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Response properties in phaseless auxiliary field quantum Monte Carlo
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We present a method for calculating first-order response properties in phaseless auxiliary field
quantum Monte Carlo (AFQMC) through the application of automatic differentiation (AD). Bi-
ases and statistical efficiency of the resulting estimators are discussed. Our approach demonstrates
that AD enables the calculation of reduced density matrices (RDMs) with the same computational
cost scaling as energy calculations, accompanied by a cost prefactor of less than four in our nu-
merical calculations. We investigate the role of self-consistency and trial orbital choice in property

calculations.

1. INTRODUCTION

The calculation of energy gradients is of great impor-
tance in electronic structure theory. Derivatives of the
energy with respect to external perturbations can be used
to evaluate many properties of interest. Nuclear gradi-
ents are used for geometry optimization and molecular
dynamics simulations. Parameter derivatives are useful
in wave function and basis set optimizations. Through-
out the history of quantum chemistry, the development of
efficient methods for evaluating energy gradients has thus
been a focal point due to their central importance.!®
This development often involved meticulous derivation
of analytic expressions and manual coding of implemen-
tations. The development of efficient algorithms has led
to cost-effective gradient evaluations, comparable in cost
to the evaluation of the energy. In recent years, au-
tomatic or algorithmic differentiation (AD) has gained
recognition as a powerful tool for calculating derivatives
of functions defined by computer programs, notably in
machine learning. By applying the chain rule to elemen-
tary steps in a computation, AD can calculate numeri-
cally exact derivatives, considerably reducing the imple-
mentation effort.® The reverse-mode AD is particularly
remarkable, enabling the evaluation of first-order deriva-
tives with respect to an arbitrary number of parameters
at the same cost scaling as the underlying function. As
a result, it becomes an appealing choice for calculating
all nuclear forces or reduced density matrices in quan-
tum chemistry. Various studies have explored the utility
of AD in conventional electronic structure methods.” !
Reference 12 showcased the effectiveness of AD in differ-
entiating tensor network-based functions.

Quantum Monte Carlo (QMC) approaches comprise a
scalable and accurate suite of alternatives to traditional
quantum chemistry methods.'3 ' Among these, the aux-
iliary field quantum Monte Carlo (AFQMC) approach
stands out as a powerful tool for investigating correlated
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electronic systems.!? 2! It has been used to study a wide
variety of systems, including solids and molecules with a
range of correlation strengths.?? 27 However, the evalua-
tion of energy derivatives has posed challenges for projec-
tion QMC methods. Mixed estimators are usually used
in energy calculations with these methods, which are not
accurate for general properties or nuclear gradients. An
incorrect application of the Hellman-Feynman theorem
leads to this mixed estimator that is easy to evaluate
but leads to an uncontrolled bias for operators that do
not commute with the Hamiltonian. Although various
approximations can address this shortcoming,?8 3% many
challenges still remain due to uncontrolled biases or large
variances. It is worth mentioning that within the con-
text of variational Monte Carlo (VMC), AD was first
employed by Sorella and Capriotti to calculate nuclear
gradients.?® Additionally, there have been studies of AD
in diffusion Monte Carlo (DMC)3% and lattice VMC?7,
following an approach similar to that presented here.

The problem of calculating derivatives of complicated
stochastic functions plays a crucial role in various do-
mains ranging from sensitivity analysis in finance3® and
queueing theory in management®® to optimizations in
reinforcement learning.*® An effective approach for for-
mulating low-variance estimators involves utilizing corre-
lated sampling, by employing common random numbers
for example, to achieve small cost differences with high
accuracy. When Monte Carlo simulations involve discrete
random variables, like branching in QMC calculations,
biases can arise in derivative estimators, and address-
ing these errors is an active area of research.*' In this
paper, we leverage some of this technology to compute
first-order response properties in AFQMC. Specifically,
we demonstrate that reverse-mode AD enables the cal-
culation of Reduced Density Matrices (RDMs) with the
same cost scaling as energy calculations.

