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Abstract—Integration of Inverter Based Resources (IBRs) in
the distribution grid and bulk grid has posed new challenges to
the long-term voltage stability of the integrated electric Transmis-
sion and Distribution (T&D) system. The main challenges include,
but are not limited to, IBR variability and intermittence, the
effect of a large number of DERs, distribution grid unbalances,
the effect of load types, and the interaction of controllable
devices such as voltage regulators. This paper proposes a new
three-sequence integrated T&D continuation power flow (SI-
CPF) model for analyzing the voltage stability of the power grid
considering, grid and load unbalance, various load types, and
renewable energy variations, in a combined T&D simulation that
consider all the phases of transmission and distribution network.
Results show that SI-CPF can provide the weak phase voltage
stability margin of the power grid more efficiently and accurately
considering a three-phase integrated T&D network.

Index Terms—Integrated Transmission and Distribution Se-
quence Continuation Power Flow (SI-CPF), Voltage Stability
Analysis, Inverter Based Resources (IBRs), T& D Co-Simulation,
Sequence Components.

I. INTRODUCTION

MODERNIZATION of the electric distribution grid with

several distributed generators, energy storage and Elec-

tric Vechicles (EVs) provides a need to perform transmission

system analysis taking into account detailed variations at the

distribution level. Towards this end, an integrated grid model-

ing approach is needed for the accurate analysis of the electric

grid with smart energy resources. This paper proposes an SI-

CPF model that captures characteristics of transmission and

distribution systems together, considering factors like reverse

power flow with unbalanced conditions, and simulating the

entire power system as a unified environment.

State-of-the-art power flow and stability studies models a

positive sequence representation of transmission and distri-

bution systems. Recently an integrated T&D modeling ap-

proach was introduced in (decoupled method and unified

method) [1] in positive sequence domain for the transmission

and single-phase representation for distribution system for

solving integrated system were studied. Thus the impact of

sequence representation from single phase developed model

inaccuracies. In [2], T&D models are developed with trans-

mission system represented in three-sequence framework and

distribution system in three-phase. This presentation takes

into acount the distribution system unbalances however, did

not include IBR related resources. In [3], a dynamic model

of a combined T& D is presented including Inverter Based
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Resources (IBR) dynamics. Ref. [4], [5] and [6] introduces

the impact of photovoltaics (PV) from secondary distribution

networks on integrated T&D models including scalability. Two

commercial-grade platforms that can run the T &D models

include the Distributed Engineering Workstation (DEW) [7]

and the Hierarchical Engine for Large-scale Infrastructure

Co-Simulation (HELICS) [8]. Due to the non-compatibility

of power-flow models, the transmission system power-flow

modeling may not be suitable for distribution networks. Ref.

[9] and [10] introduces methods for voltage stability analysis

of the integrated T&D co-simulation where the transmission

system is modeled in the sequence domain. In our earlier

work, [11], we have demonstrated that the accurate models

to assess the voltage stability margin are when developing

models for transmission systems in three-phase compared to

sequence representation [12]. Similarly, in [13], an unbalanced

continuation power flow model is developed in the three-phase

domain for the unbalanced electric distribution system.

This paper proposes a novel three-sequence-based continu-

ation power flow method that is computationally faster than

three-phase approaches. The main contributions include a) an

unbalance integrated T&D modeling approach with detailed

models of all devices lines, voltage regulators transformers

and load types and b) sequence representation with accurate

voltage profile dynamic representation providing insights on

voltage stability margin. As for paper organization, Section II

summarizes the different transmission and distribution system

models required for the continuation power flow analysis.

The proposed unified T&D Modeling is discussed in Section

III. Section IV introduces the integrated T&D Power Flow

Model and section V extends it to the proposed integrated

T&D Continuation Power Flow model. Section VI discusses

simulation results. Conclusions and future works are discussed

in Section VII.

