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A Procedure to Infer Lightning Return-Stroke
Current Waveform From Far-Field Waveform
for the Case of Lossy Ground

Shunsuke Koike, Masahiro Fukuyama, Yoshihiro Baba
and Vladimir A. Rakov

Abstract—We proposed expressions for reconstructing the wave-
form of channel-base current from the corresponding far electric
field waveform (radiation field component only) on perfectly con-
ducting ground for the modified transmission line models with
linear and exponential current decay with height. Waveforms of
vertical electric field on lossy ground at far distances (50-200 km)
were computed using the finite-difference time-domain (FDTD)
method for solving discretized Maxwell’s equations in the 2-D
cylindrical coordinate system. The FDTD-computed waveforms of
vertical electric field on lossy ground were compensated for propa-
gation effects and used in the proposed field-to-current conversion
expressions for inferring the channel-base current waveform. The
reconstructed currents are in excellent agreement with the current
used in computing the fields on lossy ground.

Index Terms—Finite-difference time-domain (FDTD) method,
lightning, propagation effects, return-stroke current waveform,
return-stroke field waveform, return-stroke model.

1. INTRODUCTION

T is of practical interest to infer lightning parameters, in-
I cluding return-stroke current waveform, from measured far
electric or magnetic fields (e.g., Rakov [1], Section 4.5.6).

Popov et al. [2] have proposed two procedures to infer both
the parameters of the DU model (the discharge time constant, the
return-stroke speed, and downward-current propagation speed)
and the channel-base current from fields on perfectly conducting
ground at two different distances: (i) E, or azimuthal magnetic
field By at far and near distances or (ii) By at intermediate and
near distances. An explicit inversion formula using both the
induction and radiation terms of By was derived for (ii) and
the genetic algorithm was used. However, lossy ground effects
were not taken into account.
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In this article, recurrence expressions for inferring the
channel-base current from the waveform of far vertical elec-
tric field on perfectly conducting ground are proposed for the
modified transmission line model with linear current decay
with height (MTLL) [3] and the modified transmission line
model with exponential current decay with height (MTLE) [4].
Furthermore, field waveforms degraded by propagation effects
are computed using the finite-difference time-domain (FDTD)
method [5] for solving discretized Maxwell’s equations in the
2-D cylindrical coordinate system and then compensated for
propagation effects using a procedure in the frequency domain
proposed by Cooray [6]. Finally, the proposed field-to-current
conversion expressions are used for inferring the channel-base
current waveform from the waveforms of vertical electric field
compensated, using the proposed recurrence expressions, for
propagation effects. Thus, the procedure to infer the channel-
base current waveform from the far-field waveform for the case
of lossy ground is composed of two steps: the first step is to
compensate the far-field waveform degraded due to propagation
over lossy ground, and the second step is to reconstruct the
channel-base current waveform from the compensated far-field
waveform. This article is based on conference presentation by
Fukuyama et al. [7].

II. FIELD-TO-CURRENT CONVERSION EXPRESSIONS FOR
MTLL AND MTLE MODELS

The conversion expressions will be derived for the radiation
field component only that is expected to be dominant at distances
> 50 km (see, for example, Fig. 4.32 of [1]).

A. MTLL Model

For a vertical lightning channel over perfectly conducting
ground, the radiation component of vertical electric field E, at
horizontal distance r at time ¢ is approximately given as follows:

L(t) A,
1 / Al (2.t —r/c) &
0

 2megc3r ot

where ¢ is the permittivity of free space, ¢ is the speed of
light, I(z’,¢) is the current at height z” at time 7, and L(?) is
the radiating channel length that is given by L(¢) = v-(t-r/c)vt -
rl/c, where v is the return-stroke current wave propagation speed
along the channel.

E, (rt) ~ (1)
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In the MTLL model [3], the relation between the current at
height z” and at the channel base, z° = 0, is as follows:

I(Zt)=0-2/H)I(0,t—2"/v) (2)

where H is the total channel length. In this model, current wave
propagates upward along the lightning channel at speed v with
linear attenuation, and it is zero at height 7’ = H.

