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Learning nonparametric systems of Ordinary Differential Equations (ODEs) 𝑥̇ = 𝑓 (𝑡, 𝑥) from noisy 
data is an emerging machine learning topic. We use the well-developed theory of Reproducing 
Kernel Hilbert Spaces (RKHS) to define candidates for 𝑓 for which the solution of the ODE exists 
and is unique. Learning 𝑓 consists of solving a constrained optimization problem in an RKHS. We 
propose a penalty method that iteratively uses the Representer theorem and Euler approximations 
to provide a numerical solution. We prove a generalization bound for the 𝐿2 distance between 
𝑥 and its estimator. Experiments are provided for the FitzHugh–Nagumo oscillator, the Lorenz 
system, and for predicting the Amyloid level in the cortex of aging subjects. In all cases, we show 
competitive results compared with the state-of-the-art.

 Introduction

1. Description of the problem and related works

Fitting a system of nonparametric ordinary differential equations (ODEs) 𝑥̇ = 𝑓 (𝑡, 𝑥) to longitudinal data could lead to scientific 
eakthroughs in disciplines where ODEs or dynamical systems have been used for a long time, including physics, chemistry, and 
ology, see [1]. By nonparametric, we mean that there is no need to specify the functional form of the vector-field 𝑓 using a 
e-defined finite dimensional parameter. Instead, this force field belongs to a functional space and the number of parameters that 
aracterize this vector field depends on the amount of data available. This provides a great advantage in situations where the form 
 the vector field is unknown but data is available for learning. The functional spaces considered are Reproducing Kernel Hilbert 
aces (RKHS) [2], allowing for efficient optimization among other desirable properties.
A particular difficulty arises when the data is sparse and noisy. This is often the case for longitudinal healthcare data obtained 
ring hospital visits. These visits provide measurements that are sparse in time, with a high level of individual variability. The work 
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esented in this paper has been motivated in part by the need to model the accumulation of the Amyloid protein in the brain of 
ing subjects. Understanding how amyloid contributes to the manifestation of Alzheimer’s is a crucial task. The algorithm discussed 
re will (we hope) shed more light on the development of this devastating disease.
Fitting data to nonparametric ODEs is an inverse problem. It requires making assumptions on the initial state of the solution 
d on the vector field. Furthermore, one needs to make assumptions about the noise model and provide a tractable optimization 
gorithm.

We now provide a short bibliographic survey. Further references can be found in the cited papers. First, note that if the time 
rivative (𝑥̇) was observed, then fitting ODEs to noisy data would reduce to solving a regression problem. This remark has led to the 
ethods known as “gradient matching” and to the earliest success in fitting ODEs to data, see e.g. [3,4]. It consists in estimating the 
adient from the data, then performing nonparametric regression to fit the vector field 𝑓 and eventually, iterating, see [5]. These 
ethods become inefficient when the data is sparse and/or noisy.
Another approach consists in modeling 𝑓 with polynomials [6]. Alternatively, one could model 𝑓 using the units of a Deep 
ural Network, see [7,8]. These methods integrate the solution along the vector field from guessed initial conditions and compare 
e resulting trajectories with the observations. Optimization is used iteratively to refine the estimation of 𝑓 and the initial conditions. 
ochastic gradient descent and backpropagation is used in the latter case. Another modeling approach is to assume that 𝑓 belongs 
 an RKHS. This idea, also known under the name of kernel method, could be traced back to [9]. It was successfully applied to fluid 
echanics in [10]. This is the conceptual approach pursued here. We believe that this approach is well-motivated since there is a 
ht connection between the regularity (smoothness) properties of a kernel and the regularity properties of 𝑓 . Specifically, one can 
oose an RKHS of vector-valued functions for which one is guaranteed the existence and uniqueness of the corresponding initial 
lue problem. This is a necessary step in proving that more data would result in more accurate predictions. Another advantage 
 kernel methods is that there is no need to choose a dictionary of functions as in [4]. Instead, one selects a kernel, which, our 
periments suggest, is easier. In [11], the authors assume that each coordinate of the trajectory belongs to a real-valued RKHS 
here the functions’ input is time. In their approach, they first retrieve the full trajectory solving a kernel ridge regression problem. 
xt, they solve for the vector field given the full trajectory, assuming that each coordinate of the vector field can be written as a 
m of a linear combination of functions, which are defined on each coordinate of the trajectory. Our framework allows for linear 
mbinations of pairwise products of such functions, as well. The functions characterizing such a vector field are assumed to be 
 a real-valued RKHS taking a single coordinate as input. In our approach, we make an assumption on the vector field. This soft 
nstraint translates to a soft constraint on the set of trajectories, without imposing additional constraints on the trajectory itself. 
 a result, we solve one optimization problem as opposed to the two-step approach in [11]. Moreover, we allow for higher-order 
teraction terms compared to the pairwise single coordinates interaction assumed in the mentioned work. In [12], the authors use a 
ussian process (GP) for the vector field. This is the Bayesian counterpart of the frequentist RKHS modeling, see [13] for a review 
 the similarities and differences between RKHSs and GPs. Comparisons between a collection of algorithms representative of the 
te of the art and the proposed algorithm is provided in the experiment section.
For the purpose of providing a visual and easy to understand illustration of the results generated by the algorithms presented 

 this paper, please see Fig. 1. The details of this experiment are provided in section 4.3.1. We see that the proposed algorithm is 
le to recover a noisy trajectory and extrapolate the data, contrary to a method that would use a regression model and ignore the 
E.

2. Main contributions

The main contributions of this paper are as follows:

. We present an RKHS model for fitting nonparametric ODEs to observational data. Conditions for existence and uniqueness of 
the solutions of the corresponding initial value problem are expressed in terms of the regularity of the kernel;

. We propose a novel algorithm for estimating nonparametric ODEs and the initial condition(s) from noisy data. This algorithm 
solves a constrained optimization problem using a penalty method;

. We derive and prove a consistency result for the prediction of the state (interpolation) at unobserved times. This is, up to our 
knowledge, the first result for the problem of fitting nonparametric ODEs to data.

. We provide experiments with simulated data. We compare the proposed algorithm to 6 existing methods representing state of 
the art for various noise levels. We show that the ODE-RKHS algorithm is competitive.

. We provide an experiment modeling the accumulation of Amyloid in the cortex of aging subjects. The data is sparse with, on 
average, three data points per trajectory (subject) and 179 trajectories. We show competitive performance compared to state of 
the art.

e rest of this paper is organized as follows: Section 2 presents some background material as well as the model and the algorithms. 
e consistency results are presented in Section 3 and proved in Appendix A. The experiments appear in Section 4 while Section 5
2

ovides concluding remarks. Appendix B provides examples of kernels.
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. 1. (a) Predicted vector field of the Lorenz system. The Black arrows are the prediction and the grey are the true vector field. Red points are observations. The red 
rve is a predicted trajectory while the grey is the true trajectory. (b) is the 𝑥-dimension, (c) is the 𝑦-dimension and (d) is the 𝑧-dimension. The red points are the 
servations. This plot also shows a prediction beyond the last observation in the data.

 Model and algorithm

1. Background on Reproducing Kernel Hilbert Spaces (RKHSs)

Basic notions and notations associated with RKHS are important for understanding the algorithms and derivations presented in 
is paper. We thus provide a short presentation. We limit ourselves to RKHS over the field of real numbers instead of complex 
mbers as this is sufficient throughout this paper. We begin with the univariate real-valued case and we continue with the vector-
lued case which allows us to describe vector fields, central to this paper.

1.1. Real-valued RKHS
Real-valued RKHS are Hilbert spaces of real-valued functions:  → ℝ, where  is a nonempty space. The critical assumption 

hich make them “reproducing” is that the evaluation functional is continuous. The evaluation functional at 𝑥 ∈  is a mapping 
m a RKHS 𝐻 to ℝ, which associates to a function its evaluation at 𝑥, that is 𝑓 ↦ 𝑓 (𝑥). Thanks to the Riesz representation theorem, 
aluating a function in an RKHS is a geometric operation consisting in computing an inner product. Effectively, for any 𝑥 ∈ , there 
a unique vector 𝑘𝑥 ∈𝐻 such that

𝑓 (𝑥) = ⟨𝑓,𝑘𝑥⟩𝐻 (1)

here ⟨., .⟩𝐻 is the scalar product associated with 𝐻 . In what follows, we will simply notate ⟨., .⟩ for this inner product. Moreover, 
t us define, for any 𝑥, 𝑦 ∈  , the so-called kernel

𝑘(𝑥, 𝑦) =
⟨
𝑘𝑥, 𝑘𝑦

⟩
(2)

d let us use this to characterize the function 𝑘𝑥. Evaluating 𝑘𝑥 at 𝑦 and using Riesz representation provides

𝑘𝑥(𝑦) =
⟨
𝑘𝑥, 𝑘𝑦

⟩
=
⟨
𝑘𝑦, 𝑘𝑥

⟩
= 𝑘(𝑦,𝑥) (3)
3

us the function 𝑘𝑥(.) is the function 𝑘(., 𝑥) and for any 𝑓 ∈𝐻 ,
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𝑓 (𝑥) = ⟨𝑓,𝑘(., 𝑥)⟩ (4)

is is the reproducible property of the kernel. Replacing the function 𝑓 by 𝑘𝑦, and using (3), we obtain that

𝑘𝑦(𝑥) =
⟨
𝑘𝑦, 𝑘(., 𝑥)

⟩
= ⟨𝑘(., 𝑦), 𝑘(., 𝑥)⟩ = 𝑘(𝑦,𝑥) (5)

1.2. Vector-valued RKHSs
Vector-valued RKHSs generalize the real-valued case. The construction is similar. Consider a Hilbert space of functions from 

 ℝ𝑑 . Assume, moreover, as in the real-valued case, that the evaluation functional is continuous. The Riesz representation theorem 
en states that for any 𝑥 ∈  , and 𝑣 ∈ ℝ𝑑 , there exists a unique element in 𝐻 , notated 𝐾𝑥,𝑣 such that 𝑣𝑇 𝑓 (𝑥) =

⟨
𝑓,𝐾𝑥,𝑣

⟩
. The 

rnel of 𝐻 is then the (𝑑, 𝑑) matrix where the element (𝑖, 𝑗) at the 𝑖𝑡ℎ row and 𝑗𝑡ℎ column is defined by

𝐾𝑖𝑗 (𝑥, 𝑦) =
⟨
𝐾𝑥,𝑒𝑖

,𝐾𝑦,𝑒𝑗

⟩
(6)

here (𝑒1, … , 𝑒𝑑 ) is the natural basis of ℝ𝑑 . Let us use (6) to characterize the function 𝐾𝑥,𝑣. We start with 𝐾𝑦,𝑒𝑗
and use the 

producing property as well as the symmetry of the inner product.

𝑒𝑇
𝑖
𝐾𝑦,𝑒𝑗

(𝑥) =
⟨
𝐾𝑦,𝑒𝑗

,𝐾𝑥,𝑒𝑖

⟩
=
⟨
𝐾𝑥,𝑒𝑖

,𝐾𝑦,𝑒𝑗

⟩
=𝐾𝑖𝑗 (𝑥, 𝑦) = 𝑒𝑇

𝑖
𝐾(𝑥, 𝑦)𝑒𝑗 (7)

us 𝐾𝑦,𝑒𝑗
(.) =𝐾(., 𝑦)𝑒𝑗 , and

𝑣𝑇 𝑓 (𝑥) =
⟨
𝑓,𝐾𝑥,𝑣

⟩
= ⟨𝑓,𝐾(., 𝑥)𝑣⟩ (8)

hich is the reproducing property for vector-valued RKHS. Applying (8) to the function 𝑥 ↦𝐾(𝑥, 𝑦)𝑤, for 𝑤 ∈ℝ𝑑 provides

𝑣𝑇𝐾(𝑥, 𝑦)𝑤 = ⟨𝐾(., 𝑦)𝑤,𝐾(., 𝑥)𝑣⟩ = ⟨𝐾(., 𝑥)𝑣,𝐾(., 𝑦)𝑤⟩ (9)

stly, a useful property of the kernel 𝐾 is that 𝐾(𝑥, 𝑦)𝑇 =𝐾(𝑦, 𝑥). Indeed,

𝐾𝑗𝑖(𝑥, 𝑦) = 𝑒𝑇
𝑗
𝐾(𝑥, 𝑦)𝑒𝑖 =

⟨
𝐾(., 𝑥)𝑒𝑗 ,𝐾(., 𝑦)𝑒𝑖

⟩
=
⟨
𝐾(., 𝑦)𝑒𝑖,𝐾(., 𝑥)𝑒𝑗

⟩
= 𝑒𝑇

𝑖
𝐾(𝑦,𝑥)𝑒𝑗 = 𝐾𝑖𝑗 (𝑦,𝑥) (10)

oosing  =ℝ𝑑 allows for defining autonomous vector fields, that is functions ℝ𝑑 →ℝ𝑑 , and choosing a suitable kernel allows for 
oosing Lipschitz continuous vector fields as will be discussed in Section 2.3.

