 24, 33, 28], positivity-preserving schemes [86, 54, 60, 82, 122,
36, 13, 11, 102, 16], invariant-region-preserving schemes [58, 29, 44, 42, 56, 57],
and other bound-preserving type schemes [109, 111, 103, 47, 78, 67, 12, 69, 15]
based on various kinds of discretizations. The developments of bound-preserving
schemes have also covered a wide variety of differential equations in various fields,
for example, ordinary differential equations (ODEs) [98, 53, 97, 31, 83], differential-
algebraic equations (DAEs) [10], and various time-dependent PDEs in diverse ap-
plications including but not limited to conservation laws [121, 116], hydrodynamic
systems [63, 122, 50, 115, 103, 106, 41, 70], phase-field models [91, 13, 27, 73, 34],
reaction-diffusion equations [29, 55, 36], convection-diffusion equations [4, 67], radia-
tive transfer models [118], Boltzmann transport equations [49, 17], Vlasov—Poisson
equations [89], Fokker—Planck equations [76], the Kerr-Debye model [52], Keller—
Segel equations [19, 71, 77, 92, 51], and Poisson-Nernst—Planck equations [93, 75],

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/08/23 to 128.148.225.84 . Redistribution subject to CCBY license

1034 KAILIANG WU AND CHI-WANG SHU

to name a few. In particular, the discrete maximum principle of numerical schemes
has been addressed for a class of linear or nonlinear scalar parabolic equations; see,
for example, [32, 33, 59, 28] and the references therein. In [29], Estep, Larson, and
Williams systematically studied the posteriori error estimation and the preservation of
invariant regions for numerical solutions of a general class of reaction-diffusion equa-
tions with adaptive error control; see also [30] for an application to the analysis of
shear layers. Recently, Lagrange multiplier approaches were proposed for construct-
ing positivity /bound-preserving schemes for parabolic-type equations in [102, 15, 16].
There are also many other bound-preserving techniques for parabolic or dissipative
equations, such as cut-off [65], convex splitting [13, 77], and reformulation [51], to
name a few. While these bound-preserving approaches have been proven effective for
parabolic problems, they are not quite suitable for hyperbolic type systems as they
may not retain other important properties such as conservation and the nonoscillatory
shock-capturing property.

In [121, 122]|, Zhang and Shu established a framework for constructing bound-
preserving high-order finite volume and discontinuous Galerkin schemes for hyper-
bolic conservation laws. The loss of the bound-preserving property may be clas-
sified into two cases: one case is that the point values of the numerical solutions
may go outside the bounds, and the other is that the cell averages evolved to the
next time step become out of bounds during the updating process. A key step
in the Zhang—Shu framework [121, 122] is to look for the high-order schemes that
have a provable “weak” bound-preserving property keeping the updated cell aver-
ages in the region G. Achieving such a weak bound-preserving property is essential,
but its proof needs subtle analysis. Once this property is proven, a simple scal-
ing limiter can be used to enforce the pointwise bounds for the numerical solutions
[121, 122, 125]. Zhang and Shu’s approach has been applied to many other hyperbolic
systems [113, 123, 17, 18, 14, 87, 118, 119, 111, 112] as well as the convection-diffusion
or reaction equations [120, 71, 25]. Another bound-preserving approach [116, 50, 72]
for hyperbolic systems is to use flux-correction limiters, which modify high-order nu-
merical fluxes to enforce the bounds by using a prepared provably bound-preserving
(lower-order) scheme as the building block; see also [20, 21, 114, 109, 115]. Continuous
finite element approximations with convex limiting were developed in [44, 45, 42, 46]
to preserve invariant regions for hyperbolic equations. Some thorough reviews on
bound-preserving type schemes can be found in [117, 94, 28]. While our work may
be extended to other systems, in the remainder of this paper we will mainly focus on
hyperbolic type equations.

Due to the lack of a general theory, rigorously analyzing or proving the bound-
preserving property of a numerical scheme remains a challenging task. Take the
hyperbolic systems, for example. Despite the success of the limiter-based frameworks
(cf. [121, 122, 116, 50]) in constructing high-order bound-preserving schemes, the
validity of those limiters is actually based on some (weak) bound-preserving properties
of the cell-average schemes and/or of the lower-order numerical fluxes as the key
building blocks. Rigorously proving such properties is essential but often very difficult
[94, 104, 108]. To illustrate the challenges in rigorous bound-preserving analysis, we
suppose that a numerical scheme for (1.1) may be written as
(1.4) u?*l =&y(u}_p,uf gy, ..uf, ]yl ),
where &, is the discretization operator, the superscripts on u denote the time lev-
els, and the subscripts on u indicate the indices of the spatial grid or nodal points.
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The bound-preserving problem for the scheme (1.4) can boil down to answering the
question of
whether uj} € G Vj implies u*' e G Vij.

In essence, the problem is to explore whether or not the range of the high-dimensional
function &, is always contained in G: &,(G****1) C G. For some scalar PDEs with
linear constraints, e.g., when the bounds are linearly defined by maximum principles,
a general approach for analyzing and designing bound-preserving schemes is to exploit
certain monotonicity in schemes; see, e.g., [121, 26, 68]. Yet, for PDE systems with
nonlinear constraints, there is no universal tool like monotonicity; as such, direct and
complicated algebraic verifications are usually performed in a case-by-case manner
for different schemes and different PDEs; see, e.g., [122, 84, 109, 87, 119, 79, 106].
Therefore, the design and analysis of bound-preserving schemes involving nonlinear
constraints are highly nontrivial, even for first-order schemes; cf. [101, 6, 39, 100, 85,
61, 74, 80, 110, 104].

Nonlinear constraints exist in many physical PDE systems; see several represen-
tative examples in section 2. For instance, the physical constraints for solutions of the
special relativistic magnetohydrodynamic (MHD) equations (2.14) include the posi-
tivity of density D and thermal pressure p, and the upper bounding of fluid velocity
field v by the speed of light ¢, namely,

(1.5) D >0, p(u) > 0, ¢— |lv(u)]| >0,

where the evolved variables u = (D,m,B,E)" with the momentum vector m €
R3, the magnetic field B € R?, and the total energy E; see Example 2.7 and [110,
108] for more details. The second and third constraints in (1.5) are highly nonlinear
with respect to u, because p(u) and v(u) cannot be explicitly formulated in terms of
u. These implicit functions p(u) and v(u) are often expressed via another implicit
function ¢(u) as

r-1 . . N
(16)  p(u) = m(qﬁ - DYu(@), v(w) = (m+(m-B)B/3) /(6 + BP),
where é = ngS(u) is implicitly defined by the positive root of the nonlinear function
. 2 2 —_ .
F(¢;u) := ¢—E+|B|*—1 ((m¢]23) + 2”,;%)-1—% (T.,?rﬁ) - T‘@))? the constant T is

2 2\2_[,2 2 2 B2\ — 3
the ratio of specific heats, and 1, (¢) := <¢ (+IBIT) [ZQy(ﬁl“l;‘(f)ﬁﬂlBH )(mB)?] .

In traditional approaches to studying the preservation of bounds (1.5), we typically
substitute the numerical solution, evolved by a scheme like (1.4), into the functions
p(u) and v(u), then evaluate these implicit functions and try to verify the nonlinear
constraints (1.5). The whole calculation and analysis can be too complicated, if not
impossible, to enable us to reach any conclusion.

In this paper we discover that, by introducing some extra auxiliary variables
independent of the system variables u, nonlinear constraints can be equivalently rep-
resented by a set of linear constraints, given the region G is convex. For example, the
nonlinear constraint

(1.7) g(u) = uy —uf >0

is exactly equivalent to!

(1.8) o(u;0,) == uy —2u10, +6>>0 V0, €R,

IThe equivalence of (1.7) and (1.8) can be easily proven using ming, cg ©(u;6s) = g(u).
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where the extra parameter 6, is independent of u and called the free auziliary variable
in this paper. Clearly, the new constraints (1.8) are linear? with respect to u. As we
will show, an equivalent linear representation such as (1.8) can be found for general
nonlinear constraints, even for implicitly formulated nonlinear constraints like (1.5).
For instance, as will be shown in Theorem 6.6, the highly nonlinear implicit constraints
(1.5) can be equivalently represented as

(1.9) D >0, u-n,+p;, >0 VB, cR? Vo, cB(0),

where {B.,v.} are the free auxiliary variables; the vector n, and scalar p}, are func-
tions of {B,,v.} defined by (6.6)—(6.7); and B;(0) := {x € R3 : ||| < 1}. Note
that the equivalent constraints (1.9) are all linear with respect to u. Owing to such
linearity, this novel equivalent form (1.9) has significant advantages over the original
nonlinear form (1.5) in designing and analytically analyzing bound-preserving schemes
[110, 108]. Several important questions naturally arise: Are there any intrinsic mech-
anisms behind such an equivalent linear representation? What is the condition for its
existence? In general, how do we find or construct it?

The aim of this article is to establish a universal framework, termed as geometric
quasilinearization (GQL), for constructing equivalent linear representations for general
nonlinear constraints. It will be based on some geometric insights about recharacter-
izing a convex region G in an alternative way. The GQL framework will shed new
light on the challenging bound-preserving problems involving nonlinear constraints.
The novelty and significance of the proposed GQL framework include the following:

e A distinctive innovation of GQL lies in a novel geometric point of view on the
nonlinear algebraic constraints and the convex invariant region G. The GQL
framework reveals that nonlinear constraints are actually “linear” if viewed
in higher dimensions, as long as all the constraints form a convex region.

e Through introducing some extra free auxiliary variables, this framework pro-
vides a simple yet universal approach to deriving the equivalent linear repre-
sentation (termed the GQL representation) for a general convex region G.

e GQL offers a highly effective tool for analyzing and designing bound-preserving
schemes for problems with nonlinear constraints.

e The GQL representations have concise formulations and can be constructed
easily. We will propose three effective methods for constructing GQL.

The idea of GQL is motivated by a series of our recent works on seeking bound-
preserving schemes for the (single-component) compressible MHD systems [110, 104,
106, 107, 108]. For the invariant region of the ideal nonrelativistic MHD equations,
its equivalent linear representation was first established by technical algebraic ma-
nipulations [104]. Such a representation played a critical role in obtaining the first
rigorous positivity-preserving analysis of numerical schemes for the ideal MHD sys-
tem [104], and also in designing the provably positivity-preserving multidimensional
MHD schemes [106, 107]. The success of the GQL idea in these special cases strongly
encourages us to explore its essential mechanisms and universal framework for general
systems.

Our efforts in this article include the following;:

e We interpret, from a geometric viewpoint, the fundamental principle behind
the GQL representations for general nonlinear algebraic constraints.

e We establish the universal GQL framework and its mathematical theory.

2This paper broadly uses the word “linear,” which means “affine” for functions or constraints
with respect to u.
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e We propose three simple, effective methods for constructing GQL representa-
tions using extra free auxiliary variables in exchange for linearity. As exam-
ples, the GQL representations are derived for the invariant regions of various
physical systems.

o We illustrate the GQL methodology and related techniques for nonlinear
bound-preserving analysis and design, and we demonstrate its effectiveness
and remarkable advantages using diverse examples that cannot be easily han-
dled by direct or traditional approaches.

We emphasize that the GQL framework is applicable to general convex invariant
regions with nonlinear constraints and is not restricted to the specific forms of the
equations (1.1).

