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Abstract

Recently, there has been a series of works on the positivity-preserving discontinuous Galerkin methods
for stationary hyperbolic equations, where the notion of mass conservation follows from a straightforward
analogy of that of time-dependent problems, i.e. conserving the mass = preserving cell averages during
limiting. Based on such a notion, the implementations and theoretical proofs of positivity-preserving
limited methods for stationary equations are unnecessarily complicated and constrained. As will be
shown in this paper, in some extreme cases, their convergence could even be problematic. In this work,
we clarify a more appropriate definition of mass conservation for limiters applied to stationary hyperbolic
equations and establish the genuinely conservative high-order positivity-preserving limited discontinuous
Galerkin methods based on this definition. The new methods are able to preserve the positivity of
solutions of scalar linear equations and scalar nonlinear equations with invariant wind direction, with
much simpler implementations and easier proofs for accuracy and the Lax-Wendroff theorem, compared
with the existing methods. Two types of positivity-preserving limiters preserving the local mass of
stationary equations are developed to accommodate for the new definition of conservation and their
accuracy are investigated. We would like to emphasize that a major advantage of the original DG scheme
presented in [24] is a sweeping procedure, which allows for the computation of conservative steady-state
solutions explicitly, cell by cell, without iterations, even for nonlinear equations as long as the wind
direction is fixed. The main contribution of this paper is to introduce a limiting procedure to enforce
positivity without changing the conservative property of this original DG scheme. The good performance
of the algorithms for stationary hyperbolic equations and their applications in time-dependent problems
are demonstrated by ample numerical tests.
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1 Introduction

The hyperbolic balance laws are important tools to investigate the phenomenon of flow and transport. In

one space dimension, the scalar hyperbolic balance law is typically written in the form of
ur + f(u), = s, (1.1)

where u is the balanced quantity, f is the flux function, and s is the source term. In particular, if s = 0, the
equation is called a hyperbolic conservation law and u is the conserved quantity.
Integrated over the spatial interval [z1, 23], the hyperbolic equation (1.1) is transformed to the conserva-

tive formulation satisfied by the average of u on [x1, z32]

du 1 _
= (flw2) — f(a1) =5, (12)

where Az = x5 — 21, U(t) = ~ |

- Az Jx,

2wz, t)de, fxi) = f(u(zi,t)),i=1,2, and 5§ = = [7* s(z, t)dx.
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Drawn from the formulation (1.2), numerous numerical schemes have been designed for the hyperbolic

equation (1.1) in the conservative form

d, 1 /. 5 _
@ g e fm) =5 (-3
under the partition I; = [a:j_%,xj+%],j = 0,%1,%2,..., for space, where Az; = Tip1 =T 1, fji% are

numerical fluxes at z;,1, u; and §; are cell averages of the numerical solution and the source term on Iy,
respectively.

Conservation is of great importance for numerical methods for hyperbolic equations, as it is not only
a numerical analogy of the theoretical property of hyperbolic balance laws, but more importantly also the

Lax-Wendroff theorem [18], which can be briefly stated as follows,

Theorem 1.1. Consider a sequence of grids with grid sizes Ax;, At; converging to zero as | — oo, and a
sequence of numerical solutions Uj(xz,t),l = 1,2,... computed from a consistent and conservative scheme for
a hyperbolic equation on these grids. If U; converges boundedly a.e. to a function u as | — oo, then u is a

weak solution of the hyperbolic equation.

Roughly speaking, conservative schemes guarantee correct shock speed determined by the Rankine-
Hugoniot jump condition thanks to the mass conservation. To make it clear, we sum the equation (1.3)

over the cells I;,1;11,..., 14, to obtain the equation

X X Tjtrtd
udz + (f#”% - fjié) - sdz, (1.4)

j—

d [Titr+i

dt J,

=
Nf=



which enforces the correct speed of the shock (if there is a shock in the interval [z Tj 1, Tjy eyl 1]) since the

) wydr + f§ itred u,dx, where £ is the location of the shock, and u; and u, are

T, 1
total mass [ s udr= f;
i—3 J

[V

the states on the left and right sides of the shock, respectively. On the other hand, non-conservative schemes
could produce shocks with totally wrong speed and converge to a spurious solution. A well-known example

[20] is the Burgers’ equation in the non-conservative form u; + uu, = 0 discretized by a natural upwinding

finite difference scheme u;”l uj — ﬁ; uy (uJ uj_ 1) with the initial condition v = 1(j < 0), where 1(-)
is the indicator function. It is easy to check that u} = u ,Vn for the scheme, which is wrong as the physical

solution u(z,t) with the initial condition ug(z) = 1(z < 0) is u(x,t) = ug(x — 5t). For deeper discussions
about conservative schemes and their significance for time-dependent hyperbolic equations, one can refer to
Chapter 12 in the monograph [20].

The discontinuous Galerkin (DG) method is one of the most popular numerical methods solving hyper-
bolic equations for its advantages in geometric flexibility, local mass conservation, easiness of parallelization
and high order accuracy. The DG method was first proposed in 1973 by Reed et al. [24] to compute the
stationary linear transport equation, and first analyzed by Lesaint et al. [19] in 1974. It was later developed
into the Runge-Kutta discontinuous Galerkin (RKDG) method in a series of papers by Cockburn et al.
[8, 7, 6, 5, 9] for time-dependent nonlinear hyperbolic problems. The classic DG scheme for the hyperbolic
equation (1.1) is to find u € V, such that

T, 1 T, 1 . T, 1
/]+2 utvd;v—/ Bk f(u )vmdx—i-f_pv —fj 1 ;rl :/ a svdx, Vv eV, (1.5)
x x 2 x

i-% i-

W=

i—

[N

for all j, where V is a piecewise polynomial space and vt = = lim__,g+ v(xj +1 + €) denote the right and

Jts
left limits of v at z, 1 Taking v = 1 on I; and zero anywhere else in (1.5), we recover the conservative
formulation (1.3) satisfied by cell averages. Therefore, the unmodulated DG scheme is conservative for
hyperbolic equations.

However, conservation is not the only issue we need to consider for numerical schemes. It is well-known
that the scalar hyperbolic conservation laws satisfy the maximum-principle, e.g. its physical solution satisfies
m < u(z,t) < M,Vo € Rt > 0, where m = minger u(z,0) and M = max,ecg u(x,0). These results hold
also for periodic boundary condition and for compactly supported solutions, as well as in higher dimensions.
If m = 0, the property is also called positivity-preserving. For the hyperbolic balance law (1.1) with

s > 0, the solution is positivity-preserving, provided the initial condition and inflow boundary conditions

are nonnegative. It is important to keep the positivity /maximum-principle, besides mass conservation, in



numerical schemes, otherwise the numerical solution is not only physically unacceptable, but also may cause
severe robustness issues due to the change of hyperbolicity, or when coupled with other physical systems.

There have been intensive studies on positivity-preserving and maximum-principle-satisfying methods.
The genuinely high order maximum-principle-satisfying DG method was proposed in 2010 by Zhang and
Shu [35] for scalar hyperbolic equations, and is rapidly developed for different problems ever since, e.g. for
the Euler equations [36, 37|, Navier-Stokes equations [34], shallow water equations [29], convection-diffusion
equations [38, 3|, and fluid flow in porous media [13, 4, 31, 12], among others. In addition to the Zhang-Shu
framework, there are other techniques for positivity-preserving, such as the flux corrected transport (FCT)
technique [1, 14, 15], the invariant domain preserving method [11, 22], and hybrid FV/DGSEM method [27],
etc.

The framework of the positivity-preserving DG methods proposed by Zhang and Shu [35, 36] is composed
of two parts. The first part is problem-dependent, which is to obtain the solution with provable nonnegative
cell averages, probably under certain CFL conditions, from the unmodulated DG scheme. Once the cell
averages are guaranteed nonnegative, a scaling limiter, which preserves cell averages and does not destroy
the original accuracy of the solution [35], [34], is employed such that the entire solution is modified into
nonnegative. It is of great importance for the scaling limiter to preserve cell averages for time-dependent
problems. We explain the significance of this principle by an example of the positivity-preserving DG method
for (1.1) based on the forward Euler or backward Euler time discretization. The equation satisfied by the

cell average of the solution on I; is given as follows

antt —gn 1

J J Fmo fm _m
st ag (B ity) = (1.6)

where n denotes the time level t™ and m is taken as n or n + 1 in the forward-Euler or backward-Euler time

discretization, respectively. We denote the modified solution by @ to distinguish it from the unmodulated

solution u. Since ﬁ? = u} and ﬁ?“ = ﬁ;‘“ from the property of the limiter, we have the same equation
satisfied by the modified solution:
antt —an 1 . .
J J m m _=m
N (Fny = Fmy) =31 (17)

Thus the Lax-Wendroff theorem and a discrete analogy of (1.4) are satisfied by the modified solution @ as
well, which guarantees the numerical solution (if it converges) converging to a weak solution with the correct
shock speed. This is why preserving cell averages is desired in positivity-preserving/maximum-principle

satisfying limiters for time-dependent hyperbolic equations.



Besides time-dependent problems, the stationary hyperbolic equations have also attracted the attention
of many researchers. The stationary hyperbolic equations have wide applications in steady-state flow and
transport problems. Moreover, they are building blocks of the discrete-ordinate method (DOM) for radiative
transfer equations (RTE), see [10, 16]. They are also encountered in implicit time-discretization for time-
dependent hyperbolic problems. Similar to the time-dependent problems, the physical solutions of stationary
hyperbolic equations are also positivity-preserving, provided the inflow boundary conditions and source terms
are nonnegative. There is a series of works on the positivity-preserving DG methods for stationary hyperbolic
equations to enhance the stability of numerical algorithms. In 2016, Yuan et al. [32] proposed a rotational
limiter based non-conservative positivity-preserving algorithm for constant coefficients stationary hyperbolic
equations in one and two space dimensions on structured meshes. Later on, the algorithm is extended
to triangular meshes in two space dimensions by Zhang et al. [33] based on a rotational limiter defined
on triangles, which is still non-conservative. In 2018, Ling et al. [21] improved the results in [32] in one
dimensional space by proving the positivity of cell averages of the unmodulated DG scheme, which results in
a high order conservative positivity-preserving DG method by adopting the scaling limiter [35] from time-
dependent problems. However, the unmodulated scheme fails to preserve the positivity of cell averages in
two space dimensions [21], thus only a second order conservative positivity-preserving scheme was proposed
therein by an augmentation of the DG function space. The above works only focus on equations with
constant coefficients, and higher than second order conservative methods are unavailable in two and three
space dimensions. More recently, we developed high order conservative positivity-preserving algorithms for
linear variable coefficient and nonlinear stationary hyperbolic equations in one dimension, and constant
coefficients equations in two and three dimensions in [30].

Here, we would like to note that, the notion of conservation in the aforementioned works for stationary
hyperbolic equations are different from the notion to be clarified in this paper. The previous notion of
conservation in positivity-preserving limiters, coming directly from time-dependent problems to preserve the
cell average, is not very suitable for stationary problems.

To show this, we consider the stationary equation

fw)g + Au = s(z), (1.8)

where f(u) is a smooth flux function with unchanged wind direction: f’(u) > 0,Vu, and A, s(z) > 0

are nonnegative coefficient and source, respectively. The equation (1.8) could come from the backward



Euler discretization of the time-dependent problem (1.1), with the correspondence u = u™, A = ﬁ and

s(x) = 27u""!(z) + s(z, ™). The linear stationary hyperbolic equations, with the main applications in RTE
[32, 21, 33|, will also be discussed in later sections. Throughout the paper, we always assume the wind
direction of the flux in hyperbolic equations does not change, for both nonlinear equations and linear ones,
and always use the upwind flux in the DG schemes.