This paper is organized as follows: we first review rele-
vant parts of the AFQMC algorithm (Section 2.1) and ex-
isting approaches for calculating properties (Section 2.2).
Then we discuss use of AD in AFQMC, including vari-
ous contributions to the derivatives as well as biases in
our method (Section 2.3). We then present illustrative
numerical results to demonstrate the accuracy and sta-



tistical efficiency of our method (Section 3.1). Finally, we
compare AD-AFQMC dipole moments of some molecules
with other quantum chemistry methods and experiments
(Section 3).

2. THEORY
2.1. Review of AFQMC

In this section, we present an outline of the AFQMC
algorithm, focusing on the aspects relevant to gradi-
ent calculations. We refer the reader to recent review
articles®>* for a more comprehensive description. In
AFQMC, the ground state is represented as a weighted
sum of non-orthogonal Slater determinants

W) = Zwl W@ (1)

where w; are weights, |¢;) are walker Slater determinants
with complex orbitals, and |¢7) is the trial state. This
state is obtained by applying an exponential form of pro-
jector onto the trial state as
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where 7 is the imaginary time, and we assume (7 |thg) #
0. We use the quantum chemistry Hamiltonian given by
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H= Zh”d& Z ZL”Z . (3)

where h;; are one-electron integrals and L?j are Cholesky
decomposed two-electron integrals in an orthonormal or-
bital basis. To sample the action of the propagator,
the Hubbard-Stratonovic transform is used to write the
short-time propagator as

e 87— [ axp() Bx). (4)

where x is the vector of auxiliary fields, p(x) is the stan-
dard normal distribution of the auxiliary fields, and B(x)
is a complex propagator given by the exponential of a
one-body operator. Due to Thouless’ theorem, B(x) acts
on a Slater determinant |¢) as

B(x)[¢) = |#(x)), (5)

where |¢(x)) is another Slater determinant obtained by
a linear transformation of the orbitals in |¢). In the hy-
brid approximation, importance sampling is achieved by
shifting the auxiliary fields with a force bias given as

(r| >4, L ala|o)
= VAT (Ur|o) 7

(6)

Wy Wy W3 Wy

FIG. 1. A schematic showing the stochastic reconfiguration
(SR) procedure with four walkers. § is drawn from a uni-
form distribution on [0,1] and w; = Z - denote normalized

weights. In this instance, SR leads to the reconfiguration

{¢1, P2, b3, pa} — {b1, P3, 3, Pa}-

and with the weights propagated as
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Force bias is not enough, by itself, to control the large
fluctuations stemming from the sign or phase problem.
The phaseless constraint?! can be used to overcome the
phase problem at the expense of a systematic bias in the
sampled wave function by performing a cosine projection
as

w; (X) =

w;(x) = max(0, cos(Af)), w; (x) (8)

where
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The size of this phaseless bias is dictated by the accuracy
of the trial state.

For statistical efficiency, we periodically perform re-
configurations of the walker population. We use the
stochastic reconfiguration (SR) method?® where walkers
with small weights are removed, and those with large
weights are duplicated. Figure 1 illustrates this proce-
dure schematically. It has the desirable property that
when the walker weights are uniform, the walker popula-
tion remains unchanged. It is important to note that SR
is a discontinuous function, as small changes in weights
lead to different reconfiguration instances. These discon-
tinuities are a source of bias in our AD gradient calcula-
tions, as described in section 2.3.

2.2. Calculating properties in AFQMC

Given an observable O, the simplest way to estimate
its expectation value in AFQMC is to use the mixed es-
timator given by
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If O does not commute with the Hamiltonian, this esti-
mator has a bias due to its non-variational nature. One

<O>mixed (10)



way to mitigate this error is to use the extrapolated
estimator#6-48
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The simplicity of evaluating this estimator comes with
a crucial caveat; its accuracy heavily relies on the trial
state employed. For instance, achieving convergence of
dipole moments in reference 49 required the use of a large
multi-Slater trial state.