The paper is organized as follows. Section 2 presents several examples of physi-
cal PDE systems with convex invariant regions and nonlinear constraints. Section 3
explores the fundamental principle and the general theory for the GQL framework.
We propose in section 4 three simple, effective methods for constructing GQL rep-
resentations. Sections 5 and 6 illustrate the GQL approach and its advantages for
bound-preserving study using diverse examples covering different schemes of various
PDE systems in one and two dimensions. In section 7 we apply the GQL approach
to design bound-preserving schemes for the multicomponent MHD system and fur-
ther demonstrate its powerful capabilities in addressing challenging bound-preserving
problems that could not be handled by direct or traditional approaches. Several exper-
imental results are given in section 8 to verify the performance of the bound-preserving
schemes developed via GQL. The conclusions follow in section 9. Throughout this
paper, we will use cl(G), int(G), and OG to denote the closure, the interior, and the
boundary of a region G, respectively. We employ ||al| to denote the 2-norm of vector
a. We use a - b to denote the inner product of two vectors a and b, and a ® b to
denote the outer product, i.e., in index notation, (a ® b);; = a;b;.

2. Examples of PDE Systems with Nonlinear Constraints. This section pre-
sents several examples of PDEs (1.1) with nonlinear constraints and convex invariant
regions. For convenience, the ideal equation of state p = (I' — 1) pe is used to close the
systems in Examples 2.1, 2.2, 2.4, 2.6, and 2.7, with p denoting the thermal pressure, p
the (rest-mass) density, e the specific internal energy, and the constant T' > 1 denoting
the ratio of specific heats. For the relativistic models in Examples 2.3, 2.4, and 2.7,
normalized units are employed such that the speed of light ¢ = 1.

Ezample 2.1 (Euler system). Consider the one-dimensional (1D) compressible
Euler equations

p m
(2.1) Opu+ 0,f(u) =0, u=|m|, fluy= mv+p |,
E (E+p)v

where p, m, v = m/p, and p denote the fluid density, momentum, velocity, and
pressure, respectively. The quantity E = pe + %pv2 is the total energy, with e being
the specific internal energy. For this system, the density p and the internal energy pe
are positive, namely, u should stay in the region

2
(2.2) G:{u:(p,m,E)TER?’: p>0, g(u)::E—gL>0}7

p
which is a convex invariant region [122] of the system (2.1). If we further consider
Tadmor’s minimum entropy principle [99], S(u) > Sy.n = ming S(ug(x)), for the
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specific entropy S = pp~!, then we obtain another convex invariant region [124]:
(2.3) é:{u:(p,m,E)Te]Rg. p>0, g(u) >0}

. ~ — m2
With §(w) = S(W) = Spuin = L5 (B = 22) = Sy

Ezample 2.2 (Navier—Stokes system). Consider the 1D dimensionless compress-
ible Navier-Stokes equations (see, for example, [119])

0
(2.4) Opu + 0, £(u) = %&mr(u), r(u) = v ,

7+Prn

where {n,Re,Pr} are positive constants, and the definitions of u and f(u) are the
same as in Example 2.1. Both sets in (2.2) and (2.3) are also invariant regions for
system (2.4).

Ezample 2.3 (M1 model of radiative transfer). For the solutions of the gray M1
moment system of radiative transfer (see, for example, [84]), a convex invariant region
is

(2:5) G={u=(E.,F)" €R': g(u):= B, —|F| >0},

where E, is the radiation energy, and JF, is the radiation energy flux.

Ezample 2.4 (relativistic hydrodynamic system). Consider the 1D governing equa-
tions of special relativistic hydrodynamics (RHD) system [109, 87]:

D Dv
(2.6) Opu + 0,f(u) =0, u=|m|, fluy=|mv+p]|,
E m

with density D = py, momentum m = phy?v, and energy E = phy? — p. Here,
p, v, p, and v = (1 — 02)*% denote the rest-mass density, velocity, pressure, and
Lorentz factor, respectively. The quantity h = 1 + e + p/p represents the specific
enthalpy, with e being the specific internal energy. For this system, the density
and the pressure are positive, and the magnitude of v must be smaller than the
speed of light (¢ = 1). These physical constraints define the invariant region G =
{ueR?*:D >0, p(U)>0, 1—|v(U)] >0}. It was proven in [109] that this region
(G is convex and can be equivalently represented as

(2.7) G:{ueR3:D>O g(u x/D2+m2>0}

As shown in [105], the minimum entropy principle S(u) > Sy, also holds for the
RHD system (2.6), yielding another invariant region

(2.8) G={ueR®: D>0, g(u) >0, gu) >0},

where g(u) := p(u)(p(u))~" — S, is a highly nonlinear implicit function. In the
RHD case, the functions p(u) and p(u) cannot be explicitly expressed in terms of u.
Specifically, p(u) is implicitly deﬁned by the positive root of the nonlinear function

F(p;u) := E+p+D( (E_;) ) +75—F, andthenp(u):D\/l—m2/(E—|—p(u))2.
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Ezample 2.5 (ten-moment Gaussian closure system). In 2D, this system [79, 80]
reads

(2.9) Ou+ 981 (u) + 9yfa(u) =0,

p m;

mq miv; + pP1j

| me _ mov; + pP2j _
u= , fi(u) = , =12

E11 i (W) E11v5 + prjur J

Eqo E12vj + 1(p1jv2 + pajur)

E22 EQQ’Uj + D22
Here, p, m = (my,mz), v = m/p, E = (Eij)1§i,j§2, and p = (Pij)lgi,jgz are,

respectively, the density, momentum vector, velocity, symmetric energy tensor, and
symmetric anisotropic pressure tensor. The system (2.9) is closed by p = 2E — pv®wv.
The density p is positive and the pressure tensor p is positive-definite, namely, the
evolved variables u should stay in the region

(2.10) G= {u €R®: p>0, E— mem is positive—deﬁnite}

mxm

(2.11) :{UERG:/)>O, zT(E— )z>0 VzeRQ\{O}}.

Ezample 2.6 (ideal MHD system). This system [104, 106] can be written as

p m

m mRKU—-—BRB+pid|
(2.12) o|lg|+V- voB-B oo =0

E (E+piot)v—(v-B)B

with p being the density, m the momentum vector, v = m/p the velocity, E =
pe + 1(pllv||* + [|B||?) the total energy, pior = p + 3| BJ|* the total pressure, p the
thermal pressure, and B the magnetic field that satisfies the extra divergence-free
condition V - B = 0. For this system, the density p and the internal energy pe are
positive, namely, u should stay in the invariant region

2 B2
213) G={u=(pmB.E) eB: >0 gow=p- 5B ol

Ezample 2.7 (relativistic MHD system). This system [110, 108] takes the form of

D Dv

m m®v7B®('y’2B+(’U~B)’U)+PtotI
(2.14) ol g |tV v®B-_B®ov 0

E m

with mass density D = py, momentum vector m = (phy? + | B||*)v — (v - B)B, and
energy E = phy? — pior + ||BJ|?, and the magnetic field B satisfies V - B = 0 as the
ideal MHD case. The total pressure p;,; consists of the magnetic pressure p,, :=
1

5 (7’2 B2 + (v - B)2) and the thermal pressure p. Analogously to Example 2.4, the

quantities p, v, h, and v = (1 — ||'U||2)*% are, respectively, the rest-mass density,
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velocity, specific enthalpy, and Lorentz factor. The positivity of density and pressure
as well as the subluminal constraint ||v|| < ¢ =1 constitute the invariant region

(2.15) G={u=(D,mB,E) €R*:D>0, pu) >0, 1—[v(u)| >0},

where p(u) and v(u) are highly nonlinear and cannot be explicitly formulated, as
discussed in (1.6).

3. Theoretical Framework of Geometric Quasilinearization. This section es-
tablishes the universal GQL framework, with geometric insights into understanding
the fundamental principle behind the GQL representations.

Let G C RY be an invariant region or admissible state set of a physical sys-
tem. Assume that G can be formulated in the general form (1.3). For notational
convenience, we represent G as

(3.1) G={ueR": g(u) =0, 1<i<I},

where the symbol “>~” denotes “>” if ¢ € T or “>” if i € T. Let Gp ={ue RV .
gi(u) = 0 Vi € I} be the region formed by all the linear constraints in G, i.e., the
function g; is linear for i € Iy. If Iy = ), then we define G, = RY.

We consider the nontrivial case that at least one of the functions {g;(u)} is non-
linear, namely, G C G and G # Gp. The goal of our GQL methodology is to use
some extra free auxiliary variables in exchange for linearity and, more precisely, to
equivalently represent G by using only linear constraints with the help of free auxiliary
variables.

DEFINITION 3.1. We define a set G as an equivalent linear representation
(termed the GQL representation) of the region G if G. = G and G, takes the form

(3.2) G*:{uERN:goi(u;Bi*)>0 V0, € O, 1§i§[},

where the functions {¢;} are all linear (affine) with respect to u; the parameters 0;,
are independent of uw and represent the (possible) extra free auziliary variables with
O, denoting their ranges.

Based on Definition 3.1, we immediately have the following theorem.

THEOREM 3.2. Assume that a set G is of the form (3.2) with @; being linear
with respect to u and satisfying

. in ¢;(u;0;.) = A\i(u)g;

(3.3) pin @i 8;) = Ai(u)g;(u)

with A;(u) > 0 for allu € Gr. Then G, = G and G, is the GQL representation of
G.

Remark 3.3. For i € Iy, the function g;(u) is already linear, and thus we can
simply take p;(u; 0;.) = g;(u) without the free auxiliary variable 0;,. That is, all the
linear constraints remain unchanged in the GQL representation.

Theorem 3.2 indicates a way to seek the GQL representation, namely, by con-
structing linear functions {p;} such that (3.3) holds. We have used this approach in
[104] to establish the GQL representation of the invariant region (2.13) for the ideal
MHD equations. However, this constructive approach needs some empirical observa-
tions or trial-and-error procedures, as Theorem 3.2 does not provide any intuition into
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how to find the qualified {®;}. In the following, we explore a simpler yet universal
approach from the geometric point of view.

Given that {p;} in (3.2) are all linear with respect to u, the set G, is always
convex. This means that if the region G has GQL representation (3.2), then G must
also be convex. Hence, we should make the following basic (minimal) assumption.

ASSUMPTION 3.4. The invariant region G is convez, and int(G) # 0.

This basic assumption is valid for many physical systems including all those intro-
duced in section 2. Again, we emphasize that the functions {g;(u)} are not necessarily
concave.

3.1. A Heuristic Example. Before deriving the general theory, let us look at an
example to gain some intuition which inspired us to develop the GQL framework.

Ezample 3.5. Consider the simple example mentioned in (1.7)—(1.8), i.e., G =
{u= (u,uz)" € R?: g(u) = us — u? > 0}. According to Theorem 3.2, the GQL
representation of G is

(3.4) G, = {u = (ul,m)—r cR?: o(u;0,) = ug — 2u16, + 62 >0 V0, € R}.

In this way, we gain linearity by introducing the extra free auxiliary variable 6,. To
understand the intrinsic mechanisms, we draw the graph of the region G and its
boundary curve G = {u : g(u) = 0} on the u;-us plane in Figure 1. We also plot the
graphs of {u : ¢(u;0.) = 0} for several special values of 0, € {£2,£1,0} in the left
subfigure of Figure 1. It is observed that all the lines {u : ¢(u;6,) = 0} are tangent
to the parabolic curve dG, which exactly forms an envelope containing G.

Let u, = (0,,6%)7 denote an arbitrary point on dG. One can verify that n, =
(—20., 1)—r is an inward-pointing normal vector of G at u, and

@(u;Q*)zu-n*—u*-n*:ﬁ;ﬁ-n*>0 Yu € G.

Imagine we are walking along the boundary OG in the direction shown in the right
subfigure of Figure 1; then the region G always lie entirely on the left side of the
tangent lines, namely, the angle between the two vectors @4 and n, is always less
than 90° for all u € G and all u, € 0G. This geometric viewpoint intuitively illustrates
the GQL representation G, in (3.4) and its equivalence to the original G.

GEOMETRIC QUASILINEARIZATION FRAMEWORK 11

©(u;0) =0

Fig. 2: xxx.

Fig. | Illustrations for Example 3.5.
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3.2. Concepts from Geometry and Convex Sets. Let us recall some concepts
and results from the theory of geometry and convex analysis [64, 88, 40].

