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ABSTRACT: We present a general theory of the phase behavior of concentrated
multicomponent solutions of charged flexible heteropolymers with specific
chemical sequences. Using a field theoretic formalism, we have accounted for
sequence specificity, electrostatic and van der Waals interactions among all
constituent species, and topological correlations among all heteropolymer chains
in the system. Our general expression for the Helmholtz free energy of the system
is in terms of density profiles of the various components and is an explicit
function of the sequence specificity of the heteropolymers, polymer
concentration, salt concentration, chemical mismatch among the various
monomers and solvent, and temperature. We illustrate our general theory in
the context of the self-assembly of intrinsically disordered proteins by considering
solutions of sequence-specific charged-neutral heteropolymers. For the
heteropolymers under consideration, the system exhibits microphase separation.
The boundaries of order−disorder transition and the relative stabilities of the canonical microphase-separated morphologies
(lamellar, cylindrical, and spherical) are presented in the weak segregation limit as functions of sequence, polymer concentration,
chemical mismatch parameters, and salt concentration. Unique mapping between heteropolymer sequence and morphology diagram
is presented. The derived general theory is of broad applicability in addressing sequence effects on the thermodynamic behavior of
any multicomponent system containing flexible heteropolymers.

1. INTRODUCTION
While the theory of the phase behavior of solutions of
homopolymers and block copolymers is at an advanced stage
capable of quantitative predictions on macrophase and
microphase separation phenomena, the formulation of a
general theory for multicomponent heteropolymers with
sequence specificity continues to be a challenge. The imminent
need for addressing this challenge is instigated by the prolific
emergence of biomolecular condensates (also known as
membraneless organelles) formed by intrinsically disordered
proteins (IDPs)1 and synthetic polypeptoids.2,3 It is well-
known that the structures of folded proteins are uniquely
determined by their sequences of the amino acid units
constituting the protein molecule.4 However, in the case of
IDPs, the sequence−structure relationship is only at early
stages of understanding. The main feature of IDPs is their
sequence-driven intrinsic capacity for extensive conformational
fluctuations arising from optimization between electrostatic
and hydrophobic interactions. In the context of dilute solutions
of IDPs, there are a few excellent theories and simulations of
isolated IDP molecules that demonstrate the significant role of
sequences on molecular conformations.5−11 However, in the
context of biomolecular condensates, the self-assembly process
involves many IDP molecules with specific sequences and
several components. It is this ubiquitous premise where we
present a general theory of sequence effects on the self-

assembly of concentrated solutions of heteropolymers by
accounting for topological and electrostatic correlations and
hydrophobicity effects. A cursory inspection of amino acid
sequences of typical IDPs suggests the presence of multi-
domains of charged, dipolar, and uncharged12 repeat units with
varying frequencies along their chain backbone. It is well-
known that, in the other extreme situation of synthetic
polymers without any charges, diblock copolymers exhibit the
phenomenon of microphase separation with the emergence of
several well-organized stable morphologies depending on the
composition and length of the diblock copolymer and the
temperature.13−38 Therefore, it is natural to raise the issue of
microphase separation in solutions of IDPs too. By following
the footsteps of the previous theories36,39,40 of microphase
separation of uncharged or charged diblock copolymer
systems, there have been only a few attempts to address
simple specific sequences with limited success.41,42 Further-
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more, there have also been simulation studies to explore the
sequence effects for a few specific sequences.3,43−45

In this paper, we present a general theory of concentrated
solutions of multicomponent heteropolymers made up of any
number of different kinds of monomers and any kinds of
intermonomer and monomer−solvent interactions (such as
electrostatic, dipolar, and short-ranged van der Waals). Starting
from the Edwards Hamiltonian that models the chain
connectivity, monomer sequence, and all interspecies inter-
actions, we have derived the Helmholtz free energy as a
functional of the density profiles of the various components of
the system. An approximate expression for the free energy is
evaluated using the saddle point approximation. It not only is
consistent with previous random phase approximation (RPA)
results but also is able to predict the length scales of
microphase separation based on the sequence scales41 of
sequences explicitly and properly without introducing any
additional parameters. Even in the homogeneous phase, the
system can exhibit preferred structures of well-defined
microscopic length scales, a feature that is the earmark of
microphase separation. However, it can be destroyed by
increasing the amount of solvent. Under such conditions, the
system can show only macrophase separation, commonly
referred to as the liquid−liquid phase separation (LLPS). An
interference between them enriches the phase behaviors,46 but
we will focus on the microphase separation in the paper. While
the derived free energy expression is valid for all extents of
segregation, in this paper we have focused on the limit of weak
segregation when microphase separation occurs and have
computed the boundaries of disorder−order and the various
order−order transitions. We illustrate the consequences of this
general theory with the example of sequence effects on
microphase separation in solutions of two-component (charge
and neutral) heteropolymers, an approximation of amino
acids,43−45 by focusing on the limit of weak segregation. For
the sake of simplicity in our simple model, we treat the charged
monomers as test charges. Following our earlier work,47−50 we
integrate the degrees of freedom of counterions and salt ions
and obtain the contribution from the translational entropy of
dissociated ions and also derive the Debye−Hückel (DH)
interaction,47−49,51 which is free from any artificial mathemat-
ical divergences. Furthermore, since we treat only the weak
segregation limit in the present study, we have taken the
distribution of small ions to be uniform as suggested by the
results from RPA.40,52