A more common approach to calculating properties
in AFQMC is using backpropagation,'® which overcomes
the non-variationality issue by propagating the trial state
backward as

<O>extrapolated = 2<O>mixed - (11)
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A direct simulation of two independent random walks
results in a highly noisy and computationally intensive
estimator. To control this noise, importance sampling is
employed to correlate the two walks. However, in certain
systems, this procedure has been observed to introduce
a significant phaseless bias. This bias can be reduced by
undoing the phaseless approximation in the backpropa-
gation, albeit at the expense of noisier estimates.?3 Back-
propagation has also been used to evaluate nuclear gra-
dients based on the Hellman-Feynman theorem.>°

With the goal of bringing accuracy and computational
cost of property calculations on par with that of calcu-
lating the energy, we pursue a response approach in this
paper. Consider a perturbed Hamiltonian given by

<O>bp =

H(\) = H+ )0, (13)

where ) is a real parameter. The response estimator can
be written as

<O>rcsponsc = N ) (14)

where E(\) is the AFQMC energy calculated with the
perturbed Hamiltonian A (M\). For a variationally opti-
mized wave function, this estimator is equivalent to the
expectation value by virtue of the Hellman-Feynman the-
orem. For non-variational methods like coupled cluster
theory, response properties are found to be very accu-
rate and are routinely used. One way to evaluate energy
derivatives is using the method of finite differences. How-
ever, as AFQMC is a stochastic method, it is necessary to
correlate the finite difference energy calculations to min-
imize the noise in the energy difference. Such correlated
sampling methods have been used in AFQMC?! as well
as other QMC methods3%°2, Using a common stream
of random numbers is an intuitively appealing strategy
to maintain two Monte Carlo runs close to each other,
but technical challenges arise in ensuring that the runs
remain coherent. A promising approach to address this

challenge was recently reported in reference 53. A draw-
back of the correlated sampling finite difference method is
the requirement for separate energy calculations for each
perturbation, making the calculation of reduced density
matrices and all nuclear forces computationally expen-
sive, with the cost scaling linearly with the number of
perturbations. In the next section, we will explore how
reverse-mode automatic differentiation utilizes the com-
mon random number strategy, while also allowing calcu-
lations of responses to multiple perturbations at a cost
comparable to that of a single energy calculation.

2.3. Derivatives of AFQMC energy

We can write the AFQMC energy expression making
the dependence on the perturbation explicit as

E(Hy,pr(A), {wi(V)} {6:(N)})

> wi(A) T o0
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(15)

Differentiating this expression with respect to A gives
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The first term is the mixed estimator 10. The second
term contains the explicit effect of the relaxation of the
trial state in response to the perturbation on the energy.
It also appears in the response calculation of many con-
ventional quantum chemistry methods where it is eval-
uated (implicitly) using the coupled perturbed Hartree
Fock (CPHF) equations.?® The final term contains con-
tributions from the derivatives of weights and walkers,
which, in turn, are influenced by the response of the trial
state. The dependence of weights and walkers on the per-
turbation is accumulated through many steps of AFQMC
propagation and local energy measurements. One can
evaluate their derivatives by repeated application of the
chain rule. AD offers an efficient and convenient way to
accomplish this task.

All these contributions can be evaluated using AD on
an energy function that incorporates the effects of the
perturbation on the final energy. If stochastic reconfig-
uration is not performed, the AFQMC energy can be
written as the integral

E(\) = / BN (3) f(x, A), (17)

where x is the collection of normally distributed auxiliary
fields for all time steps and walkers, and f denotes the
AFQMC procedure, including propagation and measure-
ment. For the sake of notational convenience, we have



suppressed the dependence of f on other quantities that
are not pertinent to the current discussion. The deriva-
tive of this integral can be obtained as

dE of
2 / dx N () 5 (x.0), (18)

Note that the phaseless constraint (8) is not differentiable
at the origin, but it is continuous and differentiable al-
most everywhere. The switching of derivative and inte-
gral is allowed in this case because all the operations per-
formed in the evaluation of f are continuous and differen-
tiable almost everywhere (within the region of interest).3®
As aresult, (18) provides a means to sample the deriva-
tive through Monte Carlo sampling, akin to the energy,
and is known as a pathwise estimator. This estimator ex-
hibits desirable properties of low variance, thanks to cor-
related sampling, and avoids numerical issues stemming
from finite difference step sizes. This pathwise estima-
tor is precisely the one that is evaluated by performing
automatic differentiation on the energy function. Upon
introducing SR, the energy can be written as