A hyperplane in RY is a plane of dimension N — 1. Let n, # 0 denote a normal
vector of a hyperplane H, and let u, be a point on H. Then H can be expressed
as H = {u € RY : (u—u,) n, = 0}, and it divides RY into two halfspaces:
Hf={ueR":(u-w) n.>0tand H- ={ueR": (u—u,) -n, <0}

DEFINITION 3.6 (supporting hyperplane and halfspace). The hyperplane H =
{u e RY : (u—u,) n, = 0} through u, € 9G is called a supporting hyperplane
to G at uy if G lies in one of the two closed halfspaces determined by H. Further-
more, if the normal vector n, points toward G, then the closed halfspace containing
Gis Hf = {u e RY : (u—w,) -n, >0} and is called a closed supporting halfspace to
G.

LEMMA 3.7 (supporting hyperplane theorem [64]). If G is a convez set and int(G)
£ 0, then, for any u, € OG, there exists a supporting hyperplane to G at u,.

Remark 3.8. If the boundary 9G is smooth at a point u,, then the supporting
hyperplane to G at u, is unique and coincides with the tangent [88, 40].

3.3. GQL Framework. We are now in a position to establish the GQL frame-
work.

3.3.1. A Special Case. Inspired by Example 3.5, we first consider the special
case that G is either open or closed with differentiable boundary. The general case
will be discussed in subsection 3.3.2.

PROPOSITION 3.9. Suppose that Assumption 3.4 holds, the region G is either open
or closed, and OG is differentiable. Then G has the following GQL representation:

(3.5) G*:{uERN: (u—u)-n, >0 Vu*eﬁG},

where the symbol “>7 is taken as “>7 if G is open, or as “>" if G is closed, and n,
is only dependent on u, and denotes the inward-pointing normal vector of 0G at u,.

A proof of Proposition 3.9 is presented in Appendix A. Following the proof, one
can further extend the above result to any closed convex region G whose boundary
is typically not everywhere smooth; in this case, the supporting hyperplanes at a
nonsmooth boundary point are not unique. Let A'(u,) denote the set of the inward-
pointing unit normal vectors of all the supporting hyperplanes to G at u, € 9G. Then
one can prove that

(3.6) G={ueR": (u-u) n>0 Vne~N(u), Vu.€dG}.

This means that any closed convex region is the intersection of all its closed support-
ing halfspaces [64]. However, the representation (3.6) is not applicable to a general
convex region that is neither closed nor open (e.g., the invariant regions in (2.3)
and (2.8)). Moreover, the representation (3.6) requires the information for all the
supporting hyperplanes at each nonsmooth boundary point, which can be difficult
to explicitly formulate or verify, so that (3.6) is not desirable in a bound-preserving
study. A practical GQL representation for more general regions will be derived in
subsection 3.3.2.

Ezample 3.10. To further illustrate the above-mentioned limitations of (3.6), we
consider the simple example G = {(uy,u2)’ : ug > |u;|} whose boundary corre-
sponds to the graph of the convex nonsmooth function y = |z|. In this example,
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the representation (3.6) requires all the supporting hyperplanes to G, i.e., infinitely
many subtangent lines (with slopes being any number between —1 and 1) for the
graph of y = |z| at © = 0. We will derive a more desirable GQL representation (3.8)
in Theorem 3.11, which only requires two subtangent lines with slopes +1 for this
example.

3.3.2. General Case. Consider a general convex region G that may be not neces-
sarily open or closed and whose boundary may be not everywhere smooth. Note that
the boundary of a convex region can be partitioned into several pieces, each of which
can be locally represented as the graph of a convex function (with respect to a suit-
able supporting hyperplane). According to the classical theorems of Rademacher and
Alexandrov (cf. [81]), any convex function is locally Lipschitz continuous and twice
differentiable almost everywhere. Based on these facts and for convenience, we make a
considerably mild assumption on the convex invariant region G. We assume that the
boundary of G is piecewise C! and without loss of generality, for each i € {1,...,I},
the function g;(u) in (3.1) is C! at any point on

S; = 0G N IG,; with G, := {u eRN: gi(u) = 0} ,

where {S;} are O hypersurfaces in RV and constitute the smooth pieces of 9G, i.e.,
0G = Uj<i<1S;. Notice that, in general, S; may not equal 0G;, the region G; may
be not convex, and G may be neither open nor closed; see Figure 2 for a schematic
illustration. These observations make our following discussions nontrivial.

We remark that G; = {u: g;(u) > 0} is closed for i € I and G; = {u : g;(u) > 0}
is open for ¢ € I. Since, for each i € I, the set GG; is not necessarily convex, there is a
possibility that G might not be entirely contained in an open supporting halfspace at
u, € §;. This issue is avoided if the open region N;c1G; is convex, which is satisfied
by all the examples in section 2. As such, we have

(3.7) GN (Unesi{ueRY: (u—uw) n,=0})=0 Viel,
where ng, is an inward-pointing normal vector of S; at u,.
18 KAILIANG WU AND CHI-WANG SHU
U2\
Yug + 4uy = 2u1 —3 =0

Fig. 6: xxx.

Fig.2 A convex region G involving nonlinear constraints. G = {u € R? : g1(u) > 0, g2(u) >
0, gz(u) > 0} with g1(u) =3 — 2u1, g2(u) = Yuz +4u?, and g3(u) =1 —u?/3 — (uz — 1)%.
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THEOREM 3.11. Suppose that Assumption 3.4 holds, condition (3.7) is satisfied
when 1 # 0, and the boundary of G is piecewise C'. Then the region G has the
following GQL representation:

(3.8) G.o={ueRY: (u-w) n. -0 vu, €8, 1<i<I},

where the symbol “~" is taken as “>7 if i € I, or as “>7 if i € I; the nonzero vector
n;,. denotes an inward-pointing normal vector of S; at u,.

Proof. The proof is divided into three steps. -
(i) Prove that G C G,. Let 0G =: 0G U 0G with 0G denoting the set of smooth

boundary points and G the set of nonsmooth boundary points. For any u, € oG nS;,
the hyperplane (u — u,) - n; = 0 supports the region G, implying that

(3.9) GC{ueR": (u-u)-n, >0} VYu, €dGNS;, 1<i<I.

Next, we consider an arbitrary nonsmooth boundary point u, € G NS;. There exists

a sequence of smooth boundary points {u*7)}JeN c 9G N S, such that lim;_, ul) =

u... For every ul? , it follows from (3.9) that

(3.10) (u - uij)) m, L6 >0 Yu e G,

()

where n; o is the inward-pointing normal vector of §; at u,’’ satisfying lim;_, o n, o

= n,. Takmg the limit j — 400 in (3.10) gives

(u—u,) n; >0 YueG, Vu, Eé@ﬂ&, 1<:<1,
which along with (3.9) yields
(3.11) GC{ueR": (u-u) n, >0 Vu, €8;, 1 <i<I}.

Based on (3.7), we then conclude that G C G..

(ii) Prove that G, C cl(G) by contradiction. Assume that G. € cl(G), namely,
there exists ug € G, but ug ¢ cl(G). According to the theory of convex optimization
[8], the minimum of the convex function ¢(u) := 3|lu — ug||* over the closed convex
region cl(G) is attained at a certain boundary point u.o € 9G. In other words, u.g
is a solution to the optimization problem

minimize
(312) uecl(G) C( )
subject to —g;(u) <0 Viel; —gi(u)<0 Vi el

Since the function —g;(u) is not necessarily convex, the problem (3.12) is not generally
the standard form of convex optimization. Note that the assumption int(G) # 0
ensures the Slater condition [8, 7]. The Karush-Kuhn-Tucker conditions [8, 7] tell us
that there exist {\; }1<i<s such that

(3.13) 0 = V((uy) Z iV (W),
(314) 0= )\igi(u*o), 1 S 1 S I,
(3.15) N>0, 1<i<I
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Define I, := {1 < ¢ < T : X\ > 0}. Obviously I, # 0; otherwise \; = 0 for
all 1 < i < I, so that u,g — ug = V{(u.9) = 0, which leads to the contradiction
OG 3 u,9 = ug ¢ cl(G). This also implies u,o # ug. Let n;,o be the inward-pointing
normal vector of S; at u,g. Since there exists p; > 0 such that Vg;(u.0) = pins.o,
condition (3.13) can be rewritten as

(316) Uxo0 — Ug = Z )\Z'/J,il’li*().
i€l

Thanks to (3.14), we obtain g;(u.g) = 0 for all ¢ € I, which along with u.g € 9G
leads to

u, €S; =0G; NIG Viel,.

Because ug € G, we then have (ug — u.g) - nso > 0 for all ¢ € 1. This, together
with (3.16) and u.g # uo, leads to a contradiction:

0> —|[up — w3 = (1o — o) - (o — o)

= (up — ) - | D Nistimino | = > Xigti (Wg — Wap) - Ming > 0.

i€l i€l

Hence the assumption G, € cl(G) is incorrect. We have G, C cl(G).

(iii) Prove that G, C G. If T =0, then G is a closed region and G = cl(G). We
immediately obtain G, C G from step (ii). In the following, we focus on I # @ and
prove G, C G by contradiction. Assume that there exists ug € Gy, but ug ¢ G. As
we have shown G, C cl(G) in step (ii), we then get ug € cl(G) \ G = 9G. Note that
uy € G, implies

(up —uy) ‘g >0 Yu, € S;, Viel,

which leads to ug ¢ S; = 9G; NOG for all i € 1. It follows that ug ¢ 9G; for all i € L.
For i € I, one has ug € cl(G) C cl(G;), which gives

(317) ug € Cl(Gz) \8G7 =G; Viel

On the other hand, uy € cl(G) C N, 4G;, which along with (3.17) implies ug €
(Nie1Gy) N (ﬂieﬁGi) = (. This contradicts the assumption that uy ¢ G. Hence the
assumption is incorrect, and we have G, C G.

Combining the conclusions proven in steps (i) and (iii), we obtain G = G... d

Remark 3.12. If we replace S; with S; N dG for i € T in (3.8), Theorem 3.11
remains valid, because for i € I we have {u: (u—u,) ‘n;x > 0Vu, € §;} = {u:
(u—uy)  n; > 0Vu, € S;NOGY.

Remark 3.13. An illustration of the GQL representation (3.8) for N = 2 is shown
in Figure 3. In contrast to (3.6), the GQL representation (3.8) involves only at most
N rather than all the supporting halfspaces at each nonsmooth “junction” point. This
feature makes the GQL representation (3.8) much easier to formulate and construct.
Besides, Theorem 3.11 does not require G to be closed or open.
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U2
2

15E

0.5

Fig. 7: xxx.

Fig. 3 Illustration of the GQL representation for the convezx region G given in Figure 2. The blue
(resp., red) lines correspond to closed (resp., open) supporting halfspaces.

Remark 3.14. The support function [88] for G is defined by 1(n.) := sup,co{u-
n,}, whose effective domain is denoted as N := {n, € RY : ¢(n,) < +oc}. If the
convex region G is either closed or open, then by the support function [88, Theorem
13.1], one can derive G = {u €e RV : ¢(n,) —u-n, =0 Vn, € '\ {0}}. This rep-
resentation has the same limitations as (3.6), involving all the supporting halfspaces
at each nonsmooth point. Moreover, it is in general quite difficult to compute the
support function, e.g., for the invariant regions in section 2.

Remark 3.15 (relation to Legendre transform). In some special cases, it is also
possible to interpret the GQL representation geometrically via the Legendre transform.
For example, consider G = {u € R? : g(u) > 0} with g(u) = uz — f(u1) being
concave. That is, the function f is convex, with its Legendre transform [3] defined
as f(sy) = sup,,, {s«u1 — f(u1)}. For any fixed s, with F(s.) < 400, the line uy =
Syl — f(s*) is tangent to the graph of f with slope s,. By convexity of f, the
envelope of all these tangent lines has the equation us = f(uy) (see [3, pages 63-64]),
which defines the boundary of G. Hence, the set G' has the equivalent representation
G, ={u:us > s,u; — f(s«) Vs« }. Note that here the free auxiliary variable s, plays
the role of slope, which is different from u, in Theorem 3.11. Similar to (3.8), the
representation based on the Legendre transform also has the limitation discussed in
Example 3.10. Moreover, it seems that the Legendre transform may not apply in our
general cases, especially when {g;} are not concave.