The unmodulated DG scheme with the upwind flux for the equation (1.8) is to find u € V, such that

/ "2 \uvdz —/ " fu)vade + Flug vy = flu_ v, = / " svde, WweV. (1.9)

i-% i-% i-%
In the implementation, because of the upwind mechanism of the equation and scheme, we sweep the com-
putation from the left to the right cells, i.e. we obtain the solution u;_; on I;_; before computing u; on I,
and then solve u;11 on Ij;q, and so forth. Same as the time-dependent cases, by taking v = 1 on I; and

zeros on other cells, we obtain the conservation equation satisfied by the cell averages as follows

Ay + fugy 1) = flu;_y) + Aa;sj,

i=3
where the right hand side is known when solving u;. In the positivity-preserving algorithms, the limiter has
been used for u;_1 on the upstream cell I;_1, to obtain @%;_1(z), before the computation of the DG solution
u;, thus the true identity satisfied by the cell average of the DG solution on /;, before limiting but after the

solution on I;_; has been limited, is

Az + f(ujjr%) = f(a;

i=z

)+ Az;5;, (1.10)

where @

1= &j_l(xj_%) denotes the value of the limiter-modified solution @,_1(x) on I;_1 evaluated at
2

l'jf%.

If the limiter is “conservative” in the sense of preserving cell averages, i.e. @; = @;, then from (1.10) we

have the following equation satisfied by the cell average after the limiter in cell I; is performed:

My + fi7, ) = F7 ) + A5, + (fir,) = fug, ) (1.11)
Summing the above equations over cells I, Ij11,..., I, yields
T . 1 X . 1 J+T X . 1
jtr+35 o o jtr+3 o _ o jtr+3
A/m dde+f (@7, 1) :f(u_7%)+/z sdvt) (f(uH%)—f(uH%)) ;éf(u;%)+/z sda.
i-% i-% i=j i-%
(1.12)



We shall give concrete examples in the numerical section to show that the limiter preserving cell averages
for stationary hyperbolic equations could produce solutions with wrong total mass/ shock location, even for
the simplest hyperbolic equation u; + u, = 0 discretized implicitly in time.

On the other hand, if we define the local mass in stationary hyperbolic equations as the sum of the cell
average and the outflow flux, and develop limiters such that the modified solution @ preserves the local mass
on I; in the sense that

)\ACL‘j’l:Lj + f(ﬂ;-i-%) = )\Alvjﬁj + f(u;+%), (1.13)

then we have the local conservation formulation

)\Al‘j’lij'i‘f(ﬂf l) :f(a,’_l)—i—ijEj, (114)
J+3 JI—3
and the global conservation formulation
Tjtrtd o o Titrtg
A adr+ f(a., .)=f(u, 1)+ sdz, (1.15)
P Jtr+3 3 -
I—3 I—3

satisfied by the modified solution .

In this work, we shall develop two types of slope limiters, named type-1 and type-2, to attain the positivity
of the solution, and meanwhile preserve the local mass in the sense of (1.13).

To this end, we would like to give a remark on the definition (1.13) for conservative limiters. Indeed, it
is quite reasonable to preserve the sum of the cell average and outflow fluxes in limiters, as any decrease in
cell average caused by limiters should be remedied to the mass on the downstream cells via increasing the
outflow fluxes in the current cell, and vice versa.

As we will see in later sections, based on this novel definition of conservation, the positivity-preserving
DG methods for stationary hyperbolic equations are straightforward and their implementations are simple.
We only discuss the linear stationary hyperbolic equations in one and two space dimensions, and nonlinear
stationary equations in one dimension to save space, but the method can be directly extended to higher
dimensions with various meshes and a class of nonlinear hyperbolic systems with eigenvalues being of the
same sign. As important applications, the algorithms developed in this paper can be used in the positivity-
preserving algorithm for radiative transfer equations and implicit time discretization for time-dependent
hyperbolic problems, see the numerical section and refer to [21] for more details.

We would like to emphasize that a major advantage of the original DG scheme presented in [24] is a

sweeping procedure, which allows for the computation of conservative steady-state solutions explicitly, cell



by cell, without iterations, even for nonlinear equations as long as the wind direction is fixed. The main
contribution of this paper is to introduce a limiting procedure to enforce positivity without changing the
conservative property of this original DG scheme.

The rest of the paper is organized as follows. In Section 2, we establish the positivity-preserving discon-
tinuous Galerkin method for stationary linear hyperbolic equations in one space dimension and construct
the conservative limiters with rigorous proofs for the accuracy. We extend the method and limiters to
rectangular meshes and triangular meshes in two dimensions in Section 3 and Section 4, respectively. The
positivity-preserving technique for stationary nonlinear hyperbolic equations is studied in Section 5, which
is focused on one dimension to save space but the method can be extended to higher dimensions directly as
in the linear case. In Section 6, we give ample numerical tests to demonstrate the accuracy and effectiveness
of our positivity-preserving methods for stationary equations as well as the applications in implicit time

discretization for time-dependent problems. Finally, we end up with some concluding remarks in Section 7.

2 Linear stationary hyperbolic equations in one dimension

In this section, we study the high order conservative positivity-preserving discontinuous Galerkin method

for the linear stationary hyperbolic equation
(a(z)u)z + Au = s(x), xe€Q=(0,1), (2.1)

with 0 < a, < a(z) < a* for some positive constants a.,a*, and A, s(z) > 0. We assign the inflow boundary
condition «(0) = ug > 0 for the equation. The other case a(z) < 0 with boundary condition u(1) = ug > 0
can be transformed to this case by the change of variable ' = 1 — x in (2.1), thus we omit the discussion.
We assume A is constant for simplicity, as we are mainly concerned with the applications of the model in
the discrete-ordinate method (DOM) for radiative transfer equations (RTE) and implicit time-discretization
for time-dependent hyperbolic problems, where A is constant for both cases. However, there is not essential
difficulty to extend the positivity-preserving technique to the variable case A(z) > 0.

We adopt the partition 0 = r1<x3 <o <Typ1= 1 for Q and denote the j-th cell by I; = [xjf%,xﬁé]
with the length Az; = TipL — i1, for j = 1,2,...,N. The function space V of the P*-DG scheme is
defined as

V={velL*):v|, € PI;),j=1,2,...,N},



where P*(I ;) denotes the space of polynomials of order no greater than &k on the cell I;. We define the

— 1 T, 1 . . . . .
cell average of v € V on I; as v; = e fwj]jg v(z)dz, and its left and right limits at the interface Tjp1as
vji+% = v(x#% +0). Moreover, we denote by v; = v|r;, forv eV, j=1,2,..., N, for convenience.
The positivity-preserving P*-DG scheme of the equation (2.1) is to find u € V, such that

xT . s 1

T, 1 T
it+3 _ _ J — it+3
—/ a(@)uvgdr +alzj1)ug, 10 +/ o) vl +/ svdz, Vo € PM(I))
2 2 2 2
Ij—% 1j7% ij%

+3
Auvdx = a(z

(2.2)

for j = 1,2,..., N, where we define u; = ug. We would like to emphasize that, the calculation of u; is

Nl=

based on the modified solution on the upstream cells, thus we use %;_; on the right hand side of the scheme
(2.2). Once u; is solved from the scheme, we employ the positivity-preserving limiter to be introduced later
to obtain the modified solution #;, and use it in the calculation of w41, and so forth.

Assume the quadrature rules adopted in the scheme (2.2) is accurate for integrals of k-th order polyno-
mials. Taking the test function v = 1 on I; in the scheme (2.2), we obtain the following equation satisfied
by the local mass

Az ;U5 + a(:EH%)u;_% =a(v,_

)’a;_ +A$j§j, (23)

[NES
[N

For convenience, we define LHS(w;) = Awz;w; + a(z; 1) for w; € P¥(I;), to be the amount

w;+§’
of local mass of w; on I;. Since ﬁ;% > 0 on the right hand side of (2.3), we have LHS(u;) > 0. The
conservative limiter should satisty LHS(u4;) = LHS(u;), where u; and @; are the unmodulated and modified
solutions on I, respectively.

There are two types of limiters to be developed throughout the paper, where the type-1 limiter requires
the DG scheme to use the Gauss-Radau quadrature rule of k + 1 points for numerical integration and only
guarantees the positivity of modified solution at the Gauss-Radau points (it may be negative at some other
points, while the type-2 limiter does not have such requirement. We denote the Gauss-Radau points on I}
by Zo,a=1,2,...,k+ 1 with Zx41 = TipL, and the corresponding weights by @,,a =1,2,...,k+ 1 with
Yalida=1.

The type-1 limiter for u; is defined as follows:

k+1

a(z) = 05i(z),  45(2) =Y uf (Ea)la(@), (2.4)
a=1

where 2T = max{z, 0} is the positive part of a real number z, ¢, (z) is the Lagrange basis at the Gauss-Radau

points {#5}51} with £a(#s) = da,g, and 0; = Frracs)

€ [0,1]. Note that the integral in LHS(-) is evaluated



by the Gauss-Radau quadrature, thus 0 < LHS(u;) < LHS(u,;). In the case LHS(u;) = LHS(4;) = 0, we
take 6; = 1. In practice, this case can be avoided by taking 6; = %ﬁj;iz, where ¢ is a very small positive
number, e.g. £ = 10716,

It is clear that the limiter (2.4) is conservative in the sense that LHS(4;) = LHS(u;), and @; > 0 at the

Gauss-Radau points {iﬂa}]g;ll More importantly, we have the result of accuracy for the limiter as follows:

Lemma 2.1. Consider the solution u; of the scheme (2.2) with an L -error of O(A;v?“). If A =0,
the error introduced by the limiter (2.4) is ||t; — wj|[pe(r;) = O(Aaz?Jrl). If A > 0, the error introduced
by the limiter (2.4) is ||i; — uy||p(r,) = O(Azh), but the error is optimal at the downstream point, i.e.
|ﬁj_+% - uj_+%| = O(Aaz?“).

Proof. We can decompose the error as

e:uj—ﬁj:(uj—uj)—l—(uj—ﬁj):el—l—eQ. (25)

For e; = u; — 1 , we have the estimate

lex ()| = [t (x) — u; ()]
k+1 k+1
= |3 o)) = 3 s Ga)ta()
o "
=) uj (#a)la(z) (2.6)
o
< ; [la(@)] - | max u; (&a)
< A O(AzE) = O(A2k ), vz eI,
where 27 = —min{z, 0} denotes the negative part of a real number z and Ay, = max,cy, 22111 |¢0 ()| is the
Lebesgue constant. Note that u; (&) = O(Aw?“), a=1,...,k+1, since the exact solution is nonnegative.

Therefore ||e1 ||z (1;) = O(Ax?Jrl).