Substituting (2) into (1) yields

B, (rt)
1 /L(t) oI (#/,t—r/c)
0

[ oy ot

1 L) )
- 27750027’/0 (=v) 0z

(-5)r(w-£-5)
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2regc?r | —(1—=0/H)I(0,t—0/v—r/c)
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=—[0-1(0,t—1/c
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Approximating the integral in (3) by summation yields

v

E, (nAt+r/c) ~ _W] (nAt)
v 1=
+Wﬁ kz::l I (nAt — kAt) - vAt 4)

where m = n for n < H/(vAr) and m = H/(vAr) for n > H/(vAt).
Note that in (4) E, (5t) and [ (0,7) are abbreviated as E,(t) and
I(1), respectively, and that the time reference is placed at the
channel base.

From (4), the channel-base current is expressed as follows:

2
I (nAt) = — 2meoc "B, (nAt+r1r/c)
VAL m—1
+ = ; I (nAt — EA). 5)
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B. MTLE Model
In the MTLE model [4], the relation between the current at
height z” and at the channel base is as follows:

I(Zt)=exp(—2'/A)I(0,t— 2" /v) (6)

where A is the current decay height constant. In this model,
current wave propagates upward at speed v with exponential
attenuation. The magnitude of current at z” = 7 km is 3 % of
that at the channel base for often assumed A = 2 km, which
corresponds to 0.3 kA for 10 kA at the channel base. In this
study, we set H to 7 km and v to 0.5¢ and show the computed
field waveforms up to 45 us, so that they are not influenced by
the effect of this residual current at the top of the channel.
Substituting (6) into (1) yields

E,(rt)~

1 L) g k4 2 r
- a N IV VW | I
27150(:21“/0 ot {CXP< A) (0’ v (‘>:| dz
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Approximating the integral in (7) by summation yields

E.(nAt+r/c) =~ — I (nAt)

2megC3r

m—1

v 1 kvAt
— E - I (nAt — kAt) - vA
+27r5002r 2 exp ( - > (nAt — kEAt) - vAt (8)
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where m and n are defined in the same way as in (4). In fact, the

only difference between (8) and (4) is in the second term: 1/A
and exp (-k vA#/A) in (8) versus 1/H in (4).
From (8), the channel-base current is expressed as follows:

2meqcr

I (nAt) = E, (nAt +r/c)

m—1
+ ”TM kZ:l exp (—k vAL/2) T (AL — kAL,

)

Note that, for the MTLE model, Rachidi and Thottappillil [8]
derived the relation between d/(0, 7)/dt and far electric field E,(r,
t + r/c) and its time derivative dE(r, t + r/c)/dt. Equation (9) is
simpler and easier to use than theirs.

III. COMPENSATION OF FIELD PROPAGATION EFFECTS

In the case of finite ground conductivity, the peak of far
electromagnetic field decreases and the risetime increases due to
preferential attenuation of higher frequency components relative
to that on perfectly conducting ground. In [6], it is shown that
the radiation component of vertical electric field of angular fre-
quency w atdistance r on the ground having conductivity o, E,, (7,
Jjw, o), can be approximately estimated from the corresponding
vertical electric field on perfectly conducting ground, E, (7, jw,
o = ). Therefore, E, (r, jw, 0 = o) can be recovered from
E, (r, jw, 0); that is, fields on lossy ground can be compensated
for propagation effects. The procedure is given as follows:

E, (r, jw,0 = 00) = Zz(riw.a)

~ F(ryjw,o)
F(r,jw,0) =1—j/mpexp(—p)erfc (]\/1_7)
p = —3jwy/Eomora’ (10)
A= [ Viwpo(o+jwereo)+weo o
“V ro o+jwereo

where F is the attenuation function, erfc is the error function, 1o
is the permeability of free space, and €, is the relative permittivity
of ground.