Remark 3.16 (significance of GQL). Compared to the original nonlinear form
(3.1) of the invariant region G, its equivalent GQL representation G, in (3.8) is
described with only linear constraints. Such linearity has great advantages over the
original nonlinear form (3.1) in analyzing and designing bound-preserving schemes;
see sections 5 to 7.

4. Construction of Geometric Quasilinearization. Based on Theorems 3.11
and 3.2, we introduce three simple effective methods for constructing the GQL repre-
sentation of G. Several specific examples and applications will be given in sections 5
to 7.
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4.1. Gradient-Based Method. The first method is based on the following result,
which is a direct consequence of Theorem 3.11.

THEOREM 4.1. Assume that the hypotheses of Theorem 3.11 hold and
(4.1) Vgi(u,) #0 Yu, €S, 1 <i <
then the invariant region G is exactly equivalent to
(4.2) G*:{uERN: vi(u;u,) =0 Yu, €8, 1§i§[},
where the function p; is linear with respect to u, defined by
(4.3) piuin,) == (u—u,) - Vg,(u.).

Theorem 4.1 says that if {Vg;} are computable and satisfy (4.1), then we can
directly obtain the GQL representation in the form (4.2) with (4.3).

In some cases, however, it is difficult to calculate the gradients of nonlinear func-
tions {g;}, e.g., the implicit functions in (2.8) and (2.15). This motivates us to propose
the following cross-product method based on a suitable parametrization of the hyper-
surface S;. The use of parametrization can also reduce or decouple the free auxiliary
variables, which is highly desirable for bound-preserving applications; see Remark 5.2
and the examples in sections 5 and 6.

4.2. Cross-Product Method. Assume that for each i the hypersurface S; has the
parametric expression

(44) S, = {Ll* = UZ(HZ*) : 0, €0, C RN_I},

where Uj; is a C! vector function defined on the parameter domain ©; with S; being
the function range. Denote 95]: ) as the kth component of 6;,. For each i, we define

_0u;
00"

The vectors {7; 1 (0;x) : 1 <k < N—1} are (N —1) tangent vectors of the hypersurface

S; and generate its local tangent space at u,. Then, the normal vector of S; at u.

can be constructed using the (N — 1)-ary analogue of the cross product (cf. [96, pages
83-85)) in R,

T 1 (0ix) : 1<k<N-1.

N-1
N, = s /\ Ti 0 (032) 1= 0501 (0:2) X Ti2(03) X -+ X Ty n_1(0:4),
k=1

where d;, is a nonzero factor, which may be used to simplify the final formula or to
adjust the sign such that n,, is directed toward the interior of G.
As a direct consequence of Theorem 3.11, the following result holds.

THEOREM 4.2. Suppose the hypotheses of Theorem 3.11 hold and

N-1
/\ Tik(0ix) #0 V0, € ©;, 1 <i<1T;
k=1

then the region G is exactly equivalent to

(4.5) G*:{ueRN: 0i(1;0:,) = 0 V0, €O, 1§i§]},
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where the function @; is linear with respect to u, defined by

N-1
(4.6) pi(u;0:.) i= (= Ui(6i)) - (5 A n,k(oi*)> .

k=1

Remark 4.3 (parametrization). The choices of free auxiliary variables are not
unique. They can depend on the parametrization of the region boundary if the above
cross-product method is used. Different sets of free auxiliary variables may lead to
possibly different formulations of the GQL representation, which are all equivalent to
G. However, a suitable set of free auxiliary variables facilitates the derivation of the
GQL representation and the bound-preserving analysis. In many cases, there exists
a natural physics-based parametrization of the hypersurface S;; see the examples in
sections 5 and 6. The advantages of using the parametric form (4.4) in the GQL rep-
resentation will become more clear in the examples and bound-preserving applications
in sections 5 to 7.

4.3. Constructive Method. For completeness, we also summarize the construc-
tive approach and its variant as our third method. Recall that Theorem 3.2 has told
us that if we can construct linear functions ¢;(u;6;.), 1 < i < I, such that (3.3)
holds, then the GQL representation of G is (3.2). The constructive approach does not
require the assumptions in Theorems 4.1 and 4.2, but it often needs some empirical
trial-and-error techniques to find the qualified {¢;}. In practice, one may use the pro-
posed three methods in a hybrid way: first formulate {¢;} formally via either (4.3) or
(4.6) and then verify (3.3). Such a hybrid approach is efficient, as it may exempt the
assumptions in Theorems 4.1 and 4.2 and also avoid the trial-and-error procedure.

5. GQL for Bound-Preserving Study on Euler and Navier-Stokes Systems.
As an example, this section discusses in detail the GQL approach for the preservation
of a particular invariant region (2.2), which is shared by the Euler and Navier—Stokes
systems. We will illustrate how to use the methods in section 4 to derive the GQL
representation and show the advantages of the GQL approach for bound-preserving
study. More challenging examples and applications of GQL will be discussed in sec-
tions 6 and 7 for various PDE systems.

5.1. GQL Representation of Invariant Region. We first derive the GQL repre-
sentation of the invariant region G in (2.2).

THEOREM 5.1. For the 1D Euler and Navier—Stokes systems, the GQL represen-
tation of the invariant region G in (2.2) is given by

(5.1) G.={u=(pmE): p>0, puv,) >0 Vv, € R}

2
with o(u;v,) :== E —mu, + p% being linearly dependent on u.

Proof. For illustrative purposes, we use the three methods proposed in section 4
to derive the GQL representation for this example. Note that the first constraint in
(2.2) is linear.

(1) Gradient-based method. For the second constraint in (2.2), the gradient of the
internal energy g(u) = E—g”—; is Vg(u) = (2’”722, -, 1)", and the associated boundary
hypersurface S = {u, = (px, M, E.)T : p. >0, g(u.) = 0} can be parameterized as

.
(5.2) S = {u* = (p*,p*v*, %Uf) 2pe >0, v, € R}.
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For u, € S and u = (p,m, E)", we have

112 *
(@) Vg(w) = (p— p) 5 + (m = pov) () + B = Bo? = o).

By Theorem 4.1, we obtain the GQL representation (5.1) of G.
(ii) Cross-product method. Based on the parametrization of S in (5.2), we can
compute the normal vector of S at u, by cross product,

du, _ ou, 1,\" 1 T
az* X 82)1* = <1,'U*,2”Uf> X (Oap*ap*v*)T = P+ <2’UE,U*,1) = Ty,

where 6, = 1/p, is a nonzero factor. By Theorem 4.2 and (u — u.) - n, = o(u;v.),
we get (5.1).
(iii) Constructive method. Observe that

2

p(u;v,) = E— mu, + p%* = g (v* - TZ) +9(u) = g(u),

which implies min,, cr ¢(u;v.) = g(u) for p > 0. By Theorem 3.2, one also obtains
(5.1). O

Remark 5.2. Note that only one free auxiliary variable v, appears explicitly in
the GQL representation (5.1). This is due to the use of the parametric form (5.2).

Remark 5.3 (physical interpretation of GQL). It seems that the linear function
©(u;v,) plays an energy-like role from a physical point of view. For the present
example, p(u;v.) = %,o(v—v*)2 +pe, which represents the total energy in the reference
frame moving at a velocity of v,.

One can similarly utilize the cross-product method to construct the GQL rep-
resentation of the invariant region G in (2.3), where the minimum entropy principle
S(u) :=pp~' > S,.in is also included as a constraint.

THEOREM 5.4. For the 1D Euler and Navier-Stokes systems, the GQL represen-
tation of the invariant region G in (2.3) is given by

(5.3) G, = {u =(p,m,E)" = p>0, 3(u;ps,v.) >0 Vp, eRT, Vo, € R}

with (W ps, vs) := W - Ny + Spinpl and n, 1= (g — Sriffir_l, — Uy, I)T

Proof. We only need to handle the nonlinear constraint g(u) > 0 in (2.3), with
the boundary hypersurface S := {u, = (p«, m«, Ex) : p« > 0, g(u,) = 0}. Motivated
by the equivalence of g(u) = 0 and p = S,inp", we find a natural physics-based

parametrization of S given by

-
o 1 S’r in £
S= {u* = (p*, P Vs, 2p*vf+rn_q) tope >0, v, GR}.

Then we can derive the normal vector n, of S at u, by cross product,

au* 611* sznrp£_1 /Uf ' T
e Ovn <1’ o 11 T o) X0 pe pvs) = pans

By Theorem 4.2 and (u — u,) - n, = @(u; p«, vs), we obtain the GQL representation
(5.3). O
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5.2. GQL for Bound-Preserving Analysis. Consider a finite volume scheme

(5.4) W=y o (f, - 1y)
for solving the 1D Euler system (2.1) on a uniform spatial mesh {[x;_1 /2, 2;11/2]} with
o := At/Az denoting the ratio of the temporal step-size At to the spatial step-size
Azx. AHere u} is an approximation to the average of u(z,t,) on cell [x;_1/2,%;41/2],
and f; /5 is a numerical flux at x;,,/5. For system (2.1), f(u) = vu + p(0, L)',
which will be used in the following analysis.

We apply the GQL approach to analyze the bound-preserving property of the
scheme (5.4) with the invariant region G defined in (2.2). Thanks to the GQL repre-
sentation in Theorem 5.1, we have

(5.5) G=G.={u: u-e; >0, u-n, >0 Vo, € R}

. 2 T .
with e; := (1,0,0)" and n, := (%*, —,, 1) . GQL converts the nonlinear bound-
preserving problem into preserving the positivity of u-e; and u - n,, which are both
linear scalar functions with respect to u, and thus simplifies the bound-preserving

study.

5.2.1. Lax-Friedrichs Scheme for Euler System. To clearly illustrate the basic
idea, we begin with the simple Lax—Friedrichs scheme with the numerical flux f;; /o
taken to be

¢ —n —=n 1 =n =n =n =n
(5.6) BF (@), 07) o= 5 (£ + (@) — an(@)e, — 7)),

where o, 1= max; a(0}) with a(u) := [v| + /I'p/p being the spectral radius of the
Jacobian matrix 0f /0u. Given that uj € G for all j, we wish that ﬁ?"|r1 € G.
For n = e; and n = n,, thanks to the linearity of u-n, we obtain

n+1

o
u/" n=(l-oa,)0} n+ f(anﬁ;ﬂrl n—f(u},) n+a,uj_ -n+f(u,) -n).

7 2

The problem boils down to controlling the effect of f(u’}) - n by using the positivity
of uj,, -n. For any u € GG, we have u-n > 0 and

tf(u)-e; =Fv(u-e) < a(u)u-eq,
+f(u) - n, = tv(u-n,) £ p(v — v,

(5.7) < Jol(u-n.) + (;pw ) +pe) p

pV2e
P

= ||+ ——= | u-n, <auu-n,,
(11 7z) w

which yield o, @}, - n ¥ f(a},;) - n > 0. Here the step (5.7) follows from the AM-

GM inequality 3p(v — v.)? + pe > 2y/1p(v —v.)%pe = |v — vi|pv2e. Thus, we

obtain ﬁ;”rl n > (1- aan)ﬁ? -n > 0 provided that oa,, < 1. This proves that
the scheme (5.4) with the Lax—Friedrichs flux (5.6) is bound-preserving under the
standard Courant—Friedrichs-Lewy (CFL) condition ooy, < 1.
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Remark 5.5. As we have seen, unlike the direct approaches that require substi-
tuting the target scheme into the original nonlinear constraint of G in (2.2), the GQL
approach skillfully transforms all the constraints to linear ones which can be investi-
gated in a unified and easier way. The above analysis also applies to a general equation
of state if we redefine a(u) := |v| + max{c,, p/(pv/2¢)}, where c, is the sound speed.