For ey, we have ep = 4; — u; = (1 — 6;)4;. If A =0, we have es = 0 since 6; = 1, which follows from the

10



observation that > , =4, , > 0 due to (2.2), (2.3). If A > 0, we have the estimate for es(z) as follows,

i+3 J+3
ea@)] = (1~ ) iy ()] = (1 - FESU)Y 1y gy = PO i) 5 )
B T LHS(a;)) VN T LHS(a;) Y
Mz (G — ) + a(w;, 1) (ﬁf L l)
_ 3\ J ] it+s Ag_+2 i+3 i (z)] (2.7)
Az + a(:vj+%)uj+%
)\AIjHelHLw(Ij) + @($j+%)||€1||Lw(1j) i (2)|
- )\A.%‘j’lij +a($j+%)ﬁ;+% !
In particular, at the Gauss-Radau points, we have the following estimates from (2.7),
lealds)] < AAzjller][Le (1) + alz; %)IlelllLoouj)ﬂ ()
2(Tp i\tB
)\AxJuJ J
_ Mzjllelli=y) +alzjyllerlle=) -
1 uj(‘rﬁ)
AAz; Za 1 Wallj(La)
AAzj|le|[re(1;) + alz j+§)||el||L°°(Ij)a‘(j; ) (2.8)
- AT Wgiij (25) 7
< (85" + o) leallomary
“ P NogAz; J
=0(Azk), forp=1,2,...k+1,
thus,
k+1 k+1
lea()] = | Y ea(fa)la(@)] < Z o (z -15%:;(“ le2(Ea)| < Ak - O(AZE) = O(AzY), Vzel;, (29)
a=1 - =
ie. |lea||po(s;) = O(Ax?).
In particular, at the downstream point z; T it follows from (2.7) that

Mzjller]|poe ;) + alz; )||€1||L°°(Ij)ﬂ,
1
AAz; Ea:l Wl (Ta) + a(xj+%)ﬁj_—+% j+i

)\ij||el||Lm(1j)

|e2(Ij+%)|
= k+1 ~ A N . ’ELJ_+
AAz; Y 0y Dally(Ea) + a(IjJr%)UH_%

A/17;'||€1||L°<>(1rj) . a(xj-l-%)”el”l/”(lj) R

4 0
i+3 ‘ 0o i+3
T Azl 2 a(x]+%)uj+% 2

@($j+%)||€1||Lw(1j)
+ A E+1 ~ ~ /4 . J+3
A a:jzazlwauj(xa)—|—a(:17j+%)uj+%

Nl=

+1
< (T+ ) lleallpoe(r,) = O(AkT).
(2.10)

Gathering all results above and using the triangle inequalities, we finish the proof of Lemma 2.1. O

We would like to note that, the error estimates in Lemma 2.1 is sharp and the result cannot be improved

by any conservative limiters, which can be illustrated by a concrete example given as follows.

11



Example 2.1. We assume X\ > 0. Consider the numerical approzimation uj(x) = Tip1 — T — A:C?+1

of the exact solution u§™*(x) = Tjp 1 —x on the cell I; = [x;_ 1,2 1]. The modified solution u; of any

. . . . = ~— _ _ — . — _ k+1
conservative limiters should satisfy /\Aajjuj—l—a(a:jJr%)uj_i_% = )\A:Ejuj+a(:1:j+%)uj+%. Since Uiy = —Ax;

o L a(@, 1) /__ _ al; 1) k1 1Ak

and U1 > 0, we have U; — U; = fw;(ugﬁr%_uﬁ%) > )\im; (O—(—Agjj‘" )) :a(fﬂj+%)/\ 1A3:j,

which implies that u; is at most k-th order accurate.

The type-1 limiter only preserves the positivity of modified solutions at the Gauss-Radau points and
we must use the Gauss-Radau quadrature to evaluate integrals in the scheme (2.2), which may not be
satisfactory in some applications. We can define a type-1 limiter that preserves positivity at the £+ 1 Gauss-
Lobatto points by (2.4) as well. However, the Gauss-Lobatto quadrature has lower algebraic accuracy than
the Gauss-Radau quadrature with the same number of points and may lead to possible loss of accuracy up
to one order [2], hence we do not consider it in this paper. We now introduce the type-2 limiter, which is
positivity-preserving on the whole cell or at any desired points, and exempts the requirement on quadrature
rules.

The type-2 limiter is defined as follows,
ﬁJ(I) = Hjﬂj(x), ﬂJ(I) = ’LLJ({E) + Ej, (211)

where €; = — min{mingegsu;(z),0}, S C I; is the set of points where we want to preserve the positivity of

the solution, and 6; = igggg;g € 1[0,1].

It is clear that the limiter (2.11) is conservative in the sense that LHS(%;) = LHS(u;) and @; > 0 on S.

More importantly, we have the accuracy result for the limiter as follows:

Lemma 2.2. Consider the solution u; of the scheme (2.2) with an L>-error of O(Az§+1). If X =0, the
error introduced by the limiter (2.11) is ||U; — wj|[z~(r;) = O(Ax;). If X > 0, the error introduced by the
limiter (2.11) is ||t — uj|oo(1;) = O(Azk). Nevertheless, at the downstream point, the errors in both cases

are optimal, i.e. |u, , —u, .| =O(A

k+1
€T, .
i+3 i+3 )

J
Proof. For simplicity, we assume S = I;,. We have the same decomposition e = u; — @; = (u; — 4;) +
(4; — 6j) = e1 + eq for the error as (2.5).

It is clear that ||e1||poc(1;) = |[uj — Ujllree(ry) = €5 = O(Az?“) by the definitions. For ez, we have
e2 = U5 —U; = (1—0;)t;. If A =0, we have ||ez||po(r;) = (1 —0;)|d||p~(1;) = O(Az;), since ||| po<(r;) =

O(Ax;) due to 4;(&;) = 0 at its minimum point §; € I; when 6; < 1. If A > 0, we have the estimates for es

exactly the same as (2.7), (2.8), (2.9), and end up with the result [lea|[1(,) = O(Az¥).
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At the downstream point x;, 1, the estimate for e is exactly the same as (2.10), thereby |ea(2;,1)| =
k1
O(Ax ; ).

Gathering all results above and using the triangle inequalities, we finish the proof of Lemma 2.2. O

The estimates in Lemma (2.2) is sharp, i.e. it could happen that ||i; — u;|[z~(r;) = O(Ax;) if A =0,

which can be illustrated by the following example.
Example 2.2. We assume A = 0. Consider the exact solution uje»m“ on I; with u;m”(ﬁ:a) = Agx; for1 <
a < k—1 and u§"*N2,) = 0 for a = k,k+1, and its numerical approvimation u; = 22111 u§PN (2o ) o () —

A:z:?"'lék(:z:). A graph of w; in the case k = 2 is given in Figure 1.
It is clear that LHS(uj) = 0, since A = 0 and uj(:vﬁ%) = 0. On the other hand, we have €; > 0 in

the limiter (2.11), since u;(&y) = —Axf“ < 0. Thus we can compute 8; by definition: 0; = égggzjg

LHS(u;) LHS(uj) o 0 o . . . ~ N . .
THS(u,+¢;) = THS(u)+LHSE) — 0Tat, e 0, which implies u; = 0;4; = 0. Since u; is flattened to

u; =0, the limiter (2.11) is only of the accuracy O(Azx) in this case.

\ e

Figure 1: A graph of quadratic polynomial u; in Example 2.2

Remark 2.1. The above discussions are based on the assumption that X\ is a constant. However, in the
backward FEuler discretization for time-dependent problems, A is of the order ﬁ, as demonstrated in the
introduction. If we take the common CFL condition At oc Ax in this case, the accuracy of both the type-1
and type-2 limiters is optimal, which is clear from the estimates in the proofs. The same conclusion applies

to later sections.

Since the accuracy of both type-1 and type-2 limiters is optimal at the downstream points of cells, the
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possible non-optimal errors introduced by the limiters do not propagate to downstream cells, which makes the
limited positivity-preserving DG solution having the optimal order of accuracy in the sense of downstream
points of cells.

Collecting the Lemmas 2.1 and 2.2, we attain the following theorem for the positivity-preserving DG

method of the equation (2.1).

Theorem 2.3. For the linear stationary hyperbolic equation (2.1), if the source term and inflow boundary
condition are nonnegative, then the solution of the scheme (2.2) modified by the limiter (2.4) or (2.11) is

nonnegative, with the local accuracy established in Lemmas 2.1 and 2.2, respectively.

3 Linear stationary hyperbolic equations in two dimensions on rect-
angular meshes

In this section, we study the high order conservative positivity-preserving discontinuous Galerkin method in

two space dimensions on rectangular meshes for the linear stationary hyperbolic equation
(a(z, y)u)s + (b(z,y)u)y + du = s(z,y), (z,y) € Q= (0,1)%, (3.1)

with 0 < ayx < a(z,y) < a* and 0 < b, < b(x,y) < b* for some positive constants a.,a*,b,,b*, and
A, s(z,y) > 0. We assign the inflow boundary conditions u(z,0) = g1(z) > 0 and u(0,y) = g2(y) > 0 for
the equation. The cases a(z,y) < 0 and/or b(x,y) < 0 can be transformed to this case by the change of
variables 2 =1 — z and/or ' = 1 — y, thus we omit the discussion.

We partition the domain © by 0 < r1 < wy < o< Ty 41 = 1 and 0 < yp <wys < ... <

Yn, 41 = 1 in the = and y directions, respectively, and denote by K;; = I; x J; = [xifé,:vlqr ] x

1
3
[vj—1,9;, 1] the cells in © with the area [K; ;| = Az;Ay;, where Aw; = @, 1 — @1, Ay = y; 1 —y;_1,
i =1,2,...Nz,7 = 1,2,...,N,. Moreover, we assume the meshes are regular in the refinement, i.e.

max; j{Az;, Ay;} < pmin; ;{Axz;, Ay;} for some constant p that is independent of mesh sizes, and denote

by h = min; j{Az;, Ay;}. The function space V of the Q*-DG scheme is defined as

V={vel*):v

K j er(KZ,J)v’L: 1725"'7Nza.j: 1725"'5N’y}5

where Q¥(K') denotes the space of tensor products of polynomials of order no greater than k on the cell K.
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.« . . . _ T, 1 Y1
Similar to the one space dimension, we define the cell averageof v € V on K; j as v; j = m s 2 fy 2 v(z, y)dedy,

iRYj -1 YY; 1

2 2

and its left/right and lower/upper limits on the vertical and horizontal cell interfaces by v(x;i 1 JY) =
lim._, o+ v(xH% +e,y) and v(x, yﬁ%) = lim,_o+ v(z, Yird £ €), respectively. Moreover, we denote by v; ; =
vk, forveV,i=1,2,...,N,,j=12... N,

The positivity-preserving Q*-DG scheme of the equation (3.1) on rectangular meshes is to find u € V,

such that

i+ L

Tl YLl Yl

_/ 3 / T2 (auvm—kbuvy—)\uv)dajdy_'_/ i+ au(a:;l,y)v(f;l,y)dyﬂL/ ? bu(xvyj'_+l)v($7yj_+l)d:17
x y‘]7% y‘77% 2 2 Cl)vié 2
1

Y1
* svdzdy, Yov e Qk(KU),

1
2

s N Ty N Tirg
au(z,_ s y)o(e s, y)dy + bu(z,y;_ 4 )v(z,y;_ 1 )de +
T, 1 T, 1 Y
2

(3.2)
fori=1,2,...,N,,j =1,2,..., Ny, where we define u(x,y;) =7 (g1) (x) and u(a:;,y) =T (g2) (y) on the
inflow boundaries, with Z denoting the polynomial interpolation at the quadrature points on cell interfaces.
In the computation, we solve u; ; on cell K; ; based on the modified solutions ;1 ; and %; j—1 on upstream
cells. Once u; ; is obtained, we employ the positivity-preserving limiters to get the modified solution ; ;
and use it in the computations on the downstream cells.

Taking the test function v = 1 on K; ; in the scheme (3.2), we obtain the following equation satisfied by

the local mass

ey ey Yy ey ]
syt [ aua v [ bt pdo = 7 aates dvs [ bty deAdys;,
Y3 2 vy 2 vy g 2 vy 2
(3.3)

We define LHS(w; ;) = MNx;Ay,;w; ; + f;jjf aw(x;%,y)dy + fz:f bw(m,yj,_+%)dx, for w; ; € QF(K; ),
to be the amount of local mass of w; ; on K; ;. Moreover, we define LHS(w; ;) = fyyjjf aw(x;%,y)dy +
f;j; bw(x, yj;%)dx for the total outflow flux. Since @;—1 ;,%; j—1 > 0 on the right hand side of (3.3), we
have LHS(u; ;) > 0. In particular, if A = 0, then LHS(u; ;) = LHS(u; ;) > 0.