2. Notations

The observations are characterized by multiple time series. There are 𝑛 times series. The 𝑖𝑡ℎ one is of length 𝑚𝑖. It is characterized 
 𝑚𝑖 couples (𝑡𝑖𝑗 , 𝑦𝑖𝑗 (𝑡𝑖𝑗 )), 𝑖 = 1, … , 𝑚𝑖, where 𝑡𝑖𝑗 ∈ [0, 𝑇 ] for some maximum predefined time 𝑇 , and the observations 𝑦𝑖𝑗 (𝑡𝑖𝑗 ) belong 
 ℝ𝑑 .

We aim to make predictions at new time points along a time series having one or several noisy snapshots. To this end, we explore 
e following nonparametric ODE model:{

𝑥̇ = 𝑓 (𝑡, 𝑥)
𝑦𝑖𝑗 (𝑡𝑖𝑗 ) = 𝑥(𝑡𝑖𝑗 ) + 𝜖𝑖𝑗

(11)

here 𝑖 = 1, … , 𝑛, 𝑗 = 1, … , 𝑚𝑖. The noise 𝜖𝑖𝑗 is bounded or sub-Gaussian. This model is nonparametric because 𝑓 is not specified 
rametrically. We assume that 𝑓 belongs to a RKHS of smooth functions for which the solution of the ODE exists and is unique, 
e Section 2.3. Background material on RKHS can be found in [14] and vector-valued RKHS are reviewed in [15]. The rest of the 
per is written for the autonomous case when 𝑓 (𝑡, 𝑥) = 𝑓 (𝑥) and for the simpler situation where 𝑚𝑖 is the same for all time series 
d when the time points 𝑡𝑖𝑗 are the same for all the time series i.e. do not depend on 𝑖. However, we will point to the modifications 
r the non-autonomous setting when necessary, as well as the situation of non regular sampling.

3. Existence and uniqueness

It is a classical result, see [16], that the initial value problem (IVP):

𝑥̇(𝑡) = 𝑓 (𝑥(𝑡)) and 𝑥(0) = 𝑥0, (12)

here 𝑓 ∶ℝ𝑑 →ℝ𝑑 is Lipschitz continuous has a unique solution defined on the domain [0, +∞).
Let 𝐻 be an RKHS of vector-valued functions ℝ𝑑 ↦ ℝ𝑑 and let 𝐾 be the reproducing kernel of 𝐻 . 𝐾 is a (𝑑, 𝑑) matrix-valued 
rnel. It is then natural to ask: what is a sufficient condition on 𝐾 which ensures that all 𝑓 ∈ 𝐻 are Lipschitz continuous? The 
llowing lemma provides an answer.

mma 1. If 𝑓 ∶ℝ𝑑 →ℝ𝑑 belongs to an RKHS with kernel 𝐾 such that:
4
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𝑑2
𝐾𝑖𝑖

(𝑢, 𝑣) ∶= 𝐾𝑖𝑖 (𝑢, 𝑢) − 2𝐾𝑖𝑖 (𝑢, 𝑣) + 𝐾𝑖𝑖 (𝑣, 𝑣) ≤ 𝑁2
𝐾
|𝑢 − 𝑣|2,∀𝑢, 𝑣 ∈ ℝ𝑑 , 𝑖 = 1…𝑑, (13)

r some constant 𝑁𝐾 , then the IVP problem (12) has a unique solution defined on [0, +∞).

oof. Notice that for every 𝑖 = 1, … , 𝑑

|𝑓𝑖(𝑢) − 𝑓𝑖(𝑣)|2 = |⟨𝐾(𝑢, ⋅)𝑒𝑖 −𝐾(𝑣, ⋅)𝑒𝑖, 𝑓⟩𝐻 |2 (14)

≤ ||𝐾(𝑢, ⋅)𝑒𝑖 −𝐾(𝑣, ⋅)𝑒𝑖||2𝐻 ||𝑓 ||2𝐻 (15)

= 𝑑2
𝐾𝑖𝑖

(𝑢, 𝑣)||𝑓 ||2
𝐻

(16)

here 𝑒 = (𝑒1, … , 𝑒𝑑 ) is the natural basis of ℝ𝑑 . Here we have used the reproducing property of the matrix-valued kernel and the 
uchy-Schwartz inequality. □

Thus, one can choose a kernel that guarantees the existence and uniqueness of the solution of the IVP, which will lead to provable 
ymptotic performance. We believe that this simple result is a good motivator for the proposed modeling approach.
Let us discuss some examples of kernels satisfying Lemma 1. The simplest matrix-valued kernels are separable kernels. They are 
tained by choosing a scalar kernel 𝐾1 and a positive semi-definite matrix 𝐴. Then,

𝐾(𝑥, 𝑦) =𝐾1(𝑥, 𝑦)𝐴 (17)

e diagonal elements of 𝐾 are then positive multiples of 𝐾1. Thus, if 𝐾1 verifies the regularity condition of Lemma 1, then so 
 all the separable kernels based on 𝐾1. The scalar kernels satisfying the hypothesis of Lemma 1 contain the linear kernel, the 
ussian Kernel, the rational quadratic kernel, the sinc kernel and the Matérn kernels for 𝑝 > 3∕2. Kernels for which the functions 
 their corresponding RKHSs are not guaranteed to provide unique solutions to the corresponding IVP due to lack of regularity 
clude the polynomial kernels with an order of at least two, the Laplacian kernel and the Matérn kernel for 𝑝 ≤ 3∕2. Details are 
ovided in Appendix B. The condition of Lemma 1 has a nice interpretation in the case where explicit kernels are used. Indeed, 
hen a feature map associated with the kernel is given explicitly, the conditions of Lemma 1 are equivalent to assuming Lipschitz 
ntinuous features. The details are provided in the Appendix B.
Note on the non-autonomous case: When the vector field is time-dependent denoted by 𝑓 (𝑡, 𝑥), the kernel is defined on [0, ∞) ×ℝ𝑑 . 
is sufficient to assume a global Lipschitz condition with respect to the second variable [16], namely: There exists a constant 𝐿𝐾

ch that for every 𝑡 ≥ 0 and 𝑢, 𝑣 ∈ℝ𝑑 and 𝑖 ∈ 1, ..., 𝑑:

|𝑓𝑖(𝑡, 𝑢) − 𝑓𝑖(𝑡, 𝑣)| ≤𝐿𝐾 |𝑢− 𝑣| (18)

is therefore sufficient to assume a kernel 𝐾 defined on [0, ∞) ×ℝ𝑑 and satisfying the conditions of Lemma 1 as it will ensure the 
llowing inequality:

𝑑2
𝐾𝑖𝑖

(𝑡, 𝑢, 𝑡, 𝑣) ≤𝑁2
𝐾
|𝑢− 𝑣|2 (19)

4. From constrained to unconstrained optimization

We first construct the optimization algorithm in the case 𝑛 = 1. All the observations are from a single trajectory with the same 
itial condition. Thus, we temporarily drop the double indexing with subjects and times to simplify the notation.
Assume the observation times are 𝑡1 <… < 𝑡𝑚. Consider the following constrained minimization problem:

min
𝑥,𝑓

1
𝑚

𝑚∑
𝑗=1
|𝑦𝑗 − 𝑥(𝑡𝑗 )|2 + 𝜆||𝑓 − 𝑓0||2𝐻, (20)

der the constraints{
𝑓 ∈𝐻, the RKHS with matrix-valued kernel 𝐾,

𝑥(𝑡) = 𝑥(𝑡1) + ∫ 𝑡

𝑡1
𝑓 (𝑥(𝑠))𝑑𝑠, for 𝑡1 ≤ 𝑡 ≤ 𝑡𝑚.

(21)

e function 𝑓0 ∈𝐻 is an initial guess for 𝑓 . Section 2.6 describes a gradient matching algorithm for selecting 𝑓0. 𝐾 is a kernel that 
tisfies Lemma 1.
Consider a regular one-dimensional grid over the interval [𝑡1, 𝑡𝑚]. Specifically, we choose

𝑠𝑙 = 𝑡1 + 𝑙ℎ (22)

ith 𝑙 = 0, … , 𝑘 and we assume that ℎ is small enough so that there are integers 𝑘1 = 0 < 𝑘2 <… < 𝑘𝑚, such that the observation 
es are
5

𝑡𝑗 = 𝑡1 + 𝑘𝑗ℎ, 𝑗 = 1…𝑚. (23)
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 practice, the observation times are rounded to fit on this grid. Note that with this notation, 𝑡𝑗 = 𝑠𝑘𝑗
. We now proceed through a 

ries of transformations to rewrite this constrained optimization problem into an unconstrained one.
First, we replace the constraints on 𝑥 by a finite number of constraints as follows:⎧⎪⎨⎪⎩

𝑓 ∈𝐻, the RKHS with kernel 𝐾,

𝑥(𝑠𝑙+1) = 𝑥(𝑠𝑙) + ∫ 𝑠𝑙+1
𝑠𝑙

𝑓 (𝑥(𝑠))𝑑𝑠
𝑙 = 0…𝑘− 1.

(24)

cond, we discretize the constraints using the Euler method of integration:⎧⎪⎨⎪⎩
𝑓 ∈𝐻, the RKHS with kernel 𝐾,

𝑥(𝑠𝑙+1) = 𝑥(𝑠𝑙) + ℎ𝑓 (𝑥(𝑠𝑙))
for 𝑙 = 0…𝑘− 1.

(25)

ird, we replace the constrained optimization problem by an unconstrained one using a single Lagrange constant 𝛾 > 0. Notate 
= 𝑥(𝑠𝑙), 𝑙 = 0 … 𝑘,

min
𝑧∈ℝ𝑑(𝑘+1) ,𝑓∈𝐻

𝐽 (𝑧,𝑓 , 𝛾), (26)

ith

𝐽 (𝑧,𝑓 , 𝛾) = 1
𝑚

𝑚∑
𝑗=1
|𝑦𝑗 − 𝑧𝑘𝑗

|2 + 𝛾
1
𝑘

𝑘−1∑
𝑙=0

||𝑧𝑙+1 − 𝑧𝑙 − ℎ𝑓 (𝑧𝑙)||2 + 𝜆||𝑓 − 𝑓0||2𝐻. (27)

is instructive to remark the similarities between the loss function in equation (27) and the loss proposed in Physics-informed Neural 
tworks [17], where the observations are generated from an unknown partial differential equation. Indeed, the total loss function 
 Physics-informed Neural Networks can be decomposed as a sum of two functions: One that measures the deviation of solution 
m the observations, and the second usually defined as the residual function term, measures the violation of the partial differential 
uation constraint that the solution must satisfy. In our context,

1
𝑚

𝑚∑
𝑗=1
|𝑦𝑗 − 𝑧𝑘𝑗

|2
rresponds to first function, and

1
𝑘

𝑘−1∑
𝑙=0

||𝑧𝑙+1 − 𝑧𝑙 − ℎ𝑓 (𝑧𝑙)||2
rresponds to the residual function term. However there are some notable differences. In physics informed neural networks, the form 
 the PDE is known up to finite-dimensional parameters. The loss is viewed as a function of the solution to the partial differential 
uation and these finite dimensional parameters. The solution itself is modeled by a neural network. In our case, the loss is viewed 
 a function of the vector field and the initial solution. The differential equation is therefore characterized by the RKHS, usually 
finite-dimensional. Moreover, equation (27) contains a regularization term penalizing vector fields with large RKHS norm, which 
typical of loss function parametrized by RKHS functions.