E(\) = / dxde N(OUE) F(x.€)),  (19)

where ¢ are uniformly distributed variables. Due to the
discrete nature of SR, the function f is not continuous
and the pathwise estimator is biased. Several methods
have been developed to address biases arising from dis-
continuities, score function or likelihood ratio estimators
being a popular choice.?3®3%%% However, in preliminary
numerical experiments, we observed this method to be
quite noisy. Hence, we defer a detailed study of these
bias mitigation techniques to future work. In this pa-
per, we use the biased pathwise estimator to sample the
derivative of the energy function. We present a numerical
analysis of this bias in section 3.

2.4. Implementation details

In AFQMC energy calculations, a sequence of phase-
less imaginary time propagation steps is executed before
reconfiguration and energy measurement. At the end of
this block of steps, the walker weights and local ener-
gies are averaged to yield estimates of the energy along
with its associated stochastic error. To obtain energy
derivative samples, AD is performed on the averaged en-
ergy from a sufficiently large number of such blocks. The
number of blocks to be included in the AD calculation
is dictated by the time required for the convergence of
walker and weight derivatives (16). We present a numer-
ical investigation of this convergence in section 3.1.

AD can be used in two modes: forward and reverse. In
forward-mode AD, the derivative of the energy function
is evaluated by propagating the perturbation through the
energy function. This approach calculates the response

to one perturbation at a time, resulting in a computa-
tional cost scaling comparable to correlated finite differ-
ence methods. However, it offers the advantage of having
no finite difference errors and requires low memory, mak-
ing it suitable for evaluating a few properties in large
systems. For example, one can evaluate the dipole mo-
ment of a system by using the perturbation given by

H(e) = H +ed, (20)

where d is the dipole operator, and calculating the deriva-
tive with respect to the electric field €, requiring at most
three forward-mode AD calculations. In reverse-mode
AD, gradients are computed by propagating changes in
energy backward through to the perturbations. Remark-
ably, it shares the same computational cost scaling as
the energy function itself when calculating gradients with
respect to an arbitrary number of perturbations. De-
pending on the specific implementation, the cost is usu-
ally between 3 to 5 times that of the energy evaluation.
This property makes reverse-mode AD well-suited for ef-
ficiently calculating many properties simultaneously. For
example, one can evaluate one and two-particle reduced
density matrices (RDM) by using the following perturbed
Hamiltonian

HN) =H+Y Njala;+ Y vipjealalaga,,  (21)
ij
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and evaluating derivatives with respect to A;; and v;pjq,
respectively.

Reverse-mode AD achieves its impressive computa-
tional cost scaling by storing intermediates during the
evaluation of the energy function resulting in a linear
increase in memory usage with the number of AFQMC
time steps to be differentiated. Since the derivatives of
weights and walkers need to be converged with respect to
the propagation time, this leads to a substantial memory
cost for reverse-mode AD with increasing system size.
We use checkpointing,® which recalculates some interme-
diates on the backward pass instead of storing them, to
reduce this cost. This reduction in memory usage comes
at the expense of an increased computational cost pref-
actor.

For capturing the orbital relaxation of a HF trial state,
the AFQMC energy function can be written to include
a call to a HF solver. We use a fixed and conservatively
large number of SCF iterations to ensure that the deriva-
tives are fully converged. Additionally, issues related to
degeneracies in reverse-mode AD of eigendecompositions
can be dealt with by ignoring rotations in degenerate
spaces. 1012

3. RESULTS

In this section, we present the results of our response
ph-AFQMC calculations, referred to as AD-AFQMC,
and analyze both systematic and stochastic errors. Our
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FIG. 2. Dipole moment of NHs in the cc-pVDZ basis (top)
and one electron energy of a Hao chain in the STO-6G basis
(bottom) as a function of propagation time.

