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Abstract

An experimental and theoretical study of delayed fracture of polydimethlsiloxane (PDMS) is
presented. Previous works have demonstrated that delayed fracture in single edge notch specimens
is caused by time dependent damage due to chain scission. Here we study the interactions between
damage and the elastic field using different specimens and crack geometries with blunt and sharp
cracks. Our experiments show that initial toughness is not well defined, as stable slow crack growth
can occur over a range of applied loads. Our experiments demonstrate that there is a universal
relation between crack growth rate and applied energy release rate. A model coupling the nonlinear
elastic deformation and rate dependent bond scission is proposed and is in good agreement with
experimental data.
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1. Introduction

The simplest mechanical test for materials is to stretch a bar under uniaxial tension. The stress
or strain when the material breaks is known as fracture strength or elongation at failure. Although
fracture strength or elongation is easy to measure, it can vary greatly from specimen to specimen
and is sensitive to size and loading rate [1, 2]. The fracture mechanics approach mediates the first
of these difficulties by testing a pre-cracked specimen and using the critical energy release rate, G,
at crack initiation as a criterion for failure. For time independent elastic solids, G, is a well-defined
material property. One key advantage of the fracture mechanics approach is that while the fracture
strength is geometry dependent, G.. is not [3, 4].

However, for many soft materials, G, is not well defined [5, 6, 7, 8](a detailed discussion of
the meaning of toughness will be given here). For example, loading materials below their fracture
strength or G. does not necessarily mean they are safe [5, 9, 10]. When the external loading is

below the critical criteria, instead of instantaneously breaking, catastrophic fracture due to the
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initiation and rapid propagation of a macroscopic crack (in samples with no pre-crack) or slow
crack growth may occur. This time dependent phenomenon is called delayed fracture (DF) and has
been observed in ceramics [11], metals [12], plastics [13] and soft materials such as hydrogels and
elastomers [14, 15, 16, 17, 18].

Studies of DF are difficult to carry out since: (1) DF, being a time dependent phenomenon,
is sensitive to loading history. For example, the behavior of a sample in a relaxation test [19]
can be markedly different than the same sample in a creep or constant strain rate test [17]. (2)
DF is extremely sensitive to stress concentration, and hence sample geometry can significantly
affect behavior. A small decrease in applied stress/strain may increase the delay time by orders
of magnitude, from seconds to hours [5, 9]. Here we note that in the literature, DF has been
studied using different specimens with varying degree of stress concentration. For example, some
studies use samples with sharp crack tips [5, 10, 16], while others use blunted cracks or notches
with finite radius (usually in the scale of 0.1mm) [9, 18, 20]. In some studies, tension samples with
no precrack are used [14, 17]. (3) There can be many time dependent mechanisms underlying DF,
e.g., poroelasticity [5, 10] ,viscoelasticity [17, 21] or damage due to rate dependent bond breaking
[22]. For example, in hydrogels, movement of solvent can change the energy release rate near the
crack tip and can lead to catastrophic fracture when the energy release rate exceeds the toughness
[5, 18]. In highly viscoelastic hydrogels such as Polyampholyte gels [23], creep rupture (DF in
some literature) is intimately associated with viscoelasticity, which is controlled by the breaking and
healing kinetics of ionic bonds as well as the degree of chemical crosslinking [17]. Whether these
mechanisms are strongly coupled depends on the material system, loading history and geometry.
Due to these difficulties, there are considerable variations in observation: in some work slow crack
growth is observed before catastrophic failure [16, 18, 21|, while in others only catastrophic failure
is observed [5, 9, 10, 14].

The choice of experiments in this work is directed by these considerations. To study the effect of
loading histories on DF, we used both relaxation and constant strain rate tests. The relaxation test
is particularly relevant since in contrast to the constant strain rate test, there is no energy input
to the specimen during the hold period prior to DF. To address the effect of specimen geometry on
DF, we use two geometries: a pure shear (PS) and a double-edge crack (DEC) sample. From these
two geometries, we can generate different specimens by varying the crack length and the sharpness
of the crack tip. Finally, since our main interest is DF in soft materials, we chose PDMS, a widely
used silicon-based polymer as our model system. When cross-linked at a ratio of 10 to 1, PDMS is
an elastomer, with a small amount of viscoelasticity and is used in many applications such as soft
robots, substrates in microfluidic and microelectromechanical devices.

We mention two closely related studies on the DF behavior of PDMS. The first used a laser

speckle strain imaging technique to study the DF of a single edge notch sample [9]. The second,
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more recent, combines multi-speckle diffusing wave spectroscopy technique, mechanophore mapping
of chain scission and digital image correlation (DIC) to probe the mechanism of DF of single edge
crack sample [8]. Both works presented strong evidence that the microscopic origin of DF is localized
molecular damage due to chain scission. In addition, both experiments showed that a fracture
precursor in the form of a region of enhanced dynamics localized near the notch or crack tip. As
noted by Ju et al.[8], this region of enhanced dynamics can be very large, on the order of 0.01mm?.
An interesting result is that both studies observed very rapid crack growth once fracture initiates
8, 9].