5. Penalty method

The penalty method is an iterative method that consists of enforcing the constraints by increasing a penalty parameter, in this 
se 𝛾 . The schematic of the method is presented in Algorithm 1. At each step, the functional 𝐽 (𝑧, 𝑓, 𝛾) in (27) is minimized with 
spect to (𝑧, 𝑓 ), for a fixed value of 𝛾 . Then, 𝛾 is increased. The optimization for (𝑧, 𝑓 ) is done asynchronously, first optimizing over 
for a fixed 𝑓 , then optimizing over 𝑓 for the newly updated 𝑧.
Let us now describe these optimization steps in more detail. For a fixed 𝛾 and 𝑓 , 𝐽 (𝑧, 𝑓, 𝛾) in (27) is non-convex in 𝑧 due to the 
esence of 𝑓 (𝑧𝑙). Therefore we replace 𝑓 by its first-order Taylor expansion evaluated at the value 𝑧(𝑠)

𝑙
obtained in the previous 

ration 𝑠:

𝑓 (𝑧𝑙) ≈ 𝑓 (𝑧(𝑠)
𝑙
) + (𝑧𝑙 − 𝑧

(𝑠)
𝑙
)𝑇∇𝑧𝑙

𝑓 (𝑧(𝑠)
𝑙
) (28)

te that with this approximation, 𝐽 is convex, quadratic, and sparse in 𝑧. This allows the use of an efficient linear solver for this 
inimization. The number of unknowns is 𝑑(𝑘 + 1).
Note on the non-autonomous case: When the vector field is time-dependent, the vector field is evaluated at points of the form 
𝑡𝑙, 𝑧𝑙). Notice that the 𝑡𝑙 ’s are the time points of the grid, therefore fixed and known. Hence, the linearization in equation (28) is 
ade only with respect to the space variable:
6

𝑓 (𝑧𝑙, 𝑡𝑙) ≈ 𝑓 (𝑧(𝑠)
𝑙
, 𝑡𝑙) + (𝑧𝑙 − 𝑧

(𝑠)
𝑙
)𝑇∇𝑧𝑙

𝑓 (𝑧(𝑠)
𝑙
, 𝑡𝑙) (29)
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gorithm 1 Penalty method for ODE-RKHS.
Init: ℎ, 𝜌, 𝜆, 𝑓 (0) , 𝛾 (0), 𝑠 = 0
while termination condition is not met do

𝑧(𝑠+1) ← argmin𝑧∈ℝ𝑑(𝑘+1) 𝐽 (𝑧, 𝑓 (𝑠), 𝛾 (𝑠))
𝑓 (𝑠+1) ← argmin𝑓∈𝐻 𝐽 (𝑧(𝑠+1), 𝑓, 𝛾 (𝑠))
𝛾 (𝑠+1) ← 𝛾 (𝑠)(1 + 𝜌)
𝑠 = 𝑠 + 1
Check termination condition

end while

r a fixed 𝛾 and 𝑧, minimizing 𝐽 in 𝑓 is equivalent to a multivariate kernel ridge regression problem. After the change of variable, 
= 𝑓 − 𝑓0, and setting

𝑢𝑙 = (𝑧𝑙+1 − 𝑧𝑙)∕ℎ− 𝑓0(𝑧𝑙), 𝑙 = 0…𝑘− 1, (30)

e use the representer theorem to show that the minimizer in 𝑓 ∈𝐻 of 𝐽 is of the form

𝑓 (𝑧) = 𝑓0(𝑧) +
𝑘∑
𝑙=0

𝐾(𝑧, 𝑧𝑙)𝑤𝑙, (31)

here 𝑤𝑙 ∈ℝ𝑑 . Let 𝑊 = (𝑤𝑇
1 , … , 𝑤𝑇

𝑘+1), be of dimension (𝑑(𝑘 + 1), 1) and similarly let 𝑈 = (𝑢𝑇1 , … , 𝑢𝑇
𝑘+1) and 𝐾 be the matrix with 

, 𝑑) block element 𝐾𝑘𝑙 =𝐾(𝑥𝑘, 𝑥𝑙). We find that 𝑊 is a minimizer of the convex quadratic function

𝛾ℎ2

𝑘
|𝑈 −𝐾𝑊 |2 + 𝜆𝑊 𝑇𝐾𝑊 (32)

d thus 𝑊 is the solution to the linear system:(
𝐾 + 𝜆𝑘

𝛾ℎ2
𝐼

)
𝑊 =𝑈 (33)

e schematic algorithm is provided in Algorithm 1.

6. Initial condition and termination criteria

Since the algorithm will converge to a local minimum of the cost function, the choice of the initial condition is important. We use 
gradient matching method.

. Approximate the time derivatives of 𝑥 at the observed times 𝑥̇(𝑡𝑗 ), denoted ̂̇𝑥(𝑡𝑗 )

. Estimate 𝑓0 ∈𝐻 using ridge regression, i.e. minimize over 𝐻

𝐺(𝑓0) =
1
𝑚

𝑚∑
𝑗=1
| ̂̇𝑥(𝑡𝑗 ) − 𝑓0(𝑦𝑗 )|2 + 𝜆||𝑓0||2𝐻 (34)

ere are several possibilities for the approximation in the first step depending on the sparsity of the data and the amount of noise. 
 the experiments below, we use central differences.
The termination condition of Algorithm 1 includes a fixed number of iterations 𝑆 and a threshold on the quantity ||𝑓 (𝑠+1) −

𝑠)||∕||𝑓 (𝑠)|| which allows for early stopping.
7. Multiple trajectories

We present here the extension of the method to multiple trajectories, say 𝑛 > 1 subjects. We assume the same number of observa-
ns for each subject and regular sampling to simplify the presentation.
First, we replace (27) and (24) with

min
𝑥,𝑓

1
𝑛𝑚

𝑛∑
𝑖=1

𝑚∑
𝑗=1
|𝑦𝑖𝑗 − 𝑥𝑖(𝑡𝑖𝑗 )|2 + 𝜆||𝑓 − 𝑓0||2𝐻, (35)

der the constraints⎧⎪⎨⎪⎩
𝑓 ∈𝐻, the RKHS with matrix-valued kernel K,

𝑥𝑖(𝑡) = 𝑥𝑖(𝑡1) + ∫ 𝑡

𝑡1
𝑓 (𝑥𝑖(𝑠))𝑑𝑠,

for 𝑡1 ≤ 𝑡 ≤ 𝑡𝑚, 𝑖 = 1…𝑛

(36)

e then proceed along the same steps as for the single trajectory case, leading to the unconstrained optimization problem, general-
7

ing (26) and (27).
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gorithm 2 Multi Trajectories Penalty method for ODE-RKHS.
Init: ℎ, 𝜌, 𝜆, 𝑓 (0) , 𝛾 (0), 𝑠 = 0
while termination condition is not met do
for 𝑖 = 1 … 𝑛 do

𝑧
(𝑠+1)
𝑖

← argmin𝑧𝑖∈ℝ𝑑(𝑘+1) 𝐽multi(𝑧, 𝑓 (𝑠), 𝛾 (𝑠))
end for

𝑓 (𝑠+1) ← argmin𝑓∈𝐻 𝐽multi(𝑧(𝑠+1) , 𝑓, 𝛾 (𝑠))
𝛾 (𝑠+1) ← 𝛾 (𝑠)(1 + 𝜌)
𝑠 = 𝑠 + 1
Check termination condition

: end while

Notate 𝑧𝑖𝑙 = 𝑥𝑖(𝑠𝑙), 𝑙 = 0 … 𝑘, 𝑖 = 1 … 𝑛, and 𝑧 = (𝑧1, … , 𝑧𝑛)

min
𝑧∈ℝ𝑛𝑑(𝑘+1),𝑓∈𝐻

𝐽multi(𝑧,𝑓 , 𝛾), (37)

ith

𝐽multi(𝑧,𝑓 , 𝛾) = 1
𝑛𝑚

𝑛∑
𝑖=1

𝑚∑
𝑗=1
|𝑦𝑖𝑗 − 𝑧𝑖𝑘𝑗

|2 + 𝛾
1
𝑛𝑘

𝑛∑
𝑖=1

𝑘−1∑
𝑙=0

||𝑧𝑖,𝑙+1 − 𝑧𝑖𝑙 − ℎ𝑓 (𝑧𝑖𝑙)||2 + 𝜆||𝑓 − 𝑓0||2𝐻. (38)

e key point is that 𝐽multi decouples the trajectories such that the optimization over 𝑧 can be carried out separately for each 
jectory. However, all the observations contribute to the estimation of 𝑓 . The algorithm is presented in Algorithm 2. In Line 6: we 
e the no-trick formulation using Gaussian quadrature Fourier features as described in [18].

8. Computational complexity

We analyze the complexity of the Algorithm 2. The key parameters are:

. 𝑑: the dimension of the observed vectors;

. 𝑛: the number of observed trajectories;

. 𝑘: the number of samples in the discretization of the time interval;

. 𝑆 : the number of steps in Algorithm 2;

. 𝑛𝐹 : the number of Fourier features.

e use 𝑂(𝑝3) for the time complexity of solving a (dense) linear system with 𝑝 variables and 𝑂(𝑤2𝑝) in the case of a band matrix of 
idth 𝑤, see [19]. Algorithm 2, line 4 consists in solving a linear system of size 𝑑𝑘 with a band matrix of bandwidth 𝑤 = 3𝑑, thus 
(𝑘𝑑3) computations. Line 6 consists in solving 𝑑 full linear systems of dimension 𝑛𝐹 , thus 𝑂(𝑑𝑛3

𝐹
) computations. In total, we find 

(𝑆𝑛𝑘𝑑3 + 𝑆𝑑𝑛3
𝐹
). Note that 𝑘 is typically chosen proportional to the average number of data points per trajectory. Thus, overall, 

e algorithm is linear in the number of observations but cubic in the dimension of the observations.

9. Non autonomous systems, covariates, and irregular sampling

Non autonomous systems and covariates are handled by modifying the kernel. The issue of irregular sampling is addressed by 
placing the first term of (27) by

1
𝑛

𝑛∑
𝑖=1

𝑚𝑖∑
𝑗=1

(𝑡𝑖,𝑗+1 − 𝑡𝑖𝑗 )|𝑦𝑖𝑗 − 𝑧𝑖𝑘𝑗
|2 (39)

ith 𝑡𝑖,𝑚𝑖+1 = 𝑇 , 𝑖 = 1 … , 𝑛

 Consistency of the solution: a finite sample result

In this section, we assume that the algorithm solves the following optimization problem (where 𝑡𝑚+1 = 𝑇 by definition):

min
ℝ𝑑(𝑘+1) ,𝑓∈𝐻

𝑚∑
𝑗=1

(𝑡𝑗+1 − 𝑡𝑗 )|𝑦𝑗 − 𝑧𝑘𝑗
|2, (40)

der the constraints:

. ||𝑓 − 𝑓0||𝐻 ≤𝑅, |𝑧0| ≤ 𝑟
8

. 𝑧𝑙+1 = 𝑧𝑙 + ℎ𝑓 (𝑧𝑙), 0 ≤ 𝑙 ≤ 𝑘
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Notice that constraint 2 corresponds to the Euler method for the ODE: 𝑥̇ = 𝑓 (𝑥). Therefore, by linearly interpolating between the 
es of subdivision 𝑠𝑙 , 0 ≤ 𝑙 ≤ 𝑘, we can generate a solution 𝑥̂(⋅) defined on [0, 𝑇 ]. We denote by 𝑥∗(⋅) the true trajectory generating 
e noisy observations 𝑦𝑗 at each time 𝑡𝑗 . The purpose of this section is to present a result controlling (in probability) the 𝐿2 norm 
uared of 𝑥̂− 𝑥∗:

||𝑥̂− 𝑥∗||2
𝐿2 ∶=

𝑇

∫
0

|(𝑥̂(𝑡) − 𝑥∗(𝑡))|2𝑑𝑡 (41)

t us make the following assumptions:

• 𝐀𝟏: There exists an 𝑓 ∗ ∈𝐻, ||𝑓 ∗ − 𝑓0||𝐻 ≤𝑅 and |𝑥∗0| ≤ 𝑟 such that 𝑥∗(0) = 𝑥∗0 and 𝑥̇
∗(𝑡) = 𝑓 ∗(𝑥∗(𝑡)) for every 0 ≤ 𝑡 ≤ 𝑇 .

• 𝐀𝟐: The noise variables 𝜖𝑖𝑗 are independent and bounded in absolute value by a constant 𝑀𝜖 . (We can assume that the variables 
are subgaussian instead of bounded if we want to generalize this result)

• 𝐀𝟑: The kernel 𝐾 is 2(ℝ𝑑 ) in its first argument (this implies that it is also 2(ℝ𝑑 ) in its second argument).
• 𝐀𝟒: The kernel 𝐾 satisfies (13).