Remark 5.6. A classic approach showing the positivity of the Lax—Friedrichs
scheme is based on a certain average of the exact Riemann solutions to two split
equations; see [86, page 129] for details. To avoid the interaction of waves, the proof
in [86] actually requires o, to be a rigorous upper bound of the maximum wave
speed (this is not tractable when fast shocks exist, as discussed in [43]), and it also
needs a stricter CFL condition o, < % The approach in [86] is not applicable
to multidimensional MHD systems [104, 106, 108], whose exact Riemann solutions
are generally not bound-preserving when there is a jump in the magnetic component
normal to the cell interface.

5.2.2. Gas-Kinetic Scheme for Euler System. In order to demonstrate the sig-
nificant advantages of the GQL approach in bound-preserving analysis, we consider
a challenging example—the gas-kinetic scheme [101] with the numerical flux f'jﬂ /2
taken to be

(5.8) EGK(un ujy,) = f*(a )+f (u}q),

(5.9) /]Ri /RM o +€2) F(w, & u)dédw,

2

where w is the particle velocity, & € RM denotes the internal variables with the degrees
of freedom M = (3 —T")/(I" — 1), and the equilibrium distribution function F is

M+41

(510) F(’LU,S;U) = (i) 2 e_)\((w—v)2+|\g‘|2)’

with p the fluid velocity, v the fluid velocity, and A = p/(2p).

The bound-preserving property of this scheme was studied in, for example, [39,
101]. A traditional approach in [101] consists of three steps: (i) evaluate the integra-
tion (5.9) as

C,M,2

%erfe(;va) + l

(5.11) £ (u) = p (£+%) erfc@fu) i ge 2
3 2 —Av

(5 + 220) erfe(mva0) = (5 +2532) 5

j

with erfe(z) := % f;oo e~ dw; (ii) plug the numerical flux (5.8) with (5.11) into
(5.4) and split the scheme (5.4) into two steps; and (iii) check the bound-preserving
properties of the split schemes by verifying the original nonlinear constraints of G in
(2.2). For this scheme, verifying the nonlinear constraint in (2.2) is very difficult and
complicated.

Owing to the linear feature, the GQL approach is highly effective for this chal-
lenging case. For n = e; or n = n,, thanks to the linearity of u - n, we obtain

nfor(er( " —f(u )) nfaf*(ﬁ?+1)~n+af+(ﬁ?_l)-n.
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Note that, for any u € G, we have F(w,&;u) > 0 and
(5.12) +f*(u) e, = / / |w|F(w, &;u)dédw > 0,
R JRM
0N M N2 2 )
(5.13) +H*(u) -n, = (w—wve)* +||€])* ) F(w, & u)dédw > 0.
RE JRM 2
It follows, for n = e; and n = n,, respectively, that

(5.14) u/*'.n>a}-n—o(f*(a}) - (a})) - n.

Next, we use the positivity of u-n to bound the effect of (f*(u) — £~ (u))-n as follows:

()~ £ (w) e = (u-en) (2 ) ([ wteeran)
>(j) ([t o= oo aw)

(5.15) = (u-e) <|v| + 1/\/7TA) < a(w)u-e,
(e - @) ne = [ [ (- 02 + 67 Pl gujaga
" RJRM 2 ' Y

= /R/RM w((u} — )2+ H£||2)F(w,§; w)dédw

<

=1

M+ 2
_ . _ 2
= |v|(u - ny) (v V) 2)\>
M+1\ M+2
< ‘n, )+
< Pl(u-n)+ 2 (” Y 2 )M+1
(5.16) = (o) + 2 (A)é (u n.) < a(u)(u-n,)
. = |v M+17r u-n, a(u)(u - ny,).

This implies (f*( 1) —f(u})) -n < a(@})a} -n < a,u} -n. It then follows from
(5.14) that u’f“ n> (1- O’Oén)ﬁ? -n > 0, provided that ca;,, < 1. This proves

that the scheme (5.4) with the gas-kinetic flux (5.8) is bound-preserving under the
standard CFL condition ca,, < 1.

Remark 5.7. The linearity of GQL brought about by introducing the free auxil-
iary variable v, provides remarkable advantages in our above analysis. Because v, is
independent of all the system variables u, it can freely move across the integrals. We
no longer need to substitute a complicated scheme into the nonlinear function g(u)
in (2.2) to verify g(u) > 0. Instead, we work on the simpler but equivalent linear
constraint u-n > 0. The interested reader can compare the above analysis based on
GQL and the traditional analysis in [101].

5.2.3. High-Order Schemes. The GQL approach can also be used in conjunc-
tion with the limiter-based framework [122] to explore high-order bound-preserving
schemes. Consider a (K + 1)-order scheme (5.4) with the numerical flux

e e +
(5.17) fj+% f( j+13 j+%)7

where f(-, -) is a bound-preserving numerical flux, and we take the gas-kinetic flux (5.8)

:t P n 3 3 n 3
as the example. Here us = lim, o+ uh(:cH% +¢), in which u}}(z) is a reconstructed
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piecewise polynomial vector of degree K as a (K 4 1)-order approximation to u(z,t,).
Note that the scheme (5.4) can also be regarded as the discrete equations satisfied
by cell averages of the discontinuous Galerkin schemes [122], for which the following
analysis is also applicable.

Suppose ujiJr1 € G for all j. For n = e; or n = n,, thanks to the linearity of

u - n, we have for the scheme (5.4) with (5.17) that

)+ £ (u;i%)) ‘n

M\»—l

(5.18) >1u}-n—oft(u

u/t.n= ﬁ?'n*0<f+( )+f ( j+%)) n+a(f+(u
i ),

j+%)~n—|—af (uf i

N

where we have used (5.12)—(5.13). As clearly revealed by the GQL approach, the
preservation of region G essentially hinges on using the positive term uj-n to dominate
the potentially negative terms in (5.18), similar to the linear bound-preserving analysis
in the scalar case. Recall that for any u € G, the estimates (5.15)—(5.16) give £ (u) -
n—f~(u) -n < a(u)u - n, which, along with £f*(u) - n > 0, leads to £f*(u) -n <
a(u)u - n. Thus we have from (5.18) that

+

(5.19) ﬁ}’“ ‘n>uj-n-— O'O[nll;_i_% ‘n-oapu, cn
with a,, := max; a(u® w 1 ). As observed in [121], the cell average @} - n can be used to
bound the values u~” p1n and uj pn at two endpoints inside the cell [z;_1 /2, Z;41 /2],
due to the exactness of L-point Gauss-Lobatto quadrature with L = [%W for
polynomials of degree k; namely,
L-1
(5.20) 4@} -n = Zw#u (“) ‘n= Z @uuﬁ(’x\g“)) ‘n+ (u;% ‘ntul, ~n) ,
pn=2

where {@u,x;m}lgugL are the quadrature weights and nodes on [2;_1 /2, Z;41/2]. If

(5.21) w @) eG i,
then uh(A(“)) -n > 0, and combining (5.19) with (5.20) gives ﬁ}”‘l n > (0 —
Uozn)(uj_l n4u;, - n) > 0 under the CFL condition ooy, < @;.

2 2

Remark 5.8. The above analysis indicates that the high-order scheme (5.4) with
(5.17) is bound-preserving under the CFL condition oa, < @&y, if (5.21) is satisfied.
This conclusion is consistent with [122], while (5.21) can be enforced by the scaling
limiter in [122]. The theoretical CFL condition ow, < @; suggests that a CFL
number not exceeding &, is sufficient for bound preservation. For the (K + 1)th-order
discontinuous Galerkin scheme, such a CFL number is comparable to the standard
one Cerg 1= 2K+1, for example, W3 = 1/6 and Cgeq = 1/5 for K = 2; & = 1/6
and Cgeq = 1/7 for K = 3. However, for some finite volume schemes, the theoretical
CFL condition is stricter than the standard condition. A practical implementation is
that if the cell averages evolved with the standard CFL go outside G, we restart the
computation from the last time step with half of At and then proceed. The theoretical
proof guarantees that one only needs to restart for at most a fixed number of times.

Remark 5.9. Based on the GQL approach, the preservation of nonlinear con-
straints is cast into a simple linear positivity-preserving problem as in the scalar case.
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This is different from the standard analysis approach in [122, 123], which typically
relies on decomposing high-order schemes into convex combinations of some bound-
preserving subterms (this strategy may fail in some cases such as the MHD systems
[106, 107, 108]). Since the linear feature of GQL has already naturally incorporated
the convexity of G into the GQL representation, the technical role of convex decom-
position is no longer essential.

5.2.4. A Bound-Preserving Scheme for Navier-Stokes System. Consider the
scheme

P P At 7
—n+1 _ =n
(5.22) = o (i —fy) + 15 H
with H; := r(u},) — %r(ﬁ?) +r(u}_,) for solving the 1D Navier-Stokes equations

(2.4); see [119]. Here f; /5 is taken as a bound-preserving numerical flux for the
Euler system (2.1), for example, the Lax—Friedrichs flux (5.6) or the gas-kinetic flux
(5.8), which satisfy the following: if u}} € G for all j, then

(£43 -f_y) n<auf-n V)

holds for n = e; and n = n,, according to the analysis in subsections 5.2.1 and 5.2.2.
Thus we have

At n o
Az2Re
Thanks to GQL, we clearly see that the bound-preserving essence is to control the
potentially negative term H; - n by the positive term u} - n. Note that H; - e; = 0,
and so ﬁ;‘“ cep > (1-— oan)ﬁ? -e; > 0if oa, < 1. For any u € G and v, € R, we
have

(5.23) ﬁ?“ ‘n> (1 —-oa,)uj -n+ ‘1.

: 1 r 2 r 1 2

Hj ‘n, = (r(ﬁ?+1) -n, + r(ﬁﬂ 1) . n*) — 21-(1‘1?) -1,

Vv
/T\
N"*Cw

I
M‘*Cw
N—

I

[N}

=

Q

B
—N

-
o

o] ‘ —~
=
H/_/
|~

~—

[=]]
S-3

=

*

S~—

I
M‘*QL\J
N———

It then follows from (5.23) that
At n 2 r
—n+1 =n 7"
" on > (1—oa,)uf - n. — max{l, Prn} (@” - n,).

We then immediately have 1_12”r1 -n, > 0, provided that

At At 2 r
24 a2 =l
(5:24) Ay + Az? piRe Hax {77 Pr}

In conclusion, the scheme (5.22) is bound-preserving under condition (5.24).
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Remark 5.10. A standard approach for handling bound-preserving problems with
multiple terms (e.g., convection term and diffusion term [119], or convection term and
source term [123]) is based on decomposing the schemes into a convex combination of
some subterms and then enforcing all the subterms in G. This may lead to stricter
conditions on the time step-size At.

6. More Examples of GQL. This section provides more examples on GQL rep-
resentations of invariant regions and further illustrates the advantages of GQL for
bound-preserving study. The application of GQL to designing high-order bound-
preserving schemes will also be explored in section 7 for the multicomponent MHD sys-
tem, to further demonstrate the capability of GQL in addressing challenging bound-
preserving problems that could not be handled by direct approaches.

6.1. Example I: Ideal MHD System.

THEOREM 6.1. For the ideal MHD system (2.12), the GQL representation of the
invariant region G in (2.13) is given by

(6.1) G.= {u =(p,m,B,E)T €R®: p>0, p(u;v,,B,) >0 Vu,,B, € R3}

with p(u;v4, By) :=u-n, + M and n, := (w,—v*, -B,, 1)T.