analysis focuses on the accuracy of 1-RDM and dipole
moment calculations using AFQMC with a HF trial state.
We used PySCF?® to obtain molecular integrals and to
perform quantum chemistry wave function calculations.
The near-exact Density Matrix Renormalization Group
(DMRG) calculations on hydrogen chains were done us-
ing the block2 code.’” We used QMCPACK®® to do
backpropagation AFQMC calculation. The code used
to perform AD-AFQMC calculations is available in a
public repository®®, with the Jax% library used for AD.
Reverse-mode AD was employed for 1-RDM calculations,
while forward-mode AD was used for dipole moments
(except for self-consistent calculations). Input and out-
put files for all calculations can be accessed from a pub-
lic repository.®! We used a time step of 0.01 a.u. in all
ph-AFQMC calculations. Cholesky decompositions were
calculated up to a threshold error of 107°. Errors due
to these approximations can be controlled systematically
and we estimate them to be smaller than the statistical
errors in the results presented here.

3.1. Illustrative results

First, we analyze various contributions to observables
and their convergence with imaginary time. In the top
panel of figure 2, we show the convergence of the AD-
AFQMC dipole moment of the ammonia molecule in
the cc-pVDZ basis at equilibrium geometry. The x-axis
represents imaginary time, over which the AD is per-
formed, starting with equilibrated walkers. After around
8 a.u., the dipole moment converges to a value outside the
stochastic error bar of the finite difference AFQMC esti-
mator calculated using common random numbers. This
discrepancy arises from the bias due to SR in sampling
AD derivatives, leading to a bias of 0.003(1) a.u in this
case. Since this is a relatively small system, we can
perform AD-AFQMC calculations without SR and this
value matches with the finite difference calculation within
stochastic error. However, without SR, more sampling
effort is required to achieve the same level of stochas-
tic error. One can perform SR less frequently to control
this bias, but we do not explore this approach further
since the bias is relatively small. We also show the con-
verged value of the AD-AFQMC dipole moment (with
SR) without including trial orbital relaxation, illustrat-
ing that including orbital relaxation brings the dipole
moment closer to the exact value.

In the bottom panel of figure 2, we conduct a simi-
lar analysis for the one-electron energy of a twenty-atom
linear hydrogen chain with an interatomic separation of
2.4 a.u. in the minimal STO-6G basis. We use an un-
restricted HF (UHF) trial state for the AFQMC calcula-
tions. In this case, the SR bias of AD-AFQMC is 0.001(1)
a.u. The orbital relaxation contribution is substantial
and increases the accuracy of the estimator significantly.

3.2. Hydrogen chains

In figure 3, we present a comparison of the accuracy
of AD-AFQMC one-electron energies and 1-RDMs with
coupled cluster methods for hydrogen chains. Near-exact
reference benchmark results for this one-dimensional sys-
tem were obtained using DMRG. Unrestricted coupled
cluster calculations were performed on top of UHF refer-
ences. We did not include orbital relaxation in CC cal-
culations, as we found it not to significantly impact the
results. All AFQMC calculations were done with UHF
trial states and with SR. 1-RDM errors were calculated
using the Frobenius norm. We consider two bond lengths
(d) of 1.6 a.u. and 2.4 a.u.

For d = 1.6 a.u., out of the CC methods CCSD(T) per-
forms very well, as one would expect for a system close to
equilibrium. We note that for the same bond length, the
chains become more correlated with increasing length,
explaining the increasing error in both the one-electron
energy and 1-RDM for the CC methods. AD-AFQMC
one-electron energy systematic errors are smaller than
CCSD(T) for all chain lengths, except for Hyg. This dis-
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FIG. 3. Relative error in the one-electron energy (left) and 1-RDM (right) for a hydrogen chain (STO-6G basis) with an
inter-hydrogen separation of d = 1.6 Bohr (top) and d = 2.4 Bohr (bottom).

crepancy is due to the proximity of d = 1.6 a.u. to the
Coulson-Fischer point of this chain, beyond which the
UHF solution becomes more stable. The AD-AFQMC
1-RDM error is also smaller than CCSD for all chains
except Hyg and smaller than CCSD(T) beyond Hjzg.

