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Abstract—The increased switching frequency offered by Silicon
Carbide (SiC) based Multi-chip Power Modules may allow
designers to reduce the size and weight of passive elements while
still meeting converter specifications. For the 3-phase Voltage
Source Rectifier (VSR), as switching frequency increases, the
DC-link capacitor may be reduce while maintaining the same
voltage ripple. However, an often overlooked part in sizing
the DC-link capacitance is the converter’s stability. The use of
conventional control methods, such PI-based controls, may lead
to larger DC-link capacitance to prevent instability, minimizing
the value proposition of Wide Band Gap-based power conversion.
Applications like electrified shipboard or more electrical aircraft
can be extremely sensitive to increases in size/weight due to
limited space and/or significant annualized fuel costs. To this
end, this paper explores, through simulation, a nonlinear control
method based on Lyapunov’s direct method published 25 years
ago to minimize DC-link capacitance of an SiC-based VSR.

Index Terms—Voltage Source Rectifier, Nonlinear controls,
Lyapunov Theory, AC/DC PWM rectifier.

I. INTRODUCTION

The value proposition of Wide bandgap (WBG)-based
power converters may not be able to be fully realized without
the implementation of nonlinear controls, particularly for
power converters which have nonlinear dynamics such as the 3
phase AC-to-DC Voltage Source Rectifier (VSR). The VSR is
a common topology implemented in synchronous rectification,
due to the availability to configure multiple multi-chip power
modules (MCMP) in half-bridges to form a 3-phase VSR.

Applications such a more electric aircraft (MEA) and elec-
trified shipboard can be extremely sensitive to size and weight.
Every kilogram that can be saved off of a power converter can
result in millions of USD in annualized fuel savings and every
liter of size savings can improve usable space in naval vessels.

As Silicon-Carbide (SiC)-based MCMP begin to replace
IGBT-based MCMP, higher switching frequencies are avail-
able for designs at higher current levels. These higher switch-
ing frequencies may allow designers to reduce the size power
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quality filters, and by doing so, improve power density (kW/L)
and gravimetric density (kW/kg) (though EMC filters must
also be considered in the overall design with increased edge
rates and switching frequencies).

The sizing of the DC-link capacitance for a VSR (shown in
Fig. 1) breaks down into a few criteria: DC voltage ripple, ca-
pacitor rms current ripple, and controller stability/transient per-
formance during load steps/rejection or feeding downstream
constant power loads. DC voltage ripple is approximately
given:

P Load

C=——ood (1)

Vdc Audc fsw

Examples of analytical solutions for capacitor rms current
ripple can be found in [1]-[3], though not address in this paper.

An often overlooked part is the value of DC capacitance
needed to ensure stability of the VSR. Shi er. al. [4] derives
requirements for DC-link capacitances based on linearization
of the dq model around an operating point (Lyapunov’s
indirect method). This method used conventional cascaded PI
controls and where the VSR was feeding a resistive load. VSRs
feeding constant power loads may need different DC capacitor
sizing, or more specific control bandwidth requirement, but
this serves as a good starting point. The inequality from [4]
to size DC capacitance for stability is given by:

20

¢= mz—lomeinL (2)
where mg_jow 1S the minimum d-axis modulation index
needed to account for variations in input voltage, L is the
boost inductance, and R,,,;,, 1s the minimum resistance found
at full load. This implies that any time the capacitance from (2)
> (1), the controls are driving the size of the DC capacitance.
To illustrate this point further with a quantitative example,
Fig. 2a shows the trade-space of capacitor values that satisfy
(1) for switching frequency ranging from 50 to 100 kHz and
for the power rating ranging from 100 to 250 kW. The system

has a 800 V bus and assumes a 2% voltage ripple.
Equation (2) is dependent on the boost inductance of
the VSR. To size L, voltage harmonics were generated for
asymmetrically-sampled PWM from [5]. Then, the inductance
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Fig. 1. Voltage Source Rectifier Diagram

TABLE I
CRITERIA FOR ESTABLISHING DIFFERENT TYPES OF STABILITY.