Similar to the one dimensional case, there are two types of limiters, in which the type-1 limiter depends

on the Gauss-Radau quadrature while the type-2 limiter does not.
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The type-1 limiter for u; ; is defined as follows:
ﬁi,j(xay) :ofjﬁi,j(xay)v ’&i,j(xay) :ﬁ‘?, ( )+01]u1]( y)

g ;(x,y) = ZZ“ (Zas Gp)la(@)ls(y), (3.4)

a=1 =1
k+1

k
=Y uf(&a, Yip1)la (@)l (y) + ) UZ}(!’E;F% ;08 k1 ()5 (y),
a=1 B=1

where {24}t and {yg}kle are the Gauss-Radau points on the intervals [xif%,xH%] and [yjf%,yﬁ%],

respectively, with Zr11 = 2,1 and k41 = y;; 1, we abuse notations to denote by /o () and £3(y) the
LHS"(u!
LHS (& i ;
k - . .
0,10, 8 () = 55y o 7, @) () + S H%,yﬂ)mlw@(y» In particular, if A =
LHSY(u? )

i,j o k k ~ ~
0, we have 0] ; = W(ufj) and 07 ; = 1. We denote uf ;(z,y) = > a0_1 >3- Ui j(Ta; Us)la(x)ls(y) for the

k+1

Lagrange basis at {#4}*] and {9s} 521, respectively, 0} ; = max{ LHS (us,;)

convenience of later discussion.

We have the accuracy results for the conservative positivity-preserving limiter (3.4) as follows:

Lemma 3.1. Consider the solution u; ; of the scheme (3.2) with an L>-error of O(K**1). If X = 0, the
error introduced by the limiter (3.4) is ||Gi; — wijl|p~(x, ;) = O(R*). If X > 0, the error introduced
by the limiter (3.4) is |[ti; — wij||Lo(x, ) = O(R®), but the error is optimal on the downstream edges,

e. ||t — Ui1j||Loo(Ii+%UJj+%) = O(h*+1), where Livy and J; i1 denote the right and upper edges of K; ;,

respectively.

Proof. We decompose the error as
e = ui,j — ﬁw- = (ui,j ’lll'ﬁj) + (ul j ﬁi,j) = €1 + €2, (35)

and
€1 = Ujj — ﬂiﬁj = (ufﬁj — ﬁ?)j) + (ul;)j — ﬂ?ﬁj) + ( 9}J AZJ) =e€1,1+€12+ €13 (3.6)

Using similar arguments as in (2.6), it is easy to prove that |le11||p~(x, ;) = O(h**1) and |le1 2|k, ;) =

O(thrl) As for €1,3 = (1 — 91 ) U

; ;, we consider two cases.

Case I: 0} ; = 0. We have LHS"(u} ;) <0, i.e.

k+1 k+1
Ay; Y bpalwiyy, )iy, 1, 06) + Az Y GablEas vy 1 )ui(Fa,y;, 1) <O,
B=1 a=1
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thus

k+1 k+1
Ay; Z ‘:’ﬁa(lﬂw% ) ﬂﬁ)uij (33;_% 2 Up) + Az Z Wab(Za, yj+%)u;ij (Zas y;_,_%) <
Bs=1 a=1
k+1 k+1
Ay; Z @Ba(xi-i-% ) gﬂ)u;j (55;_% ,9p) + Ax; Z Gab(Za, y_j-}-%)u':j (Zas yj__,_%)a
B=1 a=1
which implies
k+1 k+1 pmax{a*, b*} k+1 k+1
~ —_ A ~ ~ — 9 ~ — A — k
ZW@UIJ(I1+%,QB)+Zwaui_](xa,yj+%)S m ZWBUZJ ,L+1,y,8 ZWanﬁj($a7yj+%) :O(h +1).
B=1 — *y B=1
By the definition of @ ;, we have ||i? || (g, ;) = O(h¥T1), therefore ||ey s]| L= (k, ;) = O(RF1).
b b
Case II: 6} ; > 0. We have LHS(u} ;) > 0 and 6] ; = % Therefore,
le1,s| =(1— 6] )|l ;
b(ab b
:LHS (Ui’jA; ug ;) a |
LHS* (a3 ;) 7
k+1 k+1 !
= ij Zwﬁa 7,+ 7y[5) ,_]( ,H,layﬁ)_'—AI’LZch xa7y7+ ) ,7(xomy ) x
B=1 a=1
kb1 (3.7)
ub
Ay; > @palwi 1, i) ( a5 (v7y 1 98) — ui (@ Hl,ya))
B=1
k+1
+Az; Zwa xaayj+ 1) ( iy (maayj_,'_z) - ub (i'avyj-__,'_%))) : |ﬁ’?,j
a=1
N k+1 ~
(ij S5 @pa(wi g, 99) + Aay TE Gablia,yiep)) lleralli= k) "
. u .
k+1 - J
Ay] E,@ 1 Wﬁa( it+1 ayﬁ) z]( i+t 7yﬁ) + A‘TZ Ea 1 wab(xonyfr ) ; (I‘l’ yJJré)
In particular, 1 3(2+,,9,) = 0 for y1,72 = 1,2,..., k, since @’ i; = 0 at these points by definition. Moreover,
for vy =1,2,...,k+ 1, we have the following estimates from (3.7),
< (A9, S50 dpalesy g 69) + A 0 Gab(avy43)) lerellege,y) P
€1,3(T,  1,Yy)| = Ui j\T, 15 Yy
aE Ay; Eﬁzlwﬂa(fc‘Jrlayﬂ) ;@ +1,y@)+szZ nl @ab (Zo, Yy )07 (:ca,yﬁ ) e
(ija + Az;b*) |le, 2||L°° (Ki,j) b (e 0
S z](‘r +l7y'}’)
Ay]a* Z,@ lw:@uzj( 1+17y3) 2
a* 4+ b*
< 2D e ol = OFH)
A0y
(3.8)
and similarly, |e; 3(&, yj_+l)| = O(R**1), 4 = 1,2,...,k + 1. Therefore, following the similar argument as
2

(2.9), we have ||e1 ||~ (k, ;) = A7 - O(R*T1) = O(RFT1).

17



To sum up, we have |le1||ro(x, ;) < [levallre(r, ;) + llerello=(x, ) +lersl|re(x, ;) = OB ).

We now estimate ey as follows. If X = 0, then 67 ; = 1, thus ey = (1 — 67 ,)a; ; = 0. If A > 0, we have

LHS(ui ;) LHS (s — u;;)
= 1 _ PN A’L‘ . — 1,7 1,7 Ai .
eato)] = (1= Frratel ) fisstol = =5 i o)
k41 k+1 k+1
= | Mz;Ay; Z:l ;cﬁa@ﬁ (Wi j(Zas U8) — wij(Ta,Up)) + Ay; ﬁz:l@ﬁ@(ﬂfw% ,s) (ﬂz‘,j(w;% »9) = wig (@, 1 Qﬁ))
k+1 k+1 k+1
+A$z Zl d)ab(jav ijr%) (ﬁi,j (fiav y;r%) — Uj,5 (jaa yj+;))> : AAIszJ Zl 52 wawﬁﬂi,j (fiav gﬁ)
a= a= =1
—1
k+1 k+1
+ Ay Y Gpalig s, p)i (@ 1:98) + A D @ab(Ear Y1 )it (Fa, Ypr) | Mgyl
B=1 a=1
k+1 k+1
< (ANAz; Ay, + o™ Ay + 0" Azy) - ||€1||L00(Ki’j) - | Az Ay, Z Zd/’aa)ﬂai,j (ZasUB)
a=1p=1
—1
k+1 k+1
+a.Ay; ; Wt (2, 15 0p) + bely z:l Walli j(Zar 1) | iy (2, y)l
=1 a=
(3.9)

In particular, at the Gauss-Radau points, we have the following estimates from (3.9),

-1
k+1 k+1

Je2(y, )| < (MA@ Ay; + " Ay; + 6" Aay) - ler|| o (i, ) - | Maildy; YD Gaptiij(Fa ) | i (Ey,5r)
a=1 =1
Ap2h? + a* ph + b* ph Y bl
> )‘hz(b’hwvz ||el||L (Ki,5) P WA Way, + )\(:),71(:&\)72 h ||€1||L (Ki ;)

=0(h*), foryi,72=1,2,...,k+1,

(3.10)
therefore, following the similar argument as (2.9), we have ||e|[ = (k, ;) = A7 - O(h*) = O(h¥).

In particular, on the downstream edge I, 1, it follows from (3.9) that

—1

k+1

le2(@i1 1, 97)] < (MAz; Ay + a” Ay +0"Azy) - |ler[ =k, ;) - | @Ay, Z%ﬁi,j(x;%vﬁﬁ) Ui (T 10 Gy)
5=1

—1
< (MAz;Ayj + a*Ay; + 0" Az;) - leal[ ok, ) - (G*Aya‘@vﬂz‘,j(w;;,z}v)) SIRICHERY Y
2 2
Ap?h +a*p+b*p

||61||L°°(Ki,j) = O(hk+1)7

sy

(3.11)
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for v = 1,2,...,k + 1. Similarly, on the downstream edge Jj+%, we have |62(50V,yj+%)| = O(hF*1), for
v=1,2,...,k + 1. Following the same lines as in (2.9), we have the estimate ||eg||Loo(1v+lqu+1) = Ay -
ity ity
O(H1) = (1), Thus [t — il i1, o, ) = O(RH1) by the triangle inequality
Ty It

Gathering all results above, we finish the proof of Lemma 3.1. O
The type-2 limiter is defined as follows,

Ui j(z,y) = Osjtsj(x,y), Gij(r,y) =uij(z,y)+ €y, (3.12)

where ¢; ; = —min{min, ,)es i ;(z,y),0}, S C K;; is the set of points where we want to preserve the
positivity of solutions, and 6; ; = % € [0,1].
V)
We have the accuracy result for the conservative positivity-preserving limiter as follows:
Lemma 3.2. Consider the solution u; ; of the scheme (3.2) with an L>-error of O(W**1). If A = 0, the
error introduced by the limiter (3.12) is ||t j — wi j||L=(k, ;) = O(h). If X > 0, the error introduced by the

limiter (3.12) is ||t ; — wijl|L=(k, ) = O(h*¥). Nevertheless, on the downstream edges, the errors in both

cases are optimal, i.e. ||t; ; — ui)j||Lm(1HlUJj+l) = O(hF+1).
2 2

Proof. For simplicity, we assume S = K, ;. Same as (3.5), we decompose the error as e = u; ; — U;; =
(w;j — Qi ;) + (G, — U; ;) = e1 + ea. It is clear that |e1| = ¢;; = O(h**1). Consider es = (1 — 6, ;) 4, ;. If
A =0, we have [|ea|[p(k, ;) = (1= 0i ;) |0 ]|~ k. ;) = O(h), since ||t; j||p~(x, ;) = O(h) if 0; ; < 1. If
A > 0, we have the same estimates for es as (3.9) and (3.10). The estimates for es on the downstream edges
are exactly the same as (3.11) for both the cases A =0 and A > 0.

Collecting all results above, we finish the proof of Lemma 3.2. o

Since the accuracy of both type-1 and type-2 limiters is optimal on the downstream edges, we do not
need to worry about the pollution of the non-optimal errors introduced by the limiters to the downstream

cells. Thus we have the following theorem for the positivity-preserving DG method of the equation (3.1).

Theorem 3.3. For the linear stationary hyperbolic equation (3.1), if the source term and inflow boundary
conditions are nonnegative, then the solution of the scheme (3.2) modified by the limiter (3.4) or (3.12) is

nonnegative, with the local accuracy established in Lemmas 3.1 and 3.2, respectively.

