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In conventional ab initio methodologies, phonons are calculated by solving equations of motion
involving static interatomic force constants and atomic masses. The Born-Oppenheimer approximation,
where all electronic degrees of freedom are assumed to adiabatically follow the nuclear dynamics, is also
adopted. This approach does not fully account for the effects of broken time-reversal symmetry in systems
with magnetic order. Recent attempts to rectify this involve the inclusion of the velocity dependence of the
interatomic forces in the equations of motion, which accounts for time-reversal symmetry breaking, and
can result in chiral phonon modes with nonzero angular momentum even at the zone center. However, since
the energy ranges of phonons and magnons typically overlap, the spins cannot be treated as adiabatically
following the lattice degrees of freedom. Instead, phonon and spins must be treated on a similar footing.
Focusing on zone-center modes, we propose a method involving Hessian matrices and Berry curvature
tensors in terms of both phonon and spin degrees of freedom, and describe a first-principles methodology
for calculating these. We then solve Lagrange’s equations of motion to determine the energies and
characters of the mixed excitations, allowing us to quantify, for example, the energy splittings between
chiral pairs of phonons in some cases, and the degree of magnetically induced mixing between infrared and
Raman modes in others. The approach is general and can be applied to determine the adiabatic dynamics of
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any mixed set of slow variables.
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I. INTRODUCTION

An outstanding challenge of first-principles materials
theory is the development of a systematic treatment of the
coupled dynamics of phonons and magnons in magnetic
materials. The calculation of phonon dispersions has long
been a standard feature of modern density-functional theory
(DFT) codes based either on finite-difference or linear-
response calculations of the dynamical matrix [1-5]. On
the other hand, magnon dispersions are most often computed
in the context of discrete spin models, sometimes using
parameters derived from DFT [6-9], although treatments
based on time-dependent DET (TDDFT) [10—-17] and many-
body perturbation theory [18-22] have also appeared.
However, the consistent treatment of phonon and magnon
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dynamics on a similar footing, and the coupling between
them, remains daunting [23].

Phonons play a crucial role in determining various
thermodynamic and electronic properties of materials,
including heat capacity, heat transport, electronic conduc-
tivity, and superconductivity. Conventionally, phonons are
treated within the Born-Oppenheimer approximation [24],
i.e., assuming that the electronic degrees of freedom (d.o.f.)
can adiabatically follow the motion of the atoms. In these
calculations, the potential energy in the phonon Hamiltonian
is computed as a function of the atomic displacements. The
usual harmonic approximation involves keeping only the
leading quadratic dependence of the energy on displacement,
encoded in the interatomic force-constant (IFC) matrix, i.e.,
the Hessian matrix of the energy. Anharmonic treatments go
further by taking account of higher-order tensors which
describe third and higher derivatives with respect to displace-
ments. These harmonic and anharmonic tensors are all
invariant under time-reversal symmetry (TRS), so that at
this level of description the phonons are assumed to preserve
TRS and possess the symmetries of the nonmagnetic group.

Published by the American Physical Society


https://orcid.org/0000-0001-6904-7737
https://orcid.org/0000-0003-2865-3807
https://orcid.org/0000-0003-4175-3888
https://orcid.org/0000-0003-0035-7520
https://orcid.org/0000-0002-2465-9091
https://doi.org/10.1103/PhysRevX.14.011041
https://creativecommons.org/licenses/by/4.0/

REN, BONINI, STENGEL, DREYER, and VANDERBILT

PHYS. REV. X 14, 011041 (2024)

However, this assumption is incorrect for materials with
magnetic order or in the presence of an external mag-
netic field.

Recent efforts have been made to address this issue by
incorporating the nuclear Berry potential into the effective
Hamiltonian [25-33], which arises naturally when the
electronic d.o.f. are integrated out under the Born-
Oppenheimer approximation, as first pointed out by Mead
and Truhlar [25]. The nuclear Berry potential introduces a
velocity-dependent force into the equations of motion
(EOM), which is determined by the nuclear Berry curvature
multiplied by the nuclear velocity.

Theoretical studies have made several predictions
regarding the impact of the nuclear Berry curvature on
zone-center chiral phonons [26-29,31-33] and their con-
tribution to the thermal Hall effect [34-37]. Experimental
evidence has also emerged supporting the existence of
zone-center chiral phonons [38,39] and the phonon thermal
Hall effect [40,41]. We define chiral phonons as those that
respect rotational symmetry but possess complex eigen-
values under the rotation operator. Chiral phonons have
attracted attention due to their unique properties, such as
their selective excitation by circular-polarized light with
different helicities [38,39,42,43], their coupling to elec-
tronic states with distinct chiralities [44] following the
selection rule proposed in Ref. [45], and their ability to
demonstrate Floquet behavior when driven by lasers [46].
Additionally, chiral phonons can possess phonon magnetic
moments [47-49].