II. POWER TRANSMISSION AND DISTRIBUTION SYSTEM

MODELING

In the proposed model, first, a bus admittance matrix

considering all the device models are developed based on work

in [14] as
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where Y abc
ii represents the self-admittance of bus i and Y abc

ij

represents the mutual-admittance between bus i and j, both
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Fig. 1. Formation of sequence admittance matrix.

in a 3x3 submatrix form. To obtain sequence admittance

submatrices from each of the phase admittance submatrices

in (1), the following conversion is performed

Y 012
ii = C−1Y abc

ii C (2)
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C =





1 1 1
1 a2 a

1 a a2


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where a = 1 < 120 a2 = 1 < 240
For example, with a three-phase network with two buses, the

phase admittance matrix will be a 6×6 matrix and the grouped

sequence submatrices can be represented as shown in Fig. 1

which can be written as

Y 0+−

D =





Y 00
D Y 0+

D Y 0−
D

Y +0
D Y ++

D Y +−

D

Y −0
D Y −+

D Y −−

D



 (4)

Similarly, the bus admittance matrix of a transmission system

in sequence component frame is represented as as
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Since the transmission system consists of transposed lines, the

mutual components in the sequence admittance matrix will be

zero.

To represent loads, constant-current, constant-power, and

constant-impedance load model (ZIP) has been used. The net

nodal current injection based on ZIP load model is given by
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where δ, θ, V0i is the voltage angle, power factor angle and

the nominal voltage respectively. Ss
i is scheduled power and

Zi is the impedance of the load.

III. PROPOSED UNIFIED T&D MODELING

The proposed method utilizes a unified transmission and

distribution co-simulation approach which treats the T&D

network as a one system and solves it using one method as

shown in Fig. 2.

Fig. 2. Integrated unified T&D one line diagram.

A. Stacked Unified Ybus

The stacked Ybus approach in three-sequence bus admit-

tance representation involves grouping based on sequences.

The approach utilizes three vectors viz. the Starting Bus Vector

(SBV), the Position Vector (PV) and the Tie Line Vector

(TLV) and creates a renumbered unified T&D system. The

starting buses of all distribution networks are captured in

SBV, while the PV contains the starting buses and total

bus count of each distribution network. The TLV has 2

columns, with the first column representing the starting bus

of a distribution network and the second column representing

the transmission bus to which that distribution network gets

connected.

The stacked Ybus approach is demonstrated using an ex-

ample in Fig. 3(b). The SBV, PV, and TLV matrices can
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Fig. 3. (a) Unifed T&D one-line (b) Renumbered T&D One-line.

be written as

SBV =

[
4
8

]

PV =

[
4 4
8 3

]

TLV =

[
4 2
8 3

]

(7)

Let the total number of transmission buses be nt, that of dis-

tribution networks 1 and 2 be nd1 and nd2 respectively and nT



be the total buses in the unified system. The positive sequence

Ybus of the transmission network, distribution network 1, and

distribution network 2 are denoted as Y
++

T
, Y

++

D1 , and Y
++

D2 ,

respectively, and are defined as

Y++
T =





y11t y12t y13t
y21t y22t y23t
y31t y32t y33t



Y++
D1 =







y11d1 y12d1 y13d1 y14d1
y21d1 y22d1 y23d1 y24d1
y31d1 y32d1 y33d1 y34d1
y41d1 y42d1 y43d1 y44d1







Y++
D2 =





y11d2 y12d2 y13d2
y21d2 y22d2 y23d2
y31d2 y32d2 y33d2



 (8)

To obtain the unified positive sequence admittance matrix,

a zero matrix YU with size of nT x nT is used. Y
++

T
is

stacked over the first nt x nt portion of YU . The rest of YU is

populated using PV matrix, traversing through each row. The

Ybus of the unified system at this point does not include the

values for tie lines connecting the T&D systems. To account

for this, a tie line correction step is carried out using the TLV
matrix by traversing through each row. In this example values

corresponding to Y U(2, 2),Y U(4, 4),Y U(2, 4),Y U(4, 2),

is updated for tie line correction of distribution system 1. The

positive sequence unified Ybus Y ++
TD is obtained as (9). This

procedure is repeated to obtain the negative sequence, zero

sequence self-admittance matrices (Y −−, Y 00) and mutual

admittance matrices (Y 0+, Y 0−, Y +−). The three sequence

admittance matrix of T&D system is represented as (10).
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With this developed admittance matrix, a sequence component

based load flow is performed considering the unified T &

D system. In this, the positive sequence is solved using the

current injection iterative method, and the other sequences are

solved using linear equations.