The primary focus of this work is to experimentally study the interaction between localized
damage and the elastic field, by controlling the elastic fields using two different crack samples with
different crack geometries (short or long crack, crack with blunt tips to reduce stress concentration)
as well as loading histories (relaxation and constant stretch rate test). This coupling of elastic fields
and local damage reveals a wide range of DF behavior. For example, DF can occur in the form of
slow and stable crack growth (the slowest crack growth rate is on the order of 1nm/s) over a wide
range of energy release rates, from 35.J/m? to 220.J/m?. On the other hand, a simple change of
crack or sample geometry can lead to rapid catastrophic failure once fracture initiates.

The plan of this paper is as follows. The experimental setup for DF testing and material synthesis
is given in section 2. Section 3 presents experimental results for blunted and sharp crack samples.
Here we introduce the concept of small scale damage and G (energy release rate) controlled crack
growth and demonstrate experimentally that there is a universal relation between crack growth rate,
v, and energy release rate, G. In section 4 we present an analytic model based on chain breaking
kinetics to determine the relation between v and G and compare the prediction of this model with
experiments. Section 5 is summary and discussion. The concept of toughness is revisited in the

discussion.

2. Samples and experimental design

Our experiments use two types of crack specimens (pure shear (PS) (Fig. 1 (a)) and double edge
crack (DEC) (Fig. 1 (b))) with different crack geometries. The thickness of all specimens is 0.55mm
thus plane stress conditions prevail. The crack tips in PS specimens are sharp whereas those in
DEC specimens are blunted with a finite crack tip radius of 0.25mm (the circular hole at the crack
tip is drilled by a CNC router with 0.25mm cutter, the spinning rate is 10000 rpm). Our choice
of specimens is based on the observation that sharp cracks tend to initiate and grow slowly under
quasi-static conditions. PS specimens allow us to study steady state crack growth in a relaxation
test where the displacement is fixed on the PS sample (see Fig. 1 (a)).

For sharp crack samples, the crack is cut using a razor blade, with the cutting edge towards the

crack tip. To ensure initial sharpness, we first stretch the PS sample slowly (1074 /s) until the crack
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Figure 1: Samples for delayed fracture. (a) Pure shear (PS) sample with sharp crack tip. (b) Double edge crack
(DEC) sample with blunt crack tip. The radius of the hole is 0.25mm.

propagates a very small amount, and then unload the sample to zero stretch. After this cycle the
crack is very sharp because a new crack tip was generated during crack propagation. In Fig. 1 (a)
the crack length is not specified, because samples with different initial crack lengths will be used in
this study. We will specify the length of the crack when we discuss our experimental results.

Fracture testing, Relaxation test: For DF tests, we stretched the samples with a stretch
rate of 0.1/s until the designated displacement. The nominal stretch ratio associated with this
displacement is denoted by A, which will be called the applied stretch ratio. Then the displacements
were fixed at the grips, during which the force was recorded using a load cell (Interface, SMT1-100N)
and images were acquired using a camera (FLIR Grasshopper3 4.1 MP Mono) at 20 fps.

DIC implementation: DIC was used to monitor the change of strain field for tension and
relaxation tests. Details of the DIC measurements are given in section S3 of the supporting infor-

mation.

3. Experimental results

3.1. Delayed fracture for blunt crack DEC sample

To determine the stretch levels to use in the DF experiments, we first stretched the sample with
stretch rate 0.0001/s until it breaks. The fracture stretch for this sample was between 1.65 to 1.7.
Based on this value, in the relaxation experiments, we stretched the sample with a stretch rate of
0.1/s to a stretch of 1.6 and then held the displacement. During the holding period, images are
acquired for DIC analysis. An example is shown in Fig. 2.

We observed two interesting phenomena. The first is shown in Fig. 3(a) where the relative stretch
ratio at a fixed point (100um ahead of the crack tip, measured over a 20pum x 20um square) is plotted

against time. The relative stretch ratio is defined as the difference between the stretch ratio at the
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Figure 2: A blunt crack in a DEC specimen, only a small part of crack is shown due to limited field of view of camera.

(a) Sample before stretch, (b) Stretch field at notches for a sample at a stretch ratio of 1.6.

current time and the stretch ratio at the start of holding. During relaxation, the crack gradually
opens and the nominal strain (or stretch) ez near the crack tip increases with time as well.