To date, much of the theoretical literature treats models in
which the nuclear Berry curvature is an adjustable parameter.
The first-principles calculation of the nuclear Berry curvature
is still in its infancy, with only a few calculations for
molecular [30] and crystalline [33] systems.

Spin-wave excitations, or magnons, constitute additional
d.o.f. in magnetic materials. These excitations are chiral
from the outset; for example, in the presence of easy-axis
anisotropy, spins always precess clockwise when viewed
endon. While it is not so widely appreciated, magnon
dynamics can also be formulated and computed in the
context of a geometric-phase framework [50,51]. There is
no inertial term in the spin dynamics, but the Berry
curvature tensor enters the EOM by describing the spin
precession in response to a torque [52]. This raises the
possibility of a uniform treatment of both nuclear and spin
degrees of freedom in a common theoretical framework.

Crucially, the frequency (or energy) range of the mag-
nons strongly overlaps that of the phonons. In metals these
also overlap with electron-hole excitations, but we restrict
our attention here to insulators in which there is a clear
energy separation between both phonons and magnons on
the one hand and cross-gap electronic excitations on the
other. In this case, both types of bosonic excitations can be
treated as “slow” d.o.f., with the remainder of the electronic
system following adiabatically. In such cases, it is crucial to
treat both phonon and spin d.o.f. on the same footing.

A first step was taken in this direction in Ref. [33] for the
case of bulk ferromagnetic Crl;. In that work, a minimal
model was proposed in which the nuclear Berry curvature
arose entirely from the canting of Cr spins in response to
atomic displacement. Though this model captured the
essential physics of Crl;, a general and quantitatively
accurate theory should include other contributions to the
Berry curvature including “phonon-only” Berry curvature
arising from atomic displacements at fixed spin, and mixed
“spin-phonon” Berry curvature. Such contributions can
play an important role, particularly in predicting energy
splittings of high-energy chiral phonons. Additionally,
Ref. [33] relied on the input of experimental magnon
energies, which may not always be available.

Motivated by the need for better fundamental and
quantitative understanding of phonons in TRS-broken
systems, we present a generalized adiabatic treatment
incorporating all relevant Hessian matrices and Berry
curvatures for both phonons and spins. It should be noted
that the methodology presented in this work provides a
general theoretical framework for treating dynamics
beyond the specific case of coupled spins and phonons.
I.e., it allows for efficient ab initio calculation of the
adiabatic dynamics of any mixed set of slow variables. This
goes significantly beyond the more approximate approach
of Ref. [33], which we refer to as the minimal spin-phonon
model below. We also demonstrate an ab initio method-
ology to calculate these matrices. We conduct four case
studies covering ferromagnetic (FM) and antiferromagnetic
(AFM) materials in both three-dimensional (3D) and two-
dimensional (2D) form. We investigate the energy splittings
and symmetries of chiral phonons in these systems.

We show that, interestingly, circularly polarized chiral
phonons do not always exhibit energy splittings when TRS
is broken; whether this splitting occurs depends on the
point group symmetry in the presence of magnetic order.
Also, terms beyond the IFC are needed to correctly capture
the symmetry of phonons in cases where magnetic order
breaks a spatial symmetry g, but the combination of g and
time reversal T remains a symmetry. This limitation arises
because conventional phonon calculations rely on real-
symmetric IFC and atomic mass matrices that preserve
TRS (if g is a symmetry of the nonmagnetic crystal, but
neither g nor gT remains a symmetry in the presence of
magnetic order, the symmetry breaking of g will still
manifest itself in the real IFC matrix). We show that correct
accounting for phonon symmetries is crucial for determin-
ing Raman and infrared (IR) activities.

This paper is organized as follows. In Sec. II, we
establish the theoretical framework via the Lagrangian
formalism of adiabatic dynamics and derive EOM that
treat spins and phonons on an equal footing. We also revisit
phonon angular momentum and introduce the concept of
atom-resolved phonon angular momentum. Section III
details the proposed method for calculating all the matrices
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involved in the present approach, along with the computa-
tional details. In Sec. IV, we present our results, which
include the analysis of phonons and magnons in 3D FM
Crl; bulk (Sec. IVA), 3D AFM Cr,0;3 bulk (Sec. IV B),
and 2D systems (Sec. IV C) such as FM Crl; monolayer
(Sec. IVC 1) and AFM VPSe; monolayer (Sec. IV C 2).
Section V provides a discussion of the role of spin-orbit
coupling (Sec. VA) and future experimental investigations
(Sec. V B). Finally, we summarize our findings and present
concluding remarks in Sec. VI.