Remark 3.1. In particular, in the space-time DG discretization for the equation of the form u;+ (a(x)u), =
s(z,t), the accuracy of the solution at the terminal time is optimal, as the terminal time is indeed an outflow

boundary.
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4 Linear stationary hyperbolic equations in two dimensions on tri-
angular meshes

In this section, we study the high order conservative positivity-preserving discontinuous Galerkin method in
two space dimensions on triangular meshes for the linear stationary hyperbolic equation (3.1) with nonneg-
ative source term and the inflow boundary condition u|pin(x,y) = g(z,y) > 0, where I'" C 9 is the inflow
boundary. We still assume A > 0 in (3.1) but a(x,y) and b(z, y) are not necessarily positive (or negative).
Consider a regular triangulation € of Q which satisfies diam(K) < ph,VK € Q for some p > 1
independent of the refinement, where diam(K) is the diameter of an element K, h = mingegq, hx and hg
is the radius of the largest ball inscribed in K. For any triangle element K € Qj,, we denote by |K| the
area of K, and e’%,i = 1,2,3 the three edges of K, with length /%, unit outer normal n%, = (niyK,n;K)T
and neighboring cells K;, i = 1,2,3. We assume that the coefficients a(z,y) and b(z,y) in (3.1) satisfy
e < }a(x,y)n;K —I—b(x,y)n;K} < VK € Qp, (x,y) € Q,i = 1,2,3, for some positive constants c,, c*.
This assumption was adopted in the optimal order error estimate for the DG method in [26], as the optimal
accuracy is unavailable for general meshes [23]. The assumption can be satisfied, for instance, by the
conditions on the coefficients a(z, y), b(z,y) in Section 3, together with the triangulation obtained by splitting
each cell therein from the skew diagonal of cells, see Figure 2 for an illustration. The function space V of

the P*-DG scheme is defined as
V={veL*(Q):vlx € P*K),VK € O},

where P*(K) denotes the space of polynomials of order no greater than k on the element K. We define the
cell average of v € V on K as v = \_zlq ffK v(x, y)dzdy, and denote by vig = v|k for v € V.

To save space, we only discuss the case that el is the upstream edge and €%, e3. are the downstream
edges, as the discussion of the case of two upstream edges and one downstream edge is almost the same with
the first case.

The positivity-preserving P¥-DG scheme of the equation (3.1) on triangular meshes is to find u € V,
such that

_ // (auvy + buvy — Auv) dedy + / (aniK + b”f;,K) ugvds + / (aniK + bn27K) ugvds
K cie cie (4.1)

= —/ (ang i + bny, g ) Gk, vds + // svdxdy, Vv € PF(K),

1
[S% K
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for K € Qy,, where we define ﬂK1|e}( =Z(g) if e}, C T'™, with Z denoting the polynomial interpolation at
the quadrature points on cell interfaces. In the computation, we solve ux on cell K based on the modified
solution on upstream cells. Once u is obtained, we employ the positivity-preserving limiter to obtain the
modified solution %, and use it in the computation on the downstream cells.

If we take v = 1 on K in the scheme (4.1), the following equation satisfied by the local mass can be
obtained

)\|K|1_LK—|—/2 (aniK—ani)K) ude—|—/rg (aniK—ang)K) ude:—/1 (an;)K—an;)K) g, ds + |K|5k.
€

K K K

(4.2)

We define LHS(wg) = A|K|wK+fe§< (anZ g +bn3 ) des—i—fe?( (an? g +bnd ) wids, for wg € PF(K),

to be the amount of local mass of wx on K. Since tg, >0 and an), ;x + bnle’K < 0 on the upstream edge in
(4.2), we have the LHS(ug) > 0.

Due to the lack of suitable quadrature rules, we do not have the type-1 limiter available. The type-2

limiter is defined as follows,
g (z,y) = Otk (z,y), dx(,y) =ux(@,y)+ ek, (4.3)

where ex = —min{min, ,)esux (z,y),0}, S C K is the set of points where we want to preserve the positivity

of solutions, and 0 = %EZ’;; € [0,1].

We have the accuracy result for the conservative positivity-preserving limiter as follows:

Lemma 4.1. Consider the solution ux of the scheme (4.1) with an L>-error of O(RF*1). If A = 0, the
error introduced by the limiter (4.3) is |[ix — uk|[ro(x)y = O(h). If X > 0, the error introduced by the
limiter (4.3) is ||ix — uk||Le () = O(h*). Nevertheless, on the downstream edges, the errors in both cases

are optimal, i.e. ||ig — uk||p~(e2 vt ) = O(hF+1).
Proof. For simplicity, we assume S = K. We decompose the error as
e:uK—ﬁK:(uK—le)—F(ﬁK—ﬁK):el—l—eg (44)

It is clear that ||e1]|pe(r) = ex = O(RFT1).

For ey, we have ey = i —tix = (1—0k)lx. If A = 0, we have ||ea|| (k) = (1=0k)||Ux]||L(x) = O(h),
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since ||t || (k) = O(h) if O < 1. If A > 0, we have the estimate for e as follows,
“ LHS(’U,K) “ LHS(UK—UK)
ezl = (1 = O itx ( LHS(ix)) " = T LHSGux) ¢
B A K| (ﬁK - ﬂK) + fei (ani x+ bnfj K) (g —ug)ds+ f (cm K +bnu K) (i — ug) ds
MK |ix + fe% (cmx K +bny K) Urds + [ ( n3
(K] + 0 + ) lleal L)
)\|K|’171K + C*f%ﬁeﬂ + C*E%ﬁe%

UK (4.5
K—i—bnyK) Upds (4.5)

where Vi = Z%» fei vids, forveV, i=1,2,3.
K K

By the equivalence of norms in the finite-dimensional space P¥(K) and the rescaling argument, we have

c , .
[[0]| Lo (k) < I%IHUHLI(K) and |[v| g (ei ) < i v[|z1 ey, Vo € PE(K),i = 1,2, 3, for some positive constants

Cy and CY, depending only on k. Therefore,

(ALK |+ 05 + e 03%) lleal | Lo i) s || Lo ()
llea|| Lo (x) <

A K| g
K]+ 2¢"ph) llea[| =)
< k
K| (4.6)
2c¢*p 1
< C (1 + —AE> llexllpee (i)
= O(h"),
where we have used the fact that 4x > 0. Moreover, we have
llez|| ()‘|K| + M + ¢, ) llexl| Lo (x) ||ﬁK||L°° (%)
2llz=(eg) = cil3 T2
K
(Ap2h2 +2¢ph) |le1]| L= (k) c!
- ceh (4.7)
Ap2h + 2¢*p
= Cl/c(c—)||el||L°°(K)
_ O(hk-l-l)7
and, similarly, |[e2||pe(c3) = O(RF+1).
Gathering all results above and using triangle inequalities, we finish the proof of Lemma 4.1. O

Since the accuracy of the limiter (4.3) is optimal on the downstream edges, we have the following theorem

for the positivity-preserving DG method of the equation (3.1).

Theorem 4.2. For the linear stationary hyperbolic equation (3.1), if the source term and inflow boundary
condition are nonnegative, then the solution of the scheme (4.1) modified by the limiter (4.3) is nonnegative,

with the local accuracy established in Lemma 4.1.
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5 Nonlinear stationary hyperbolic equations with invariant sign of
f'(u) in one dimension

In this section, we study the high order conservative positivity-preserving discontinuous Galerkin method

for the nonlinear stationary hyperbolic equation
fw)e +Au=s(x), xe€Q=(0,1), (5.1)

where 0 < f'(u) < a*,Vu, f'(u) has at most countably many zeros, and A, s(z) > 0. We assign the inflow
boundary condition «(0) = ug > 0 for the equation. We would like to note that, the assumption on invariant
sign of f(u) for all u is essential, otherwise the stationary hyperbolic equation may need boundary conditions
from both sides for the problem to be well-posed, see [17, 25] for instance. This condition is also necessary
for the limiters to be well-defined.

We adopt the partition for €2 and the function space V' exactly the same as in Section 2, as well as the
notations if not otherwise stated.

The positivity-preserving P*-DG scheme of the equation (5.1) is to find u € V, such that

Ti+d _ _ Ti+d . " Ti+d &
- fw)vgdr + f(u, v, 1 + Auwvde = f(a, ,)v] 4 + svdr, Yve P¥(I;), (5.2)
- Jt3z’ Jt3 - J—3’ =3 .

i-% i-% i-%
for j =1,2,..., N, where we define u; = up. Note that the upstream cells adopt the modified solution in
2
the scheme.

If we take the test function v =1 on I; in the scheme (5.2), the following equation satisfied by the local
mass is obtained,

AAz;u; + f(uj;%) = f(a;

j—

Same as the linear case, we define LHS(w;) = Az;w; + f(w;rl), for w; € P¥(I;), to be the amount of
2
local mass of w; on I;. A notable difference is that, we no longer have LHS(u;) > 0.

The type-1 limiter for u; is defined as follows,

ij(x) = Oyiij(x), dj(x) =Y ul (Za)la(z), (5.4)

where 6; € [0, 1] is taken such that the local mass is conservative, i.e. LHS(%;) = LHS(u;). Same as before,

the type-1 limiter must be used in cooperation with the Gauss-Radau quadrature.
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If A >0, 6, €0,1] is uniquely determined. To see this, we define h(0) = LHS(04;) — LHS(u;). It is

J

clear that h(0) = f(0) — f(a; ,) — Ax;5; <0, h(1) = AAx; SFH Watuj (£a) + f((uj;l)"’) — f(u;_;) >0,
2 2 2

and h'(0) > 0 for 6 € [0, 1]. Therefore, the existence and uniqueness of §; is guaranteed by the mean value

theorem and monotonicity of h(8).

If A = 0, the identity (5.3) becomes f(u, ,) = f(a, .)+ Ax;5;, which implies f(u_, ,) > f(a; ,) since
J+3 J—3% J+3 J—3

5; > 0. From the monotonicity of f, we have u; >, , > 0. We always take 6; =1 as u;r , > 0, which

+3 =3 3

implies LHS(G;) = f(uj;%) = LHS(uj).

Moreover, we have the accuracy result of the limiter as follows:

Lemma 5.1. Consider the solution u; of the scheme (5.2) with an L™ -error of O(Az?""l). If X =0,
the error introduced by the limiter (5.4) is ||t; — ujl|[p(r,) = O(Aw?“). If X > 0, the error introduced
by the limiter (5.4) is ||i; — w;||p=(1,) = O(Azk), but the error is optimal at the downstream point, i.e.

|11;+% - u;+%| = O(Aw?“).

Proof. From 0; \Ax;t; + f(0;4

J+l) = Mz u; + f(ujjrl), we have the expression of ; as follows,
2 2

Mzt + f'(cjp1)u;,

9]‘ = = ; P
Azt + f'(cjp 1),

[SE
=

: (5.5)

N
[SE

where ¢; 1 € [u satisfies the Lagrange mean value theorem f(Hjﬂj;% )_f(uj:r%) = f'(c;j41)(0; ﬁj+% _

e U]
UJ-:L;)- Then the estimates are almost the same to those in the proof of Lemma 2.1, except that a(z;, 1) is
2

replaced by f’(cj+%). O
The type-2 limiter for u; is defined as follows,
aj(x) = 0ju,(x), uj(x)=uj(z)+e,, (5.6)

where €; = —min{mingcgu;(z),0}, S C I; is the set of points where we want to preserve the positivity of
solutions, and 6; € [0,1] is uniquely determined by LHS(4;) = LHS(u;).

We have the accuracy result for the limiter as follows,

Lemma 5.2. Consider the solution u; of the scheme (5.2) with an L -error of O(A;v?“). If A\ =0, the
error introduced by the limiter (5.6) is |[i; — uj||p(r;) = O(Ax;). If A > 0, the error introduced by the
limiter (5.6) is [|U; — uj||pe(1;) = O(Aaz?). Nevertheless, at the downstream point, the errors in both cases

are optimal, i.e. |u

- - k+1
Us uj+%|—O(A3:j ).
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Proof. We have the same expression of 6; as in (5.5). Therefore the estimates are almost the same with

those in the proof of Lemma 2.2, except that a(ijr%) is replaced by f/(chr%). O

Since the accuracy of both type-1 and type-2 limiters is optimal at the downstream point of cells, the
assumption on the optimal accuracy of the unmodulated DG solution is appropriate. Collecting the Lemma

5.1 and 5.2, we attain the following theorem for the positivity-preserving DG method for the equation (5.1).