We refer to section 2.3 for examples of kernels satisfying 𝐀𝟑 and 𝐀𝟒.
These assumptions are sufficient for obtaining the main theorem of this section, controlling ||𝑥̂ − 𝑥∗||2

𝐿2 with high probability.

eorem 1. Assuming 𝐀𝟏, 𝐀𝟐, 𝐀𝟑 and 𝐀𝟒, there exist positive constants
𝐾1, 𝐾2, 𝐾3 and 𝐾4, depending only on 𝑅, 𝑟, 𝑇 , 𝑀𝜖 , 𝑁𝐾 and the kernel 𝐾 such that for every 𝜖 > 0, with probability less than 

p
(

−𝐾2𝜖
2

𝑑
∑𝑚

𝑗=1 (𝑡𝑗+1−𝑡𝑗 )
2

)
:

||𝑥̂− 𝑥∗||2
𝐿2

≥𝐾1𝑑

√√√√ 𝑚∑
𝑗=1

(𝑡𝑗+1 − 𝑡𝑗 )2 + ℎ2𝐾3𝑑 +𝐾4𝑑

𝑚∑
𝑗=1

(𝑡𝑗+1 − 𝑡𝑗 )2 + 𝜖. (42)

For a better understanding of Theorem 1, assume a regular sampling of the interval [0, 𝑇 ] with 𝑚 points, so that for every 𝑗, 

1 − 𝑡𝑗 =
1
𝑚
. In that case, under the same hypothesis, for any 𝜖 > 0, with probability less than exp

(
−𝐾2𝑚𝜖

2

𝑑

)
:

||𝑥̂− 𝑥∗||2
𝐿2

≥ 𝐾1𝑑√
𝑚

+
𝐾4𝑑

𝑚
+ ℎ2𝐾3𝑑 + 𝜖. (43)

A proof of Theorem 1 is provided in the appendix. We provide here a description of the main ideas. The third term in the right 
nd side of inequality (42) corresponds to the global truncation error between the numerical solution of the ODE and the true 
lution. The second term corresponds to the error between ||𝑥̂− 𝑥∗||2

𝐿2 and 
1
𝑚

∑𝑚

𝑗=1 |𝑥∗(𝑡𝑗 ) − 𝑥̂(𝑡𝑗 )|2. The first term is the leading 
rm, assuming that ℎ is always less than 1

𝑚
. Assume that 𝑥̂ solves the continuous-constraints optimization problem (without an Euler 

proximation), i.e.:

min
𝑥,𝑓

1
𝑚

𝑚∑
𝑗=1
|𝑦𝑗 − 𝑥(𝑡𝑗 )|2, (44)

der the constraints: ||𝑓 − 𝑓0||𝐻 ≤𝑅, |𝑥0| ≤ 𝑟 and 𝑥(𝑡) = 𝑥0 + ∫ 𝑡

0 𝑓 (𝑥(𝑢))𝑑𝑢, ∀0 ≤ 𝑡 ≤ 𝑇 , we can then consider the “generalization” 
ror:

1
𝑚

𝑚∑
𝑗=1
|𝑥∗(𝑡𝑗 ) − 𝑥̂(𝑡𝑗 )|2. (45)

 upper bound of this error is given by the first term. The main tool used to obtain the upper bound is Dudley’s chaining inequality, 
e [20]. We notice that for every 𝑖 = 1, … , 𝑑, the set of coordinate functions 𝑥𝑖, where 𝑥 and 𝑓 satisfy the constraints of the 
ntinuous problem, is included in a set of functions that are uniformly Lipschitz continuous and bounded (the Lipschitz constant 
d bound do not depend on 𝑥0 and 𝑓 ). Upper bounds of covering numbers of such functions are well-known, see [20], hence the 
e of Dudley’s inequality.
One can easily transform the inequality on the probability of Theorem 1 to an inequality on 𝔼 

(||𝑥̂− 𝑥∗||2
𝐿2

)
. Indeed, let us 

sume for simplicity a regular sampling of 𝑚 points the interval [0, 𝑇 ]. We denote by:

𝐸̂𝐿2
∶= ||𝑥̂− 𝑥∗||2

𝐿2
−

𝐾1𝑑√
𝑚

−
𝐾4𝑑

𝑚
− ℎ2𝐾3𝑑. (46)
9

ing Theorem 1, we have the following inequality:
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. 2. On the left we plot the log of the average 𝐿2 squared error between the true trajectory and the estimated one as a function of the log of the number of samples. 
linear regression yields a slope of −.8 indicating convergence at a rate between 1√

𝑚
and 1

𝑚
. On the right we plot the predicted trajectories when we use have 5 

servations, together with the true trajectory (in the dotted line).

𝔼
(|𝐸̂𝐿2

|) = ∞

∫
0

ℙ
(|𝐸̂𝐿2

| ≥ 𝜖

)
(47)

≤
∞

∫
0

exp
(
−𝐾2𝑚𝜖

2

𝑑

)
(48)

=
√

𝜋

4𝐾2

√
𝑑

𝑚
(49)

This implies the following result.

rollary 1. Assume we have a regular sampling of 𝑚 points on the interval [0, 𝑇 ]. Then:

𝔼
(||𝑥̂− 𝑥∗||2

𝐿2

) ≤√ 𝜋

4𝐾2

√
𝑑

𝑚
+

𝐾1𝑑√
𝑚

+
𝐾4𝑑

𝑚
+ ℎ2𝐾3𝑑. (50)

To illustrate the inequality in (50), we conducted a simple toy experiment where the conditions of the theorem are satisfied, and 
aluated the convergence rate. In this experiment we considered a one-dimensional autonomous system. We randomly initialized 
e weights of a function determined by 200 Fourier random features, recorded the norm of the function, and generated a trajectory 
 5120 samples using this function. Then we took ten independent and identically distributed random samples of noise with a 
ndard deviation of .05. This provided us with 10 noisy trajectories of 5120 samples (of the same trajectory but different samples 

 noise). Finally, we sub-sampled each of these ten noisy trajectories to get 2560 samples, 1280 samples,... all the way down to 5 
mples. This gave us 10 training sets, each with 5, 10, 20, 40,..., 5120 samples. We trained the algorithm on each of these datasets 
d reported the average 𝐿2 (squared) error between the estimated trajectory and the true one over the ten trajectories at each level 
 sparsity. In Fig. 2, we provide a plot of the log of the average 𝐿2 (squared) errors as a function of the log of the number of samples 
ed during training. Equation (50) predicts a slope at least −.5. We fit the data to a line of slope −.8, consistent with (50). We 
ovide a plot with a line of slope −.5 for comparison.

 Experiments

We report experiments for simulated data as well as for real data. In each case, we compare the performances of the proposed 
gorithm, generically named ODE-RKHS, with six other algorithms. This section is organized as follows: In subsection one, we 
esent the various benchmark methods used for comparison. In subsection two, we present the tuning of the hyperparameters 
r the ODE-RKHS method. In subsection three, we describe fifteen simulated datasets and an example medical dataset. Finally, in 
bsection four, we report and comment on the performance of the ODE-RKHS method compared with the benchmark methods on 
l the datasets.

1. Benchmark methods

These algorithms constitute, up to our knowledge, the current state of the art for learning nonparametric ODEs from noisy data. 
e briefly review these algorithms and provide references below.

. Nonparametric Ordinary Differential Equations: Nonparametric Ordinary Differential Equations (npODE) is presented in [12]. The 
10

authors use a Bayesian model with Gaussian processes (GP). It is the Bayesian counterpart of the frequentist model presented in 
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this paper. Unlike GP regression where the optimization can be computed in closed form, an approximate optimization method is 
required. The authors use inducing points, see [21] and sensitivity equations, see [22]. The npODE code was downloaded from 
http://www .github .com /cagatayyildiz /npode in February 2021. Given the normalized trajectory sets, we ran the algorithm 
with a scale factor of 1 and an 𝓁0 of 1. For the 2D systems, we used a width of the inducing point grid 𝑊 = 6, matching 
the demonstration examples. For the 6D Lorenz96, we encountered out-of-memory errors for 𝑊 > 2, possibly indicating an 
empirical scaling issue with the method. We thus used 𝑊 = 2 for this system.

. Sparse Identification of Nonlinear Dynamics (Fourier and Polynomial Candidate Functions): Sparse Identification of Nonlinear Dy-
namics (SINDy) is a highly cited technique for identifying nonlinear dynamics from data, see [4]. SINDy predicts governing 
dynamics equations using gradient matching via sparse regression. In the experiments shown, we test SINDy with two different 
libraries of possible functions: polynomials up to order three and Fourier features. We choose the SR3 sparsity regularization for 
its superior performance, detailed in [23], which has a threshold value as a hyperparameter. Other hyperparameters in our tests 
include the polynomial library’s degree and the size and lengthscale of the Fourier features library. A grid search tuner was em-
ployed to determine the best hyperparameter values, with the same holdout and evaluation sets as in the competing algorithms. 
pySINDy v1.6.3 was used for the implementation [24]. We use the AutoKoopman library to tune the hyperparameters, described 
in [25].

. Extended Dynamic Mode Decomposition: The Koopman operator is an infinite dimensional linear operator that captures the dynam-
ics of a non-linear dynamical system. Dynamic Mode Decomposition (DMD), described in [10], can approximate the Koopman 
operator’s eigenvalues and eigenvectors based on observations of the system state. Extended DMD (EDMD) generalizes to non-
linear systems learning by approximating the Koopman operator in a high-dimensional space of observables, see [26]. These 
observables must be selected before using EDMD, and can be chosen ad-hoc or by using library learning methods [27]. We use 
random Fourier features as the observable functions for these experiments, specified in [28]. We use the AutoKoopman library 
to tune the hyperparameters via Bayesian optimization, available at https://github .com /EthanJamesLew /AutoKoopman.

. Kernel Analog Forecasting: Analog forecasting is a time series prediction method that utilizes the idea of analog forecasting that 
follows the evolution of a historical time series that most closely matches the current state. Kernel analog forecasting (KAF) 
replaces single-analog forecasting with weighted ensembles of analogs constructed using local similarity kernels that employ 
several dynamics-dependent features designed to improve forecast skill [29] [30]. Our KAF implementation is based on https://
github .com /rward314 /StreamingKAF. Hyperparameters are the kernel function and rank used for the number of eigenvalues 
found from the data-defined kernel matrix. We selected a Gaussian kernel and grid tuned for rank and kernel lengthscale. We 
use the same eigenvalue multiplier of 10−4 as the referenced code.

. Sparse Cyclic Recovery: We implement the method formulated in [31] which is well-suited for the experiments as it is designed 
for learning structured dynamical systems from under-sampled and possibly noisy state-space measurements. For index invariant 
systems, the method generates cyclic permutations to augment the training data. Then, it builds a library of Legendre polynomials 
of candidate functions and does basis pursuit with thresholding to recover the dynamics. The hyper-parameters involved are the 
parameters for the Douglas-Rachford algorithm used to solve the Legendre basis pursuit (L-BP) problem and the Legendre 
polynomial degree; we tune these parameters via grid search. We referenced the parameters used in their GitHub project 
https://github .com /linanzhang /SparseCyclicRecovery. We utilize the same candidate functions as the paper, but tune the noise 
threshold 𝜎 and the 𝜇, 𝜏 parameters of the optimizer. Because of compute effort limitations, we set the maximum number of 
optimization iterations to 104.

2. Validation, initialization, and selection of hyper-parameters in the ODE-RKHS algorithm

We use the Multi Trajectories Penalty method for ODE-RKHS described in Algorithm 2, and a random Fourier features kernel. For 
ch coordinate, we chose a bandwidth equal to 20% of the range of the data. We set 𝛾 = 1 and fit 𝜆, 𝜌 using a validation set consisting 
 20 percent of the training data. We set a maximum of 𝑆 = 500 iterations and used the early stopping criterion of stopping when 
e ratio ||𝑓 (𝑠+1) − 𝑓 (𝑠)||∕||𝑓 (𝑠)|| was less than 10−3. Initialization of 𝑓0 was done via gradient matching, see section 2.6.
3. Datasets

We ran experiments with the same training, validation and test sets for all the algorithms. Testing consisted of computing predicted 
jectories starting at the initial condition of each test trajectory.

3.1. Oscillator data
The FitzHugh-Nagumo (FHN) oscillator data is a controlled experiment with known and easy-to-visualize 2D trajectories. It has 
lped calibrate the algorithm described in this paper. It was also demonstrated in [12] for the npODE algorithm. We ran experiments 
ing a simulated dataset generated as follows:

𝑣̇ = 𝑣− 𝑣3∕3 −𝑤+ 1

𝑤̇ = 0.08(𝑣+ 0.7 − 0.8𝑤)
(51)

termediate and final results of the ODE-RKHS algorithm are presented in Fig. 3 for the FHN data. Notice that during the first steps, 
own on the top line, the estimated trajectories with solid color lines are rough but fit the data closely. During the later steps, shown 
11

 the bottom line, the trajectories are smoother but still fit the data.

http://www.github.com/cagatayyildiz/npode
https://github.com/EthanJamesLew/AutoKoopman
https://github.com/rward314/StreamingKAF
https://github.com/rward314/StreamingKAF
https://github.com/linanzhang/SparseCyclicRecovery
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. 3. Illustration of the ODE-RKHS Algorithm: The dots show the observations. The estimated trajectories are shown with lines and curves with corresponding 
lors. Steps 𝑖=1,25,50, and 75 are shown from left to right and from top to bottom.

We generated a set of 50 noiseless trajectories. There were 201 observations per trajectory, one for each .1 increment in time. 
 generate the training sets, we added samples of Gaussian noise to these fifty trajectories. There were five levels of noise, with 
spective standard deviations 𝜎 ∈ {0.120, 0.365, 0.610, 0.855, 1.100}. We generated a single test set of 100 trajectories without noise, 
ain with 201 observations per trajectory separated by .1 time increments.