For d = 2.4 a.u., the CC methods are less accurate
due to the increased correlation in the system. In this
case, restricted methods have convergence issues, so we
only present the results for unrestricted observables. For
both one-electron energies and 1-RDMs, AD-AFQMC er-
rors are significantly smaller compared to UCCSD and
UCCSD(T), demonstrating the efficacy of AD-AFQMC
in providing accurate estimates of properties across a
range of correlation strengths.

Analyzing the system-size scaling of stochastic errors
in AD-AFQMC estimates is crucial to assess their ap-
plicability in large systems. For a local observable, it is
desirable that the stochastic error not grow with system
size, since the observable itself does not scale. In figure
4, we show the stochastic error in the occupation of a
hydrogen 1s STO-6G atomic orbital in the middle of a
hydrogen chain for d = 1.6 a.u. and d = 2.4 a.u. for
the same amount of sampling effort. Remarkably, it is

observed that the stochastic error does not increase with
system size asymptotically. While the stochastic error in
energy increases as \//NHydrogens; the noise in the energy
derivative does not increase. This behavior has previ-
ously been reported for correlated sampling estimators
in 52.

In figure 5, we show the cost (wall time, including com-
pilation time) of forward and reverse mode AD-AFQMC
1-RDM calculations relative to that of energy. As ex-
pected, the reverse mode AD costs are 3 to 4 times as
expensive as the energy calculation for all chain lengths,
while the forward mode AD costs are 2 to 3 times as
expensive. We also show the size scaling of energy cal-
culation cost, which is seen to be between quadratic and
cubic. We note that computational cost scaling of the
backpropagation algorithm for the calculation of proper-
ties and forces is also similarly favorable.33:50

3.3. Dipole moments

In table 1, we show a comparison of dipole moments
calculated using AD-AFQMC with those calculated using



TABLE 1. Dipole moments (in a.u.) of molecules at equilibrium geometries using the aug-cc-pVTZ basis set.
refers to estimates obtained using backpropagation in AFQMC with partial path restoration.

BP-AFQMC

Molecule MP2 CCSD BP-AFQMC AD-AFQMC CCSD(T) Experiment
H.0 0.7298 0.7335 0.707(4) 0.720(2) 0.7247 0.730(2)%
NH; 0.5996 0.6015 0.578(6) 0.592(2) 0.5938 0.581(1)%®
HCI 0.4389 0.4318 0.400(5) 0.429(1) 0.4273 0.430%*
HBr  0.3379 0.3289 0.33(1) 0.329(2) 0.3245 0.325%
CO  0.1050 0.0199 0.12(1) 0.019(4) 0.0429  0.048(1)%°
CH,O  0.9375 0.9666 0.82(1) 0.965(5) 0.9389  0.918(1)%
C4HsN  0.7354  0.7241 - 0.730(9) 0.7255 0.72(2)57
0.0025 backpropagation (BP-AFQMC) and with conventional
d=1.6 au .
A de24an quantum chemistry methods. We use the aug-cc-pVTZ
4 A basis which is large enough to allow meaningful compar-
0.00201 . . . e
AT ison with experimental values. The equilibrium geome-
_ T i tries used here are provided in reference 61. For pyrrole,
%0 0015 A= 4 we used the geometry reported in reference 68. We in-
= 4 clude orbital relaxation contributions and use the frozen-
_é core approximation in all methods. Orbital relaxation
2 0.00101 contributions are not relevant for BP-AFQMC.
Since these molecules are largely single reference,
0.0005 1 CCSD(T) values are expected to be very accurate. We
see that AD-AFQMC dipole moments are in better agree-
ment with CCSD(T) values than CCSD in most cases.
0.0000 = 20 30 40 50 60 70 They are also close to experimental dipole moments with
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FIG. 4. Stochastic error in the occupation number in an
atomic orbital in the middle of a hydrogen chain (STO-6G
basis).
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FIG. 5. Computational time scaling of AD-AFQMC calcula-
tions for hydrogen chains of different lengths with the same
sampling effort. Reverse mode AD times correspond to the
1-RDM calculations shown in figure 3, while forward mode
AD times correspond to the occupation number calculations
in figure 4.

some residual basis set error. This is an encouraging sign
considering that AFQMC has a less steep cost scaling
compared to the CC methods. Results obtained with
BP-AFQMC using partial path restoration are signifi-
cantly less accurate than AD-AFQMC for CO and CH>O.
While the sampling effort in BP and AD-AFQMC is not
directly comparable, we used a similar allocation of com-
putational resources for both sets of calculations. Note
that one can use better trial states to obtain improved
BP estimates as demonstrated in reference 33. Details
about the convergence of BP-AFQMC are provided in
the supporting information.