The results described below show the significant role played
by chemical sequences in the microphase-separated morphol-
ogy diagrams of multicomponent heteropolymers. More
significantly, the derived theory provides a computational
engine to address the microphase separation behavior of
concentrated solutions of flexible heteropolymers with an
arbitrary number of different kinds of monomers in the
presence of added salt.
The outline of the rest of the paper is as follows. The

theoretical model and formalism for the illustrative example of
solutions of two-component (charge-neutral) heteropolymers
are introduced in Section 2. The computed results are
presented in Section 3. The final section summarizes the
main conclusions on the sequence effects for the illustrative
example. Owing to the mathematical richness of the formalism,
details of the general theory are presented in the Supporting
Information.

2. MODEL AND THEORY

Let us consider a solution of np flexible heteropolymer chains,
each of N repeat units made up of  kinds of repeat units and
 kinds of small molecules or ions, each with

ZZ ≤ ≤ n (1 )w number. The total volume of the system is

SΩ 3, where S is the unit of length. For the sake of avoiding too
many labels for the nonuniversal microscopic sizes of different
repeat units, solvent molecules, and dissociated ions, we take S
as the average size of each of these species. All potential
interactions among the various species including electrostatic
and short-ranged excluded volume interactions are denoted by
U. The partition function for this general scenario is given in
the Supporting Information. In order to make this general
theory more transparent in terms of the used assumptions and
approximations, we illustrate the theory for a simpler system.
In the simple system, there are np two-component

heteropolymer chains of N Kuhn segments, each of segment
length S. Each chain contains NA = N/2 neutral A segments
and NB = N/2 charged B segments arranged in specified
sequences. The charge on the B segments is of the same sign as
the value of zpe (where e is the electronic charge). There is
only one solvent in the system with nw as the number of the
solvent molecules. The dissociated ions nγ from the
heteropolymer and added salt are treated implicitly as an
electrolyte continuum, described by the linearized Debye−
Hückel theory although the electrolyte continuum is non-
neutral.48 The electrostatic interaction between two charged
(B) segments with the separation distance r is given by the
Debye−Hückel potential47 energy vel

S
= κ−v r

z
r

( ) e r
el

p
2

B

(1)

A S∑ κ= − Ω + Ω
γ

γ
γ

i
k
jjjjjjj ikjjj y{zzz y

{
zzzzzzzn

n
exp ln

12plasma

3 3

(2)

where SB is the Bjerrum length (e2/4πϵϵ0kBT, where ϵ0 is the
vacuum permittivity, ϵ is the dielectric constant of the solvent,
and kBT is the Boltzmann constant times the absolute
temperature), and κ is the inverse Debye length.53 Aplasma is

the partition function due to the entropy of ions γ Ω
γ( )n ln

n
and

fluctuations of ions SΩ κ
12

3 3

, and A−k T lnB plasma is the Helmholtz

free energy Fplasma from the background fluid. In addition, the
short-ranged van der Waals interactions between the various
segments (A and B) of the heteropolymer and solvent
molecule (w) are represented by delta functions with strength
given by the excluded volume parameters vAA, vBB, vww, vAB, vAw,
and vBw. Furthermore, we assume that the system is
incompressible.
The additional contribution from the interacting polymer

chains to the Helmholtz free energy F of the system is given by
A−k T lnB , where the partition functionA is modeled through

the generalized Edwards Hamiltonian as
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Here rj⃗ is the position vector of jth solvent molecule, R⃗α(s) is
the position vector of the αth chain contour at the arc length
location of the sth segment, and the functional integral over
+{ ⃗ }αR s( ) is the sum over all allowed chain conformations
including integration over positions of chain ends. The first
term inside the argument of the exponential depicts the chain
connectivity, and U is the potential interaction energy as given
below. The factor of the product over r ⃗ corresponds to the
incompressibility constraint.
As mentioned above, U denotes all two-body interactions

parametrized by vAA, vBB, vww, vAB, vAw, and vBw as
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where the variable σA(B)(s) denotes the sequence of the
heteropolymer