3.2. Lorenz63 data
Our next experiment was on the Lorenz system defined by the equations

𝑥̇ = 10(𝑦− 𝑥)

𝑦̇ = 𝑥(28 − 𝑧) − 𝑦

𝑧̇ = 𝑥𝑦− 8
3
𝑧

(52)

e generated 50 noiseless trajectories with 201 observations per trajectory, each separated by a 0.01 increment in time. Next, we 
nerated samples of Gaussian noise with levels 𝜎 ∈ {0.5, 1.2, 1.9, 2.6, 3.3}. We added the noise samples to the noiseless trajectories 
 generate five training sets. Then we generated a single test set consisting of 100 trajectories, each with 201 observations at 0.01
e increments.

3.3. Lorenz96
The Lorenz96 data arises from [32]. The chaotic system is defined for 𝑛 = 6 dimension by:

𝑥̇𝑘 = −𝑥𝑘−1𝑥𝑘−1 + 𝑥𝑘+1𝑥𝑘−1 − 𝑥𝑘 + 𝐹 ,𝑘 = 1…6 (53)

e have selected 𝐹 = 8. Indices wrap-around so that 𝑥−1 = 𝑥6 and 𝑥7 = 𝑥1. To construct the training set, we generated a set of 
0 noiseless trajectories, each with 100 observations. The observations were separated by a time increment of 0.01. We added 
e five levels of Gaussian noise to the noiseless data to generate five different training sets. The standard deviations of the noise 
nerated here are 𝜎 ∈ {0.1, 0.2, 0.3, 0.4, 0.5}. Our test set consisted of 150 noiseless trajectories, each with 100 points on them. The 
e increment between observations was the same as the training set.

3.4. The accumulation of Amyloid in the cortex of aging subjects
The accumulation of Amyloid in the brain is believed to be one of the earliest pathological mechanisms of Alzheimer’s disease, 
12

ginning more than a decade before the onset of clinical symptoms, see [33].
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. 4. Amyloid prediction experiment. Horizontal axis is in years. Vertical axis corresponds to DVR. The left-most image corresponds to the gyrus rectus, the middle 
the cingulum and the right to the precuneus.

Table 1

Results for Amyloid data. Min-
imum errors are in bold.

Err

npODE .59

KAF .84

Koopman .52

L-BP .40

ODE-RKHS .36

SINDy Fourier .42

SINDy Polynomial .39

Based on observations from several longitudinal Amyloid positron emission tomography (PET) studies, it is believed that the 
te of Amyloid accumulation is closely associated with the level of Amyloid at the same age, see [34]. We develop a principled 
athematical model capturing this phenomenon and use it to predict the accumulation of Amyloid across individuals longitudinally.
We used (PiB) PET scans from the Wisconsin Registry for Alzheimer’s Prevention (WRAP) to assess global Amyloid burden, 
easured by the Distribution Volume Ratio (DVR).1 The number of subjects in this study is 𝑛 = 179, with 3.06 visits on average, 
er an average span of 6.84 years. We fit the model in (11) to the posterior cingulum, precuneus and gyrus rectus DVRs, averaging 
e left and right DVR in each case. These regions are known to show Amyloid accumulation early in the disease process. Fig. 4
ovides a visualization of the trajectories estimated using RKHS-ODE super-imposed (same color) with the data. This shows that the 
timated trajectories are qualitatively accurate.

4. Evaluation

Testing consisted of computing predicted trajectories starting at the initial condition of the test trajectories and computing the 
llowing error measurement for each predicted trajectory:

Err ∶=

√√√√ 𝑛∑
𝑖=2

(𝑡𝑖 − 𝑡𝑖−1)‖𝑦𝑖 − 𝑦̂𝑖‖2 (54)

here 𝑡𝑖 is the 𝑖𝑡ℎ observation time, 𝑦𝑖 is the 𝑖𝑡ℎ observation of the test trajectory, 𝑦̂𝑖 is the 𝑖𝑡ℎ point of the predicted trajectory and 𝑛 is 
e number of observations in the trajectory. For each dataset, we report the average error measurement over the test set trajectories.
In Table 1, we report the performance of the ODE-RKHS method and other benchmark methods on the Amyloid dataset. The 
erage 𝐿2 norm errors (Err) between predicted Amyloid level trajectories and true level trajectories are reported. The ODE-RKHS 
gorithm yields the lowest average 𝐿2 error among the seven compared methods.
In Table 2, we report the performance of ODE-RKHS and the benchmark methods on the 3 simulated datasets (FHN, Lorenz63, 
d Lorenz96) with the 5 simulated levels of noise, level 1 corresponding to the noise with the smallest standard deviation. The 
DE-RKHS algorithm performed best in 10 out of the 15 simulated test sets. The second best performing method was SINDy 
lynomial with the lowest error in just 2 out of the 15 simulated datasets. Moreover, the 2 cases where SINDy polynomial performed 
st correspond to the lowest noise levels of the Lorenz63 dataset, indicating that our method is more robust to higher noise levels.

 Discussion

We proposed an algorithm for learning non-parametric ODEs assuming that the function 𝑓 generating the vector field in ℝ𝑑

longs to a vector-valued RKHS with a kernel satisfying certain regularity conditions. The data input of the algorithm consists of 

The data used for this experiment has been obtained from the Wisconsin Registry for Alzheimer’s Prevention. See https://wrap .wisc .edu/. A request for accessing 
13

s data can be initiated from this website.

https://wrap.wisc.edu/
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Table 2

Performance Table for the 3 Simulated Datasets.
FHN Noise Level 1

Err

npODE 1.53

KAF 6.019

Koopman 2.27

L-BP 5.55

ODE-RKHS .53

SINDy Fourier 5.59

SINDy Polynomial 1.28

Lorenz63 Noise Level 1

Err

npODE 17.49

KAF 22.75

Koopman 5.96

L-BP 16.35

ODE-RKHS 9.06

SINDy Fourier 23.37

SINDy Polynomial 2.18

Lorenz96 Noise Level 1

Err

npODE 1.61

KAF 2.18

Koopman .25

L-BP 1.02

ODE-RKHS .30

SINDy Fourier .52

SINDy Polynomial 1.13

FHN Noise Level 2

Err

npODE 1.57

KAF 8.35

Koopman 3.15

L-BP 6.87

ODE-RKHS 1.16

SINDy Fourier 5.54

SINDy Polynomial 2.60

Lorenz63 Noise Level 2

Err

npODE 18.75

KAF 22.34

Koopman 13.67

L-BP 18.33

ODE-RKHS 11.24

SINDy Fourier 21.63

SINDy Polynomial 10.73

Lorenz96 Noise Level 2

Err

npODE 1.29

KAF 2.17

Koopman 1.09

L-BP 1.10

ODE-RKHS .42

SINDy Fourier .84

SINDy Polynomial 1.76

FHN Noise Level 3

Err

npODE 3.07

KAF 8.25

Koopman 3.57

L-BP 5.48

ODE-RKHS 1.83

SINDy Fourier 6.50

SINDy Polynomial 2.84

Lorenz63 Noise Level 3

Err

npODE 20.06

KAF 21.96

Koopman 16.12

L-BP 19.63

ODE-RKHS 13.38

SINDy Fourier 22.88

SINDy Polynomial 15.88

Lorenz96 Noise Level 3

Err

npODE 1.31

KAF 2.16

Koopman 1.11

L-BP 1.17

ODE-RKHS .52

SINDy Fourier 1.00

SINDy Polynomial 1.23

FHN Noise Level 4

Err

npODE 4.33

KAF 8.53

Koopman 7.18

L-BP 6.58

ODE-RKHS 2.20

SINDy Fourier 9.47

SINDy Polynomial 5.57

Lorenz63 Noise Level 4

Err

npODE 19.61

KAF 21.82

Koopman 17.92

L-BP 21.03

ODE-RKHS 14.38

SINDy Fourier 22.07

SINDy Polynomial 20.67

Lorenz96 Noise Level 4

Err

npODE 1.95

KAF 2.16

Koopman 1.02

L-BP 1.09

ODE-RKHS .83

SINDy Fourier 1.24

SINDy Polynomial 3.03

FHN Noise Level 5

Err

npODE 4.37

KAF 7.62

Koopman 7.12

L-BP 7.51

ODE-RKHS 1.97

SINDy Fourier 12.29

SINDy Polynomial 9.00

Lorenz63 Noise Level 5

Err

npODE 19.45

KAF 21.49

Koopman 18.97

L-BP 21.68

ODE-RKHS 21.20

SINDy Fourier 22.19

SINDy Polynomial 23.23

Lorenz96 Noise Level 5

Err

npODE 2.10

KAF 2.15

Koopman 1.23

L-BP 1.34

ODE-RKHS 1.23

SINDy Fourier 1.18

SINDy Polynomial 1.67

Minimum values are in bold. ODE-RKHS performs best in 10 out the 15 datasets.

isy observations at different times of multiple trajectories. The algorithm is linear in the number of observations but cubic in 
eir dimension. We proved the consistency of the estimated trajectory, showing that the 𝐿2 squared distance between the estimated 
jectory and the true one vanishes as more observations are collected. We assessed the algorithm with simulated and real data and 
tained results that consistently compare favorably with the state of the art on a wide range of noise levels.
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pendix A. Consistency of the estimator of the trajectory

1. Assuming we solve the problem without Euler approximation

This section gives the proof of the theorem presented in section 3 of the main text. We present the proof for 𝑑 = 1 since the 
neralization to multiple dimensions is straightforward. We also present the proof for the case of autonomous systems. Keeping the 
tations of the main text, we make the following assumptions:

• 𝐀𝟏: There exist an 𝑓 ∗ ∈𝐻, ||𝑓 ∗ − 𝑓0||𝐻 ≤𝑅 and |𝑥∗0| ≤ 𝑟 such that 𝑥∗(0) = 𝑥∗0 and 𝑥̇
∗(𝑡) = 𝑓 ∗(𝑥∗(𝑡)) for every 0 ≤ 𝑡 ≤ 𝑇 .

• 𝐀𝟐: The noise variables 𝜖𝑗 are independent and bounded by a constant 𝑀𝜖 , with a variance denoted by 𝜎2. (We can assume that 
the variables are subgaussian instead of bounded if we want to generalize this result)

• 𝐀𝟑: The kernel 𝐾 is 2(ℝ) in its first argument (this implies that it is also 2(ℝ) in its second argument).
• 𝐀𝟒: The kernel 𝐾 satisfies the hypothesis of Lemma 1.

Without loss of generality, we will assume that 𝑓0 = 0 in our proof.
Let 𝐻 be the RKHS with reproducing kernel 𝐾 . Let 𝑓 ∈𝐻 such that ||𝑓 ||𝐻 ≤ 𝑅. We know using assumption 𝐀𝟒 and Lemma 1
at 𝑓 is uniformly Lipschitz, with a Lipschitz constant that does not depend on 𝑓 that we denote by 𝐿1. Specifically,

|𝑓 (𝑥) − 𝑓 (𝑦)| ≤𝐿1|𝑥− 𝑦| (A.1)

ith 𝐿1 =𝑁𝐾𝑅 Using (A.1), we will prove the following lemma:

mma 2. Assuming 𝐀𝟒, consider the set of solutions to the problem
𝜕𝑥

𝜕𝑡
= 𝑥̇ = 𝑓 (𝑥), 𝑥(𝑡0) = 𝑥0 (A.2)

ere 𝑓 belongs to the RKHS with kernel 𝐾 , |𝑥0| ≤ 𝑟 and 𝑡 ∈ [0, 𝑇 ]. Then any solution 𝑥 in this set of solutions is bounded by a uniform 
nstant 𝐵1 that only depends on 𝑇 , 𝑅, 𝐿1 and 𝐿2

3 ∶= sup||𝑥||<𝐶 |𝐾(𝑥, 𝑥)|.
Specifically,

|𝑥(𝑡) − 𝑥(𝑡0)| ≤𝐵1 = 𝑇𝐿3𝑅𝑒
𝐿1𝑇 (A.3)

oof. We start by taking 𝑓 in our class of functions and 𝑥0 such that |𝑥0| ≤ 𝑟. We therefore can write:

|𝑥(𝑡) − 𝑥0| = |||||||
𝑡

∫
0

(𝑓 (𝑥(𝑠)) − 𝑓 (𝑥0))𝑑𝑠+ 𝑡𝑓 (𝑥0)
||||||| (A.4)

≤
𝑡 |𝑓 (𝑥(𝑠)) − 𝑓 (𝑥0)|𝑑𝑠+ 𝑡||𝑓 ||𝐻√𝐾(𝑥0, 𝑥0) (A.5)
15

∫
0
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≤𝐿1

𝑡

∫
0

|𝑥(𝑠) − 𝑥0|𝑑𝑠+ 𝑇𝐿3𝑅 (A.6)