IV. FDTD CALCULATIONS OF FAR FIELDS ON PERFECTLY
CONDUCTING GROUND

Fig. 1 shows the model to be used in simulations with
the FDTD method in the 2-D cylindrical coordinate system.
The computational domain is 250 km x 100 km, which is
divided uniformly into rectangular cells of 3 m x 3 m. The
time increment is set to 7.01 ns. Liao’s second-order absorbing
boundary condition [9] is applied to the perimeter of the com-
putational domain except for its left-side edge. The thickness
of ground is set to 1 km. The ground conductivity o is set
to 0.1, 1, 10, 100 mS/m, or co. The vertical lightning return-
stroke channel, which is represented by the phased-current
source array [10], is placed at the left-side boundary. The
waveform of channel-base current is represented by the Heidler
function [11], as an example, and is given as follows:

I (t/n)’

—L 2 et/ 11
n 1+(t/71)26 (1

1(0,t) =

250 km

A
v

Liao’s 2m-order
absorbing boundaries

\ 99 km
Return-stroke model
Y A/

Observation Point

1

v

11km

Ground

r

Fig. 1. Configuration used in simulations with the FDTD method in the 2-D
cylindrical coordinate system.
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Fig.2.  Waveforms of lightning return-stroke current at heights z’ = 0 (ground),
3, and 6 km for (a) MTLL model with H = 7 km and (b) MTLE model with
A = 2 km. The current-wave propagation speed v = 0.5¢ for both models.

Fig. 2(a) and (b) show waveforms of current at heights z° =
0, 3, and 6 km for the MTLL model with H =7 km and the MTLE
model with A = 2 km, respectively. The current-propagation
speed v is set to 0.5 ¢, and the length of the lightning channel
is set to 7 km for both models. The peak value of the channel-
base current is 10 kA, and the risetime is 1 us, for which the
parameters of (11) are set as follows: Ip; = 10 kA, n =
0.785, 71 = 0.75 ps, and 79 = 16 us. Simulations were
also carried out for the channel-base current with a magnitude
of 10 kA and a risetime of 5 ps, for which the parameters were
set as follows: 1 = 10kA,n = 0592, 71 = 2.45 us, and
To = 16 us, although the current waveforms are not shown
here.
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Fig. 3. Waveforms of vertical electric field E, at distances of (a) r = 50 km,
(b) r = 100 km, and (c) r = 200 km from the lightning channel, computed
using the FDTD method and the MTLL model for different values of ground
conductivity: ¢ = 0.1, I, 10, 100 mS/m, and co. Lightning current risetime
RTis 1 ps.

V. ANALYSIS AND DISCUSSION

A. FDTD-computed E, Waveforms Degraded by Propagation
Effects

Fig. 3(a)—(c) show waveforms of vertical electric field E, at
distances of 50, 100, and 200 km, respectively, from the lightning
channel, computed using the FDTD method with the MTLL
model for the current risetime RT = 1 us and for different values
of ground conductivity: ¢ = 0.1, 1, 10, 100 mS/m, and oo
(perfect ground). Fig. 4(a) and (b) show those at 50 and 200 km,
respectively, for RT = 5 us. Fig. 5 is the same as Fig. 3, but for
the MTLE model. Note that the FDTD-computed fields are total
fields (include all three field components, but at the distances
of interest (50-200 km) they are dominated by the radiation
component.

It appears from Figs. 3-5 that waveforms of E, for 0 =
100 mS/m (and higher) are almost identical to those for ¢ = 0.
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Fig. 4. Same as Fig. 3(a) and (c), but for RT =5 ps.

With decreasing o , the attenuation and distortion of £, become
more significant. Specifically, the field peak decreases, while
both the risetime and zero-crossing time increase, as expected.

B. E, Waveforms Compensated for Propagation Effects

Figs. 68 show waveforms of E, at distances of 50 and 200km
compensated for propagation effects using (10). Note that the
upper frequency bound in using (10) was determined by the
time increment employed in the FDTD calculations presented
in Section IV, and the frequency increment was determined by
the time window or the maximum observation time. As a result
of compensation, effects of propagation over lossy ground are
removed, so that the compensated fields should correspond to
those on perfectly conducting ground. It appears from Figs. 6—8
that the FDTD-computed waveforms of E, on ground with o
ranging from 100 S/m to 0.1 mS/m after compensation become
indistinguishable from or very close to those calculated for
o = oo, Thus, the procedure proposed in [6] and outlined in
Section III works very well under the conditions considered in
this study.