Theorem 5.3. For the nonlinear stationary hyperbolic equation (5.1), if the source term and inflow boundary
condition are nonnegative, then the solution of the scheme (5.2) modified by the limiters (5.4) or (5.6) is

nonnegative, with the local accuracy established in Lemma 5.1 and 5.2, respectively.

6 Numerical tests

In this section, we show the accuracy and effectiveness of the conservative positivity-preserving DG meth-
ods established in previous sections for stationary hyperbolic equations and time-dependent problems with
implicit time discretization by ample numerical tests. Most of the tests are taken from [21, 30, 33]. For sim-
plicity, the triangular meshes adopted in the two dimensional tests are obtained by splitting the rectangular
grids by the diagonals of every cells, see Figure 2 for an illustration of a 6 x 6 mesh.

To save space, we only present the results of the type-2 limiters, as those of the type-1 limiters are almost
the same (even thought the type-1 limiter is formally more accurate than the type-2). For the P*-DG scheme
in one dimension, we adopt the (k + 1)-point Gauss-Legendre rule for volume integration. For the Q*-DG
scheme on rectangular meshes, we use the tensor product of (k + 1)-point Gauss-Legendre rules for volume
integration and (k + 1)-point Gauss-Legendre rule for edge integration. For the P*-DG scheme on triangular
meshes, we adopt the quadrature rule developed in [28] with 36 points, which is exact for polynomials of
degree up to 13 for volume integration, and (k + 1)-point Gauss-Legendre rule for edge integration.

In one dimension, we compute the errors in L' norm using the composite midpoint rule with 100 uniformly
distributed points in each cell. The errors in L*° norm are computed by evaluating the maximum norm at
these points. Similarly, on rectangular meshes, we compute the errors in L' norm using the composite
midpoint rule with 20 uniformly distributed points in each dimension of a cell. The errors in L*° norm are
computed by evaluating the maximum norm of errors at these points. On triangular meshes, we compute

the L' norm using the same quadrature rule used for the volume integration of the scheme. The L>™ norm
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is computed by evaluating the maximum norm at these points.

We would like to note that, though the sub-optimal error estimates of the limiters are sharp by artificial
examples in 2.1 and 2.2, in numerical tests we have not observed any degeneracy of orders of accuracy.
Additionally, we have not observed any degeneracy of orders of accuracy when using the type-1 limiter with

the (k + 1)-point Gauss-Radau quadrature.

Figure 2: A typical triangular mesh used in the tests. Triangles are obtained by splitting rectangles diago-

nally.

Example 6.1. (Comparison of the conservation property for different limiters)

We solve the simple hyperbolic equation u; + u, = 0 with implicit time discretization by a variety of
positivity-preserving schemes, and compare the results of different positivity-preserving limiters. We first
compute the solutions using the scaling limiter [35] that preserves cell averages. Then, we replace the scaling
limiter in these algorithms by our conservative limiter that preserves the sum of cell average and outflow
fluzes. Since the only difference is in the use of limiters, it would be convincing that our notion of conservation
is more appropriate if the results of the conservative limiters are better than those of the scaling limiter.

The initial and boundary condition are given below

1, 0<z<1
u(z,0) = , x€Q; wu(0,t)=0, telo,T].

0, otherwise

We first compute the equation on the domain Q = [0,5], with backward Fuler time discretization, CFL
number % = 0.01 and spatial partition N = 500, to the terminal time T = 2, based on the positivity-

preserving P2-DG scheme proposed in [30] for one dimensional linear equations. We plot the cell averages
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of the numerical solutions at the terminal time for the cases with no limiter, with the scaling limiter and
with the conservative limiter, and compare them with the exact solution. The results are shown in Figure 3,
from which we can clearly observe a wrong shock location with the use of the scaling limiter. The total mass
of the exact solution at the terminal time is fﬂu(x,T)daj = 1. In the numerical solutions, the total mass
has changed 3.10 x 10712, 2.94 x 10712 and 1.54 x 10! for the cases with no limiter, with the conservative

limiter and with the scaling limiter, respectively.

exact solution
1+ [', g without limiter 1k

(a) No limiter (b) With limiter

Figure 3: Comparison of results using different limiters in the P2-DG scheme proposed in [30] for the equation
us +u; = 0 at T = 2 on the domain Q = [0, 5] with backward Euler time discretization. The CFL number
is set as % = 0.01 and the spatial partition is uniform with N = 500.

We then compute the equation on the space-time box Q2 x [0, T] by the space-time DG discretization, based
on the positivity-preserving R*-DG scheme proposed in [21] for two dimensional linear equations. We take two
space-time bozes Q1 = [0,50], 71 = 40 and Q2 = [0, 100], T = 90, on the uniform meshes N} x N} = 500 x 400
and N2 x N? = 1000 x 900, respectively. We plot the cell averages of the numerical solutions at the terminal
times for the cases with no limiter, with the conservative limiter and with the scaling limiter, and compare
them with the exact solution. The results are shown in Figure 4, from which we can clearly observe the loss
of mass with the use of the scaling limiter. In the numerical solutions, the total mass in the domain has
changed 4.97 x 1071, 4.77 x 1074 and 8.59 x 1072 at T} for the cases with no limiter, with the conservative
limiter and with the scaling limiter, respectively, and 1.01 x 10713, 1.11 x 10™'3 and 1.47 x 107! at Ty for

the cases with no limiter, with the conservative limiter and with the scaling limiter, respectively.
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exact solution
without limiter

(a) T1 = 40, no limiter

exact solution
without limiter

(¢) T> =90, no limiter

exact solution
1F conservative limiter
— — scaling limiter
08
06
04l
02
0
37 38 39 40 41 42 43 44
(b) T1 = 40, with limiter
exact solution
1F conservative limiter
— — scaling limiter
08
06
0.4
02
0
87 88 89 90 91 92 93 94

(d) T> = 90, with limiter

Figure 4: Comparison of results using different limiters in the R'-DG scheme proposed in [21] for the

equation us + u, = 0 with space-time DG discretization. Solutions of (a), (b) are computed on € x

[0,71] = [0,50] x [0,40] with uniform partition N} x N} = 500 x 400. Solutions of (c), (d) are computed on

Qs x [0, T3] = [0,100] x [0,90] with uniform partition N2 x N2 = 1000 x 900.
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Finally, we compute the equation by the space-time DG based on the Q2 and Q* schemes (3.2). Note that
these two schemes are not positivity-preserving for cell averages in general, namely, there is no theoretical
guarantee that the cell averages always remain nonnegative with the use of the scaling limiter. However, by
trial and error, we find a setting that keeps the cell averages nonnegative during simulation, with the use of
positivity-preserving scaling limiter. We take the space-time box @ = [0,30],T = 25 on the uniform mesh
N, x Ny = 300 x 250. We plot the cell averages of the numerical solutions at the terminal time for the cases
with no limiter, with the conservative limiter and with the scaling limiter, and compare them with the exact
solution. The results are shown in Figure 5, from which we can clearly observe the loss of mass with the use
of the scaling limiter. The total mass in the domain have changed 8.48 x 10714, 8.53 x 10! and 1.88 x 10~!
in the Q%-DG scheme for the cases with no limiter, with the conservative limiter and with the scaling limiter,
respectively, and 1.87 x 10713, 1.88 x 10713 and 7.78 x 10~2 in the Q3-DG scheme for the cases with no

limiter, with the conservative limiter and with the scaling limaiter, respectively.

Example 6.2. A linear stationary hyperbolic equation in one dimension
We solve the equation (2.1) with a(z) =1, A = 6000 and s(z) = X (§ cos*(z) + ¢€) — § cos®(z) sin(z) on

the domain Q = [0, 7], where e = 107% is taken such that the source term is monnegative. The boundary

condition of the problem is u(0) = § + € and the exact solution is u(x) = § cos*(z) + .
We compute the equation using the P*-DG scheme (2.2) with k = 1,2,3,4. The errors, orders of con-
vergence and data about positivity are given in Table 1, where we can observe that the negative values of the

original scheme are eliminated by the limiter and the order of accuracy remains optimal.

Example 6.3. A nonlinear stationary hyperbolic equation in one dimension

We solve the equation (5.1) with f(u) = u®40.01u, A = 5 and s(z) = —8sin(z) cos™ () (3(cos®(z) + €)? + 0.01)+
A (cos®(z) + €) on the domain Q = [0, 7], where e = 10~ is taken such that the source term is nonnegative.
The boundary condition of the problem is u(0) = 1 + € and the exact solution is u(z) = cos®(z) + €.

We compute the equation using the P*-DG scheme (5.2) with k = 1,2,3,4. The errors, orders of conver-
gence and data about positivity are given in Table 2. Same to the linear case, we can observe that the negative

values of the original scheme are eliminated by the limiter and the order of accuracy remains optimal.

Example 6.4. A nonlinear time-dependent hyperbolic equation in one dimension with backward
FEuler time discretization

We solve the equation (1.1) with backward Euler time discretization, and take f(u) = %, s(z) =0. The
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(d) T = 25, Q3-DG, with limiter

Figure 5: Comparison of results using different limiters in the scheme (3.2) for the equation u; + u, = 0

with space-time DG discretization. Solutions of are computed on © x [0,T] = [0, 30] x [0, 25] with uniform

partition N, x N; = 300 x 250.
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no Limiter

with Limiter

kN | L'error order L* error order  minup L' error order L error order Limited cells (%)
1 20 | 4.62E-04 - 9.00E-04 - -4.67E-05 4.63E-04 - 9.00E-04 - 20.00
40 | 1.16E-04 1.99 2.28E-04 1.98 -3.34E-06 1.16E-04 2.00 2.28E-04 1.98 10.00
80 | 2.90E-05 2.00 5.83E-05 197 -2.19E-07 2.90E-05 2.00 5.83E-05 1.97 5.00
160 | 7.26E-06 2.00 1.50E-05 196 -1.43E-08 7.26E-06 2.00 1.50E-05 1.96 2.50
320 | 1.82E-06 2.00 3.90E-06 194 -9.54E-10 1.82E-06 2.00 3.90E-06 1.94 1.25
2 20 | 2.04E-05 - 3.88E-05 - -2.30E-06  2.05E-05 - 3.88E-05 - 10.00
40 | 2.54E-06 3.01 4.84E-06 3.00 -1.49E-07 2.54E-06 3.01 4.84E-06  3.00 5.00
80 | 3.19E-07 299 5.98E-07 3.02 -9.58E-09 3.19E-07 299 5.98E-07  3.02 2.50
160 | 4.01E-08 2.99 7.33E-08 3.03 -6.28E-10 4.01E-08 2.99 7.33E-08  3.03 1.25
320 | 5.09E-09 298 8.86E-09 3.056 -4.25E-11 5.09E-09 298 8.86E-09 3.05 0.63
3 20 | 7.72E-07 - 1.57E-06 - -9.43E-07  9.58E-07 - 4.24E-06 - 10.00
40 | 4.79E-08 4.01 1.03E-07 3.93 -6.21E-08 5.38E-08 4.16 2.76E-07 3.94 5.00
80 | 3.01E-09 3.99 6.74E-09 3.93 -4.05E-09 3.19E-09 4.07 1.73E-08  4.00 2.50
160 | 1.89E-10 4.00 4.48E-10 391 -2.69E-10 1.94E-10 4.04 1.06E-09  4.02 1.25
320 | 1.19E-11  3.98  3.06E-11 3.87 -1.83E-11 1.21E-11 4.00 6.46E-11 4.04 0.63
4 20 | 2.44E-08 - 4.80E-08 - -1.12E-08  2.71E-08 - 4.80E-08 - 10.00
40 | 7.60E-10 5.01 1.47E-09 5.03 -1.83E-10 7.81E-10 5.12 1.47E-09  5.03 5.00
80 | 2.39E-11 499  4.45E-11 5.04 -3.02E-12 241E-11 5.02  4.45E-11 5.04 2.50
160 | 7.57E-13  4.98 1.32E-12  5.07 -4.17E-14 7.58E-13  4.99 1.32E-12  5.07 1.25
320 | 2.43E-14 496 3.97E-14  5.06 9.10E-15 2.43E-14 496 3.97E-14  5.06 0.00