II. THEORETICAL BACKGROUND

We restrict our considerations to the case of insulating
magnetic materials in which there is a clear separation
between the energy scales of the phonons and the cross-gap
electronic excitations. The magnetic order ensures that
there will also be dynamics associated with spin fluctua-
tions, i.e., the magnons. If the magnon frequencies would
be higher than, and robustly gapped from, those of the
phonons, it would be possible to treat all electronic
excitations, including the magnons, as adiabatically follow-
ing the phonon d.o.f. However, this is almost never the
case. In the present work, we therefore treat both the lattice
and spin d.o.f. on a similar footing, while assuming that
there is still a large energy gap between the top of the
phonon or magnon spectrum and the onset of cross-gap
electronic excitations.

We formulate our theory in the context of a first-principles
mean-field theory such as DFT, where the dynamics of the
nuclei is treated classically, while the electronic system is
evolved according to the time-dependent Schrodinger equa-
tion. This problem is essentially the domain of TDDFT, but
here we aim to treat the spin d.o.f. as slow semiclassical
variables alongside the nuclear displacements. This requires
a separation of the electronic d.o.f. into a small number of
spin d.o.f. and the remaining large number of electronic
excitations on the scale of the band gap or above.

To do so, we define a “spin” unit vector on a magnetic
ion to be the direction of the average spin density inside a
Wigner-Seitz sphere centered at that site, and subsequent
calculations of electronic ground states and energies are
always computed with these spin variables constrained. The
essential requirement is that the remaining electronic
system, so constrained, should be free of any remaining
slow d.o.f., i.e., any below-band-gap excitations. The
implementation of the Wigner-Seitz sphere constraint is
not a serious obstacle in practice, as most DFT code
packages have features for carrying out electronic mini-
mizations under the constraint of fixed spin orientations
defined in this way. We emphasize that we treat not only the
lattice displacements, but also the spin cantings, in a
harmonic approximation about the ground-state reference
structure. We treat only collinear easy-axis systems here,
and assume that the spin cantings with respect to this axis
are small.

To finish a discussion of the approximations of our
theory, we note that we use “ordinary” adiabatic dynamics,
in which the adiabatic perturbation theory is carried only to
first order in the rate of change of nuclear or spin variables.
This is well justified as long as the gap separating phonons
and magnons from interband electronic excitations is large.
And finally, we shortly make a harmonic approximation, in
which the atomic displacements and spin cantings are
expanded to leading order around a ground-state reference
configuration.

With these understandings, we turn now to a detailed
presentation of our methodology.

A. Lagrangian formulation of adiabatic dynamics

While the Hamiltonian formalism is commonly used in
the literature to analyze chiral phonons [25,26,30,31,33],
we will instead start with the Lagrangian formalism. We
show in Sec. II C that this approach is well suited to
developing a comprehensive model of the coupled spin-
phonon dynamics, while avoiding the difficulties associ-
ated with defining canonical momentum for spins. The
Lagrangian takes the form

X

1 X . .
L% M;Q2 - e8QPb B QA;; olp

where the configuration Q can represent any slow variable.
While the formulation is general, we focus on the case that
Q represents both the nuclear coordinates and the spin
variables, where the latter act as constraints on the spin
moments as explained above. For clarity of presentation,
we assume a finite number of nuclear and spin d.o.f, as for a
molecule or the M-point modes of a periodic crystal.

The first term in Eq. (1) is the kinetic energy associated
with the ith degree of freedom, where M; is the nuclear
mass for the phonon variables or zero for the spin-canting
variables. The second term is the potential energy, and the
third represents the coupling between the time derivative of
the adiabatic variable Q; and the Berry potential A; [50].
The latter is defined as

ABQP % hdJc’injid(; jvaQpi; a2p

where jydQPi represents the electronic wave function at
constrained nuclear coordinates and spin orientations Q.

By solving the Euler-Lagrangian equation for the
Lagrangian defined in Eq. (1), we obtain

X
M;Q; b BA; % -0,e6QP b B Q;0,A;; a3p
j

A P
where 0; denotes 0=0Q);. By using A; % ; 0;A;Q j, we
can simplify Eq. (3) to
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X
M;Q; % -0,€0QP b @ Q;30;A; - 9;AP;
j

X

J

Here,

G;0QP % BQ,8QP % B3GA, - ,AP; a5p
where Q;; is the Berry curvature, and is therefore gauge
invariant. Although the gauge-dependent quantity A,0Qp
appears in the Lagrangian, the EOM are gauge invariant
since only G;0QP appears.