σ =
lmoonoos

s
( )

1, if the th segment is A(B)

0, otherwise
A(B)

(5)

and vel in the third term on the right-hand side is given by eq 1.
Introducing the microscopic variables
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where χij are the Flory−Huggins parameters given as

χ = −
+

v
v v

2ij ij
ii jj

(9)

with i and j denoting A, B, and w. The constant term U0/kBT is

(vAAnpNA + vBBnpNB + vwwnw)/2, which does not have any

consequence on the derivatives of the free energy of the

system. Equation 7 is the starting point for the illustrative

simple model for further theoretical analysis. The S will not be

written down explicitly in the following sections.

The partition function A in eq 7 is in terms of microscopic

variables, and all chains are coupled through interactions

among all species in the system. As the next step, we rewriteA

in terms of macroscopic density fields which are experimentally

measurable and also decouple the chains using these fields.

2.1. Coarse-Grained Partition Function. Introducing the

microscopic density fields ψ(r)⃗ for each of the microscopic

variables ψ̂(r)⃗ and using the identity

+

+ + P

∫
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eq 7 becomes
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where U({ψw}, {ψA}, {ψB}) means that the microscopic
variables ψ̂ in eq 8 are replaced by the macroscopic ψ.
2.2. Coarse-Grained Partition Function in Terms of

Fourier Components. The partition function can be
separated into two parts. One is the mean field contribution,
and the other arises from fluctuations. In order to facilitate
extraction of the mean field part, we define the Fourier
transform of ψ(r)⃗ as

P∫ψ ψ⃗ = ⃗ ⃗ ⃗· ⃗q r r( ) d ( )e q r
(12)

Using this definition, A can be separated into mean field and
fluctuations contributions as
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where ψ(0) denotes the mean field ψ(q⃗ = 0), ψ̅w = nw/Ω, ψ̅A(B)
= N/2 × np/Ω, and Hw/kBT({μw}) and Hp/kBT({μA}, {μB})
are related to the integrals over position vectors
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The second rows of eq 14 and eq 15 are due to the decoupling

of the solvent molecules and chains, respectively, arising from

the introduction of the density fields. Since there is no explicit

integral for Hw/kBT and Hp/kBT, it is necessary to expand

them as asymptotic series, as derived in the following

subsection. Complementary to this procedure, we can also

derive an approximate free energy based on self-consistent field

theoretic formulation as given in the Supporting Information.
2.3. Series Expansions of Hw/kBT and Hp/kBT. The

asymptotic series with respect to μw(q⃗) = 0 and μA(B)(q⃗) = 0

are given as
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where the  n( ) are given by
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Here the Latin letters, i1 = {A, B}, ..., in = {A, B}. The first few
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The first few order terms i in
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( ) for the polymer part are
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where ψ̅M = ψ̅A + ψ̅B and
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Equation 25 is zero because the fluctuations in the microscopic
variables ψ̂(q⃗) should disappear over the whole space. The
nonzero terms given in eqs 26−28 satisfy momentum
conservation, namely, q⃗1 + q⃗2 = 0, q⃗1 + q⃗2 + q⃗3 = 0, and q⃗1
+ q⃗2 + q⃗3 + q⃗4 = 0 in eqs 26−28, respectively. The exact
evaluations of  n( ) are listed in the Supporting Information.