Table 1: Results for the equation u, + 6000u = 6000(§ cos*(z) 4+ 107) —

using the P*-DG scheme (2.2) on the domain Q = [0, 7]
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no Limiter

with Limiter

kN | L'error order L* error order  minup L' error order L error order Limited cells (%)
1 20 | 7.45E-03 - 3.02E-02 - -1.49E-04  7.45E-03 - 3.02E-02 - 30.00
40 | 1.91E-03 196 797E-03 192 -848E-07 1.91E-03 1.96 7.97TE-03 1.92 17.50
80 | 4.91E-04 196 2.03E-03 197 -6.90E-09 4.91E-04 196 2.03E-03 1.97 8.75
160 | 1.26E-04 1.96 5.11E-04 1.99 -5.30E-11 1.26E-04 1.96 5.11E-04 1.99 3.13
320 | 3.22E-05 1.97 1.28E-04 2.00 -3.36E-13 3.22E-05 1.97 1.28E-04  2.00 0.63
2 20 | 4.57E-04 - 2.12E-03 - -1.27E-06  4.57E-04 - 2.12E-03 - 20.00
40 | 5.72E-05 3.00 2.62E-04 3.01 -1.18E-08 5.72E-05 3.00 2.62E-04 3.01 10.00
80 | 7.22E-06 2.98 3.20E-05 3.03 -7.14E-11 7.22E-06 2.98  3.20E-05  3.03 5.00
160 | 9.17E-07 2.98  3.96E-06 3.01 -248E-13 9.17E-07 2.98 3.96E-06 3.01 1.88
320 | 1.16E-07 298  4.92E-07 3.01 9.44E-15 1.16E-07 298 4.92E-07 3.01 0.00
3 20 | 2.30E-05 - 1.19E-04 - -9.63E-07  2.30E-05 - 1.19E-04 - 20.00
40 | 1.44E-06  3.99 7.83E-06 3.93 -5.10E-09 1.44E-06  3.99 7.83E-06  3.93 10.00
80 | 9.24E-08 3.97  4.95E-07  3.98 -2.42E-11 9.24E-08 3.97 4.95E-07  3.98 5.00
160 | 5.86E-09 3.98 3.11E-08 3.99 -1.07E-13 5.86E-09 3.98 3.11E-08  3.99 0.63
320 | 3.71E-10 3.98 1.94E-09 4.00 9.43E-15 3.71E-10 3.98 1.94E-09 4.00 0.00
4 20 | 1.05E-06 - 6.46E-06 - -6.21E-09  1.05E-06 - 6.46E-06 - 10.00
40 | 3.31E-08  4.98 1.88E-07  5.10 -3.05E-11 3.31E-08  4.98 1.88E-07  5.10 5.00
80 | 1.05E-09 4.97 5.80E-09 5.02 -8.17E-14 1.05E-09 4.97 5.80E-09  5.02 2.50
160 | 3.35E-11  4.98 1.79E-10  5.02 9.65E-15 3.35E-11  4.98 1.79E-10  5.02 0.00
320 | 1.06E-12 498  5.54E-12 5.01 1.00E-14 1.06E-12  4.98 5.54E-12 5.01 0.00
Table 2: Results for the equation (u® + 0.01u), + 5u = —8sin(x) cos () (3(cos®(z) + 107)% 4+ 0.01) +

5 (cos®(x) + 107') in Example 6.3 using the P*-DG scheme (5.2) on the domain Q = [0, 7]
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initial and boundary condition of the equation are given below

u(z,0) = , xeQ; u(0,t)=1, telo,T],

0, otherwise
where Q = [0,3] and T = 2.5.

We compute the equation using the P*-DG scheme (5.2) with k = 1,2,3,4, CFL number % = 0.5 and
spatial partition N = 150. We zoom in the pre-shock zone and draw the cell averages of the numerical solu-
tions in this area in Figure 6, with a comparison with the exact solution and the results without limiter. From
the figures, we can observe that the negative cell averages of the original numerical scheme are eliminated by

the limiter.

Example 6.5. Linear stationary hyperbolic equations in two dimensions with smooth solutions
We solve the equation (3.1) with constant coefficients a(z,y) = a = 0.7,b(xz,y) =b = 0.3 and s(z,y) =0
in the domain Q = [0,1] x [0,1]. The inflow boundary conditions are u(xz,0) = 0,0 < x < 1 and u(0,y) =

sin®(7my),0 <y < 1. The exact solution of the problem is

07 y < g(E
u(x,y) =

Qo

sin(7(y — gx))e*%”” y > 2.
We take A = 1, which corresponds to the purely absorbing medium in RTE, and A = 0, which corresponds to
the transparent medium in RTE, in the tests.

We compute the equations using the Q¥-DG scheme (3.2) on rectangular meshes, and the P*-DG scheme
(4.1) on triangular meshes. The errors, orders of convergence and data about positivity are given in Table

8 - Table 6, from which we can observe that the positivity and optimal accuracy are both attained by the

algorithms.

Example 6.6. Linear stationary hyperbolic equations in two dimensions with discontinuous
solutions

We solve the equation (3.1) with constant coefficients a(z,y) = a = 0.7,b(z,y) = b = 0.3, s(z,y) =0 in
the domain Q = [0,1] x [0, 1]. The inflow boundary conditions are u(x,0) = 0,0 < x <1 and u(0,y) = 1,0 <

y < 1. The exact solution of the problem 1is

u(z,y) =
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Figure 6: A zoomed-in view of the results for the equation u; + (“?%)

(d) P*-DG

21 22

= 0 in Example 6.4 using the P*-DG

scheme (5.2) at T' = 2.5 on the domain Q = [0, 3] with backward Euler time discretization. The CFL number

is set as
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no Limiter

with Limiter

k' N.,xN, | L'error order L™ error order min up, L' error  order L™ error order Limited cells (%)
1 20 x 20 1.43E-03 - 2.66E-02 - -3.07E-04 1.42E-03 - 2.66E-02 - 35.00
40 x 40 3.38E-04  2.08 6.94E-03 1.94 -2.06E-05 3.38E-04 2.07 6.94E-03 1.94 29.25
80 x 80 8.21E-05 2.04 1.76E-03 198 -1.03E-06 8.21E-05 2.04 1.76E-03 1.98 25.98
160 x 160 | 2.03E-05  2.02 4.42E-04 1.99 -4.61E-08 2.03E-05 2.02 4.42E-04 1.99 24.05
320 x 320 | 5.04E-06  2.01 1.11E-04  2.00 -1.99E-09 5.04E-06 2.01 1.11E-04  2.00 22.95
2 20 x 20 6.32E-05 - 1.26E-03 - -1.59E-06  6.32E-05 - 1.26E-03 - 14.50
40 x 40 7.79E-06  3.02 1.63E-04 2.96 -2.73E-08 7.79E-06 3.02 1.63E-04  2.96 13.13
80 x 80 9.71E-07 3.01 2.07E-05 298 -4.36E-10 9.71E-07 3.01 2.07E-05 298 12.58
160 x 160 | 1.21E-07  3.00 2.60E-06 299 -6.86E-12 1.21E-07 3.00 2.60E-06 2.99 12.23
320 x 320 | 1.51E-08 3.00  3.26E-07 3.00 -1.15E-13 1.51E-08 3.00 3.26E-07  3.00 12.06
3 20 x 20 2.77E-06 - 6.61E-05 - -3.64E-07  2.78E-06 - 6.61E-05 - 18.50
40 x 40 1.72E-07 4.01 4.35E-06 3.92  -7.14E-09 1.72E-07 4.01 4.35E-06 3.92 16.56
80 x 80 1.07E-08  4.00 2.76E-07  3.98 -1.21E-10 1.07TE-08  4.00 2.76E-07  3.98 15.55
160 x 160 | 6.71E-10  4.00 1.73E-08 399 -1.94E-12 6.71E-10 4.00 1.73E-08 3.99 15.20
320 x 320 | 4.19E-11  4.00 1.08E-09 4.00 -3.06E-14 4.19E-11 4.00 1.08E-09 4.00 14.98
4 20 x 20 1.08E-07 - 2.56E-06 - -2.03E-08 1.09E-07 - 2.56E-06 - 19.50
40 x 40 3.37E-09  5.01 8.33E-08 494 -3.45E-10 3.38E-09 5.01 8.33E-08 4.94 17.94
80 x 80 1.05E-10  5.00 2.62E-09 499 -5.55E-12 1.05E-10  5.00 2.62E-09 4.99 17.31
160 x 160 | 3.29E-12  5.00 8.19E-11 5.00 -9.54E-14 3.29E-12  5.00 8.19E-11 5.00 16.75
320 x 320 | 1.07E-13  4.94 2.57TE-12 5.00 -2.15E-15 1.07E-13 4.94 2.57TE-12 5.00 16.53

Table 3: Results for the equation 0.7u, + 0.3u, + u = 0 in Example 6.5 using the Q*-DG scheme (3.2) on

rectangular meshes in domain = [0,1]2
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no Limiter

with Limiter

k' N.,xN, | L'error order L™ error order min up, L' error  order L™ error order Limited cells (%)
1 20 x 20 1.92E-03 - 2.37E-02 - -2.89E-03  1.89E-03 - 2.37E-02 - 22.13
40 x 40 4.40E-04 2.13 6.85E-03 1.79 -1.32E-04 4.40E-04 2.10 6.85E-03 1.79 17.22
80 x 80 1.05E-04  2.07 1.81E-03 1.92 -5.02E-06 1.05E-04 2.07 1.81E-03 1.92 14.23
160 x 160 | 2.57E-05 2.03 4.67E-04 1.96 -1.88E-07 257E-05 2.03 4.67E-04 1.96 12.62
320 x 320 | 6.38E-06  2.01 1.18E-04 1.98 -7.32E-09 6.38E-06 2.01 1.18E-04 1.98 11.77
2 20 x 20 9.43E-05 - 1.92E-03 - -2.44E-05 9.47E-05 - 1.92E-03 - 10.38
40 x 40 1.14E-05  3.05 2.62E-04  2.87 -4.59E-07 1.14E-05 3.05 2.62E-04  2.87 8.28
80 x 80 1.42E-06  3.01 3.45E-05 292 -7.72E-09 142E-06 3.01 3.45E-05 2.92 7.74
160 x 160 | 1.77E-07 3.00 4.39E-06 2.97 -1.23E-10 1.77E-07 3.00 4.39E-06 2.97 7.42
320 x 320 | 2.21E-08  3.00 5.54E-07 299 -1.95E-12 2.21E-08  3.00 5.54E-07  2.99 7.34
3 20 x 20 5.87E-06 - 1.04E-04 - -1.03E-05 6.77E-06 - 1.04E-04 - 14.75
40 x 40 3.70E-07  3.99 7.30E-06 3.83 -2.32E-07 3.78E-07 4.16 7.30E-06 3.83 11.94
80 x 80 2.31E-08 4.00 4.85E-07 3.91 -4.05E-09 2.32E-08 4.03 4.85E-07 3.91 10.50
160 x 160 | 1.44E-09 4.00 3.13E-08 3.96 -6.52E-11 1.44E-09 4.00 3.13E-08 3.96 9.86
320 x 320 | 9.02E-11  4.00 1.98E-09 3.98 -1.03E-12 9.02E-11  4.00 1.98E-09 3.98 9.43
4 20 x 20 3.16E-07 - 5.85E-06 - -5.81E-07  3.32E-07 - 5.85E-06 - 9.75
40 x 40 9.83E-09 5.01 2.05E-07  4.83 -1.08E-08 9.97TE-09  5.06 2.05E-07  4.83 8.75
80 x 80 3.03E-10  5.02 6.72E-09 493 -1.89E-10 3.04E-10 5.03 6.72E-09 4.93 8.59
160 x 160 | 9.41E-12  5.01 2.21E-10 493 -3.08E-12 941E-12 5.01 2.21E-10 4.93 8.36
320 x 320 | 3.06E-13  4.94 7.25E-12 493 -4.90E-14 3.06E-13  4.95 7.25E-12 4.93 8.31