IV. PROPOSED SI-CPF MODEL

The continuation power flow (CPF) process consists of a

prediction phase and a correction phase [15]. In the proposed

method, the prediction step is done only for positive sequence

and the corrector step is done for all sequences using a three

sequence PF.

A. Three Sequence Power Flow

The generalized voltage equations of a system can be

written in sequence domain as
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The values of V + and I+ have higher magnitude than those of

V 0, I0and V −,I− respectively. Therefore (11) can be rewritten

as three separate equations as

Y00V 0 = I0 − (Y 0+V + + Y 0−V −) (12)

Y++V + = I+ − (Y +0V 0 + Y +−V −) (13)

Y−−V − = I− − (Y −0V 0 + Y −+V +) (14)

Equations (12) and (14) are utilized for a linear zero sequence

and negative sequence power flow respectively. Equation (13)

is used for an iterative positive sequence power flow [16].

B. Proposed CPF Formulation

In the proposed CPF, the Jacobian-based gradient formation

can be represented as

J(x)∆x = −g(x) (15)

where J=
∂g(x)
∂x

represents the Jacobian matrix. The power flow

is reformulated using a loading factor λ to apply the continua-

tion technique to the power flow problem. The generation and

load variations are simulated using the following modification.
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where P sp = P g−P l and Qsp = Qg−Ql. Here P
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0 and Q
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Therefore using loading factor λ as
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The above current mismatch equations can be represented in

a generalized form as

g(x, λ) = g(Vr, Vm, λ) = 0 (21)

Linearizing (21), we have

dg(Vr, Vm, λ) = gVr
dVr + gVm

dVm + gλdλ = 0 (22)

where gλ, gVm
and gVr

are the derivatives of current mismatch

with respect λ, Vm and Vr respectively. The real and imaginary

component of gλ can be derived as
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Fig. 4. Proposed Three sequence CPF.

1) Predictor Phase: The purpose of the predictor step is to

estimate the next solution point. This is achieved by taking a

step of an appropriate size in the direction of the tangent to

the path of the solution. The first step in the prediction process

is to determine a tangent vector as given by

[
gVr

gVm
gλ

]


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dVr

dVm

dλ



 = 0 (25)

In a system with m buses, the size of the tangent vector is

2m+1 and 6m+1 for a single-phase and three-phase system

respectively. A balance between known and unknown variables

is necessary to solve this equation which is achieved by

introducing an extra equation. Therefore (25) can be updated

as
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The row vector Ek has zero elements for all indices except for

the kth index, which has a value of one. (26) can be expressed

using Jacobian as
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This can be expanded as
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The voltage and λ prediction is given by
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where σ is a scalar that represents the step size.

2) Corrector Phase: The correction phase entails solving

the augmented power flow using the solution from equation

(29) as the starting point. An additional equation is introduced

in the augmented power flow given by
[
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where η is the predicted value of the continuation parameter

xk. The power flow equation with augmented Jacobian is given

by
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A flow chart describing steps involved in the proposed con-

tinuation power flow method is shown in Fig. 4.

V. SIMULATION RESULTS

The proposed method is developed on MATLAB software

using a computer with a CORE i5 processor, 6 GB RAM and



TABLE I
AVERAGE CONVERGENCE TIME

Transmission
System (s)

1 Distribution
System(s)

Total Time (s)
(Benchmark T&D)

Total Time(s)
(Unified T&D)

0.103 0.215 0.963 1.203

2.4 GHz CPU. In order to evaluate the proposed method, two

test systems are developed. The first system is an integrated

power grid model as shown in Fig. 5 with Transmission side

modeled using IEEE 14 bus and distribution side modeled

using four IEEE 123 bus test feeders. The second test system

is a modified version of first T&D system where the total load

on all the 3 phases of the distribution system is modified such

that the net load level approximately equal the transmission

system bus 14 loads on all the phases. A similar model is

also developed in SIMULINK, a commercial electromagnetic

transient program by modeling the IEEE 14 bus system and

IEEE 123 bus test feeder used in [17] for validating the T&D

test model.

Fig. 5. Test T&D system 1 one line diagram.