Proof. The representation (6.1) was first established in [104] by technical algebraic
manipulations. We illustrate a different derivation using the gradient-based method
and Theorem 4.1. For the nonlinear constraint in (2.13), the gradient of g(u) is

Vg(u) = (”;’;!2 , —%, -B, l)T, and the corresponding boundary hypersurface is S :=
{u, = (ps,m,, B, E,)" @ p. > 0,9(u,) = 0}. Based on the equivalence of g(u) = 0
and p = 0, we obtain a natural physics-based parametrization of S:

.
1
S= {u* = (p*,p*v*va 5 (pellva* + |B*||2)> pe>0, v, €R® B, € R3}.

For u, € S and u = (p,m,B,E)", we have (u — u.) - Vg(u.) = p(u;v,,B,). By
Theorem 4.1, we obtain the GQL representation (6.1). d

Remark 6.2 (bound-preserving applications). The GQL approach with (6.1)
opened a door to studying provably bound-preserving schemes for MHD [104, 106,
107]. Most notably, it led to the discovery of the intrinsic relations between the bound-
preserving and magnetic divergence-free properties, which had been unclear for a long
time [104]. In fact, before the works [104, 106, 107] motivated by GQL, there was no
rigorous proof for the bound-preserving property of any (even first-order) scheme for
multidimensional MHD, as mentioned in [21, page A1835].

6.2. Example 2: Relativistic Hydrodynamic System.

THEOREM 6.3. For the 1D RHD system (2.6), the GQL representation of the
invariant region G in (2.7) is given by

(6.2) G.={u=D,mE)" :D >0, p(wjv,) >0 Vv, € (-1,1)},

with p(u;v,) := E —mu, — Dy/1 —v2 being a linear function of u.
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Proof. The first constraint in (2.7) is linear. We deal with the second one using
the constructive method. The Cauchy—Schwarz inequality implies

2
o(uyve) > E —/D? +m?y/v2 + (\/1 — vf) = g(u),

where equality holds if v, = m/vD? 4+ m?, namely, min, ¢_11)@(w;v.) = g(u).
According to Theorem 3.2, we get the GQL representation (6.2). a0

We now utilize the cross-product method to construct the GQL representation of
the invariant region G in (2.8), where the minimum entropy principle is also included
as a constraint.

THEOREM 6.4. For the 1D RHD system (2.6), the GQL representation of the
invariant region G in (2.8) is given by

(6.3) G, = {u =(D,mE) : p>0, gu;p.,v.)>0 Yp, e R, Yo, € (71,1)},

with P(W; px, V4) := W - Ny + Spinpl and n, := (f\/l - vf(l + Srif’ir_l), — Vs, l)T.
Proof. We only need to tackle the second and third constraints in (2.8). For
the third one, g(u) > 0, the corresponding boundary hypersurface is S = {u, =
(ps; M, Ei) = ps > 0, g(uy) > 0, g(u.) = 0}. Based on the equivalence of g(u) =0
and p = S,inp', we obtain a natural physics-based parametrization of S , namely,

SminTpl SminTpL
S—du.= | 2 (p*+ 1 )% pet TR
=
1—02 1—o2 o1 —2

T

du, du, :
oo X B with

8y 1= (1 —v.)%2(ps + Zminl pT'(1 42 —va))_l. By Theorem 4.2 and (u—1u,) -n, =
o(u; px, vy), the GQL representation for g(u) > 0 is

We can then derive the normal vector n, of S at u, by cross product

(6.4) o(w; ps,vs) >0 Vp, €RT, Vo, €R.

Note that S,,;n» > 0 and

sz'n D2 F_~ . D2 m
9 > 90 = v Vo) =\ Vo VDr e )

which means that (6.4) also implies g(u) > 0 in (2.8). That is, the second and third
constraints in (2.8) can be equivalently represented by (6.4). We therefore obtain the
GQL representation (6.3). 0

Remark 6.5 (bound-preserving application). The GQL approach with (6.3) played
a critical role in developing provably invariant-region-preserving schemes for RHD in
[105].

6.3. Example 3: Relativistic MHD System.

THEOREM 6.6. For the relativistic MHD system (2.14), the GQL representation
of the invariant region G in (2.15) is given by

6.5) G, = {u ER®: D >0, p(w;v,,B,) >0 VB, €R3, Vo, € 15%1(0)}7
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where u = (D,m,B,E)T, B1(0) := {x € R® : ||z|| < 1} 4s a unit 3D ball, and the
linear function p(u;v., B,) :=u-n, + pk, with
1

66)  phi= 5 (1= o) B + (0. BL)?).

]
60 ne= (/1= el —o. 0 o8, - (0 B 1)

Note that p¥, and n, only depend on the free auziliary variables (v, B.).

Proof. As shown in [110], the region G in (2.15) can be equivalently represented
as

(6.8) G:{uERS: D >0, ga(u) >0, p(u) >0},

with go(u) := E — /D? + ||m]|2. Although the implicit function p(u) defined in
(1.6) cannot be explicitly formulated, the corresponding boundary hypersurface S :=
{u, = (D.,m,,B,,E,)" : D, > 0,g2(u.) > 0,p(u.) = 0} has an explicit physics-
based parametrization

S= {11* = (p*'%n P*Vf’v* + ||B*||2’U* - (’U* . B*)B*> B*a
T
P2+ BuP =) ip. >0, B, € R, v, € By(0)}

with p%, defined in (6.6) and v, := (1 — ||v,]|2)2. This parametrization is helpful for
dealing with the highly nonlinear constraint p(u) > 0 by the cross-product method.
For 1 < i < 3, denote e; := (d1;,02,03;) with ¢;; the Kronecker delta. Taking
the partial derivatives of u, with respect to the parametric variables {p.,v., B.},
we can obtain the expressions (omitted here) of g‘;:, g;i, and 881151;’ which are all

perpendicular to the nonzero vector n, defined in (6.7). This means n, is parallel to

3 3
Ou, Ou. Ou, : : :
the cross product 6;* (i:1 ﬁ) X (ii\1 851-* ), implying that n, is a normal vector of
S at u,. It can be verified that n, is always directed toward the concave side of S. By
Theorem 4.2 and (u — w,) - n, = ¢(u;v,, B,), we know that the GQL representation

for p(u) > 0 is
(6.9) o(u;v,,B,) >0 VB, €R® Vo, cBi(0).

By taking v, = m/y/D? + |m||? and B, = 0, we obtain ¢(u; v, B.) = g2(u), which
means that (6.9) also implies go(u) > 0 in (6.8). In other words, the second and third
constraints in (6.8) can be equivalently represented by (6.9). Therefore, we obtain
the GQL representation (6.5). ad

Remark 6.7 (bound-preserving application). In the original form (2.15) of G,
two constraints are highly nonlinear and cannot be explicitly formulated, making the
bound-preserving study eztremely difficult. However, all the constraints in the GQL
representation (6.5) are explicit and linear, greatly facilitating the analysis and design
of bound-preserving relativistic MHD schemes; see [108].

6.4. Example 4: Ten-Moment Gaussian Closure System.

THEOREM 6.8. For the 2D ten-moment Gaussian closure system (2.9), the GQL
representation of the invariant region G in (2.11) is given by

(6.10) G.= {u €ERC:u-e; >0, p(u;z,v,) >0 Vv, € R? VzeR?\ {0}},
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where e1 := (1,0,...,0)7, u := (p,m, E11, F12, E22) ", and the function o(u; z,v,)
is linear with respect to u:

(6.11) o(u;z,v,) = 2" (E—m@v*+pv*(§)v*>z.

Proof. We only need to deal with the nonlinear constraint in (2.11). Note that

2
p(u;z,v.) =2" (E - mim> z+g : (v* - TZ) ;
which implies min,_cge p(u;z,v,) = 2" (E - mgim)z. By Theorem 3.2, we obtain

(6.10). O

Remark 6.9 (bound-preserving application). In the original form (2.10) of G, the
second constraint is the positive-definiteness of a matrix E — mg@m, which depends
nonlinearly on u. This leads to the challenges in the bound-preserving study. Thanks
to Theorem 6.8, the invariant region G is equivalently represented as (6.10) with only
linear constraints.

To illustrate the advantages of the GQL approach, we use it to investigate the

bound-preserving property of the scheme

(6.12) ﬁZ‘H =uj; — o1 (fl,i+%,j - fl,i—éu‘) — 02 (fQ,z’,j—F% - f2,i,j—%)

for solving the Gaussian closure equations (2.9) on a uniform Cartesian mesh
{[Tic1/2, Tig12] X [Yi—1/2,Yj41/2]}, with o1 = %, oy = ﬁ—;. Here u; denotes an
approximation to the average of u(x,y,t,) on each cell, and the Lax—Friedrichs nu-
merical fluxes are considered, i.e.,

-

(6.13) fliviyey =E0 @, 0, ), foijrre =7 (@, A7 ,,),

(6.14) FLF (ul, ul?t) .= §(fg(u ) + fo(uf) — ap(u — uL)), =12,

=y

where oy, = max;; ag(uij) and ag(u) := |ve| + /pee/p
For system (2.9) and any u € G we have fy(u) - e; = v¢(u-e1) and

+fy(u) - e1 < |vef(u-e1) < ag(u)(u-ey),

which gives uf]H e; > 0 under the CFL condition oy, + 02a2,, < 1. In the

following, we focus on the second constraint in (6.10). Thanks to the linearity of
80(7 Z,’U*)7 we obtain

(6.15) p(fi(u); z,v.) = vio(u; z,v4) + [2- (v —v.)] (p1 - 2)

with the vector p; := (p11,p12) . For any u € G, using the AM-GM inequality gives

p1 - 2|

= @) (pr-2)| < gupmT L (0 v+ e

2
D11 23 det(p) D11
= <p(u;z,’u*) - S @(UJZ,'U*)v
P 2y/pp11

which together with the identity (6.15) yields

(6.16) £ o(fi(u); z,v,) < <|vl\ +v/p11/ ) u; z,v,) = a1 (u)p(u; z,v.).
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Using the linearity of ¢(; z,v,) again and (6.16), we obtain

P (f‘l,i-l—%g f1 =15 27’0*> i+1,j); Z,0,) — al,n@(ﬁ?ﬂ,j; z, ’U*)]

5[

1
+§ [7(p(f1(u1 1]) z U*) O‘L”@( i—1,50%> 'U*)]
+ o

Qo(ﬁzj’z ’U*) < O‘Ln@( 1]>z ’U*)

Similarly, we have <p(f'271;7j+% - f2,i,j—%; z,v,) < agpp(ul 13 %, vx). It then follows that

(6.17) e (U z,0,.) > (1 — o100, — 020, ¢ (T

i 1 2,0,) >0

R

under the CFL condition 011, + 0202 , < 1. This, along with u”Jr1 e; > 0, implies

7"+1 € G, = G and the bound-preserving property of the scheme (6 12) with (6.13).

7. GQL for Design of Bound-Preserving Schemes for Multicomponent MHD.
This section applies the GQL approach to developing bound-preserving high-order
finite volume and discontinuous Galerkin schemes for the multicomponent MHD sys-
tem. We mainly focus on the 2D case, while our discussions are extensible to the 3D
case. The 2D multicomponent compressible MHD system for an ideal fluid mixture
with N. components can be written as

(7.1a) Opu + 081 (u) + 9yfa(u) =0,
pY pYug
P pPYe
(71b) u=| m |, fg(u) = muy — BBy + poter , £=1,2,
B Bv, —vBy
FE W(E +ptot) - Be(’v . B)

along with the extra divergence-free condition on the magnetic field B:

In (7.1b), p denotes the total density, m = pv is the momentum with v the fluid veloc-

ity, Y = (Y1,...,Y,._1)" denotes the mass fractions of the first (n. — 1) components,
2

the mass fraction of the n.th component is ¥,,, :=1— 26:_11 Yy, and pior = p+ @

is the total pressure, with the thermal pressure p calculated by

lm|* _ IB| ket kG Vi
7.3 =T(uw)-1)|E—-"——-"—1, [(u) = &kl P70 b
@ =y (p- 1001 (u) = BT

where C,, > 0 and I', > 1, respectively, denote the heat capacity at constant volume
and the ratio of specific heats for species k.