Fig. 3(a) shows that the stretch ratio increases very rapidly in the first few minutes, then increases
very slowly over a period of 7 hours. This result is unexpected for PDMS. In our previous work,
we see similar results in a PA gel, and we concluded that this phenomenon was caused by nonlinear
viscoelasticity, where relaxation time decreases with strain [24]. However, the viscoelasticity of
our PDMS should be small (see S1), and one would expect the relaxation time to be independent
of strain. From our rheology test in SI and the rheology data from Placet et. al. [25], the loss
modulus of PDMS does not reach its peak even when the frequency is 10°Hz, which means that
the characteristic relaxation time of PDMS is smaller than 10 °s; therefore, the duration of the
viscoelastic change in strain should also be very small, roughly on the order of milliseconds; after
this period, the strain should not change with time. This is clearly not the case in Fig. 3(a) where
the strain keeps increasing for hours.

To further rule out the influence of viscoelasticity, we change the loading history in our experi-
ment. One important feature of viscoelasticity is that strain is recoverable. If the increase in strain
is due to viscoelasticity, then the entire sample should recover to its original unstrained state if
we unload the sample to zero strain and let it relax for a time much longer than its characteristic
relaxation time. This means that if we repeat the relaxation test after sufficient recovery time, the
increase of strain should follow the same curve in Fig. 3(a). However, this is not what we observed in
this experiment. After unloading and 1 hour of relaxation, we stretched the sample to 1.6 again and
monitored its strain change during holding. We found that the strain at the beginning of this second

holding is not the same as the initial strain of the first holding. Instead, it is almost the same as the
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Figure 3: Time history of relative stretch at a fixed point near the blunt crack tip in a DEC specimen (a) Relative
stretch increases near the blunt crack tip during hold. (b) History of relative stretch near the blunt crack tip. The
sample is first loaded to a nominal stretch of 1.6, held for 1 hour, then unloaded rapidly to its original length (A = 1),
then rest for one hour, then reload to a stretch ratio of 1.6. In both plots, ¢ = 0 corresponds to the start of holding

which in our experiments is 6s after the start of stretching.

strain at the end of the first holding - there is no recovery (Fig. 3(b)). This means that the strain
increase near the crack tip is cumulative and not recoverable, thus cannot be due to viscoelasticity.
Our hypothesis is that this increase in strain during relaxation is due to non-recoverable damage due
to breaking of polymer chains near the crack tip. This hypothesis is consistent with the observation
of Kooij et al. [9] and Ju et al. [8]. In the discussion, we will provide insight on how damage couples
with the elastic field to yield the result in Fig. 3a.

The second interesting phenomenon is that the sample eventually breaks after a period of holding
of about 7 hours. Unstable crack growth occurs in less than the 0.05s image acquisition period,
thus we are unable to determine the crack growth history. However, before the sample broke, we
managed to capture some interesting photos. Fig. 4 shows photos of the notch 1.8s — 0.05s before
rapid fracture. We observe a small sharp wedge on the surface of the original blunt crack tip which
grows during relaxation. When the length of this small wedge (or small crack) grows to about
70pum, its rate of growth increases rapidly and a crack initiates and cuts across the sample in less
than 0.05s. It should be noted that this ”small crack” is linked to a much longer pre-existing blunt
notch, hence it has much higher stress/strain than a small crack of length 70um. This observation
is consistent with the observation of Kooij et al. [9]. These authors used laser speckle imaging to
show the existence of an intense damage wedge region directly ahead of a blunt crack tip in PDMS
seconds before catastrophic failure. At the end of section 4.3, we will provide a physical explanation

for this observation.
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Figure 4: Small sharp crack nucleation before static delayed fracture. The dark line is the crack face and crack on
the right side. Times shown are time before the start of unstable crack growth. To see the small crack clearly, there

is no speckle pattern in this test.

8.2. Delayed fracture in sharp crack PS samples

The situation is very different for sharp crack tips. We first performed relaxation tests for a
PS sample with a 10mm long sharp initial crack. We stretched the sample to A = 1.12 and then
held the displacement. During holding, the load relaxes; nevertheless, the crack initiates and then
propagates with a constant speed (see Fig. 5b). To study the dependence of crack growth rate, v,
on the applied stretch ratio A\, additional relaxation tests are performed with the same specimen
geometry but with different holding stretches. Fig. 5 shows that the crack growth rate, v,is nearly
constant, for all tests, the higher the applied stretch ratio A, the faster the v. The crack speed in
Fig. 5 ranges over five order of magnitude, from v = Inm/s (A =1.08) to v = 0.1mm/s (A = 1.16).

3.8. Constant stretch rate test

The relationship between v and A is used to characterize DF of sharp cracks in PS samples. For
such a relationship to be useful, it should be applicable to quasi-static crack growth (not only steady
state) under different loading histories. To test our theory, we perform a test for the same PS crack
sample with a constant stretch rate of 1074 /s until failure. During this test, we recorded the crack
length from the acquired images and then calculated the crack growth rate by taking the derivative
of the crack length versus time curve. Fig. 6 plots v against A\ using this procedure. Also, the data
from the four relaxation tests in Fig. 5 are plotted in Fig. 6 for comparison. The important result
is that all data fall closely on a single curve. In addition, we found that this curve is independent of

the stretch rate in our tests). This shows that there is a universal relation governing crack growth
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Figure 5: Crack length versus time in identical PS crack specimens subjected to different stretches: (a) 1.08, (b) 1.12,

(c) 1.13, (d) +1.16. Zero time in these figures correspond to start of relaxation.

rate and applied stretch in a pure shear test, irrespective of the manner of loading, as long as the
crack is growing in a quasi-static manner.