Now denote by 𝐺(𝑡) ∶= |𝑥(𝑡) − 𝑥0|. If we prove that 𝐺(𝑡) is bounded by a constant depending only on 𝑇 , 𝑅, 𝐿1 and 𝐿3, we will 
 done. So far we have:

𝐺(𝑡) ≤𝐿1

𝑡

∫
0

𝐺(𝑠)𝑑𝑠+ 𝑇𝐿3𝑅 (A.7)

note by 𝑉 (𝑡) ∶= ∫ 𝑡

0 𝐺(𝑠)𝑑𝑠. We have that:

𝑉 ′(𝑡) ≤𝐿1𝑉 (𝑡) + 𝑇𝐿3𝑅 (A.8)

hich implies:

𝑒−𝐿1𝑡𝑉 ′(𝑡) −𝐿1𝑒
−𝐿1𝑡𝑉 (𝑡) ≤ 𝑇𝐿3𝑅𝑒

−𝐿1𝑡 (A.9)

tegrating the inequality between 0 and 𝑡 using the fact that 𝑉 (0) =𝐺(0) = 0, we obtain:

exp (−𝐿1𝑡)𝑉 (𝑡) ≤ 𝑇𝐿3𝑅

𝐿1
(1 − 𝑒−𝐿1𝑡) (A.10)

, equivalently,

𝑉 (𝑡) ≤ 𝑇𝐿3𝑅

𝐿1
(𝑒𝐿1𝑡 − 1) (A.11)

Finally since 𝑉 ′(𝑡) =𝐺(𝑡) ≤𝐿1𝑉 (𝑡) + 𝑇𝐿3𝑅, we have:

𝐺(𝑡) ≤ 𝑇𝐿3𝑅𝑒
𝐿1𝑡 ≤ 𝑇𝐿3𝑅𝑒

𝐿1𝑇 □ (A.12)

Let us now introduce the following notations:

• We denote by 𝑥(𝑥0, 𝑓, 𝑡) the solution to the ODE with derivative 𝑓 and initial condition 𝑥0
• 𝑦𝑖 is the observed noisy point from the trajectory at time 𝑡𝑖 .
• 𝑥∗(𝑡) is the true trajectory evaluated at time 𝑡

We now proceed with the following reasoning. We assume that our trajectory minimizes

𝐿̂(𝑓,𝑥0) ∶=
𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)
(
(𝑥(𝑥0, 𝑓 , 𝑡𝑖) − 𝑦𝑖)2 − 𝜎2

)
(A.13)

er (𝑓, 𝑥0) such that ||𝑓 ||𝐻 ≤𝑅, and |𝑥0| ≤ 𝑟. We denote the minimizer by (𝑓 , 𝑥̂0).
When 𝑥0 and 𝑓 are fixed and not data dependent (deterministic), the expected value of 𝐿̂(𝑓, 𝑥0) is:

𝐿(𝑓,𝑥0) ∶=
𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)(𝑥(𝑥0, 𝑓 , 𝑡𝑖) − 𝑥∗(𝑡𝑖))
2

(A.14)

Notice that 𝐀𝟏 implies:

𝑚𝑖𝑛||𝑓 ||𝐻≤𝑅,|𝑥0|≤𝑟𝐿(𝑓,𝑥0) =𝐿(𝑓 ∗, 𝑥∗0) =
𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)(𝑥∗(𝑡𝑖) − 𝑥∗(𝑡𝑖))
2 = 0 (A.15)

Our goal is to evaluate 𝐿(𝑓 , 𝑥̂0) and obtain a generalization bound. We have:

𝐿(𝑓 , 𝑥̂0) =𝐿(𝑓, 𝑥̂0) − 𝐿̂(𝑓, 𝑥̂0) + 𝐿̂(𝑓, 𝑥̂0) − 𝐿̂(𝑓 ∗, 𝑥∗0) + 𝐿̂(𝑓 ∗, 𝑥∗0) −𝐿(𝑓 ∗, 𝑥∗0) (A.16)

And therefore, since the middle term in (A.16): 𝐿̂(𝑓, 𝑥̂0) − 𝐿̂(𝑓 ∗, 𝑥∗0) < 0,

𝐿(𝑓 , 𝑥̂0) ≤ sup||𝑓 ||𝐻≤𝑅,|𝑥0|≤𝑟2|𝐿(𝑓,𝑥0) − 𝐿̂(𝑓,𝑥0)| (A.17)

We thus consider the following quantity:

̂

16

Err ∶= sup||𝑓 ||𝐻≤𝑅,|𝑥0|≤𝑟 |𝐿(𝑓,𝑥0) −𝐿(𝑓,𝑥0)| (A.18)
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Expanding this quantity we get:

sup||𝑓 ||𝐻≤𝑅,|𝑥0|≤𝑟
|||||
𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)(𝑦2𝑖 − 𝑥∗(𝑡𝑖)
2 − 𝜎2 − 2𝑥(𝑥0, 𝑓 , 𝑡𝑖)(𝑦𝑖 − 𝑥∗(𝑡𝑖))

||||| (A.19)

Notice that if we replace for a given single 𝑖, 𝑦𝑖 = 𝑥∗(𝑡𝑖) + 𝜖𝑖 by 𝑦𝑖 = 𝑥∗(𝑡𝑖) + 𝜖𝑖, the quantity of equation (A.19) will change by a 
antity bounded by some constant 𝐾2(𝑡𝑖+1 − 𝑡𝑖), that we can bound by 4(𝐵1 + 𝑟 +𝑀𝜖)𝑀𝜖 +4(𝐵1 + 𝑟)𝑀𝜖 . Therefore, using McDiarmid 
equality [35]:

ℙ (Err ≥ 𝔼(Err) + 𝜖) ≤ exp

(
−2𝜖2

𝐾2
2
∑𝑚

𝑖=1 (𝑡𝑖+1 − 𝑡𝑖)2

)
(A.20)

We therefore need to provide an upper bound of 𝔼(Err). For that, we are going to view:

|𝐿̂(𝑓,𝑥0) −𝐿(𝑓,𝑥0)| = |||||
𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)(𝑦2𝑖 − 𝑥∗(𝑡𝑖)
2 − 𝜎2 − 2𝑥(𝑥0, 𝑓 , 𝑡𝑖)(𝑦𝑖 − 𝑥∗(𝑡𝑖)))

||||| (A.21)

 a stochastic process indexed by 𝑥, where 𝑥 ∈  : Set of all solutions 𝑥(𝑓, 𝑥0, .) for all ||𝑓 ||𝐻 ≤𝑅 and |𝑥0| ≤ 𝑟. In other words, we 
ew the process |𝐿̂(𝑓, 𝑥0) −𝐿(𝑓, 𝑥0)| indexed by 𝑓 and 𝑥0 as:

|𝐿̂(𝑥) −𝐿(𝑥)| (A.22)

here 𝑥 ∈  is some 𝑥(𝑓, 𝑥0, .). Notice that Err is also:

sup
𝑥∈
|𝐿̂(𝑥) −𝐿(𝑥)| (A.23)

Notice that 𝑥 is a subset of continuous functions defined on [0, 𝑇 ]. Therefore we can equip  with the metric structure ( , ||.||∞). 
e will apply Dudley’s inequality (see for e.g. [20], theorem 8.1.3) to bound:

𝔼(Err) = 𝔼

(
sup||𝑓 ||𝐻≤𝑅,|𝑥0|≤𝑟 |𝐿̂(𝑓,𝑥0) −𝐿(𝑓,𝑥0)|) (A.24)

To apply Dudley’s inequality, we are going to use the following lemma.

mma 3. The solutions 𝑥 ∈  are Lipschitz with a Lipschitz constant that is uniform over  , i.e., there exists a constant 𝐿6 such that for 
ery 𝑥 ∈  , 𝑡 ∈ [0, 𝑇 ] and 𝑠 ∈ [0, 𝑇 ]:

|𝑥(𝑡) − 𝑥(𝑠)| ≤𝐿6|𝑡− 𝑠| (A.25)

6 depends on 𝑅, 𝐵1, 𝑟 and the kernel 𝐾 .

oof. Let 𝑥0 such that |𝑥0| ≤ 𝑟 and 𝑓 such that ||𝑓 ||𝐻 ≤𝑅. We have:

|𝑥̇(𝑥0, 𝑓 , 𝑡)| = |𝑓 (𝑥(𝑡))| (A.26)

≤𝑅
√

sup|𝑥|≤𝐵1+𝑟
𝐾(𝑥,𝑥) □ (A.27)

As a consequence, if we denote by  ( , 𝜖) the covering number of  with a radius 𝜖 we have the existence of a constant 𝐿7 (𝐿7
ly depends on 𝐵1, 𝑟 and 𝐿6) such that:

 ( , 𝜖) ≤ exp
(
𝐿7
𝜖

)
, (A.28)

here we used a known upper bound that can be found for example in [20] (exercise 8.2.7) on the covering number of uniformly 
unded Lipschitz continuous functions defined on a finite interval.
Using this result combined with Dudley’s inequality, we obtain the existence of a constant 𝐿8 (depending only on 𝐿7) such that:

oposition 1.

𝔼(Err) ≤𝐿8

√√√√ 𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)2 (A.29)

oof. Apply Dudley’s inequality to Err using inequality (A.28) and the fact that the diameter of  is finite bounded by 2(𝐵1 + 𝑟)
17

d that for every 𝑀 <∞
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𝑀

∫
0

√
log
( ( , 𝜖)

)
𝑑𝜖 ≤

𝑀

∫
0

√
log
(
exp
(
𝐾7
𝜖

))
𝑑𝜖 <∞ □ (A.30)

As a consequence, using (A.20) and theorem (1), we obtain the following inequality:

ℙ
⎛⎜⎜⎝Err ≥𝐿8

√√√√ 𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)2 + 𝜖

⎞⎟⎟⎠ ≤ exp

(
−2𝜖2

𝐾2
2
∑𝑚

𝑖=1 (𝑡𝑖+1 − 𝑡𝑖)2

)
(A.31)

Using inequalities (A.17) and (A.31) we finally obtain the following theorem:

eorem 2. With assumptions 𝐀𝟏, 𝐀𝟐, 𝐀𝟑 and 𝐀𝟒, there exist constants 𝐿9 and 𝐾2 depending only on 𝑅, 𝑟, 𝑇 , 𝑀𝜖 and the kernel 𝐾 such 
at for every 𝜖:

ℙ
⎛⎜⎜⎝𝐿(𝑓, 𝑥̂0) ≥𝐿9

√√√√ 𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)2 + 𝜖

⎞⎟⎟⎠ ≤ exp

(
−2𝜖2

𝐾2
2
∑𝑚

𝑖=1 (𝑡𝑖+1 − 𝑡𝑖)2

)
(A.32)

2. Including the Euler approximation

In reality, the solution (trajectory) that we propose for every 𝑓 and 𝑥0 is not 𝑥(𝑥0, 𝑓, .) the solution of the ODE but 𝑥̃(𝑥0, 𝑓, ℎ, .), 
e solution obtained with an Euler’s method of time step ℎ. The idea is to use the fact that under some sufficient conditions, we 
ow how to bound the error between Euler’s method and the true solution. For example, we know that if 𝑓 is Lipschitz with a 
pschitz constant 𝐾1 and the solution 𝑥(𝑥0, 𝑓, .) is 2 with a constant 𝐾11 such that:

𝑥′′(𝑥0, 𝑓 , 𝑡) ≤𝐿11,∀0 ≤ 𝑡 ≤ 𝑇 (A.33)

en we have the following global truncation error bound [36]:

max
1≤𝑖≤𝑛 |𝑥(𝑥0, 𝑓 , 𝑡𝑖) − 𝑥̃(𝑥0, 𝑓 , ℎ, 𝑡𝑖)| ≤ ℎ𝐿11

2𝐿1

(
exp𝐿1𝑇 −1

)
(A.34)

We already showed that 𝑓 is Lipschitz with some constant 𝐿1. To ensure the condition of inequality (A.33), notice that:

𝑥′′(𝑥0, 𝑓 , 𝑡) = 𝑓 (𝑥(𝑥0, 𝑓 , 𝑡))𝑓 ′(𝑥(𝑥0, 𝑓 , 𝑡)) (A.35)

Since we already showed that the solutions 𝑥(𝑥0, 𝑓, .) are uniformly bounded by 𝐵1 + 𝑟, it is sufficient to ensure that 𝑓 is 1. This 
true if we assume that our kernel 𝐾 is 2 and hence (A.34) will be insured.
Taking into account the Euler approximation and the error bound, the steps of the consistency proof are identical only with the 
llowing important difference in equation (A.15) from the previous section

min||𝑓 ||𝐻≤𝑅,|𝑥0|≤𝑟𝐿(𝑓,𝑥0) ≤𝐿(𝑓 ∗, 𝑥∗0) (A.36)

ith

𝐿(𝑓 ∗, 𝑥∗0) =
𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)(𝑥̃∗(𝑡𝑖, ℎ) − 𝑥∗(𝑡𝑖))
2 ≤ ℎ2𝐿11