In this work, we focus on small oscillations near equilib-
rium. To simplify the analysis, we introduce the generalized
displacement vector q defined via Q; % Q%® b q;, where

Q?op is the equilibrium value of the ith degree of freedom.
Introducing the harmonic approximation, we expand the
potential energy €dQp in terms of q as

1 X
€0Qp % e<‘500t>bE Kijaiga; b -..; a6b

ij

where K;; is the Hessian matrix in q; and qj, i.e.,
Ki; 7% 0,0,€8QPjqyuq,- The EOM for q is then given by
X X
Mig; % - Kija; b Gijaj;
j j

a7p

where G % GOQPjqyq, is also computed at the reference
configuration Qy. Conventional treatments of phonons in
isolation typically use only mass and force-constant matrices
M and K, while spin dynamics in isolation is described by
the anisotropy tensor K and Berry curvature G. Note that
M is real diagonal, K is real symmetric, and G is real
antisymmetric.

To determine the frequencies, we substitute q0tb %
e wtq; into Eq. (7), yielding

-—w2Mjqni % -Kjgni - iw,Gja,i; a8p

where jq,i is a column vector with the ith component g, ;
corresponding to the nth mode associated with d.o.f. i.
Equation (8) is easily solved using, e.g., the methods of
Sec. I C. The above treatment provides a semiclassical
theory of the adiabatic dynamics of the system.

B. Mead-Truhlar approach without
explicit spin degrees of freedom

If we limit the slow variables Q to include only atomic
coordinates, i.e., allowing all electronic degrees of freedom
(including spins) to be in their instantaneous ground state
for a given Q, we restore the treatment of Mead and Truhlar
in Ref. [25]. To indicate the specialization to atomic

coordinates, in this section we replace Q and g by R
and u, where R denotes the equilibrium position for atomic
coordinates, and u denotes the atomic displacement from
the equilibrium. Now the EOM for u in the harmonic
approximation is

X X

MMTu % - KMTug b GMIuy; a%

m m

where | and m are composite indices for la, | runs over
atoms, and o represents a Cartesian direction. Equation (9)
shows that GMTu_ corresponds to a force acting on
coordinate m that is proportional to the velocity of
coordinate n. An alternative derivation of Eq. (9) using
the quantum theory in the Hamiltonian framework is given
in Appendix A.

The conventional treatment of phonons [1,2] is recov-
ered by discarding the term involving the nuclear Berry
curvature GMT in Eq. (9). This is justified in TR-invariant
systems, where GMT vanishes by symmetry. However,
GMT is often neglected even when the system is not TR
symmetric, with the consequences that Eq. (9) obeys TRS
and the phonons will not have the correct symmetry of the
TRS-broken system. This will force modes with opposite
chirality to be degenerate at the zone center, which is not
necessarily the case in a magnetic material.

Recent works have used Eq. (9) to demonstrate splitting
of chiral modes as a result of TRS breaking [31,33].
However, it was demonstrated in Ref. [33] that for Crlj,
the main contribution to GMT comes from canting and
precession of spins. As mentioned earlier, the energy scale
for spin rotations corresponds to the frequency of the
magnons, which is close to that of the phonons in most
systems. Consequently, the assumption that atomic dis-
placements are the only slow d.o.f. in the system, which led
to Eq. (9), is not valid. Reference [33] developed a
Hamiltonian formalism for coupled spin-phonon dynamics
that we refer to here as the “minimal spin-phonon model.”
In the next section, we develop a more general Lagrangian-
based approach that is well suited to treating phonon and
spin dynamics together.

C. Treatment of spins and phonons on the same footing

We now return to the framework of Eq. (7) in which g
includes both nuclear and spin d.o.f. The Euler-Lagrange
EOM derived from Eq. (7) is

X X
Mia; % - Kija; b Gjq;;
j j

o10p

where i runs over both phonon and spin d.o.f. In the phonon
sector, ¢, % u,, is a shorthand for a small displacement of
atom | in Cartesian direction o % fx;y;zg. In the spin
sector, ¢; denotes a small spin canting q; % s,5, where J
runs only over magnetic ions, and B indexes the spin
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canting in the two directions orthogonal to the ground-state
spin orientation. Specializing to easy-axis systems with
spin axis along 2, we let B run over only the two in-plane
Cartesian directions. That is, q; % s,5 %4 S,3=jS,j describes
the component B % fx;yg of the unit vector of spin S,
located on the Jth magnetic ion.