Type of Stability Mathematical Properties of V and V

VisPD | VisNSD | VisND | Vis radially
unbounded
Lyapunov v v
Asymptotic v v
Global Lyapunov v v v
Global Asymptotic v v v

values were iteratively increased to meet a current harmonic
distortion (IHD) requirement of 5% with an input voltage of
480 Vac. The values for L acrpss the trade-space are shown
in Fig. 2b.

Next, these values for L were next plugged into (2) resulting
in Fig. 2c, which appears to be roughly independent of
the target power rating, and mostly dependent on switching
frequency. This is due to both L and R,,;, decreasing si-
multaneously as power increases. Still, clearly, the values of
capacitance in Fig. 2a is less than Fig. 2c across the trade-
space.

To this end, this paper applies a nonlinear controlled based
on Lyapunov’s direct method from [6] to help minimized the
increased DC capacitance and there by helping to maximize
the value proposing of WBG-based power conversion equip-
ment.

A. Non-linearity of VSR

The large-signal average state-space equation for a VSR
(ignoring the feeder cable and capacitive filter with damping)
is given by [4], [6], [7]:

d 1
eabc(t) - Laiabc(t) + Riabc(t) + imabc(t)vo(t) (3)
Lo ()T £) = irona(t) + Lyt 4
ilabc( ) mabc( ) - 1load( )+ %vo( ) ( )

A nonlinear term can be seen on the right hand side of (3).
Term 2mqp.(t)v,(t) is nonlinear as input control variables are
multiplied with a system state variable. In particular, this is
the DC voltage that the VSR is trying to maintain. While in
linear time-invariant (LTI) systems, of canonical form x(t) =
Ax(t) + Bu(t), the state vector, x(¢) and input vector, u(t)
are added together.

In a Voltage Source Inverter (VSI), v,(t) is typically repre-
sented by an ideal voltage source, making term constant, no
longer changing with time, and thus, linear. In an example of

a VSR is charging batteries, the battery voltage still changes
with time, but the stiffness of the battery voltage mean the
system dynamics are slower and thus easier to control than
compared to a DC-link capacitor of a VSR feeding a DC
distribution system or a back-end of a motor drive. Lastly,
the term zabc(t)Tmabc(t), in (4) is nonlinear as well.

Further the VSR is a boost rectifier. The AC-to-DC VSR
and DC-to-DC boost converter are both non-minimum phase
systems. Such systems mean that the inverse plant model is
unstable. In an LTI systems, a non-minimum phase systems
contain right-hand plane zero, which is the case if the equation
of the VSR or DC-DC boost converter are linearized. If
one were to design a controller based on an inverse plant
model, said controller would be unstable , where further design
techniques may need to be implemented. This right hand plane
zero dynamic comes from the dynamics of the boost converter,
where an increase in bus voltage requires an increase the duty
cycle, which requires the bottom switch to stay on longer to
build energy in the inductor. During this time, energy is not
being transferred to the DC bus and the DC voltage continuous
to fall. This type of behavior is typical of right-hand plane zero
system. In summary, the VSR is a nonlinear non-minimum
phase, time-invariant system.

Various methods for controls of nonlinear time-invariant
systems are laid out by Slotine and Li in [8] and have been
applied to the VSR such as: 1.) Lyapunov’s direct method
[6]; 2.) Lyapunov’s indirect method (linearization around an
operation point) [4]; 3.) Feedback linearization [9]; 4.) Sliding-
Mode Control (SMC) [10].

B. Lyapunov Theory

Lyapunov’s direct method can be used to establish different
levels of stability based different criteria one is able to prove.
These criteria are shown in Table I, where V' is known as the
Lyapunov function, V is the total derivative of V, and are
functions of state-space variables x. For example, to establish
Lyapunov stability, one must show that V(x) is positive
definite (PD) Vx # 0, and that V(x) is negative semi-definite
(NSD) Vx. The inability to show that a candidate Lyapunov
function does not meet certain criteria does not mean the
physical system is unstable, only that a different Lyapunov
function may be required to establish stability.