2𝑇

4𝐿2
1

(
exp𝐿1𝑇 −1

)2 ∶=𝐿12 (A.37)

With this modification, Theorem 2 becomes:

eorem 3. Assuming 𝐀𝟏, 𝐀𝟐, 𝐀𝟑 and 𝐀𝟒, there exist constants 𝐾2, 𝐿12 and 𝐿13 depending only on 𝑅, 𝑟, 𝑇 , 𝑀𝜖 and the kernel 𝐾 such 
at for every 𝜖:

ℙ
⎛⎜⎜⎝𝐿(𝑓, 𝑥̂0) ≥𝐿13

√√√√ 𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)2 + ℎ2𝐿12 + 𝜖

⎞⎟⎟⎠ ≤ exp

(
−2𝜖2

𝐾2
2
∑𝑚

𝑖=1 (𝑡𝑖+1 − 𝑡𝑖)2

)
(A.38)

3. 𝐿2 squared distance between the true solution and the estimated trajectory

In reality 𝐿(𝑓 , 𝑥̂0) is an approximation of the 𝐿2 norm squared

||𝑥(𝑓 , 𝑥̂0, ⋅) − 𝑥∗(⋅)||2 ∶=

𝑇 (
𝑥(𝑓 , 𝑥̂0, 𝑡) − 𝑥∗(𝑡)

)2
𝑑𝑡 (A.39)
18

𝐿2 ∫
0
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Since we proved that the solutions are uniformly bounded by (𝐵1 + 𝑟) and 𝑥̇ is bounded by 𝐿6, we have 𝑡 →
(
𝑥(𝑓, 𝑥̂0, 𝑡) − 𝑥∗(𝑡)

)2
Lipschitz with Lipschitz constant 8(𝐵1 + 𝑟)𝐿6 (we just bound the norm of the derivative). Therefore:

|||𝑥(𝑓 , 𝑥̂0, ⋅) − 𝑥∗(⋅)||2
𝐿2

−𝐿(𝑓 , 𝑥̂0)| ≤ 8(𝐵1 + 𝑟)𝐿6

𝑚∑
𝑖=1

(𝑡𝑖+1 − 𝑡𝑖)2 (A.40)

Which proves Theorem 2 of the main text.

pendix B. Kernels

We are interested in listing kernels that satisfy Lemma 1, and thus can be used to model ODEs admitting a single solution. There 
e cases when one can directly verify the hypothesis of Lemma 1. In the case of translation invariant kernels, one can use the 
chner theorem to provide a sufficient condition as explained in the next section.

1. Translation invariant kernels

We consider translation invariant scalar positive definite kernels over ℝ𝑑 , that is kernels for which

𝑘(𝑢, 𝑣) = ℎ(𝑢− 𝑣), 𝑢, 𝑣 ∈ℝ𝑑 (B.1)

e Bochner theorem provides a characterization of translation invariant kernels. Specifically, there exists a probability density 𝑞
ith respect to the Lebesgues measure over ℝ𝑑 such that

ℎ(𝑥) = ℎ(0)∫
ℝ𝑑

𝑒𝑖𝑥
𝑇 𝑦𝑞(𝑦)𝑑𝑦 (B.2)

rthermore, since we restrict our attention to real-valued kernels,

ℎ(𝑥) = ℎ(0)∫
ℝ𝑑

𝑐𝑜𝑠(𝑥𝑇 𝑦)𝑞(𝑦)𝑑𝑦 (B.3)

e gradient of ℎ is then formally the vector of length 𝑑

∇ℎ(𝑥) = −ℎ(0)∫
ℝ𝑑

𝑦𝑠𝑖𝑛(𝑥𝑇 𝑦)𝑞(𝑦)𝑑𝑦 (B.4)

d the Hessian of ℎ is formally the matrix

∇∇ℎ(𝑥) = −ℎ(0)∫
ℝ𝑑

(𝑦𝑦𝑇 )𝑐𝑜𝑠(𝑥𝑇 𝑦)𝑞(𝑦)𝑑𝑦 (B.5)

anslation invariant kernels that satisfy Lemma 1 are such that

𝑄(𝑥) == 𝑐||𝑥||2 + 2(ℎ(𝑥) − ℎ(0)) ≥ 0 (B.6)

r some constant 𝑐 > 0 and for any 𝑥, 𝑦 ∈ℝ𝑑 . Notice that 𝑄(0) = 0. Next, since ∇ℎ(0) = 0, ∇𝑄(0) = 0. Moreover,

∇∇𝑄(𝑥) = 2𝑐𝐼 + 2∇∇ℎ(𝑥) (B.7)

here 𝐼 is the identity matrix. Next, since ∇∇𝑄 is a symmetric matrix, it has real eigenvalues. Suppose these eigenvalues are 
unded uniformly from below. In that case, one can choose a constant 𝑐 large enough such that ∇∇𝑄(𝑥) is positive definite for each 
∈ℝ𝑑 which implies that 𝑄 is convex and since 𝑄(0) = 0 and ∇𝑄(0) = 0, 𝑄(𝑥) ≥ 0 for each 𝑥 ∈ℝ𝑑 and the conditions for Lemma 1
e satisfied. A sufficient condition for this to happen is that all the coordinates of ∇∇ℎ are bounded, i.e., for each 𝑖 ∈ {1, … , 𝑑}, 
[𝑌 2

𝑖
] <∞, where 𝑌𝑖 is a random variable with density 𝑞𝑖, the 𝑖𝑡ℎ marginal of 𝑞.

2. Explicit kernels:

We begin by observing the condition

𝑑2
𝐾𝑖𝑖

(𝑢, 𝑣) ≤𝑁2
𝐾
|𝑢− 𝑣|2,∀𝑢, 𝑣 ∈ℝ𝑑 , 𝑖 = 1, ..., 𝑑 (B.8)

equivalent to the condition:

𝑑∑
2 ̃ 2 2
19

𝑖=1
𝑑
𝐾𝑖𝑖

(𝑢, 𝑣) ≤𝑁
𝐾
|𝑢− 𝑣| (B.9)
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r some constant 𝑁̃𝐾 . Consider the case where 𝐾 is an explicit kernel. That is to say there exists a finite (p) dimensional feature 
ace and a mapping Φ ∶ℝ𝑑 →ℝ𝑝×𝑑 for which:

𝐾(𝑢, 𝑣) = Φ(𝑢)𝑇Φ(𝑣) (B.10)

te that the Fourier random features used in our experiments fall in this category.

mma 4.
𝑑∑
𝑖=1

𝑑2
𝐾𝑖𝑖

(𝑢, 𝑣) = ‖Φ(𝑢) − Φ(𝑣)‖2 (B.11)

here  is the Frobenious norm.

oof.

𝑑∑
𝑖=1

(
𝑘𝑖,𝑖(𝑢, 𝑢) − 2𝑘𝑖,𝑖(𝑢, 𝑣) + 𝑘𝑖,𝑖(𝑣, 𝑣)

)
=

𝑑∑
𝑖=1

𝑒𝑇
𝑖
Φ(𝑢)𝑇Φ(𝑢)𝑒𝑖 − 2𝑒𝑇

𝑖
Φ𝑇 (𝑢)Φ(𝑣)𝑒𝑖 + 𝑒𝑇

𝑖
Φ(𝑣)𝑇Φ(𝑣)𝑒𝑖 (B.12)

=
𝑑∑
𝑖=1

𝑒𝑇
𝑖

{
Φ(𝑢)𝑇Φ(𝑢) − Φ(𝑢)𝑇Φ(𝑣) − Φ(𝑣)𝑇Φ(𝑢) + Φ(𝑣)𝑇Φ(𝑣)

}
𝑒𝑖 (B.13)

=
𝑑∑
𝑖=1

𝑒𝑇
𝑖
(Φ(𝑢) − Φ(𝑣))𝑇 (Φ(𝑢) − Φ(𝑣)) 𝑒𝑖 (B.14)

= 𝑇 𝑟𝑎𝑐𝑒
(
(Φ(𝑢) − Φ(𝑣))𝑇 (Φ(𝑢) − Φ(𝑣))

)
(B.15)

= ‖Φ(𝑢) − Φ(𝑣)‖2 (B.16)

Therefore, for explicit kernels, we conclude that the condition of Lemma 1 is equivalent to the condition that the features are 
pschitz continuous with respect to the Frobenious norm.

3. Examples of kernels which satisfy the assumptions of Lemma 1

Let us notate

𝑃 (𝑢, 𝑣) =𝐾1(𝑢, 𝑢) +𝐾1(𝑣, 𝑣) − 2𝐾1(𝑢, 𝑣) (B.17)

. The linear kernel

𝐾1(𝑢, 𝑣) = (𝑢𝑇 𝐴𝑣) (B.18)

where 𝐴 is a psd matrix. Indeed,

𝑃 (𝑢, 𝑣) = (𝑢− 𝑣)𝑇 𝐴(𝑢− 𝑣) ≤ ||𝑢− 𝑣||2 sup
1≤𝑖≤𝑑

𝜆𝑖 (B.19)

where 𝜆𝑖 are the eigenvalues of 𝐴 using the Rayleigh quotient property.
. The Gaussian kernel:

𝐾1(𝑢, 𝑣) = exp
(
−1
2
((𝑢− 𝑣)𝑇 𝐴(𝑢− 𝑣))

)
(B.20)

where 𝐴 is a psd matrix. Indeed,

𝑃 (𝑢, 𝑣) = 2 − 2exp
(
−1
2
((𝑢− 𝑣)𝑇 𝐴(𝑢− 𝑣))

) ≤ 2(𝑢− 𝑣)𝑇 𝐴(𝑢− 𝑣) ≤ 2||𝑢− 𝑣||2 sup
1≤𝐼≤𝑑

𝜆𝑖 (B.21)

where 𝜆𝑖 are the eigenvalues of 𝐴 and the first inequality comes from the basic inequality 𝑒𝑥 ≥ 1 + 𝑥

. The rational quadratic kernel:

𝐾1(𝑥, 𝑦) =
||𝑥− 𝑦||2||𝑥− 𝑦||2 + 𝜃

, 𝜃 > 0 (B.22)

Note that in this case,
20

𝑃 (𝑢, 𝑣) ≤ 1
𝜃
||𝑢− 𝑣||2 (B.23)
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. C.5. (a): Plot of the 2D system where the 𝑧-axis is time. Black arrows: true vector field. Grey arrows: estimated vector field. Black curves: true trajectories. Red 
rves: estimated trajectories. (b): Grey points: initial conditions. Black curves: true trajectories. Red curves: estimated trajectories.

. The sinc kernel

𝐾1(𝑢, 𝑣) =
𝑑∏
𝑖=1

𝑠𝑖𝑛(||𝑢𝑖 − 𝑣𝑖||)||𝑢𝑖 − 𝑣𝑖|| (B.24)

We use the fact that 𝐾1 is a translation invariant kernel with associated density 𝑞(𝑦) =
∏𝑑

𝑖=1 𝑞1(𝑦𝑖) with

𝑞1(𝑧) =
1
2
for − 1 ≤ 𝑧 ≤ 1 (B.25)

. The Matérn kernel with 𝑝 > 3∕2. This kernel is translation invariant with associated density 𝑞(𝑦) =
∏𝑑

𝑖=1 𝑞1(𝑦𝑖) with

𝑞1(𝑧) =
1

(1 + 𝑥2)𝑝
(B.26)

and

𝐸[𝑋2] <∞,𝑋 ∼ 𝑞1 (B.27)

pendix C. An example of a non-autonomous system

We provide in this appendix a toy example of a non-autonomous system, namely the harmonic oscillator with sinusoidal input 
rce

𝑦̈+ 0.001𝑦̇+ 10000𝑦= 𝑐𝑜𝑠(𝑡) (C.1)

e kernel is an explicit Fourier random feature kernel with 𝑝 = 200 random features as well as a constant term, where time was 
cluded as input together with the spatial variables. Each feature was centered and standardized using the training set only for 
mputing the mean and standard deviation. The functions in the corresponding RKHS are then

𝑓 ([𝑥1, 𝑥2, 𝑡]) =
[ ∑𝑝

𝑖=1 𝛼𝑖 cos([𝑧1𝑖, 𝑧2𝑖, 𝑧3,𝑖] ⋅ [𝑥1, 𝑥2, 𝑡]) + 𝛽𝑖 sin([𝑧1𝑖, 𝑧2𝑖, 𝑧3,𝑖] ⋅ [𝑥1, 𝑥2, 𝑡]) +𝜔1∑𝑝