We see greater errors in both AD-AFQMC and CCSD
dipole moments of CO and CH30O molecules. To mit-
igate this error, we use the self-consistent AFQMC
approach.®70 We calculate the 1-RDM using reverse-
mode AD-AFQMC and use the corresponding natural
orbitals in the trial state of the subsequent AFQMC cal-
culation. This procedure is repeated until the desired
convergence threshold. Note that we include orbital re-
laxation contributions in the zeroth iteration to obtain an
accurate 1-RDM initially, but not in the subsequent iter-
ations. The results of this procedure for CO and CH,0O
are shown in figure 6. In both cases, the self-consistent
iterations can be seen to improve the dipole accuracy
with convergence achieved in less than five steps. Avail-
ability of 1-RDM from AD-AFQMC can thus enable sys-
tematic improvement in AFQMC properties. We also
show the results of a single AD-AFQMC calculation using
DFT-B3LYP as the trial state without orbital relaxation.
These dipole moments show better agreement with the
CCSD(T) value suggesting that these orbitals are optimal



for AFQMC calculations. Thus it may be possible to de-
vise orbital optimization schemes other than the one used
in self-consistent AFQMC to obtain better trial states for
property calculations.
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FIG. 6. Convergence of the dipole moment of CO (top panel)
and CH20 (bottom panel) with the number of self-consistent
AFQMC iterations using the aug-ccpVTZ basis. Note that
self-consistency performs worse than using B3LYP orbitals.

4. CONCLUSION

In this work, we investigated the utility of automatic
differentiation (AD) for calculating response properties
in auxiliary field quantum Monte Carlo (AFQMC) with
the aim of achieving accuracy and computational cost
comparable with energy calculations. We studied vari-
ous contributions to energy derivatives and their conver-
gence behavior. Our analysis demonstrated the accuracy
of AD-AFQMC for computing one-particle reduced den-
sity matrices (1-RDM) in hydrogen chains, achieved at a
computational cost no more than four times that of the
energy calculation. We found that the stochastic error
of the AD-AFQMC estimator for a local orbital density
does not increase with system size. Finally, dipole mo-
ments of several molecules calculated using AD-AFQMC
were found to be in good agreement with CCSD(T) and
experiments. We were able to further improve the accu-
racy of these dipole moments by employing self-consistent
AFQMC calculations, and alternatively by using trial
states from DFT.

A way to improve AD-AFQMC involves addressing the
bias due to stochastic reconfiguration. While for the sys-
tems studied in this paper, the SR bias was found to
be small, it is possible that in systems where there are
large fluctuations in the weights, this bias can be signifi-
cant. We plan to explore bias mitigation techniques in fu-
ture work. Another avenue for improvement lies in using
more accurate trial states. In this work, we used a single
determinant trial state, but it is possible to use multi-
determinant trial states. Furthermore, to enable calcula-
tions on much larger systems, advancements in AD im-
plementations are necessary. Developing more sophisti-
cated checkpointing schemes may help manage the mem-
ory usage of reverse-mode AD, allowing for more exten-
sive calculations without excessive memory constraints.
Overall, these potential enhancements will contribute to
the broader applicability of AD-AFQMC.

Despite these challenges, we believe that AD-AFQMC
presents a viable and promising approach for calculat-
ing properties in AFQMC. A natural extension of this
work is the calculation of nuclear gradients using AD-
AFQMC, which can be accomplished by combining our
code with differentiable molecular integral evaluators.
The low cost-scaling and high-accuracy of AD-AFQMC
open up possibilities for extremely accurate molecular
dynamics simulations.

DATA AVAILABILITY

Code used for AD-AFQMC calculations is available in
a public GitHub repository at reference 59, and the input
and output files for these calculations are also available
at reference 61.
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