A. Comparison of Proposed Sequence power flow method with

state-of-the-art T&D power flow methods

The voltage magnitude obtained using proposed sequence

method is compared with the state-of-the-art method discussed

in [2], where the transmission side is represented in a posi-

tive sequence and the distribution side in three phase. The

comparison shows that the voltage variations are very similar,

as demonstrated in Fig.6. The average time for load flow

convergence using the proposed method is presented in TableI.
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Fig. 6. Voltage Magnitude with Proposed T&D PF and T&D PF in [2]
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B. Comparison of Proposed CPF with Three Sequence PF

The proposed CPF offers reduced computational demands

compared to a normal power flow. This is due to the fact that,

in proposed method, the initial condition for corrector step is

taken from the solution of the predictor step. Table II displays

the convergence iterations and computation time which shows

fewer iterations for any given λ value compared to the normal

three sequence PF. Moreover, while the three-sequence power

flow failed for λ > 0.9 (reaching the iteration limit of

100 iterations) , the continuation power flow was successful.

Hence, the proposed CPF is computationally efficient and pose

superior convergence potential in comparison to the normal

three-sequence power flow.

TABLE II
NUMBER OF ITERATIONS FOR LF CONVERGENCE.

λ
Sequence PF

(flat start)
Proposed Sequence

CPF

No of Iter. T(s) No of Iter. T(s)

0.1 4 4.2 2 2.8

0.3 5 5.1 3 3.4

0.5 9 8.2 5 5.6

0.8 14 15.4 8 9.2

0.9 50 30 15 25.

0.921 100 50 20 32.5

C. Comparison of Proposed Sequence CPF with Positive

Sequence T&D approach for VSM assessment

In this case, the voltage stability margin obtained from [9],

where the transmission system is modeled as positive sequence

and ution system in three phases, is compared to that obtained

with proposed CPF approach for various scenarios. These

scenarios include a) a transmission network connected to spot

loads which represent net load of all distribution feeders,

taking into account distribution system losses, b) an integrated

Transmission and Distribution system with transmission side

modeled in positive sequence and distribution side modeled in

three phase.

The comparison results are shown in Fig. 7. It can be

observed that the λmax decreases drastically from 3.6 when
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TABLE III
SIZE OF MATRICES.

Element
Single Phase

CPF
Three Phase

CPF
Three Sequence

CPF

Jacobian 2p× 2p 6p× 6p 2m× 2m

Tangent
Vector

2p+ 1 6p+ 1 2p+ 1

Augmented
Jacobian

2p+ 1× 2p+ 1 6p+ 1× 6p+ 1 2p+ 1× 2p+ 1

spot loads are used to 1.8 in the case of positive sequence

T&D approach which reduces further down to 1.5 using the

proposed CPF approach where both the transmission and

distribution systems are represented in three-sequence detail.

It is also evident that there is a reduction in λmax when

an unbalanced system is used over the balanced system. The

reduction is from 1.5 to 0.9 using the proposed three-sequence

CPF method, and from 1.8 to 1.6 using the VSM T&D method

in [9]. Therefore, the proposed approach captures the impact of

distribution system unbalance on the VSM more prominently.

D. Comparison of Proposed Three Sequence CPF with Three

phase CPF for VSM assessment

Comparisons of the proposed architecture with a multi-

period power flow are illustrated in Fig. 8. It can be seen that

the proposed method provides accurate voltage stability limits.

For a system with p buses, the Jacobian size in any three-phase

power flow method will be 6p x 6p. However, in the case of a

three-sequence approach, the Jacobian size will be 2p x 2p for

the positive sequence sub-problem and p x p for the two sets

of linear simultaneous equations representing the negative and

zero sequence sub-problems. As a result, the computational

load associated with the proposed three sequence approach is

notably reduced when compared to the three-phase method.

A comparison of the sizes of different matrices including the

Jacobian, augmented Jacobian and prediction tangent is shown

in Table III.

VI. CONCLUSION AND FUTURE WORK

This paper introduces a novel continuation power flow

technique tailored for integrated transmission and distribution

systems. This method effectively examines the power grid’s

voltage stability while considering imbalances in the grid

and loads, various load types, and fluctuations in renewable

energy sources. The proposed three-sequence approach has

significantly lower computational burden in contrast to the

three phase method. The outcomes demonstrate the efficacy

and precision of the suggested CPF model in assessing the

power grid’s weak phase voltage stability margin. Future

works will involve incorporating Distributed Energy Resources

(DERs), voltage regulator controls, and scalability testing with

larger transmission and distribution systems.
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