Our next step is to develop a model for crack propagation which is independent of specimen
geometry. In this model, the applied stretch ratio A in the PS tests is replaced by the energy release

rate.

3.4. Fracture Mechanics: G controlled crack growth

We propose a model which relates the crack growth rate to energy release rate of a specimen
with a sharp crack. The key assumption is small scale damage (SSD): that is, the region of damage
is confined near the crack tip and is small in comparison with specimen geometry, specifically, ¢ and
H, where c is the crack length and H is the height of the strip. In a purely hyper-elastic solid,
the true stress tensor near the crack tip is dominated by g9 [26], the nominal stress in the loading
direction, i.e.,

aJ
~ — 1
o2~ (1)
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on PS specimens.

where J is the path independent J integral [27], r is the radial coordinate of a material point in the
undeformed configuration, and « is a numerical factor that depends on the angular coordinate and
strain hardening characteristics. J is equal to energy release rate G in elastic solids. SSD implies
that J is the unique parameter that controls damage. This means that, for SSD, there is a unique
relationship between the crack speed to the applied energy release rate G. For an ideal PS specimen,

the strip is infinitely long, and ¢ >> H (semi-infinite crack), G is given by [28]
Gps = W(NH (2)

where W is the strain energy density function for material points in the PS geometry at large
distances ahead of the crack tip. As shown below, in real PS samples, as long as the crack length
is longer than H, the energy release rate is approximately independent of crack length and is given
by Eq. (2). To determine the material constants in W, we perform uniaxial tension test of our
PDMS using a dog-bone sample stretched at a rate of 0.1/s until failure (see S2 in supplementary
information). We observe considerable strain hardening for strains over 30% and found that the
tension behavior can be well fitted by a 3-term Yeoh’s hyper-elastic model (see S2 in supplementary

information). In this model, the strain energy density function for PS in Eq. (2) is:
3
W) =Y (i =3)% L=N+Ax7?+1 (3)
k=1

The constants ¢ in Eq. (3) have units of stress and are ¢; = 0.2216 M Pa, co = 4.4873 % 1072M Pa
and ¢35 = 6.9596 x 10~3M Pa. The constant ¢; is one half of the small strain shear modulus of the
solid whereas co and c¢3 control strain hardening. Note that since the c3 term is proportional to
A%, the strain energy density can be strongly affected by strain hardening. The special case where

c3 = c3 = 0 corresponds to a neo-Hookean solid.
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3.5. FEM result for G in a PS specimen with short crack lengths

Eq. (2) is an exact result for an ideal PS specimen. Of course, specimens that are infinitely long
with a semi-infinite crack cannot be made. Therefore, it is important to determine the true energy
release rate in a real specimen. More importantly, to validate our model (see below), we need the
relation of v versus G using different crack lengths, some of these are small in comparison with H.
Specifically, we use the same specimen geometry except we use cracks of different lengths c¢. Fig. 7
plots the normalized energy release rate G = G/Gpg versus the normalized initial crack length

¢=c/H. The result in Fig. 7 is obtained using a finite element method (FEM) (see S5 for details).
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Figure 7: Normalized energy release rate (normalized by Gpg in Eq. (2)) versus normalized crack lengths for an

applied stretch ratio 1.12 in a PS sample.

Recall that the length of our PS specimen is 35mm and the height H is 10mm. When the crack
length c is between 10 — 20mm, the energy release rate G is practically independent of crack length
and is given by Eq. (2) and Eq. (3). However, when c is less than 10mm, G decreases with decreasing

crack length. Fig. 7 shows that when ¢/H < 0.2, G/Gpg increases linearly with ¢, i.e.,
G/Gps =wc/H = G=wW(N)ec ¢/H <0.2 (4)

where w = 1.187, which is the slope of the linear part in Fig. 7. It is important to note that
G o« W(A)c for short cracks is a universal relation and can be obtained using a scaling or dimensional
argument, as was done by Rivlin [28]. The proportional constant w is independent of crack length
but can depend on the hyper-elasticity model. The result in Fig. 7 is for A = 1.12. However, we
found that the relation between normalized energy release rate G/G ps and normalized crack length
is practically independent of the stretch ratio.