2.4. Coarse-Grained-Effective Partition Function. Even
though H/kBT is a series, the integral over + μ{ } cannot be
evaluated. Therefore, we use the saddle point approximation
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where Fw/kBT({ψw}) and Fp/kBT({ψA}, {ψB}) are
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Expressing F/kBT as a series, we obtain
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By the standard method,54 the first few order terms Γ(n) are
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where the Dirac delta functions in Γ(n) or  n( ) in eqs 39−41 are
suppressed because it will be integrated out as shown in eqs
36−38. Consequently, the Dirac delta functions of momenta
are replaced by the conservation law q⃗1 + q⃗2 = 0, q⃗1 + q⃗2 + q⃗3 =
0, and q⃗1 + q⃗2 + q⃗3 + q⃗4 = 0 in eq 39, eq 40, and eq 41,
respectively. The Einstein’s convention is implemented in eqs
39−41 and the following paragraphs. In the above equations,
the momentum dependence of  is dropped for the sake of
s imp l ifi c a t i o n o f p r e s e n t a t i o n . Howev e r , t h e
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confusions, the following convention is adopted: The
momentum of species i is q⃗1, the momentum of species j is
q⃗2, and so on. The momentum dependence of other quantities,
if they are dependent on momentum, are passed by contracted
indices. For example, in ⃗ ⃗ ⃗ q q q f( , , )ijk i
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dependence of f i is q⃗1, namely, f i(q⃗1). To provide an example of
this convention, eq 40 should be read as
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The result in eq 35 is an effective interaction based on the
Gaussian chain assumption.39 The physical picture behind the
equation is that the chain connectivity among monomers is
transformed into the effective interactions among density
fields. The effective partition function Aeff is
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Rewriting U({ψw}, {ψA}, {ψB})/kBT in the momentum space,
we get
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where Vαβ are interactions in momentum space
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Using the eqs 34, 35, and 44, A A⃗ = ≡q( 0) mean is
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where cst stands for a numerical prefactor that is of no physical
consequence. Therefore, Aeff of eq 43 is given by
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where the first few order terms Γ(n) are
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Here, Einstein’s convention is implemented, the Greek letters
α, β, γ, and δ are indices of {w, A, B}, the Latin letters i, j, k,
and l are indices of {A, B}, the dq⃗ are not written down
explicitly for simplification, the Dirac delta functions are
suppressed, and the momentum of species α is q⃗1, the
momentum of species β is q⃗2, and so on. In addition, the
incompressibility constraint reduces the number of independ-
ent parameters, so that (ψw, ψA, ψB) is reduced to (−ψA − ψB,
ψA, ψB). The hαi in eq 48 is

= −
−α

ikjjj y{zzzh
1 1 0
1 0 1i

(52)

The exponent of eq 48 gives us the Landau free energy in
terms of ψα, and the information on the sequences (eq 5) is
incorporated in Γ(n).
2.5. Coarse-Grained-Effective-Reduced Partition

Function. We obtain the phase behavior of the system by
truncating the partition function in eq 48 at the fourth order of
the free energy F. If the minimum of F is smaller than 0 at
(ψA*(q⃗*), ψB*(q⃗*)), the instability will occur around the size of
1/|q⃗*| with formation of an ordered microphase with a specific
morphology.
In order to determine the minimum of F, it is convenient to

diagonalize (Γαβ
(2) + Vαβ)hαihβj, which is a 2 × 2 matrix in the

model. As a result, there are two eigenvalues λg and λe along
two eigenvectors

ψ ψ ψ ψ
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⃗ ⃗ = ⃗ ⃗ | | + | |

u q q q
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A
(e) 2

B
(e) 2

(53)

respectively. The two eigenvalues are good indicators of
microphase separation transition (MST) because the shape of
F will be a Mexican hat if one of them is negative.
Furthermore, if both of them are negative, it will correspond
to the two-length-scale microphase separation. However, under
the weak segregation limit (WSL), there is only one scale for
the formation of microdomains. Assume, without the loss of
generality, λe > 0 and λg ∼ 0 in WSL and

ψ ψ⃗ ⃗ = Ψ ⃗ ⃗ + Ψ ⃗ ⃗q q u q u q( ( ), ( )) ( ) ( )A B g
(g)

e
(e)

(54)

where the Ψg(e) is the strength of fluctuations along u⃗(g(e)).
Because λe > λg, the weak fluctuations Ψe can be integrated out.
Therefore, the reduced partition function (the derivation is in
the Supporting Information) becomes

A
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where Fg
55 is
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∫
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Here, the Γg
(3) and Γg

(4) are
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where the conventions are the same as those below eq 51. By
writing down the momenta of u(e) explicitly, an example is

Γ − ⃗ − ⃗
= Γ ⃗ ⃗ − ⃗ − ⃗ ⃗ ⃗
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and so on. The morphology phase diagrams are calculated
from Fg given in eq 55.