The matrix M;; in Eq. (10) is the diagonal mass matrix
introduced in Eq. (1), with zero entries for the spin d.o.f.,
Ki; % 0,0,€dgb is a generalized Hessian matrix, and G;; %
[Q;; % E60;A; - 9;A;P embodies the Berry curvature as in
Eq. (5). In these last two expressions, d; denotes 0=0q;,
which can be a derivative with respect to either nuclear or
spin-canting coordinates evaluated at the reference ground-
state configuration. It should be emphasized that in our
formulation, the Hessian matrices are expanded to quad-
ratic order in phonon or magnon amplitudes, resulting in a
harmonic theory with infinite lifetimes for both phonons
and magnons. This is also evident in the hermiticity of
Eq. (10). While including anharmonic interactions beyond
quadratic order would allow decay of a phonon or magnon
excitation into two or more lower-energy excitations,
thereby rendering their lifetimes finite, such effects are
not considered in this work and remain an area for future
investigation.

In this context, derivatives with respect to nuclear
coordinates must be taken at fixed spin. That is, the
matrices K and G are now computed in terms of the
electronic quantum state jy dR; sbi, rather than j 6Rbi as in
Sec. II B. As explained earlier, this requires a calculation of
the electronic ground state subject to constrained spin
orientations. While there is some freedom in the definition
of the spin unit vector, we follow the established approach
of defining it in terms of the integrated spin density inside a
Wigner-Seitz sphere, as discussed in Sec. III B. This choice
encodes the distinction between “spin” and “other elec-
tronic” d.o.f. in our theory.

To simplify the analysis, we can partition all d.o.f. i into
phonon d.o.f. (labeled as p) and spin d.o.f. (labeled as s).
The matrices in Eq. (10) can then be represented using a
block structure as

M
M P 0
pp
Y ;
0 0
K dppb K dpsb
K % ;
Késpb Késsb
dppb dpsb
eu ¢ C 511p
Gaspb Géssb

We use the term “bare phonons” to refer to phonons that are
calculated without considering GP?, GO (G%PP), or KoPsP
(K%PP), while phonons calculated with the inclusion of
those terms are referred to as “perturbed phonons.” The
term “perturbed” is used in recognition of the fact that the

influence of these terms is generally small, although we
solve Eq. (10) exactly. Nevertheless, we also provide a
perturbation analysis of KOPP, G%PP. and G% in
Appendix D, illuminating the physical implications of each
term, and thereby offering valuable insight.

It is worth noting that G%rP, G (G%PP), and KOs
(K%PP) are zero in the absence of spin-orbit coupling (SOC)
in collinear systems, a point elaborated upon in Sec. VA
below. In that case, the broken TRS in the spin sector is
never communicated to the orbital electronic sector or, in
turn, to the phonon sector.

Importantly, in the case that K%s? (K%PP) and G (G%PP)
vanish, phonons and spins decouple, and Eq. (10) reduces
to the EOM for phonons and magnons separately. In the
phonon sector, it reduces to Eq. (9), which corresponds to
the approach proposed by Mead and Truhlar [25].
Meanwhile, in the magnon sector, it reduces to

BQ%Pjsi 14 KIsPjsi; o12p
which aligns with the EOM for magnons presented in
Ref. [50]. Additionally, when Q%% is simplified to consider
only isolated spinors, rendering interspin elements negli-
gible, Eq. (12) reduces to the well-known Landau-Lifshitz
equation [52,53]. Further, if the energies of phonons are
considerably lower than those of magnons, Eq. (10) in the
phonon sector also reduces to the Mead-Truhlar approach,
as discussed in Ref. [33].

The present approach defined by Eqs. (10) and (11) uses
Hessian matrices and Berry curvature tensors in terms of all
d.o.f. In contrast, the minimal spin-phonon model pre-
sented in Ref. [33] included only the spin-spin component
of the Berry curvature, so that G%P, G and G%*PP were
assumed to vanish. Furthermore, the minimal spin-phonon
model in Ref. [33] includes only one bare phonon doublet
and one bare magnon. In Appendix B, we discuss a more
comprehensive version of the spin-phonon model which
incorporates all bare phonons and magnons but still
neglects GOPP G and G%F", and discuss its connection
with the minimal spin-phonon model and its equivalence
with the widely employed Landau-Lifshitz equation [52].
We demonstrate that our approach, through the inclusion of
nontrivial Q%P KPP and Q%" terms, provides a fruitful
generalization of the Landau-Lifshitz equation.