This result shows that when the crack length is short, the specimen can no longer be considered

as a pure shear crack specimen. Indeed, when ¢ << H, the crack geometry approaches an edge crack

10
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in an infinite plate. Fig. 7 or Eq. (4) shows that a larger applied stretch is needed to provide the
same energy release rate for short cracks (as compared to crack longer than H). This information
is provided in Fig. 8 where the orange curve is our FEM result which plots the stretches needed for
different crack lengths to maintain the energy release rate of 114.7.J/m?. If our assumption that
the relation between v and G is unique is true, then cracks with different initial lengths but with
the same G(114.7.J/m?) should have the same v = 0.25um/s, which is measured in our experiment.
To validate this, we performed experiments with different initial crack lengths and stretched them
slowly until the crack propagation speed reaches about 0.25um/s. We recorded the stretch ratios
at this time and plotted them as dots in Fig. 8. We then use FEM to compute the stretch needed
to get G = 114.7J/m?, that is, a constant energy release rate curve. The experimental data is very
close to this constant energy release rate curve, which validates the unique relation between v and

G.
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Figure 8: Applied stretch ratios for different crack lengths at a constant crack speed of 0.25um/s. These stretch ratios

correspond to the energy release rate of 114.7.J/m?

3.6. Crack speed versus G

Having established that the crack speed v is a unique function of G, we plot v versus G(Fig. 9)
for the long crack experiments and see that it is a straight line in semi-log scale and thus that v
is exponential with G. Our computational analysis below will be used to fit v as an exponential
function of G, i.e. to fit

v =0 (5)

An important feature not shown in Fig. 9 is that we observe a threshold energy release rate
below which the crack does not grow. In our experiments, when the energy release rate is lower than
35J/m?, no crack propagation is observed even after 48 hours of holding. However, this could be

due to the spatial resolution (6um) of our measurement technique or that longer time is required.

11
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4. Modelling v versus G

4.1. Time-dependent damage model

Our experimental observations show that there exists a unique relation between v and G given
by Eq. (5). Although the exponential function fits the experimental data very well, it is still a
phenomenological result. Here we propose a physical model to explain the origin of this exponential
relationship. Our experimental results suggest that the delayed fracture behaviors of PDMS are
due to the time-dependent permanent damage of polymer chains in a region near the crack tip.
The basic theory of rate dependent chain scission was established by Eyring [29] and his model has
been incorporated into a cohesive zone model to study rate dependent fracture in polymers [30].
Here we adopt the formulation of Lavoie et al [31]. In their formulation, the polymer elasticity is
represented by many networks, the chains in each network have equal lengths. To avoid having a
large number of undetermined parameters in our model, we consider a simple network where chains
have equal length, hence the length of chains is an average length in the real network. In this model,

the surviving volume fraction of polymer chains is denoted by b, and the rate of change of b is given

by
db N L.f
q e <kBT) (6)

where 7 represents the relaxation time for bond dissociation, L, is the activation length which is

assumed to be constant [31], 1, is the number of monomers in a chain, f is the force acting on a
polymer chain, kp is the Boltzmann’s constant and T is the absolute temperature in Kelvin.
In [31], the relation between the chain force f and the extension of a chain is determined using

the freely jointed chain model. The extension of a chain is computed based on the affine assumption

12



where the extension of each chain in the network is obtained from the local deformation gradient
F. Using the Arruda-Boyce constitutive model, f is related to I = tr(B), where B is the left

Cauchy-Green tensor, by [31]:
kgT
f =16 (VLB)/3n) (™)
where [, is the Kuhn length of the polymer chain, n is the number of Kuhn segments per chain and

Ié; («/I 1(B)/ 3n) denotes the inverse Langevin function defined by

cothf — % — /L(B)/3n (8)

However, the use of the Arruda-Boyce model in [31] is inconvenient in that the inverse Langevin func-
tion cannot be written in closed form. Here we introduce a simplification by using an approximation

of the Langevin function [32] (less than 5% relative error everywhere) where

() ) [

Substituting Eq. (9) into Eq. (7) shows that the chain force is related to the deformation by

3—1,(B)/3n
1-I,(B) /:m}

(9)

 kpT

F==

I,(B)/3n [ (10)

The chain breaking kinetics Eq. (6) can be expressed in terms of continuum quantities by substituting

Eq. (10) into Eq. (6), resulting in

b Lo [I.(B) [3—1,(B)/3n
at e (lk o [1 - Ii(B)/3n]> (11)

In this model, damage takes time to develop. However, due to the exponential function in Eq. (11),

the rate of damage increases exponentially fast as a chain reaches the limit of its extensibility. In

the continuum model, this occurs when I (B) — 3n, and db/dt becomes unbounded.