7.1. GQL Representation of Invariant Region. For the system (7.1), the total
density p and the thermal pressure p are both positive, and the mass fractions {¥} }<
are between 0 and 1. These constraints constitute the invariant region

(7.4) G={ueR™7: 0<Y, <1, 1<k<n p>0, pu) >0},

where p(u) is a highly nonlinear function defined by (7.3). Due to the strong nonlinear-
ity and the underlying connections between the bound-preserving and divergence-free
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properties, the design and analysis of bound-preserving schemes for system (7.1) are
highly challenging.

Following the GQL framework, the convex region G in (7.4) can be equivalently
represented as
(7.5)
G*:{u ER™ 7 u-e,>0,0<k<n,, u-e,, >0, p(u;v,,B,)>0Vv,,B, € R3}7

where ey := e, — Zk 1 ek, the vector e for £ > 1 has a 1 in the kth component

and zeros elsewhere, and p(u;v.,B,) :=u-n, + M with n, = (0,1, w, —Vy,
—B.,1)". In what follows, we will derive bound-preserving schemes for (7.1) based
on the GQL representation (7.5). The GQL approach will not only help overcome
the difficulties arising from the monlinearity, but it will also play a crucial role in
establishing the key relations between the bound-preserving property and a discrete

divergence-free (DDF) condition on the numerical magnetic field.

7.2. GQL Bridges Bound-Preserving Property and DDF Condition. We focus
on the Euler forward method for time discretization, while all our discussions are
directly extensible to high-order strong-stability-preserving time discretizations [38]
that are formally convex combinations of Euler forward. Consider the finite volume
methods and the scheme of the cell averages of the discontinuous Galerkin method,
which can be written in a unified form as

41 _ A A
(7.6) aptt = o (b —flegy) — o By —foagoy)
for solving (7.1) on a uniform Cartesian mesh {Z;; := [2;_1/2, Zit+1/2] X [Y;—1/2, Yj+1/2]}s
with o1 = % and g9 = ﬁ—;. Here uj; denotes the approximate cell average of

u(z,y,t,) on Z;;. For a (K + 1)th-order accurate scheme, in each cell Z;; a poly-
nomial vector of degree K, denoted by U}, (z,y), is also constructed as the approx-
imate solution, which is either the reconstructed polynomial solution in a finite vol-

ume scheme or the discontinuous Galerkin polynomial solution. Denote {wq, z(q)}Q,

and {wq,y(q)}q , as the Gauss quadrature weights and nodes in [z;_1/2,%;11/2] and
(q)

+
[Yi—1/2,Yj+1/2], respectively. Let u i:F%,j =Ul(z Tiz1,Y; ), u?ﬂl =Ul(x (Q)’y]¥ ).
The numerical fluxes in (7.6) are then given by
Q
& ut F FLF (. q,— +
(7.7) fl,’i—i—%,j quf ; 1] Hq s f2,i,j+% = qufQ (UZH%’UZH%)’

where f'fLF(~, -) is taken as the Lax—Friedrichs flux (6.14) with the numerical viscosity
parameters

~ (T4 +.q ~ (q,F q,+
(7.8) a1, > E{lﬁial (uH_%_j, ui_%,j), Qg > 11171];}? Qs (ui7j+%,ui7j_%).
~ ~ ~ 5 +/p0 5 B-B
Here, @¢(u, 1) = max {|ve| + Ce, || + Cy, % + max{Cy,C¢} } + I\l/ﬁJr\/%v l=

1,2, and C; and Cy are the fast magnetoacoustic speeds in the z- and y-directions,
respectively.

Seeking a condition for the scheme (7.6) to be bound-preserving is very chal-
lenging, due to the complexity of the system (7.1) and the region (7.4) as well as
the intrinsic relations between the bound-preserving property and the DDF condi-
tion. On one hand, it is very difficult to establish such relations, since the bound-
preserving property is a pointwise algebraic property, while the DDF condition is
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a discrete differential property. In fact, their relations remained unclear for a long
time until the recent work [104, 110] on the smgle—component MHD case. On the

other hand, the DDF condition strongly couples the states {u 1Y FF . }, making

the traditional or standard analysis approaches (which typically rely on decomposmg
high-order or/and multidimensional schemes into convex combinations of first-order
1D schemes [121, 122, 125]) inapplicable to the present case.

First, let us consider the first-order scheme to gain some insights. In this case,
the polynomial degree K = 0, so that U} (z,y) = u;; for all (x,y) € Z;j, and we can
reformulate the scheme (7.6) as

(7.9) l_l?jrl (1- )\)1_1% + o1aq 11 4 o200 I,

with A := o104 5, + 02002 ,, and

1 fi(ap,, £ (a7,
Hl _ = <u?+1,j N ( z+1,]) +ﬁ?_1 . ( ) 1,])>,

2]

2 1 a1 n
SN 37
I, — 17 ., fal ) f2(u?;_1)
2= (W — — o Tt — ).
a2.n a2 n

LEMMA 7.1. Ifu,u € G, then for any v, B, € R3 it holds that

1 f, fy(u B.|]? « By =
—|(u— e(U) +u+ L(U) s+ ” ” > Y (Bg — Bg),
2 « « 2 2

where |a| > ay(u,01) and £ € {1,2}.
The proof of Lemma 7.1 follows from [104, Lemma 2.6] and is omitted.

THEOREM 7.2. Ifuj; € G for alli and j, then, under the standard CFL condition
A <1, the solution quH of (7.9) satisfies

(7.10) ﬁ?jﬂ cep, >0, 0<k<n,, ﬁ?jﬂ ~en, >0,
(7.11) p(u v, B,) > —At(v, - B,)div;;B  Vu.,B. €R?,

LN » = B{L,H»l j Bl i—1,5 2 i,j+1 B;,i,j—l . . . _
where div;; B AT —l— 5Ay 18 a discrete divergence. Further

more, if the states {Q};} satisfy the DDF condition divi;B = 0, then (7.10)-(7.11)
imply u?j"H € G, =G.

Proof. For 0 < k < n. and any u € {u},}, we have +fy(u) - ex = Fve(u-ey) <
oy (u-ey), which implies IT; - e, > 0. Similarly, I, - e,, > 0. These lead to (7.10).
Lemma 7.1 implies

o(IIy;vs, By) >

(_?,2;1,3‘ o _ﬁz‘+1,j) )
Vs - By

II,; v,,B,) >
¢(Ilz; v., By) 200

(B3ij—1 = Baijs) -
Thanks to the linearity of ¢(-; v., By), it then follows from (7.9) that

gp(ﬁ?jﬂ; vy, By) = (1 = N)p(uj}; ve, By) + 0100 0 0(TL1; v, By ) + 0202 5,0(T2; vs, By)
> (1= N)p(af); vy, B.) — At(v. - B,)divy;B,
which yields (7.11) under the CFL condition A < 1. d
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Theorem 7.2 shows the connection between the bound-preserving property and a
DDF condition, which is bridged by (7.11) with the help of the free auxiliary variables
{v«, B.} in the GQL representation (7.5). This demonstrates the essential importance
of the GQL approach in establishing this connection and its significant advantages
for bound-preserving analysis and design. It seems to be very challenging (if not
impossible) to draw such a connection without using the GQL approach.

Now, we use the GQL approach to explore bound-preserving high-order schemes
with K > 1. Let {@@)}é’:l and {ﬂ;ﬁ)}ézl be the Gauss—Lobatto quadrature points
in [z;_1/2,%i41/2] and [y;_1/2,Yj41/2], respectively, and let {@5}[321 be the weights,
with L = (%] Similar to Theorem 7.2 and [104, Theorem 4.7], the following result
can be derived (with the proof omitted here).

THEOREM 7.3. If, for all i and j, Gj; € G and the polynomial vector U} (z,y)
satisfies

(7.12) U"(“fhy; houre® g ea w8,

then the solution U} L of the scheme (7.6) satisfies

(7.13) p(af s v., By) > 2(@1 — Ae(IT; v, B..) — At(v, - B,)div;B
. . + - -
with II = % Zq Wq [Ulalm( PR ql ) + o9ap n(uq]+% + ugﬁjié)] € G. Fur-
thermore, under the CFL condztzon A S wl, we have
(7.14) ultlep >0, 0<k<n,, utl e, >0,
(7.15) et v., By) > —At(v, - B,)divi;B Vo, B, € R%,

where the discrete divergence is defined as div;;B := % (dlv B+ d1v+B) with

Q Q
1 1

TR F.q q,+

diviB = Ax;w (B“er B 27]) yzwq( S BZM._%).

q=1

Remark 7.4. The condition (7.12) in Theorem 7.3 is standard (cf. [121, 122]) and
can be easily enforced by a simple scaling limiter (see Appendix B). Thanks to the
GQL representation (7.5), we observe from (7.14)—(7.15) that, in order to ensure
ﬁZ—Jrl € G, = G, an extra DDF condition

: L, :
(7.16) divi;B := 5 (div;;B +diviB) =

is also required. Unfortunately, the high-order schemes (7.6) do not preserve the
DDF condition (7.16), which depends on the numerical solution information from
adjacent cells. Although a few globally divergence-free techniques (e.g., [35]) have
been developed and could meet the condition (7.16), the local scaling limiter for (7.12)
will destroy the globally divergence-free property. Notice that the locally divergence-
free technique (e.g., [66]) is compatible with the local scaling limiter, but can only
guarantee div;;B = 0. In subsection 7.3, we will use the GQL approach to explore
how to ehmlnate the effect of the remaining part div; ;B by properly modifying the
scheme (7.6).
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7.3. Seek High-Order Provably Bound-Preserving Schemes via GQL. We
have established the relations between the bound-preserving and divergence-free prop-
erties at the discrete level. Interestingly, at the continuous level, bound preservation
is also closely related to the continuous divergence-free condition (7.2): If (7.2) is
slightly violated, then even the exact solution of system (7.1) may not stay in G; see
[106, page B1326] for a discussion which is also valid for system (7.1). To address this
issue, we consider a modified formulation of the multicomponent MHD equations

(7.17) Oru + 081 (u) + Oyfa(u) + (V-B)S(u) =0

by adding an extra source term to (7.1a) with S(u) = (0,,,, B,v,v-B) . Such a formu-
lation was first proposed by Godunov [37] for the purpose of entropy symmetrization
in the single-component MHD case. Notice that, for divergence-free initial condi-
tions, the exact solutions of the modified form (7.17) and the standard form (7.1)
are the same. However, if the divergence-free condition (7.2) is violated, the extra
source term in the modified form (7.17) becomes beneficial and helps keep the exact
solutions in G; see [107, pages 1042-1043] for an analysis which also works for sys-
tem (7.17). This finding motivates us to explore bound-preserving schemes based on
suitable discretization of the modified form (7.17). Thus we consider

(7.18) ﬁ?j-H = ﬁ% — 0 (fl,i+%,j — fl,z’—%,j) — 09 (f2,i,j+% — f2,i,j—%) —Si;

by adding a properly discretized source term §ij into the standard finite volume or
discontinuous Galerkin schemes (7.6). As discussed in Remark 7.4, we can adopt a
locally divergence-free technique for the magnetic components of U} (z,y) such that
div;;B = 0. This gives 2div;;B = div;;B = div;;B — div;;B, thereby leading to

(7.19)
Q

1 & 1
diVijB - E ;WQ([[BIH 4+ [[Bl}];]_7 ]) + m ;wq([[Bﬂ]q +1 + [[B2Hl]—7>

q _pgta _ — Bt~  _ Bu-
where [[Bl]]m-%, B i B1 1 and [[Bz]]”Jrl = B2,i7j+% B2’i7j+% are the

jumps of the normal magnetlc component across the cell interfaces. Using the GQL
approach with the linearity of ¢(-; v., B,) and the estimate (7.13) under the hypothesis
of Theorem 7.3, we obtain

(7.20) (@™ 0,,B,) > 2@ — Np(ILv,,B,) — [At(v* -B,)div;B +8;; - n*} :

)

Then the key is to carefully design §ij to exactly offset the effect of div;;B in (7.20),
so that the resulting schemes (7.18) become bound-preserving. Observing that for
any b € R and any u € G,

(7.21)  b(vs- By +S(u) n,) =b(v —v.) - (B~ B.) < blp"*p(u;; 0., B.),

we devise

i—3.J

Q
/S\ij = % qu [[[B1]]?+%,j5(u +ql )+ [[Bl]]q (uJﬁq )}

(7.22) R
Lo qu[uBg}]”+1S( t) B! Sl 1)},

)3
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such that the last term in (7.20) satisfies
At(v* . B*)dIVUB + §ij c 1y
o1

Q
2 1wq[[[Bl]]g+§v ( ‘B, +8(u Z+271> n*)
q:

+ [[Bl]];z_%’j (’u* -B., + S(uj_”;j) . n*)]
Q
P R SRRy
g=1

+[Ba1?, (v B. +S(u J_).n*)]
(7.23) < edp(II; v,, B.),

where we use (7.19) in the equality and (7.21) in the inequality, and ¢ = max{81 /a1 n,
52/0127”} with

B = max{|[[Bl]]z+2J|( i‘;j)flm}

and
By = max{‘[[BQ]]”_,_lK fﬁ%)_lp}.