D. Phonon angular momentum

Before discussing the first-principles methodology to
calculate the terms in Egs. (10) and (11), we review the
definition of phonon angular momentum and introduce the
concept of atom-resolved phonon angular momentum, as
this will be important for characterizing the chiral modes in
Sec. IV. The definition of phonon angular momentum can
be found in the literature [26], and we briefly revisit the
relevant definitions here. First, we note that by solving
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Eq. (10), one can obtain an energy eigenvalue w, and the
corresponding mode with both phonon and spin compo-
nents, i.e., jq,i % ju,i @ js,i, where n runs over different
solutions of Eq. (10). Since we are mainly interested in the
phonon sector in the present work, we define the atom-
resolved phonon angular momentum using the phonon part
ju,i of the mode.

The solutions to the EOM described by Eq. (10) yield
energies that differ from those of the bare phonons.
However, in all of the systems examined in this work,
the differences between these energies and those of the bare
phonons are relatively small. As such, we can identify the
mode jq,i as “phononlike” if its energy w, is in close
proximity to that of a bare phonon. Furthermore, we note
that for a phononlike mode jq,i, the js,i contributions are
very small compared to ju,i. In systems where the
frequencies of the phonons and magnons coincide, the
aforementioned conditions may not be met; nonetheless, in
all cases we consider in this work, the zone-center phonons
and magnons of relevance exhibit distinct energies, thus
ensuring well-defined phononlike and magnonlike modes.

For phononlike modes, we continue to adopt the nor-
malization convention

hu,jM%PPju i % 1 a13p
even though hu, jM%PPju_i is no longer exactly zero for
m # n. It is also possible to have a “perturbed magnon”
solution, which is a magnonlike solution with tiny phonon
components.

The definition of phonon angular momentum was origi-
nally proposed in Ref. [26]. For a phononlike mode ju_i, the
atom-resolved phonon angular momentum (ARPAM) L,,.,,,
for atom | of mass M, in the z direction is

0 =i un;Ix

I-n;lz Y Mlaun'lx un‘lyp

% 28M,ImY%u .10 u

nIx n;lys

n;ly

d14p

with L.« and L., defined similarly by cyclic permutation
of Cartesian indices. Note that if the projection of a mode
vector on a given atom is of the form % p iy, the atom
undergoes a counterclockwise rotation when viewed from
above and contributes a positive L, . The total phonon angular
momentum (PAM) [54] L,,., is defined as
X
I-n ;Z % L n;lz ;
|

ol5p

which is the sum of the angular momenta L, ., over all
atoms |.

The bare phonons solve the secular equation involving
only M%P" and K%PP  which is equivalent to the conven-
tional phonon treatment of Eq. (9) with G % 0. These bare
phonons can always be chosen real, in which case it follows

from Eq. (14) that the full PAM and individual ARPAM
always vanish. In the case of degenerate modes, it may be
possible to choose chiral linear combinations, but the trace
over the degenerate set of modes always results in zero PAM
and ARPAM. This is a consequence of the fact that TRS has
not yet been broken at the bare level of description.

III. METHODS
A. Finite-difference method

This section demonstrates how to compute all matrices in
Eq. (11) using finite-difference methods in the context of
first-principles calculations. The nuclear masses M% are
trivially known. All calculations are carried out using the
DFT methodology described in Sec. III B at fixed atomic
coordinates and fixed spin orientations, where the latter are
defined in terms of an integration of the spin density over a
Wigner-Seitz sphere as mentioned earlier.

The force-constant matrix K%PP, which is also the
Hessian matrix of the energy with respect to nuclear
d.o.f., is defined as

kor 0% o OF, 516p
ou,0up, Oup,
Here, | and m run over nuclear d.o.f., and € is the total

energy €0s;RPp of the configuration s, R. The matrix

element K OPPP is computed by taking the finite difference
of the Hellmann -Feynman forces F, [1,2] while con-
straining the spin directions to lie along 2.

The Hessian matrix of the energy with respect to spin
d.o.f. is denoted by K%, with elements defined as

2
Késsb 1 0%e

a4 ; o017p
ab " 3s_dsy,’

where a and b run over spin d.o.f. To calculate K%, we
compute the second derivatives of the total energy with
respect to small canting of the spins. Specifically, lettings | 7
Siq and s, % sg, for each pair 81; Jb we compute the energies
of 8a; Bb % 60.02;0p, 80;0.02b, and 60.02; 0.02b rela-tive to
the ground state, while constraining all other spin moments
to remain along 2.
The spin-phonon Hessian matrix K%P" is defined as

6spb.y 66 Y -

0s aU|

oF,

; o18p
0s,

where a and |, respectively, run over the spin and nuclear
d.o.f. Kaaslpp is computed by taking the finite-difference
derivative of the force F, with respect to the spin coor-
dinate s.