4.2. Calculating crack propagation speed using Chain Damage Model

In the following, we determine the relation between crack growth rate v and the applied energy
release G rate in a PS specimen using a simple analytic model. We assume steady state crack growth.
Under this assumption, the continuum field is independent of time with respect a coordinate system
(z,y) fixed to the moving crack tip in the reference configuration with x parallel and y perpendicular
to the crack. The steady state assumption implies that the material derivative of b, Db/ Dt is given

by
Dy ob
Dt ”ax

where v is the speed of the crack, b = b(z,y) in the moving coordinate system. Substituting Eq. (12)

(12)

into Eq. (11), we have

6b Nm La [1(B) 37[1(3)/371
T eXp<k 3n {1—11(3)/371]) (13)

13
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A difficulty with the damage model of Eq. (13) is that healing is neglected, hence damage occurs
irrespective of the stress/strain level. While this assumption is reasonable near the crack tip, it
is incompatible with the steady state assumption since the material as x — oo is undamaged. To
by-pass this difficulty, we introduce a cut-off effective strain, represented by I., such that the damage
rate is zero for I} < I.. In Eq. (14), the upper limit of integral L corresponds to the distance from
the crack tip to the position directly ahead of the crack tip where I; reaches I.. We also impose
the fracture condition that crack growth occurs when the damage reaches a critical fraction b. at
a microscopic distance . directly ahead of the crack tip. These assumptions allow us to integrate
Eq. (13) directly ahead of the crack tip (y = 0) to yield

~ nm [ (Le [L(By=0,2) [3-L(B(y=0,2))/3n
U_Tln(l/bc)/ exp(lk 3n [l—Il(B(y:Qm))/gn])dm (14)

Tc

To complete the analysis, we need to know how I1 (B (y = 0, z)) varies with z. In general, this strain
field is coupled to the damage. To simplify the analysis, we assume the damage zone is sufficiently
small so that the strain field is the same as a long crack in a hyper-elastic PS sample obeying the 3
term Yeoh’s model (Eq. (3)). The strain field is determined by a simulation using Abaqus (see S6).
Since the PS specimen is under displacement control, the effect of damage is reflected in the stress
field instead of the strain field, so the hyper-elastic strain field should provide a good approximation
of the actual strain field.

There are 5 independent parameters in our model, {7ln (b.) /1, Ze, Ic,n, Lo/l } and we choose
these parameters by randomly searching 1 million points in the parameter space to fit the exper-
imental data. The results are shown in Fig. 10. The figure shows that the model can predict the

crack speed observed in experiments quantitatively. The parameters are

{rIn (b¢) /My Tey Ieymy Lo /1t = {—208.7s,8.9um, 4.155,2.021, 1} (15)

4.3. Delayed fracture in PS samples with short initial crack lengths

We are now ready to analyze how crack geometry controls DF. To recap, sharp cracks in PS
samples fail at lower stretch ratios than in DEC samples. The mode of failure is slow, steady crack
growth. We emphasize that these experiments are conducted with cracks longer than sample height
H. In contrast, blunt crack samples fail at higher stretch ratios and the failure mode is sudden rapid
crack growth, similar to the observation of [9]. Superficially, it seems that these two phenomena are
unconnected. In the following, we show that the underlying failure mechanism is the same and they
can be understood using the same model.

We first present data on DF tests with very short sharp cracks (¢ = 0.8 —0.34mm) in PS samples.
The samples are stretched to A = 1.23 — 1.30 at a stretch rate 0.1/s and then held fixed. Note these

14
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Figure 10: Fitting result of polymer chain damage model. (a) Crack growth speed versus stretch. (b) Crack growth
speed versus energy release rate. Using Eq. (5), the linear fit of the damage model results is shown as a dashed line

on a semi-log scale. Here we have v* = 2.144 x 10~8mm/s, G* = 12.896.J/m?2.

stretch ratios are much larger than those needed to grow a long starter crack. Photos are taken
during holding and the time evolution of crack length is recorded. As shown in Fig. 11(a)-(d), the
crack propagates very slowly at first, but the crack speed keeps increasing. In Fig. 11 (a), after 400
seconds, the crack speed suddenly increases rapidly and breaks the sample in less than 3 additional
seconds.

The crack length evolution can be explained using a simple physical argument. Initially, the crack
length is very short and since the energy release rate is directly proportional to the crack length (see
Fig. 7), it is also very small. A small energy release rate means slow crack growth rate, as predicted
by our model, Eq. (1) (see also Fig. 9 and Fig. 10). Once the crack grows, the crack length increases,
which leads to the increase of energy release rate. A higher energy release rate, in turn, results in a
faster crack speed. This positive feedback, combined with the exponential dependence of crack speed
on G, causes the crack to grow increasingly faster, eventually leading to the catastrophic failure of
the sample. This argument will be justified rigorously below.