Table 4: Results for the equation 0.7u, + 0.3u, + v = 0 in Example 6.5 using the P%-DG. scheme (4.1) on

triangular meshes in domain Q2 = [0, 1]?
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no Limiter

with Limiter

k' N.,xN, | L'error order L™ error order min up, L' error  order L™ error order Limited cells (%)
1 20 x 20 2.66E-03 - 2.81E-02 - -1.12E-03  2.64E-03 - 2.81E-02 - 35.00
40 x 40 6.10E-04  2.12 7.23E-03 1.96 -8.44E-05 6.10E-04 2.11 7.23E-03 1.96 29.25
80 x 80 1.46E-04  2.06 1.82E-03 1.99 -4.12E-06 1.46E-04 2.06 1.82E-03 1.99 25.97
160 x 160 | 3.59E-05 2.03  4.56E-04 2.00 -1.87E-07 3.59E-05 2.03 4.56E-04  2.00 24.05
320 x 320 | 8.89E-06  2.01 1.14E-04  2.00 -8.21E-09 8.89E-06 2.01 1.14E-04  2.00 22.95
2 20 x 20 1.14E-04 - 1.32E-03 - -1.65E-06 1.14E-04 - 1.32E-03 - 14.50
40 x 40 1.40E-05  3.03 1.67E-04 298 -2.78E-08 1.40E-05 3.03 1.67E-04  2.98 13.19
80 x 80 1.74E-06  3.01  2.09E-05 3.00 -4.39E-10 1.74E-06 3.01 2.09E-05 3.00 12.56
160 x 160 | 2.17TE-07  3.00 2.61E-06 3.00 -1.32E-11 2.17E-07  3.00 2.61E-06 3.00 12.21
320 x 320 | 2.71E-08  3.00 3.27E-07 3.00 -4.61E-13 2.71E-08 3.00 3.27E-07  3.00 12.07
3 20 x 20 4.96E-06 - 7.10E-05 - -4.14E-07  4.97E-06 - 7.10E-05 - 19.25
40 x 40 3.08E-07 4.01 4.48E-06 3.98 -7.61E-09 3.08E-07 4.01 4.48E-06 3.98 16.69
80 x 80 1.92E-08  4.00 2.81E-07 4.00 -1.24E-10 1.92E-08  4.00 2.81E-07  4.00 15.53
160 x 160 | 1.20E-09  4.00 1.76E-08 4.00 -3.10E-12 1.20E-09 4.00 1.76E-08 4.00 15.21
320 x 320 | 7.50E-11  4.00 1.10E-09 4.00 -8.31E-14 7.50E-11  4.00 1.10E-09 4.00 15.01
4 20 x 20 1.94E-07 - 2.68E-06 - -2.70E-08  1.95E-07 - 2.68E-06 - 19.25
40 x 40 6.04E-09  5.01 8.42E-08 499 -542E-10 6.05E-09 5.01 8.42E-08 4.99 17.88
80 x 80 1.88E-10  5.00 2.63E-09 5.00 -1.18E-11 1.88E-10 5.00 2.63E-09 5.00 17.30
160 x 160 | 5.88E-12  5.00 8.24E-11 5.00 -2.73E-13 5.88E-12  5.00 8.24E-11 5.00 16.74
320 x 320 | 1.92E-13  4.93 2.78E-12 4.89 -6.56E-15 1.92E-13 4.93 2.80E-12 4.88 16.48

Table 5: Results for the equation 0.7u, + 0.3u, = 0 in Example 6.5 using the Q*-DG scheme (3.2) on

rectangular meshes in domain = [0,1]2
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no Limiter

with Limiter

k' N.,xN, | L'error order L™ error order min up, L' error  order L™ error order Limited cells (%)
1 20 x 20 3.67E-03 - 2.70E-02 - -5.59E-03  3.58E-03 - 2.70E-02 - 22.38
40 x 40 8.02E-04 2.19 7.41E-03 1.87 -4.09E-04 8.02E-04 2.16 7.41E-03 1.87 17.22
80 x 80 1.86E-04 2.11 1.91E-03 1.96 -1.85E-05 1.87E-04 2.10 1.91E-03 1.96 14.21
160 x 160 | 4.52E-05  2.04  4.80E-04 1.99 -7.38E-07 4.52E-05 2.04 4.80E-04 1.99 12.61
320 x 320 | 1.12E-05  2.02 1.20E-04  2.00 -2.94E-08 1.12E-05 2.02 1.20E-04  2.00 11.77
2 20 x 20 1.68E-04 - 2.05E-03 - -2.81E-05 1.69E-04 - 2.05E-03 - 11.63
40 x 40 2.02E-05  3.05 2.64E-04 296 -4.80E-07 2.02E-05 3.06 2.64E-04  2.96 9.25
80 x 80 2.50E-06 3.02 3.32E-05 299 -7.89E-09 2.50E-06 3.02 3.32E-05 2.99 8.54
160 x 160 | 3.12E-07 3.00 4.16E-06  3.00 -1.25E-10 3.12E-07 3.00 4.16E-06  3.00 8.27
320 x 320 | 3.89E-08 3.00 5.21E-07 3.00 -1.96E-12 3.89E-08 3.00 5.21E-07  3.00 8.18
3 20 x 20 1.02E-05 - 1.14E-04 - -1.22E-05 1.19E-05 - 1.14E-04 - 15.38
40 x 40 6.43E-07  3.99 7.90E-06 3.85 -2.52E-07 6.58E-07 4.17  7.90E-06 3.85 12.50
80 x 80 4.02E-08  4.00 5.10E-07  3.95 -4.20E-09 4.03E-08  4.03 5.10E-07  3.95 11.00
160 x 160 | 2.51E-09  4.00 3.21E-08 399 -6.67E-11 2.51E-09 4.00 3.21E-08 3.99 10.34
320 x 320 | 1.57E-10  4.00 2.01E-09 4.00 -1.05E-12 1.57E-10 4.00 2.01E-09 4.00 9.87
4 20 x 20 5.55E-07 - 6.22E-06 - -6.07E-07  5.85E-07 - 6.22E-06 - 10.13
40 x 40 1.71E-08  5.02 2.16E-07  4.85 -1.19E-08 1.73E-08  5.08 2.16E-07  4.85 9.34
80 x 80 5.26E-10  5.02 6.96E-09 496 -1.99E-10 5.28E-10 5.04 6.96E-09 4.96 8.84
160 x 160 | 1.63E-11  5.01 2.20E-10 498 -3.16E-12 1.63E-11 5.01 2.20E-10 4.98 8.48
320 x 320 | 5.36E-13  4.93 7.06E-12 4.96 -4.96E-14 5.36E-13 4.93 7.06E-12 4.96 8.32

Table 6: Results for the equation 0.7u, + 0.3u, = 0 in Example 6.5 using the PE-DG scheme (4.1) on

triangular meshes in domain 2 = [0, 1]?
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We test the cases of A = 1 and X\ = 0, which correspond to the purely absorbing medium and transparent
medium in RTE, respectively.

The solutions are computed by the QF-DG scheme (3.2) on rectangular meshes, and by the P*-DG scheme
(4.1) on triangular meshes, with the spatial partition Ny x N, = 100 x 100. We draw the contours of the
solutions on rectangular meshes in Figures 7 and 9 for the cases A = 1 and A = 0, respectively. The
contours of the solutions on triangular meshes are given in Figures 11 and 13 for the cases A =1 and A = 0,
respectively. Moreover, we slice the solutions along y = 0.25 and plot the averages of the solution along the
line in Figures 8, 10, 12 and 14. From the figures, we can observe that the negative averages of the solution

in the original scheme are eliminated by the positivity-preserving technique.

7 Concluding remarks

In this paper, we have constructed high order conservative positivity-preserving discontinuous Galerkin
methods for various stationary hyperbolic equations in one and two space dimensions, based on a novel
definition of conservation for stationary equations. Two types of conservative positivity-preserving limiters
are introduced, where the type-1 limiter relies on particular Gauss-Radau quadratures for the schemes while
the type-2 limiter does not. The errors introduced by the limiters are of optimal order on downstream edges,
thus the limiter does not pollute from the original high order accuracy on downstream cells. Moreover, for
time-dependent hyperbolic problems with implicit time discretization, the errors introduced by limiters are
always optimal.

The positivity-preserving technique proposed in this paper is easy to implement, simple to prove for the
positivity, and applicable for general types of stationary hyperbolic equations, compared with the previous
works. Moreover, it is possible to apply this positivity-preserving approach to certain time-dependent advec-
tion systems using implicit discretization for target variables and explicit discretization for velocities in the
advection terms. In the future, we will extend the methods to the bound-preserving DG for the multi-phase
flow system and the positivity-preserving DG for the multi-components gas flow system in porous media in

two space dimensions with implicit time discretization, based on the this methodology.
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Figure 7: Solutions of 0.7u, + 0.3u, + u = 0 in Example 6.6 using the Q*-DG scheme (3.2) on rectangular

meshes in domain 2 = [0, 1]? with uniform partition N, x N, = 100 x 100.
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Figure 8: Solutions of 0.7u, + 0.3u, + u = 0 in Example 6.6 using the Q*-DG scheme (3.2) on rectangular

meshes in domain 2 = [0, 1]? with uniform partition N, x N, = 100 x 100, cut along y = 0.25
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Figure 9: Solutions of 0.7u, +0.3u, = 0 in Example 6.6 using the Q*-DG scheme (3.2) on rectangular meshes

in domain Q = [0,1]? with uniform partition N, x N, = 100 x 100.
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Figure 10: Solutions of 0.7u; + 0.3u, = 0 in Example 6.6 using the Q*-DG scheme (3.2) on rectangular

meshes in domain 2 = [0, 1]? with uniform partition N, x N, = 100 x 100, cut along y = 0.25
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Figure 11: Solutions of 0.7u; + 0.3u, +u = 0 in Example 6.6 using the P*-DG scheme (4.1) on triangular

meshes in domain 2 = [0, 1]? with uniform partition N, x N, = 100 x 100.
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Figure 12: Solutions of 0.7u; + 0.3u, +u = 0 in Example 6.6 using the P*-DG scheme (4.1) on triangular

meshes in domain 2 = [0, 1]? with uniform partition N, x N, = 100 x 100, cut along y = 0.25
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Figure 13: Solutions of 0.7uz+0.3u, = 0 in Example 6.6 using the P%-DG scheme (4.1) on triangular meshes

in domain Q = [0,1]? with uniform partition N, x N, = 100 x 100.
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Figure 14: Solutions of 0.7uz+0.3u, = 0 in Example 6.6 using the P%-DG scheme (4.1) on triangular meshes
in domain Q = [0,1]? with uniform partition N, x N, = 100 x 100, cut along y = 0.25
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