Combining (7.20) with (7.23), we obtain
ot v., By) > 2(@1 — A — ed)p(IT; ., B,) 2 0

under the CFL condition (1+&)A < @&;. Notice that the first n. components of §ij are
zeros, which implies that (7.14) in Theorem 7.3 also holds for the modified schemes
(7.18). In summary, we obtain the following result.

THEOREM 7.5. If, for all i and j, uf; € G and the polynomial vector U};(z,y)

satisfies (7.12) and divy;B = 0, then, under the CFL condition (1 + )\ < &y, the

n+1

solution W™ of (7.18) is always preserved in G..

T heorem 7.5 indicates that if we use the scaling limiter in Appendix B to enforce
(7.12) and a locally divergence-free technique to ensure div; ;B =0, then the scheme
(7.18) with (7.22) is bound-preserving. The bounds are also preserved if a high-order
strong-stability-preserving time discretization [38] is used to replace the Euler forward
method.

8. Experimental Results. This section gives two highly demanding numerical
examples to further demonstrate our theoretical analysis as well as the robustness
and effectiveness of the bound-preserving schemes designed via GQL in subsection 7.3
for the 2D multicomponent MHD. We use the proposed bound-preserving third-order
locally divergence-free discontinuous Galerkin method for spatial discretization. As
the tests involve strong discontinuities, the locally divergence-free WENO limiter [126]
is also employed in some trouble cells adaptively detected by the indicator of [62]. The
third-order strong-stability-preserving Runge-Kutta method [38] is adopted for time
discretization, with the CFL number set as 0.15.
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Fig. 4 The contour plots of p, pm, p, and ||v|| (from left to right) for the blast problem at t = 0.01.

Ezample 8.1 (blast problem). This test simulates a benchmark MHD problem in
the domain [—0.5,0.5]% with outflow boundary conditions. The setup is similar to
that in [5] except for a fluid mixture with n, = 2, C,, = 2.42, C,, = 0.72, I'; = 5/3,
and I'y = 1.4. Initially, the fluid is stationary, with (p, p, ¥1,Y2) = (1,1000, 1, 0) in the
explosion region (22 + y? < 0.01) and (1,0.1,0,1) in the ambient region (22 + y? >
0.01). The magnetic field B is initialized as (100/v/4m,0,0). Due to the large jump
in p and the strong magnetic field, negative numerical p can be easily produced and
often causes failure of the numerical simulations. Figure 4 presents the contour plots
of the density p, the magnetic pressure p,, = %||B||2, the thermal pressure p, and the
velocity magnitude ||v|| computed by the proposed bound-preserving discontinuous
Galerkin method with 400 x 400 uniform cells. We observe that the flow structures
are well captured and our method is highly robust and always preserves the bound
principles (7.4) in the whole simulation.

Ezample 8.2 (astrophysical jet). This test simulates a high-speed MHD jet flow
in the domain [-0.5,0.5] x [0, 1.5] with n. = 2, C,, = 0.72, C,, = 2.42, T = 1.4,
and 'y = 5/3. The domain is initially filled with static fluid with (p,p,Y7,Ys2) =
(0.14,1,0,1). The inflow jet condition is fixed on boundary {|z| < 0.05,y = 0}
with (p,p,¥7,Y2) = (1.4,1,1,0) and v = (0,800,0), while the outflow conditions
are specified on the other boundaries. There is a strong magnetic field B initialized
as (0,4/4000,0), which makes this test more challenging. Our simulation is based
on the proposed bound-preserving method with 200 x 600 uniform cells in [0, 0.5] x
[0,1.5]. The numerical results are shown in Figure 5. The flow pattern is captured
with high resolution and is similar to the single-component MHD case reported in
[106, 107]. In such an extreme test, our bound-preserving method exhibits good
robustness. However, if the proposed scaling limiter is not used to enforce (7.12),
or if the locally divergence-free technique is not employed to ensure div;;B = 0, or
if the proposed source term (7.22) is dropped, the resulting method even with the
WENO limiter is not bound-preserving and would fail quickly due to nonphysical
numerical solutions out of the bounds. This confirms our theoretical analyses and the
importance of the proposed conditions and techniques.

9. Conclusions. We have systematically proposed a novel and general frame-
work, called geometric quasilinearization (GQL), for studying bound-preserving prob-
lems with nonlinear constraints. GQL skillfully converts all nonlinear constraints into
linear ones, by properly introducing some free auxiliary variables independent of the
system variables. We have established the fundamental principle and general theory
of GQL and provided three simple methods for constructing GQL representations.
The GQL approach equivalently casts the nonlinear bound-preserving problems into
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Fig. 5 The plots of log(p) for the jet problem. From left to right: t = 0.001, 0.0015, and 0.002.

preserving the positivity of linear scalar functions, thereby opening up a new effective
way for bound-preserving study. Several examples have been provided to demonstrate
the effectiveness and advantages of the GQL approach in addressing nonlinear bound-
preserving problems that are highly challenging and could not be easily handled by di-
rect or traditional approaches. Recently, the GQL approach has also achieved success
in finding high-order bound-preserving schemes for several complicated PDE systems
in [104, 106, 110, 105, 107, 108]. The GQL approach applies to the bound-preserving
study for the general d-dimensional hyperbolic system dyu+ V - f(u) = 0, and in par-
ticular, for a general scheme with the Lax—Friedrichs flux on general polytope meshes,
the central task is to establish the estimate

(€-f(u)) ny <a(w€)(u—u,) n,—€&-hu,) Yu, €S

for any unit vector & € R? by seeking a suitable h(u.) and an estimated maximum
wave speed a(u, £) in the direction of £. This will be detailed in a future paper.

The GQL framework is applicable to general convex invariant regions with non-
linear constraints and is not restricted to the specific forms of the PDEs. However,
this does not claim that our approach addresses the bound-preserving problems in
all cases: It is just a promising framework that simplifies the bound-preserving study
of many important hyperbolic type systems, and we hope this paper will motivate
further study of applying the GQL approach to a wider class of problems.

Appendix A. Proof of Proposition 3.9. The proof is divided into two steps.
(i) Prove that G C G.. For any u, € 0G, the hyperplane (u — u,) -n, = 0
supports the convex region G at u.. Thus we have

(A1) GC{ueR":(u-u,n,) >0 Vu, € 9G}.

If G is closed, then (A.1) means G C G,. Next, we assume G is open and show
G C G, by contradiction. Assume that

(A.2) there exists ug € G but ug ¢ G..

Then, according to (A.1), there exists u. € G such that (ug —u,)-n, = 0. Since G
is open, there exists § > 0 such that Q5 := {u € RV : |lu — ug|| < §} C G. We take
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us ;= ug — mn* € Qs. Then us € G. However, using (ug — u,) - n, = 0 gives

)

)
= o ) e = =5l <0,
2||n. | ) 2

(us —uy) my, = (uo—u*

which contradicts (A.1) and us € G. Thus the assumption (A.2) is incorrect, and we
have G C G,.

(ii) Prove that G, C G. We first show that G, C cl(G) by contradiction. Assume
that

(A.3) there exists ug € G, but ug ¢ cl(G).

According to the theory of convex optimization [8], the minimum of the convex func-
tion ¢(u) := ||lu — ug||? over the closed convex region cl(G) is attained at a certain
boundary point u, € dG. Let U be an arbitrary interior point of G. Thanks to the
convexity of cl(G), one has uy := Au+ (1 — Au, € cl(G) for any A € [0,1]. We then
know that the quadratic function

~

¢V = ¢(wn) = N[ = wa|* + 22 (8 - w.) - (we = wo) + [|us — wo|?

attains its minimum over [0, 1] at A = 0. This implies (0 — u.) - (u. — ug) > 0 for an
arbitrary interior point U of G. Thus int(G) C {u: (u— u,) - (u. —ug) >0} =: H,
where H is a closed halfspace. It follows that H is a supporting halfspace to G, and
u, — ug is an inward-pointing normal vector of G at u,. Because G is smooth, there
exists ;1 > 0 such that n, = u(u,—up), which implies (ug—u,)-n, = —p |Juy — u,||* <
0. This contradicts the assumption ug € G. Thus the assumption (A.3) is incorrect,
and we have G, C cl(G). If G is closed, then we obtain G, C G. If G is open, then
0G N G4 = 0, which along with G, C cl(G) yields G, C G.

In summary, we have G = G, and the proof is completed. O

Appendix B. A Simple Scaling Limiter to Enforce (7.12). Condition (7.12) is

not always automatically satisfied by the polynomial vector U} (z,y) in the high-order

schemes. If this occurs, the following limiter is used to modify U7, (z,y) into GZ(Z‘, Y)
such that ﬁ;‘](ﬂc,y) satisfies (7.12). Define Q;; = {(@(B),y](-q)), (mgq),%ﬁ)) Vg, q} as the
set of all the points involved in (7.12). Since the limiter is performed separately for
each cell, the subscripts ¢j and superscript n of all quantities are omitted below for

convenience. First, modify the density as

plz,y) =p+0i(p(z,y) =),  b1:=@—ea)/(p— min p(z,y)),
(z,9)€Qij

where €, is a small positive number and may be taken as min{10~'%,p}. Define
Sk = {(z,y) € Q;j : pYi(z,y) < 0}. Then, modify the mass fractions [25] as

PYi(@,y) = pYi(z,y) + 02 (0Yup(@,y) /0 — pYi(@,y)) . 1<k <ne—1,
_ —pYi(z,y) . o~ ne—1
where 0 = maxi<jp<n, max(w’y)esk{kaﬁ(z,Z)/kﬁ—ij(m,y)} with pY,, =p—> 157 pYs.

Denote U = (p/ﬁ\(, p,m,B, E)". Finally, modify U to enforce the positivity of g(U) =
E—3(|m[*/p+ |B]*) by

U@,y) =T+ 05(0(w,y) = 0), 3= (9(0) — )/ (9(0) = min 9(Ux.p),
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where € is a small positive number and may be taken as min{107'3, g(U)}. Note

that

the pressure function p(U) in (7.3) is generally not concave so we use the concave

function g(U) instead of p(U). It can be verified that the limited solution U(z,y) € G
for all (x,y) € Q;; and its cell average equals U. Such types of limiters do not lose
the high-order accuracy, as demonstrated in [121, 122, 119].
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