Macromolecules pubs.acs.org/Macromolecules Article

https://doi.org/10.1021/acs.macromol.2c00008
Macromolecules 2022, 55, 5535−5549

5541

https://pubs.acs.org/doi/suppl/10.1021/acs.macromol.2c00008/suppl_file/ma2c00008_si_001.pdf
pubs.acs.org/Macromolecules?ref=pdf
https://doi.org/10.1021/acs.macromol.2c00008?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


3. RESULTS AND DISCUSSION
3.1. Stability Limit of the Disordered Phase. The limit

of stability of the disordered phase against the formation of an
ordered phase is given by the spinodal point at which λg = 0. In
general, λg is the inverse of the structure factor (proportional to
the scattering intensity in scattering experiments). As is well-
known in block copolymer systems, the structure factor
exhibits a scattering peak at a nonzero wavevector |q⃗| = q*.
Therefore, we define the spinodal point at the location in the
parameter space at which λg(q*) = 0. The criterion for
spinodal points for the disorder−order transition (DOT) is
thus given as

λ =
⃗ χ

min 0
q ,

g
AB (60)

which occurs if and only if

Γ + =
⃗ χ αβ αβ α βV h hmin det( ) 0

q
i j

,

(2)

AB (61)

where the minimization of λg is performed with respect to q⃗

and χAB. Combining eqs 45, 49, and 52, the matrix of the

determinant is given by
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The corresponding determinant is
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where the ij
(2) are elements of (2), χ̅w ≡ (χAw + χBw)/2, Δχ ≡

( χ A w − χ B w ) / 2 , Sπα κ≡ +v q4 /( )el
2

B
2 2 , a n d

∑ = + + +    (2)
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(2)
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(2)
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(2)

BB
(2). The q and χAB at

spinodal points are denoted by q* and χAB* .
Two limits from eq 63 correspond to two well-known

results. One is that the equation approaches the well-known
melt results from RPA36,39,40 as ψ̅w approaches zero, and the
other one is the result of liquid−liquid phase separation56 if the
polymers are uncharged and homopolymers, namely, χAB = Δχ
= vel = 0. The spinodal points of two different systems S and S′
are the same if 1/ ψ̅w − 2 χ̅w = 1/ ψ̅w′ − 2 χ̅w′ . In addition,

because the ij
(2) is proportional to N as shown in eq 26, there

is a mapping relationship
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This mapping helps to reduce the parameter space in
constructing spinodal curves and morphology diagrams.

3.2. Sequence Dependence of Spinodal Points. For
the simple system illustrated in the present paper, the key
variables are S κ χ χ χ ψ̅ Δ ̅N z, , , , , , ,p B w AB w , and the sequence.
We fix the values of SN z, ,p B, and χ̅w as given in Table 1. We

vary κ, ψ̅w, and the sequence and determine their
corresponding spinodal condition χAB* . In terms of Δχ (=
(χAw − χBw)/2), we consider two cases: Case I, Δχ = 0,
corresponding to a common theta solvent for both A and B
polymer segments; Case II, Δχ = 0.2, corresponding to a
selective solvent with χBw = 0.3 (good solvent for B segments)
and χAw = 0.7 (poor solvent for A segments). Among the

Table 1. List of Parameters

N 200 Seq 1 A50A50B50B50 (η = 1)
zp 0.3 Seq 2 A50B50A50B50 (η = 1/3)
lB 0.7S Seq 3 A50B50B50A50 (η = 1/2)
χ̅w 0.5 Seq 4 B50A50A50B50 (η = 1/2)

Case I Case II

Δχ = 0 Δχ = 0.2
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enormous number of possible sequences, we consider only four
sequences A50A50B50B50, A50B50A50B50, A50B50B50A50, and
B50A50A50B50, labeled as Seq 1, Seq 2, Seq 3, and Seq 4,
respectively (Table 1). We define the sequence order
parameter η as the reciprocal of the number of domain walls
separating two adjacent A and B blocks. The values of η for

Seqs 1−4 are 1, 1/3, 1/2, and 1/2, respectively (Table 1).
Even with such a simple variation in the sequences, their
influences on the stability limit and formation of morphologies
are significant as demonstrated below. We have chosen the
range of the inverse Debye length κ between Sκ = 1 and
Sκ = 5. For the segment length S = 1 nm, Sκ = 1 and 5

Figure 1. (a) Normalized structure factor of A monomers for Seqs 1−4 without solvent and interactions. (b) Normalized structure factor of A
monomers for Seq 1 with ψ̅w = 0.0, 0.95, and 0.99 for Case II without any potential interactions. In order to demonstrate q*, the normalized
structure factor is multiplied by 3 and 20 for ψ̅w = 0.95 and 0.99, respectively.