C. Channel-Base Current Waveforms Reconstructed From
Compensated E, Waveforms

Fig. 9 shows waveforms of lightning current at the channel
base reconstructed from compensated electric-field waveforms,
computed using the MTLL model for RT = 1 us and shown in
Fig. 6. Reconstruction was done using (5).

Similarly, Fig. 10 shows waveforms of lightning current at
the channel base reconstructed from compensated electric-field
waveforms, computed using the MTLE model for RT = 1 us
and shown in Fig. 8. Reconstruction was done using (9).
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Fig. 5. Same as Fig. 3, but for the MTLE model.

TABLE 1
PEAK VALUES OF ESTIMATED CHANNEL-BASE CURRENT IN KA FOR THE
MTLL MODEL AND RT =1 uu8

Distance Ground conductivity o, mS/m

r, km 0.1 1 10 100
50 9.89 9.92 9.95 9.98

100 9.86 9.89 9.95 9.98

200 9.78 9.88 9.94 9.97

Tables I and II give peak values of reconstructed channel-base
current for the MTLL model and RT = 1 and 5 us, respectively.
Tables III and IV are the same as Tables I and II, respectively,
but for the MTLE model.

It appears from Figs. 9 and 10 that channel-base current
waveforms can be reasonably well reconstructed from E, wave-
forms degraded by propagation effects using the proposed two-
step procedure. Also, it follows from Tables I-IV that the
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Fig. 6.  Waveforms of E, at distances of (a) » = 50 km and (b) r = 200 km
from the lightning channel, computed using the FDTD method with the MTLL
model for different values of ground conductivity: c = 0.1, 1, 10, and 100 mS/m
compensated for propagation effects using (10). Waveforms computed for o =
oo are also shown for reference. RT = 1 us.
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Fig. 7. Same as Fig. 6, but for RT = 5 ps.
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Same as Fig. 6, but for the MTLE model.
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Waveforms of lightning return-stroke current at the channel base

reconstructed, using (5), from electric-field waveforms (a) at 50 km and
(b) at 200 km compensated for propagation effects and shown in Fig. 6.
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Fig. 10. Same as Fig. 9, but for the MTLE model.

TABLE II
SAME AS TABLE I, BUT FOR RT = 5 S

Distance Ground conductivity g, mS/m
r, km 0.1 1 10 100
50 9.92 9.93 9.97 9.98
100 9.89 9.92 9.97 9.98
200 9.87 9.90 9.95 9.97
TABLE III

PEAK VALUES OF ESTIMATED CHANNEL-BASE CURRENT IN KA FOR THE
MTLE MODEL AND RT = 1 uS

Distance Ground conductivity o, mS/m
r, km 0.1 1 10 100
50 9.89 9.92 9.95 9.98
100 9.85 9.87 9.95 9.98
200 9.81 9.84 9.94 9.97
TABLE IV

SAME AS TABLE III, BUT FOR RT = 5 8

Distance Ground conductivity o, mS/m

r, km 0.1 1 10 100
50 9.91 9.95 9.97 9.98

100 9.88 9.95 9.97 9.98

200 9.87 9.94 9.96 9.97

reconstructed peak values of the channel-base current are in
excellent agreement with the actual peak current value (10 kA).

The current reconstruction results presented earlier are not
significantly influenced by the return-stroke model (MTLL or
MTLE), current risetime (1 or 5 pus), distance (50-200 km), or
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(ground) conductivity (0.1-100 mS/m). The potential influence
of the uncertainty in the return-stroke speed (when it is not
available from optical observation) will be examined in a future
study.

VI. SUMMARY

First, expressions for reconstructing the channel-base current
waveform from E, waveform on perfectly conducting ground
have been proposed for the MTLL and MTLE return-stroke
models. Second, E, waveforms on lossy ground have been
computed at far distances using the FDTD method for the same
two models. Third, the FDTD-computed E, waveforms on lossy
ground have been compensated for propagation effects using the
procedure proposed in [6]. Finally, channel-base current wave-
forms have been inferred from the compensated E, waveforms
using the proposed field-to-current conversion expressions. The
reconstructed current waveforms are in excellent agreement with
the current waveform that was used in computing E, on lossy
ground.
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