To establish asymptotic stability, V' (x) must be shown
to be negative definite (ND) Vx # 0. Asymptotic stability
ensures that the x — 0 as time approaches infinity. However,
asymptotic stability but does not give how much time it will
take for x — 0, only that it does eventually. It is important
to note that Lyapunov stability does not establish that x — 0,
only that the system’s states are bounded by some limit, and
therefore, the system’s energy will not approach infinity, i.e,
instability.

Lastly to establish global Lyapunov stability or global
asymptotic stability (as opposed to local Lyapunov or asymp-
totic stability), radial unboundedness must be shown by
V(x) — oo as |x| — oo. This condition removes certain
types of functions like V(z) = 1/(z + 1).
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TABLE 11
REVIEW OF LYAPUNOV-BASED CONTROLLERS

Ref.  Year Topology and Filter

[6] 1998 3-phase VSR

[11] 2006 3-phase NPC VSR

[12] 2006 1-phase VSI, active power filter

[13] 2008 3-phase CSI

[14] 2014 1-phase VSI with LCL filter, grid-forming UPS
[15] 2015 1-phase VSI with LCL filter, grid-following
[16] 2018 3-phase/4-wire, 4-pole NPC, Active power filter
[17] 2019 3-phase, VSI with LCL filter, grid-following
[18] 2019  3-phase, 2-pole NPC with LCL filter, grid-following
[19] 2020 1-phase, 7-level Casacaded H-bridge VSR

C. Review of Lyapunov-based Controls

H. Komurcugil and O. Kukrer published a lyapunov-based
controller in 1998 for a VSR with a boost inductor. The con-
troller contains 3 main parts: 1.) feedforward, 2.) ¢}; reference
generation, and 3.) feedback.

The feedforward is based on the steady-state dg model of
a VSR to derive the steady-state modulation signals from
the reference command. The reference generation calculates
id* based on off DC-side load current. The error correction
uses a control law that was derived from establishing global
asymptotic stability through Lyapunov’s direct model.

After the publishing of [6], Komurcugil et. al. and others
have applied similar control methods to different topologies
(1-phase VSI/VSR, 3-phase VSI, current source inverters
(CSI), and Neutral Point Clamped (NPC) converters) across
different applications (UPS/grid-forming, grid-following, and
active power filtering) and with different power quality filter
structures (L, LC, and LCL). A summary of this literature is
tabulated in Table II.

100 100
Switching Frequency (kHz)

(b)

Fig. 2. (a) Capacitance values required to meet 2% voltage ripple, (b) Inductance values required to 5% IHD. (c) Capacitance values requires to meet (2).
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II. DERIVATION OF VSR CONTROLLER

This section reproduces the derivation presented in [6]. The
state-space model of a VSR in dq frame is given as:

d 1

L@’L’d =eq— Rig — ivomd + wLiq (5a)
d

L%iq =eq— Rig — §vomq —wlig (5b)

Civ —§(mi +mygiq) — @ (5¢)
dt o — 4 dld qlq load

The modulation signals in dg frame (mq,) are defined as:
Maq = qu + Amdq (6)

where My, are the feed-forward signals and Amg, are the
error correction terms.

A. Feed-forward Terms

Starting with the feed-forward terms, if we assume the
system is in steady-state, the left hand side (LHS) of (5)
will equal 0. Additionally, the system signals will equal the
reference values. So,

g =iy,
mg = M,

—_ *
Vd —Ud,
— *
Vo = V,,

iq = 1y,
mg = Md,

(7

Plugging the signals in steady-state as defined in (7) in (5)
with LHS=0 gives:

1
1
0= e, — Riy — 5v;M, - wLi (8b)
3 . 5 .
0= Z(Mdld + Mqlq) — Yoad (8¢)

Assuming the VSR is running at unity power factor (iz = 0),
and is synchronized to the input voltage (e, = 0) solving for
Mg and M, gives:

2(vg — Rig)

My = " )
/UO
2wLi*
M, = —=d (10)
v

o
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These constants can either be pre-computed around rated
conditions, or updated with the control loop, with the trade-off
of sensor noise injection into the control loop.