𝑖=1 𝛾𝑖 cos([𝑧1𝑖, 𝑧2𝑖, 𝑧3,𝑖] ⋅ [𝑥1, 𝑥2, 𝑡]) + 𝛿𝑖 sin([𝑧1𝑖, 𝑧2𝑖, 𝑧3,𝑖] ⋅ [𝑥1, 𝑥2, 𝑡]) +𝜔2

]
(C.2)

here the 𝑧 variables are iid sampled from a standard Normal (or Gaussian) distribution and the parameters {𝛼𝑖, 𝛽𝑖, 𝛾𝑖, 𝛿𝑖}, 𝑖 = 1 … 𝑝
ong with {𝜔𝑗}, 𝑗 = 1, 2 are learned from the training set. Fig. C.5 illustrates the output ODE-RKHS algorithm for this system.

ferences

1] M.W. Hirsch, S. Smale, R.L. Devaney, Differential Equations, Dynamical Systems, and an Introduction to Chaos, Academic Press, 2012.
2] J.H. Manton, P.-O. Amblard, et al., A primer on reproducing kernel hilbert spaces, Found. Trends Signal Process. 8 (2015) 1–126.
3] F. Dondelinger, D. Husmeier, S. Rogers, M. Filippone, Ode parameter inference using adaptive gradient matching with gaussian processes, in: Artificial Intelli-

gence and Statistics, PMLR, 2013, pp. 216–228.
4] S.L. Brunton, J.L. Proctor, J.N. Kutz, Discovering governing equations from data by sparse identification of nonlinear dynamical systems, Proc. Natl. Acad. Sci. 
21

113 (2016) 3932–3937.

http://refhub.elsevier.com/S0021-9991(24)00220-1/bib8A3D77C2378BD4F54878B98BA1085FA3s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib8810C2E9F56C7C7044CD5C3EE5DE6562s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib9D5F64C7E3E271FEE6E68A27DB3DED98s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib9D5F64C7E3E271FEE6E68A27DB3DED98s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib79BA2CB7E9FE73186B887E1C6A43315Bs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib79BA2CB7E9FE73186B887E1C6A43315Bs1


K.

[

[

[

[

[

[1

[1

[1

[1

[1

[1

[1

[1

[1

[1

[2

[2

[2

[2

[2

[2

[2

[2

[2

[2

[3

[3

[3

[3

[3

[3

[3
Journal of Computational Physics 507 (2024) 112971Lahouel, M. Wells, V. Rielly et al.

5] M. Niu, S. Rogers, M. Filippone, D. Husmeier, Fast parameter inference in nonlinear dynamical systems using iterative gradient matching, in: International 
Conference on Machine Learning, PMLR, 2016, pp. 1699–1707.

6] P. Hu, W. Yang, Y. Zhu, L. Hong, Revealing hidden dynamics from time-series data by odenet, arXiv preprint arXiv :2005 .04849, 2020.
7] T. Qin, K. Wu, D. Xiu, Data driven governing equations approximation using deep neural networks, J. Comput. Phys. 395 (2019) 620–635.
8] R.T. Chen, Y. Rubanova, J. Bettencourt, D. Duvenaud, Neural ordinary differential equations, arXiv preprint arXiv :1806 .07366, 2018.
9] B.O. Koopman, Hamiltonian systems and transformation in hilbert space, Proc. Natl. Acad. Sci. USA 17 (1931) 315.
0] P.J. Schmid, Dynamic mode decomposition of numerical and experimental data, J. Fluid Mech. 656 (2010) 5–28.
1] X. Dai, L. Li, Kernel ordinary differential equations, J. Am. Stat. Assoc. 117 (2022) 1711–1725.
2] M. Heinonen, C. Yildiz, H. Mannerström, J. Intosalmi, H. Lähdesmäki, Learning unknown ode models with gaussian processes, in: International Conference on 

Machine Learning, PMLR, 2018, pp. 1959–1968.
3] M. Kanagawa, P. Hennig, D. Sejdinovic, B.K. Sriperumbudur, Gaussian processes and kernel methods: a review on connections and equivalences, arXiv preprint 

arXiv :1807 .02582, 2018.
4] T. Hofmann, B. Schölkopf, A.J. Smola, Kernel methods in machine learning, Ann. Stat. (2008) 1171–1220.
5] M.A. Alvarez, L. Rosasco, N.D. Lawrence, Kernels for vector-valued functions: a review, arXiv preprint arXiv :1106 .6251, 2011.
6] G.F. Simmons, Differential Equations with Applications and Historical Notes, Third edition, CRC Press, 2016, Chapter 13, Theorem B.
7] M. Raissi, P. Perdikaris, G. Karniadakis, Physics-informed neural networks: a deep learning framework for solving forward and inverse problems involving 

nonlinear partial differential equations, J. Comput. Phys. 378 (2019) 686–707.
8] T. Dao, C. De Sa, C. Ré, Gaussian quadrature for kernel features, Adv. Neural Inf. Process. Syst. 30 (2017) 6109.
9] E. Kiliç, P. Stanica, The inverse of banded matrices, J. Comput. Appl. Math. 237 (2013) 126–135.
0] R. Vershynin, High-Dimensional Probability: An Introduction with Applications in Data Science, vol. 47, Cambridge University Press, 2018.
1] J. Quinonero-Candela, C.E. Rasmussen, A unifying view of sparse approximate gaussian process regression, J. Mach. Learn. Res. 6 (2005) 1939–1959.
2] P. Kokotovic, J. Heller, Direct and adjoint sensitivity equations for parameter optimization, IEEE Trans. Autom. Control 12 (1967) 609–610.
3] P. Zheng, T. Askham, S.L. Brunton, J.N. Kutz, A.Y. Aravkin, A unified framework for sparse relaxed regularized regression: Sr3, IEEE Access 7 (2018) 1404–1423.
4] B. de Silva, K. Champion, M. Quade, J.-C. Loiseau, J. Kutz, S. Brunton, Pysindy: a python package for the sparse identification of nonlinear dynamical systems 

from data, J. Open Sour. Softw. 5 (2020) 2104.
5] E. Lew, A. Hekal, K. Potomkin, N. Kochdumper, B. Hencey, S. Bak, S. Bogomolov, Autokoopman: a toolbox for automated system identification via koopman 

operator linearization, in: International Symposium on Automated Technology for Verification and Analysis, Springer, 2023, pp. 237–250.
6] M.O. Williams, I.G. Kevrekidis, C.W. Rowley, A data–driven approximation of the koopman operator: extending dynamic mode decomposition, J. Nonlinear Sci. 

25 (2015) 1307–1346.
7] E. Yeung, S. Kundu, N. Hodas, Learning deep neural network representations for koopman operators of nonlinear dynamical systems, in: 2019 American Control 

Conference (ACC), IEEE, 2019, pp. 4832–4839.
8] A.M. DeGennaro, N.M. Urban, Scalable extended dynamic mode decomposition using random kernel approximation, SIAM J. Sci. Comput. 41 (2019) 

A1482–A1499.

9] Z. Zhao, D. Giannakis, Analog forecasting with dynamics-adapted kernels, Nonlinearity 29 (2016) 2888.
0] D. Burov, D. Giannakis, K. Manohar, A. Stuart, Kernel analog forecasting: multiscale test problems, Multiscale Model. Simul. 19 (2021) 1011–1040.
1] H. Schaeffer, G. Tran, R. Ward, L. Zhang, Extracting structured dynamical systems using sparse optimization with very few samples, Multiscale Model. Simul. 

18 (2020) 1435–1461.
2] E. Lorenz, Predictability: a problem partly solved, Ph.D. thesis, Shinfield Park, Reading, 1995.
3] M.P. Murphy, H. LeVine III, Alzheimer’s disease and the amyloid-𝛽 peptide, J. Alzheimer’s Dis. 19 (2010) 311–323.
4] P. Vernhet, M. Bilgel, S. Durrleman, S.M. Resnick, S.C. Johnson, B.M. Jedynak, Modeling the early accumulation of amyloid using differential equations in wrap 

and blsa: neuroimaging/optimal neuroimaging measures for early detection, Alzheimer’s Dement. 16 (2020) e039536.
5] J.L. Doob, Regularity properties of certain families of chance variables, Trans. Am. Math. Soc. 47 (1940) 455–486.
22

6] K.E. Atkinson, An Introduction to Numerical Analysis, John Wiley & Sons, 2008.

http://refhub.elsevier.com/S0021-9991(24)00220-1/bib46873AAD3CCC77A0667F6B2AA69EA8BAs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib46873AAD3CCC77A0667F6B2AA69EA8BAs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib1A99E7B35B1214F45B215C8E3E89234Ds1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib2FE94B75E8945D9F697BF3BED0A0C024s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib75044DCECA97FD1B79C00596D122B9FBs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibB99882472C12C1F7C3908DFD06E6541As1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibD87FE682B27E5C4E28A70F26C75479E2s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib5F0F19F10EC687C849D15B60F74A4933s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibE8626487288D13BE50203C9F4903A951s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibE8626487288D13BE50203C9F4903A951s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib85D92DEE72C4D70E0BA9973D521FE052s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib85D92DEE72C4D70E0BA9973D521FE052s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib6B08FF21D60ECD32CCB2D7D4ADF8EA10s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib68EF13C79C616965934C9E4192A03584s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibD8C19488E48760B7BE3A7FAA9DAFA2C5s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibE06E93C4F4FC33E60863311C2F28B7FEs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibE06E93C4F4FC33E60863311C2F28B7FEs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibBB6592DD4797678EB88874C30DC7D6C7s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib7A2CD33F0B69F6B39D5F76E1658E928Fs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib59BB96E9B6E6994FFA61B29970AA09F7s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib5CD4053E7DEA10D8955E04D32A8483F7s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibE845F2435B0BCED0DC0AA26652A7CF31s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib5D3F2AAD7026113CC6FAAB9FCC816224s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibADCC052A1C238142EDC76AB21DA485F8s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibADCC052A1C238142EDC76AB21DA485F8s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib22B58660029A48C5DA140405AD2327D0s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib22B58660029A48C5DA140405AD2327D0s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib40DC228CFC5C2F819C47E223F7575B24s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib40DC228CFC5C2F819C47E223F7575B24s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibE50AF17A394BDDC549F0F67281F71BA4s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibE50AF17A394BDDC549F0F67281F71BA4s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib8C0AB8258C67645BC0FA9B863D8B39BCs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib8C0AB8258C67645BC0FA9B863D8B39BCs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib44E4A6D210C3A3F7B6B9B455F9A70F57s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib0C60326BBEEA201E877D70C515D2CAB1s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib39B1DE8F9BC30C15D90C49EFF918C2C8s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib39B1DE8F9BC30C15D90C49EFF918C2C8s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib067D1992490E19B646A000AB9EAD7F18s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib676ABB59293ECD5B245CCA3F80E5F7DFs1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib3B71580F46054FEDA21EE2B6A0F63522s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib3B71580F46054FEDA21EE2B6A0F63522s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bibA9318C672704AA58AF3D0EA8E7BF6970s1
http://refhub.elsevier.com/S0021-9991(24)00220-1/bib192BCFC79DB049D13A91CFEFF3893A08s1

	Learning nonparametric ordinary differential equations from noisy data
	1 Introduction
	1.1 Description of the problem and related works
	1.2 Main contributions

	2 Model and algorithm
	2.1 Background on Reproducing Kernel Hilbert Spaces (RKHSs)
	2.1.1 Real-valued RKHS
	2.1.2 Vector-valued RKHSs

	2.2 Notations
	2.3 Existence and uniqueness
	2.4 From constrained to unconstrained optimization
	2.5 Penalty method
	2.6 Initial condition and termination criteria
	2.7 Multiple trajectories
	2.8 Computational complexity
	2.9 Non autonomous systems, covariates, and irregular sampling

	3 Consistency of the solution: a finite sample result
	4 Experiments
	4.1 Benchmark methods
	4.2 Validation, initialization, and selection of hyper-parameters in the ODE-RKHS algorithm
	4.3 Datasets
	4.3.1 Oscillator data
	4.3.2 Lorenz63 data
	4.3.3 Lorenz96
	4.3.4 The accumulation of Amyloid in the cortex of aging subjects

	4.4 Evaluation

	5 Discussion
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	Appendix A Consistency of the estimator of the trajectory
	A.1 Assuming we solve the problem without Euler approximation
	A.2 Including the Euler approximation
	A.3 L2 squared distance between the true solution and the estimated trajectory

	Appendix B Kernels
	B.1 Translation invariant kernels
	B.2 Explicit kernels:
	B.3 Examples of kernels which satisfy the assumptions of Lemma 1

	Appendix C An example of a non-autonomous system
	References