In Fig. 11(a), the crack speed seems to approach infinity when the crack length is slightly below
1.5mm (short crack). This is the case for all the initial crack lengths in Fig. 11. Hence the energy
release rate in these experiments is given by Eq. (4). Using Eq. (4), Eq. (5) and v = dc/dt. The

rate of change of crack length for short cracks obeys the differential equation

d .
dij _ v*eW()\)wC/G (16)

The solution of Eq. (16) subjected to the initial condition ¢(t = 0) = ¢y where ¢q is the initial crack

length. Then c(t) is
W) =co— -2 mf1- (17)
=0T WM T
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Figure 11: Delayed fracture tests on sharp crack samples for four initial crack lengths. (a) co = 0.80mm crack with
stretch A = 1.23, (b) co = 0.75mm crack with stretch A = 1.25, (¢) cg = 0.49mm crack with stretch A = 1.26,
(d) co = 0.34mm crack with stretch A\ = 1.30. The theoretical results are calculated using Eq. (17). Here v* =
2.144 x 10~8mm/s and G* = 12.896.J/m?, which are given by the linear fit of the damage model in Fig. 10. Recall
w = 1.18m, which is the slope of the linear part in Fig. 7. Energy release rate values noted on the figures refer to G
for the starter crack at the indicated stretch and G' = 180J/m?2, the approximate G value at this the crack begins to

grow unstably.

where )
Gre=Go/CG" ¢
and
GO == wW()\)co (19)

is the energy release rate of the initial crack. The dependence of crack growth rate on time is
obtained by differentiating Eq. (17), i.e.,
de G* 1 Co

v:a B CTV701_t/tma:ctmawt

(20)
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Note that the crack growth rate approaches infinity as ¢ approaches t,,q.. Eq. (20) captures the
rapid increase of crack velocity at finite time in Fig. 11. The predicted crack length using Eq. (17),
Eq. (18) and Eq. (19) fits the experimental crack length well.

One interesting feature in all four tests is that the rapid increase in crack speed occurs at roughly
the same energy release rate (~ 180.J/m?). From Fig. 9 and Fig. 10, we can see that at this energy
release rate, the crack speed reaches 0.01mm/s. In all these short crack tests, the cracks grow only
0.1 — 0.5mm before catastrophic failure occurs.

These results provide a simple explanation of why rapid crack growth is associated with delayed
fracture in blunt crack specimens. Specifically, very small cracks nucleated directly ahead of the
notch tip in blunted crack specimens propagate slowly, and are not easily observable (see Fig. 4),
but once they reach a certain size (70pm), they can accelerate rapidly since the energy release rate
is very high due to the presence of the pre-existing notch. Note that the energy release rate is high
because the applied stretch ratio is much higher than the applied stretch ratio for cracks of the same

length in the PS samples, due to lower stress concentration.

5. Summary and Discussion

A study for the delayed fracture of PDMS is carried out to study DF in different crack specimens
containing sharp and blunted cracks. Our experiments showed that DF is caused by localized damage
due to rate dependent bond breaking. In blunted crack samples, DF occurs at higher energy release
rate and crack growth following initiation is catastrophic. In contrast, in sharp crack samples with
sufficiently long cracks, DF occurs at much lower energy release and crack growth is slow and steady.
Experimentally, we found that the velocity of crack growth is uniquely related to the energy release
rate. In particular, the crack velocity is an exponential function of the energy release rate. We
also derive this v versus G relation using a fracture model based on rate dependent chain breaking
kinetics and found good agreement between theory and experiments.

Our experiments and theory provide strong evidence that DF in samples with blunted and sharp
cracks are governed by the same micromechanics of chain breaking. Once a small crack is formed
in blunted samples, the crack growth rate can be explained by the universal relation between crack
growth rate and energy release rate given by Eq. (5). In other words, DF can be explained by
combining chain breaking kinetics with concepts from nonlinear fracture mechanics.

The result in Fig. 3 (a) can be explained by the interaction between chain breaking and elastic
field. Fig. 3 (a) shows that the stretch at a fixed point directly ahead of the blunted tip increases very
rapidly for the first few minutes after holding and then continues to increase at a much slower rate.
In a purely elastic solid, this increase is impossible since the strain distribution is fixed and cannot
change with time during holding. The cause of this increase is due to time-dependent damage caused

by chain breaking. Indeed, our damage model implies that damage softens the material by decreasing
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the effective shear modulus 2¢; to b x 2¢; (recall 2¢ is the shear modulus in Yeoh’s model and b is
the volume fraction of unbroken chains). This means that there is a region of softened material near
the notch tip, surrounding this softened region is undamaged material which is substantially stiffer.
Since the average spatial strain during relaxation must be constant, strain is transferred to the softer
material near the notch tip, as a result, the strain of the material near the notch tip increases, this
increase in strain is compensated by equal decrease of average strain in the surrounding stiffer solid.
To understand the rapid increase in strain, we appeal to the fact that the network strands in PDMS
have a wide molecular weight distribution. Consequently, the short strands break rapidly due to
the strain concentration near the notch tip. After this initial period of rapid breaking, all the short
strands are broken. The remaining long strands require much higher strain to break rapidly, but can
gradually break as they are aided by thermal fluctuation. This explains the slow increase in strain
over hours.