B. i} Generation

Plugging (9) into (8c) gives:

(v3i5 — Ri3)) (1)

7: =
load 21};

Assuming unity power factor operation does simplify this
equation.
Solving for 4 from (11) gives:

ﬁ + \/(1}2)2 _ 8U;iload
R R 3R
Equation (12) gives two solutions but one will typically be
larger than the max current rating and therefore discarded.

(12)

w1
Zd:§

C. Error-correction terms

The error correction terms are solved for by choosing con-
trol laws where the Lyapunov derivative satisfies the negative
definite condition required to establish asymptotic stability.
The Lyapunov function is chosen as:

Vx(t) = ;Lxl(t)2 + ngg(t)2 + C’x;;(t)Q (13)
where
x(t) = [w1(t) @) ws(t)]” (14)
and
z1(t) = iq(t) —ig(t)* (15a)
xo(t) = 14(t) — ig(t)" (15b)
x3(t) = vo(t) — v,(t)* (15¢)

The explicit time dependence of the error signals are shown
as the Lyapunov derivative is a total derivative with respect to

time, and will be:
V(x) = 3x1 L&y + 3oLy 4 223Ca3 (16)

The explicit time dependence notation will be dropped for
simplicity. The derivatives of x:

T =g (17a)
Ty = iy (17b)
£3 = v, (17¢)

as the derivatives of the reference signals equal zero since iy,
and v} are DC values. Rearranging (15):

iq =T+ 1 (18a)
iq = w0 + 0 (18b)
Vo = X3 — V) (18¢)

Plugging in (17a), (18a),(18c), (9), and (6) into (5a) gives:

Wi — R LA
o* T3 21‘3 mgy

19)

1
Lz, = wLzo— Rx1— iv;Amd —

Gate Signals

3" Harmonic|
Injection

Fig. 3. Modified Lyapunov-based controller based on [6].

Plugging in (17b), (18b),(18c), (10), and (6) into (5b) gives:
wLlI}
V*

o

1 1
Liy = —wLxlfog—iv:Amqf xg—ia:gﬂmq (20)

Plugging in (17c), (18a), (18b), (9), (10), and (6) into (5c)
gives:

Oy = § 2(v5 — Ri})
4 v

o

x1 +igAmg + Amgxy

* 3k

_ 2w}
*
o

T2+ Amgzo |  (21)
Plugging in the equations for Lz;, L2y, C2's back into (16),
terms cancel and simplify to:

. 3 3
V(x) = == (viwy — ijas) Amg — iv:zgﬂmq —3R(x? 4 22)

2

. (22)

The selection for Amyg, is made such that V(x) is N.D., and
is given by:

Amg = y(viz1 —ixs), v>0
Amg = Bxo, 8>0

v and 8 can be thought of as proportional gains, and also
serve as scaling factors if the signals are not converted into
per unit, as in this case. To double check the N.D. of V(x),
(23) is plugged back into (22), which gives

(23)

y 3 * - 2 3 *
V(x) = —iv(voxl — zdxg) — iﬁvomg —3R(x3+1x3) (24)

Verifying 3 conditions are met for global asymptotic stability:

1) V(x) from (13) is PD. Vx # 0.

2) V(x) is N.D. Vx # 0 as shown by (24).

3) V(x) is radially unbounded, and shown by V' (x) — oo

as |x| = oo

It should be noted that Lyapunov’s direct method may not
address cross-coupling behavior, and one may need to add
decoupling terms into the control law based on the plants
dynamics. Fig. 3 shows the final controller. The blue lines
highlight differences between the controller in [6]. Mainly,
integral action was added to drive voltage error to zero. The
q-axis feed-forward term, M, was modified by used measured
iq instead of a predetermined operating point to help reduce
dg cross-coupling. Even though integral action was added,
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the control effort from the integrator is significantly reduced
compared to conventional cascaded PI controls.