Figure 2. Spinodal values NχAB* and the periodicity q*Rg for Case I: Seq 1 (blue solid, ), Seq 2 (cyan dotted, ···), Seq 3 (green dashed, ---), and
Seq 4 (red dash-dot, -·-·). (a) Plot of NχAB* versus ψ̅w at Sκ = 5. The difference between Seq 3 and Seq 4 is not obvious in the scale. (b) Plot of
NχAB* versus = ψw for at Sκ = 1. (c) and (d) are the plots of q*Rg corresponding to (a) and (b), respectively.
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correspond, respectively, to 92 mM and 2.3 M monovalent salt
concentration. The latter salt concentration is close to the
neutral limit.
Even in the disordered phase without any potential

interactions or presence of solvent (χAB = 0, ψ̅w = 0), the
sequence plays a significant role in the formation of the
microstructure. As an example, the normalized structure factor
GAA
(2)(q)/N is given in Figure 1a as a function of qRg (where

S=R N/6g is the radius of gyration of a Gaussian chain). A
structure peak at an intermediate scattering wavevector q* is
evident for each of the sequences. For the diblock case (Seq 1),
q*Rg = 1.85, whereas for the alternating blocks of 50
monomers each (Seq 2), q*Rg = 3.0. Therefore, smaller
microstructures are selected by reducing the sequence order
parameter. For Seq 3 and Seq 4, η is intermediate between Seq
1 and Seq 2, and hence q*Rg = 2.3 is intermediate between the
values for Seq 1 and Seq 2. The structure factors for Seq 3 and
Seq 4 are identical owing to the fact that their structure factors
are negative of each other in accordance with the Babinet
principle.57 The spinodal points at which the structure factor
diverges at the scattering wavevector q* are given below for the
two cases of Δχ. In addition, the GAA

(2)(q)/N of Seq 1 for Case
II is given in Figure 1b. It shows a transition of peak q* from a
nonzero value to zero with an increasing amount of solvent.
The interference between macro- and microstructures occurs
around ψ̅w = 0.95, which is far from ψ̅w = 0.0−0.3, which we
applied for spinodal points of microphase separation.

3.2.1. Case I (θ Solvent). For Δχ = 0, the dependencies of
NχAB* and q*Rg on the sequences are given in Figure 2 as
functions of the solvent volume fraction ψ̅w. Both NχAB* and
q*Rg depend crucially on the sequence. In general, a small η
corresponds to a small sequence scale, and it implies that the
confinements of conformations are strong when the micro-
phase separation happens. As a result, NχAB* increases with a
reduction in the sequence order parameter η. As an example,
Figures 2a and 2b show that NχAB* increases in the order of
Seqs 1, 4, 3, and 2. Also, for the present Case I, NχAB* increases
with the presence of solvent. Although the structure factor is
identical for Seq 3 and Seq 4 in the absence of interactions and
solvent, NχAB* of Seq 3 is slightly higher than that for Seq 4 in
the presence of the solvent. As seen in Figures 2a and 2b, NχAB*
increases by more than a factor of 2 upon a decrease in Sκ from
5 to 1 (equivalently from 2.3 M to 92 mM monovalent salt).
The electrostatic repulsion between B segments is less
screened at lower values of Sκ so that the disordered phase
is more stable at lower salt concentrations as reflected in
Figures 2a and 2b.
As shown in Figures 2c and 2d, the scattering wavevector q*

at the scattering peak depends on the sequence, and it
increases in the order of Seq 1, 4, 3, and 2, analogous to the
results in Figure 1. As the sequence order parameter η
decreases, the spontaneously selected size of the micro-
structure decreases. As a result, q* increases with a decrease
in η. This feature, in conjunction with an increase in NχAB* ,
implies that microstructures of different sizes have different
relative stabilities. It would be of future interest to investigate