Our crack growth model, as represented by Eq. (14), simplifies many aspects of the network. In
our model, we assume the network consists of chains of the same length. However, in a real net-
work, there is a variation in chain lengths, with shorter chains being much more prone to breaking.
Additionally, our damage model relies on an affine approximation, which assumes all chains at a
given material point experience the same deformation field. While this assumption holds for minor
damage, it becomes inaccurate near the crack tip because the network’s structure changes as damage
occurs. Therefore, the specific details of our damage model can substantially atfect the length scale,
denoted as z. in Eq. (14). Consequently, it’s crucial to be careful when interpreting the parameters
in Eq. (15) because they are atfected by these simplifications and assumptions.

An interesting issue raised by this work is the meaning of fracture toughness for materials with
time-dependent damage, like PDMS. In fracture mechanics, the toughness is the minimum energy
release rate required to initiate crack growth so it should correspond to the energy release rate below
which crack growth rate is zero. However, in most experiments measuring toughness, this value is
usually obtained by stretching a PS sample with constant loading rate until the crack length has
a noticeable increase. This toughness is much higher than the critical energy release rate for crack
growth we observed, which is around 35.J/m?. In theory, there is a critical energy release rate, i.e.,
the surface energy, below which crack growth cannot occur. For PDMS, the surface energy has been
measured [33] and is found to be 21.6m.J/m?2. Thus, this ”critical” energy release rate must be
greater than 43.2m.J/m?, which is unrealistically small. As noted by Lake and Thomas (LT)[34],
the toughness of elastomers is much greater than its surface energy since when a chain breaks, it
loses all its strain energy.

In LT theory [34], toughness is given by the product of the number of effective load bearing chain
crossings per unit reference area, of the average number of monomers per chain and of the energy

needed to break the chemical bond between monomers. LT [34] shows that this fracture energy is
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given by I'ppr = /3/8yIUE, where [ is the monomer length, « is a factor determined by the freedom
of rotation about bonds in the chain which influences the flexibility, which we take to be one, U is

the energy needed to break a polymer bond and & = Nn®/?

, where 7 is the number of monomer
unit in a chain, and N is the number of effective load bearing chains per unit volume. N can be

obtained using polymer physics [35]. For PDMS, our estimation for N is

po 044 x 10°Pa

= =" ~10%/m? 21
KT~ 411 x 10-21] /m 2D
where p1 = 2¢; (see Eq. (3)) is the small strain shear modulus.

The average number of monomer units per chain is

n~

P
— 22

mN (22)
where m is the mass of a single monomer unit and p the mass density. The repeated unit of PDMS is

Si (CHs), O and the mass density is 965kg/m?>. Thus, the mass per monomer is about 1.27x10™%5kg.

This gives
_ p 965kg/m3
= - ~ )
"IN T 1.27 x 10~25kg x 1020 /m3 80 (23)
For this we can find
é-: Nﬁ3/2 ~ (80)3/2 % 1026/m3 (24)

Taking the monomer length of PDMS to be 10 Angstroms, the toughness predicted by LT is
Crr = /3/87IU¢ ~ 1/3/8 x 10 x 107 m x 3 x 107*.J x 10%°/m? x (80)%/2 = 13.1J/m?  (25)

This is the lower bound for the threshold “fracture toughness”, since it assumes all the damage is
confined to a single plane directly ahead of the crack tip. Thus, if the threshold energy for crack
growth exists, it should be higher or equal to LT energy. In our experimental observations, the
threshold energy for crack propagation is about 35.J/m?, roughly two times higher than the LT
energy.

It should be noted that in this study, the crack length is always much greater than the damage
zone size or the radius of the blunted crack, this is the reason why fracture mechanics is applicable.
If the size of the damage zone is comparable to the crack length, DF can no longer be governed by a
single parameter, G. In the literature, this corresponds to samples that are notch insensitive [1, 36].
A key length scale proposed to quantify notch sensitivity is the fracto-cohesive length Iy = I'/Wy
[36], where T" is the fracture toughness of the material and W is its work of extension which is
the energy per unit volume to fail an uncracked tension sample. If the crack length is smaller than
I'/W;, the sample is notch insensitive and fracture mechanics approach is not valid. For PDMS
in this study, [f is estimated to be 13um (with I' = 35J/m? and W; = 2.69M Pa, see S2), which
is of the same order of magnitude of fit of our model. For sharp crack samples, using Eq. (16),

when we have a 18um initial crack, a nominal stretch ratio of 2.5 is needed to reach a crack speed
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0.01mm/s, which is very close to the fracture stretch ratio of 2.6 in uniaxial tension test. Here we

note another length scale in soft material fracture is the elasto-adhesive length I, = T'/FE [37, 38|,

where E is the small strain Young’s modulus. This length represents the typical distance from a

crack tip below which the deformation is dominated by elastic nonlinearity at the onset of crack

initiation [38]. Thus, fracture mechanics cannot be applied if the damage zone size is on the same

order as T'/FE . Interestingly, for our PDMS system, F = 1.3M Pa, l. = I'/E ~ 26pm which is

roughly the same order as the fracto-cohesive length.
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