An alternative approach to calculating K%PP was
described in Ref. [33]. Near the ground state, the energy
€ of the entire system can be expanded as
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1X X 1 X
E%E Kapfr’:wumb K"Spa'isau||:)E Kass:bsasb: a19p
Im al ab
As € is minimized with s,, we have
X X
9€ o % ke T KOs, % O 3206
dsa | al ab
We define a spin response matrix x5 as
& 92 Sa. 521p
al OU| U, ’

where the second equality holds if both s, and u, are small.
Then we can obtain

depb Y _Kﬁssbxéspb; 822p

where we restore the matrix form for simplicity. In practice,
one can perturb the ground-state structure with u, by
manually moving the atoms from the equilibrium position
and calculate the spin canting s, with respect to u;. We use
Eq. (22) to calculate K%P" for bulk Crls, and the result is
consistent with Eq. (18). However, due to the slow
convergence of spin relaxation, we recommend using
Eq. (18) to calculate KPP,

In Eq. (11), G is simply B times Q, where Q is the Berry
curvature. The latter is computed using Stokes’s theorem as
expressed by

, O
Q% 276, 2 5a;)° d23p
where i and j run over all d.o.f., and ®j; is the Berry phase
around a diamond-shaped region of parameter space
whose area appears in the denominator. Specifically,
e.g., for a finite system with electronic ground-state wave
function jyi,

®; % -Im In¥%hy 6b6q;Pjd 8bbq;Pihy 6pbba;Pjd 6-6q;Pi
x h{ 6-6q;PjP 8-6q;Pihy -6q;Pj dbdq;Pi: 024p

In an extended crystal with a single occupied band, one
must sum over the Bloch wave vector k in the Brillouin
zone to obtain @;; % N, ' CD?jkp, where (D?Jk " is defined as
in Eq. (24) but with § replaced by the Bloch function .
®;; now has the interpretation of a Berry phase per unit cell,
consistent with the interpretation of the Hessian K as an
energy per unit cell. To extend Cl)iajkp to the multiband case,
we can replace the inner product of two Bloch states with
the overlap matrix in the usual way [55] as

dk
O % -Im In det’sM*8p8q;; b6a;pM*8psq;; ~5q;P

X Mk6_6q|; _6quMka_6qJ, béq,b 625'3
Here, the overlap matrices are defined as
Mk,86q;; 6q;P % hy 1, 880;Pjb ,86q;bi; 626p

where m and n are band indices. When computing the
matrices, a finite difference of 0.015 A is used for the
phonon d.o.f., and 0.02 is used for the spin d.o.f. We take
care to choose these finite differences to ensure they remain
within the linear regime. The numerical values of K% and
G for all four studied materials can be found in
Appendix C.

B. First-principles calculations

In this section, we provide computational details for
calculating matrices using the finite-difference method
described in Sec. Il A. The reported DFT calculations are
performed using the Vienna ab initio simulation package
[56-58], employing the local-density-approximation (LDA)
exchange-correlation functional [59] and the projector-
augmented-wave [60] method, with Cr 3s23p63d°4s?, I
5525p°, O 2s22p*, V 3s23p®3d5, P 3s23p3, Se 4s24p*
pseudo potential valence configurations. A plane-wave cut-
off of 520 eV is adopted for the Crl; calculations, and 500 eV
for the Cr,0; and VPSe; systems.

All structures are relaxed using the local spin-density
approximation, and the convergence criteria for forces and
energies are 1073 eV=A and 1078 eV, respectively. After
relaxation, the wave functions are calculated using static
calculations with a convergence criterion of 1071° eV for
energies. Spin-orbit coupling, which is essential to the
physics described in this work, is included in all static
calculations except structural relaxations.

We use T-centered Monkhorst-Pack k-points meshes
[61] for all calculations, specifically 5x5x5and 7 x 7 x 7
for bulk Crl; and Cr,03, respectively, and 7 x 7 x 1 and
6 x 6 x 1 for monolayer Crl; and VPSe;, respectively. For
Cr,0; and VPSe;, the Dudarev-type DFT p U approach
[62] is used, with values of U % 4.0 eV andJ % 0.6 eV for
Cr and U % 3.25¢V, and J % 0 for V (adapted from
Refs. [63,64]). For constrained local-moment calculations,
the Wigner-Seitz radii for Cr and Vare 1.164 and 1.217 A,
respectively. The overlap matrix [Eq. (26)] is calculated as
in Ref. [65]. Symmetry analysis is performed using the
FINDSYM [66] and spGLIB [67] packages, while figures are
rendered using VESTA [68].