ITI. SIMULATION RESULTS

Time-domain simulations were executed in Matlab/Simulink
2019b (solver: Runga-Kutta ode4, time-step: 200 ns). The
switch frequency and power rating used were 50 kHz and
200 kW, respectively. The controller update rate was 10 us,
implementing asymmetric sampling. Simulation parameters
can be found in Table III.

It should be noted that often times, the source voltage (eqpc)
is placed right at the output of the converter filter without any
impedance between the source and converter. This leads to
a perfectly stiff source, which may not be representative of
realistic conditions, and may lead to unrealistically good sim-
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Fig. 6. wvq. response of Lyapunov Controller as C' is reduced: (a) load step,
(b) load rejection.
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TABLE III
SIMULATION PARAMETERS AND SIGNALS

Symbol Description Value
€abe input 3-phase voltage 480 VL RM S
Ry input feeder cable resistance 1.2 m2
Ly input feeder cable inductance 76 uH
Cy filter capacitance 7.6 uF
Ry damping resistance 34 2

R boost inductor equivalent series resistance 50 m{2

L boost inductance 90 pH

C DC-link capacitance 312-2200 pF
Rioad load resistance 32 02

Mape(t) modulation indices of each leg -1.15 to 1.15

Tabe(t) boost inductor currents A
Vo (1) DC-link capacitor voltage \%
io(t) output DC current of the converter A

t10ad(t) load current A

ulation results. Also, some capacitance with damping is added
before the boost inductor, forming an LC filter instead of just
an L filter. Without the capacitor, measuring voltage between
the feeder cable and boost inductor gives poor measurement
quality.

Fig. 4 shows the transient response of a conventional
cascaded PI controller with C' = 2200uF'. A 100% load step
is applied at 0.3 s and the full load is removed at 0.5 s. Fig.
4 shows the controller is stable with the selected value of DC
capacitance (following (2)).

Next, Fig. 5 demonstrates unacceptable performance from
the conventional PI controls as the DC capacitance is halved
and is now below (2). Smaller values of capacitance will cause
further degraded performance and instability.

Transient responses from Lyapunov-based controller are
shown in Fig. 6 for capacitance values of 312uF, 625uF,
1100uF, and 2200uF.312uF was selected, as it satisfies the
2% voltage ripple requirement. The Lyapunov-based controls
are able to operate at smaller values of capacitance than the
conventional cascaded PI controller. Clearly, the nonlinear
is stable to recover from the load transients with 312uF of
capacitance; however, the voltage dip and overshoot may be
too significant to be deemed acceptable. When C' is 625
wF, the undershoot/overshoot are 8% and 12.5%, respectively.
Depending on the application, capacitance reduction of 2-
4x is viable. Interestingly, the change in v4. during load
step/rejection of the conventional PI controls when C' is 2200
wF is less than the nonlinear controller.

Fig. 7 shows the transient responses with C' = 312uF.
Fig. 7c and Fig. 7d show a zoomed view of vy, during load
steps and load rejection, where the voltage input experiences
transients in response to the change in current draw. These
transients would not have occurred if the input voltage source
was placed directly at the input of the filter, and would have
resulted in better, but unrealistic, transient performance. An
attempt was made to take vy measured into account for the
feed-forward M, term, but undesirable oscillations occurred.

IV. CONCLUSION

This paper shows that a nonlinear controller based off of
Lyapunov’s directs method from [6] enables a VSR to operate
at a reduced DC capacitance that a conventional cascaded PI
controller cannot, while achieving good transient performance.
This mean that by updating the control scheme, potential mass
and/or volume saving are possible, which can have significant
implications for MEA or electrified shipboard applications.
This paper also seeks to encourage other researchers and
professionals in the field to not only assess controls of power
conversion equipment by their transient performance, but also
by their potential impact on power density and specific power.
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