Figure 3. Same as Figure 2 for Case II.
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the free energy landscape as a function of the size of
microstructures. As seen in Figures 2c and 2d, if the salt
concentration is decreased, q* increases for every sequence.
Earlier work on uncharged−charged diblock copolymers shows
that q* increases with a decrease in κ.40 An analogous result is
evident in Figures 2c and 2d. It is of further interest to evaluate
relative contributions from the translational entropy of small
ions and excluded-volume and electrostatic interactions that
are responsible for the behavior in Figures 2c and 2d.
3.2.2. Case II (Selective Solvent). When the solvent

selectivity swells in B domains (Δχ = 0.2, χBw = 0.3, and χAw
= 0.7) compared to A domains, the dependencies of NχAB* and
q*Rg on the sequence and ψ̅w are given in Figure 3. The
increase in NχAB* and q*Rg with a decrease in Sκ is analogous to
the results for Case I (Figure 2). Similarly, the dependence of
q*Rg on the solvent volume fraction ψ̅w is qualitatively the
same for both Case I and Case II. However, NχAB* decreases
with an increase in ψ̅w in Case II, whereas the opposite trend is
seen in Case I. This difference arises solely from the solvent
selectivity in Case II. The magnitude of depression in NχAB*
due to ψ̅w is smaller at higher values of Sκ (Figure 3a).
Furthermore, Seq 1 and Seq 2 show the strongest opposite
trends in Figure 3a. This trend can be qualitatively attributed
to additional loop formation in the water-loving B domains,
which are disfavored due to entropy.
3.3. Morphology Phase Diagrams. The spinodal points

are not the exact points of the DOT because they only account
for the instability, and hence Γg

(3) and Γg
(4) in Fg should be

incorporated. By assuming that the fluctuations of density

fields are dominated by the momentum at the spinodal points
q*,39 the dominant density fields are
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where Q⃗k are the reciprocal vectors corresponding to specific
morphology, where |Q⃗k| is q*. nm is the number of distinct Q⃗k,
φ is the amplitude, and θk is the phase of Q⃗k. For simplification,
we only consider three conventional structures, namely,
lamellar (L), hexagonal (Hex), and body-centered-cubic
(BCC).55 The information about Q⃗k and ns of these structures
and the details of the calculation are listed in the Supporting
Information. Based on the above assumptions and structures,
Fg is given by

λ φ β φ γ φΩ = + +
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k T

N m m
g

B
g

2 3 4

(66)

where βm (m = L, Hex, BCC) and γm are given below, and the
corresponding minimum with respect to φ (keeping q* fixed)
is
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|}oooo~oooo

N N
min

(3 9 32 ) ( 9 32 )

2
, 0m m m m m m

m

2
g

3 2
g

12 3

(67)

The βm and γm for the three morphologies are

Figure 4. Morphology phase diagrams and transition points NχAB
t of Seq 1 for Cases I and II. (a) and (d) Heat maps of NχAB

t ; the black solid lines
correspond to critical points. (b), (c), (e), and (f) Morphology phase diagrams for the two Cases at Sκ = 1 and 5: disorder−BCC (red solid, ),
BCC−Hex (blue dotted, ···), and Hex−L (green dashed, ---); the black dots are critical points. The inset plots show tiny gaps among OOTs.
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where Γ(3)(q⃗1, q⃗2, q⃗3) and Γ(4)(q⃗1, q⃗2, q⃗3, q⃗4) are reduced to
Γ(3)(t), with t ≡ |q⃗1 + q⃗2|2/q*2, and Γ4(t1, t2), with t1 ≡ |q⃗1 +
q⃗2|2/q*2 and t2 ≡ |q⃗1 + q⃗4|2/q*2, respectively (because the
values of Γ are only dependent on the relative angles among
vectors q⃗). It is to be noted that the mapping relation in eq 64
is modified by the solvent contribution in NΓg

(3) and NΓg
(4),

namely, N/ψ̅w
2 and 2N/ψ̅w

3 in eq 50 and eq 51.
First, the DOT occurs if the minimum value of eq 66 is

smaller than 0. The corresponding points are denoted as χABt ,
which can be smaller than χAB* because of the nonzero β. After
DOT, the dominant structures of microphase separation are
decided by the minimum value of eq 66 among these
structures. These calculations of order−order transitions
(OOTs) and DOT constitute the morphology phase diagrams
for each sequence given in Figures 4−7. In the morphology
diagrams, the order of transitions is always disorder−BCC−
Hex−L. However, there are some critical points where the
transition jumps from the disordered state to the L structure
without going through BCC and Hex structures. The criterion
of critical points is

χ χ= *t
AB AB (69)

which occurs if and only if

β β β χ= = = Γ = * *N q(1) 0 at ( , )L Hex BCC g
(3)

AB (70)

The calculated heat maps of NχABt with respect to ψ̅w and Sκ
are plotted in Figures 4−7 for Case I and II for the four
sequences. In addition, morphology phase diagrams with
transitions among BCC, Hex, and L are given for Sκ = 1 and 5.
In the example of the heat map given in Figure 4a, the system
represents Case I with Seq 1. As a guide to read the heat map,
we have provided three curves (NχABt = 30.0, 20.0, and 15.0)
which portray the typical dependence of NχAB

t on Sκ and ψ̅w.
The heat maps of each sequence in both cases show that the

χAB
t decreases as Sκ increases, and it implies that the repulsive
electrostatic interactions among B monomers promote the
disordered state. Whether χABt increases or decreases with ψ̅w
depends on Sκ , the sequence, and Case I or II. The interplay
among solvent quality, salt concentration, and sequences
decides the properties of the microphase separations.
There are critical points as defined in eq 68 that appear in

the heat maps and the morphology diagrams. They are
denoted as solid black lines or black points. For Seq 1 and Seq
2, there are trivial critical points at ψ̅w = 0 due to the Z2
symmetry between A and B in each sequence. However, the
morphology diagrams show that the gaps among OOTs are
tiny. For Seq 3, there are no critical points because Γg

(3) ≠ 0.
However, the difference between the spinodal points and the

Figure 5. Same as Figure 4 for Seq 2.
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DOT points is very small as exemplified in Figure 6c. In
contrast, Seq 4 shows nontrivial curvy critical lines for both
Cases I and II, as shown in Figure 7. These critical points
disappear in Case I at high Sκ . However, they are present for
Case II even at high Sκ .

4. CONCLUSIONS
Using a field-theoretic formalism, we have derived a general
theory of microphase separation in a multicomponent solution
of charged heteropolymers with specified sequences and small
ions and solvent. The theory is pertinent to any thermody-
namic system with an arbitrary number of components and an

arbitrary number of different kinds of monomers constituting
the heteropolymers with prescribed sequences. Based on the
saddle point approximation, explicit formulas for the
Helmholtz free energy are derived in the Landau−Ginz-
burg−Brazovskii form and the self-consistent field theory form
in terms of polymer sequences and the various components in
the system. We illustrate the implementation of this general
theory by choosing a simple system made of a two-component
heteropolymer with equal composition of neutral A monomers
and charged B monomers and a salty solution and choosing
four different sequences for the heteropolymer. For this
illustrative example, we have calculated the structure factor in

Figure 6. Same as Figure 4 for Seq 3, except that there are no critical points.

Figure 7. Same as Figure 4 for Seq 4.
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the disordered phase, the stability limit of the disordered state,
and the locations of the disorder−order transition and order−
order transitions with the three canonical examples of the
ordered phase, namely BCC, hexagonal, and lamellar
morphologies.
Even for the simple illustrative example demonstrated here,

we find that the polymer sequences play a profound role in the
spontaneous selection of microstructures and the onset of
microphase separation and the quantitative nature of the
various order−order transitions among different morphological
structures. To be specific, we have studied the scattering peak
q* in the disordered phase, spinodal point NχAB* , and the
transition points NχABt for the four sequences A50A50B50B50,
A50B50A50B50, A50B50B50A50, and B50A50A50B50, where N = 200
and χAB is the Flory−Huggins parameter for the A and B
monomers (A is neutral and B is charged). Defining a
sequence order parameter η as the reciprocal of the number of
domain walls separating adjacent A and B blocks, we find (a)
the size of the spontaneously selected microstructure for A
domains increases with an increase in η and salt concentration,
and (b) NχAB* increases with a decrease in η and salt
concentration. We also find that the solvent quality is an
important contributor to the dependence of NχAB* on η and salt
concentration. While NχAB* increases with the volume fraction
of the solvent for mutual theta solvents for both A and B, the
opposite trend is predicted for a selective solvent for B. While
the qualitative features of the predicted morphology diagrams
track the above results of NχAB* for Seq 1 and Seq 2, the
morphology phase diagram become much richer for Seq 3 and
Seq 4.
The present work provides a computational engine to

address microphase separation in complex multicomponent
systems including the solutions of intrinsically disordered
proteins. Even though the illustration of the rich sequence
effects on microphase separation is presented here in the weak
segregation limit, the formulas provided here allow consid-
eration of the strong segregation limit as well. The
implementation of the present general theory for specific
sequences of experimental and biological interests is relegated
to future work.
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