C. Solution of the equations of motion

In this section, we introduce a practical method for
solving the EOM in Eq. (10). Given that the generalized
mass matrix is noninvertible, conventional approaches are
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not directly applicable. We proceed as follows, although
other potential methods may be suitable.
First, we rewrite Eq. (10) as

0O 1 O 10 1
0O 1 0 u

%%@U%% %Al A, A3£é U%;

s B, B, By s

a27p

which can be shown to reduce to Eq. (10) with the
definitions

Ay Y ~VaMOPPP-LIKIPPP |y 1 \|OPPP-1GOpsPy, GOss-1K SspP
A, Vi MOPP-LGIRP _ 3\ OPPP-LGOPsPY4 GOSP-1GOWP; A,
Y% —J5MOPPP-LKODSP [y 1 \[OpDP-1GopsPy, GOssb-1KasP: B 14
Y5 GOsSP-1KBspP.

B, % -%GoP-1GoPP;

By ¥ GOSP-IKIssP: a28p
The eigenvalues (multiplied by i) of the matrix in Eq. (27),
denoted as w,, correspond to the solutions of Eq. (10). We
restrict the index n to run over only solutions for which
w, > 0, which we take to be the physically meaningful
ones.

In practice, we find that small numerical errors remain in
the eigenvectors, which arise from the fact that a Hermitian
eigensolver cannot be applied in the context of Eq. (27). We
find that these errors can easily be removed by following
with a second step in which we substitute the computed
energies w, back into Eq. (10) and then apply a Hermitian

eigensolver to recalculate the eigenvectors.

IV. RESULTS

We conduct four case studies covering both FM and
AFM systems, in both 3D and 2D. In Sec. IV A, we present
the results obtained from our present approach for bulk
Crl;, focusing on chiral phonons. The significance of the
Berry curvatures neglected in Ref. [33], is discussed in
Sec. IVA 1, while the relevant solutions for the magnons
are discussed in Sec. IVA 2. Subsequently, in Sec. [V B, we
investigate the phonons and magnons in bulk Cr,0O; using
the present approach. Shifting our focus to monolayer
systems in Sec. IV C, we first consider 2D FM Crl; in

Sec. IV C 1, and then 2D AFM VPSe; in Sec. IV C2.

A. Chiral phonons in bulk ferromagnetic Crl;

Crl; is a hexagonal van der Waals material that exhibits
FM order in both bulk and monolayer phases [69]. It is an
insulator with inversion and threefold-rotational symmetry
around the z axis in both phases. The magnetic moments on
the Cr ions do not break the inversion symmetry. The
symmetries are discussed in detail below.

FIG. 1.  Visualization of crystal structure and magnetic mo-
ments of a bulk Crl; unit cell. Cr atoms are depicted in blue, while
top-layer and bottom-layer I atoms are in bright and dark
magenta, respectively. The black vectors indicate the magnetic
moments, which are oriented along the z direction.

The crystal structure of the bulk Crl; unit cell is depicted in
Fig. 1. For bulk Crl;, the structural and magnetic symmetries
are identical (space group R3, point group Sg), regardless of
the presence of FM order. That s, the magnetic space group is
of type I (“colorless”), in which no symmetry operations
involve TR [70]. Therefore, the zone-center phonons can be
categorized into the irreducible representations (irreps) of the
Se point group as 4E, @ 4E, B 4A, @ 4A,. Among these,
one A, mode and one pair of E, modes are acoustic modes. In
this work, we focus on the optical modes.

The E, and E, irreps are complex-conjugate irreps,
which are more properly decomposed further into one-
dimensional irreps of opposite chirality. In the presence of
TRS, or when neglecting the term involving the Berry
curvature G tensor in Eq. (9), the two modes making up one
of these E irreps are degenerate. However, this degeneracy
is broken by the FM order, which induces a nonzero Berry
curvature via the SOC as discussed Sec. II.

We first present our results for the case of the E; and E,
phonons in Table I. The energy shifts AE represent the
differences between the bare phonon frequencies E,
computed using only the force-constant term K°PPP in
Eq. (9), and the modified energy obtained from the present
approach of Eq. (10) or from the spin-phonon model of
Appendix B [71]. The PAM L, of each phonon is also
reported for the present approach.

From Table I, we observe that all E, and E,, bare phonons
are doubly degenerate, while the degeneracy is broken for the
perturbed phonons. Although our numerical solution for the
bare modes initially yields a pair of real phonons ju,i and
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TABLE 1. Computed properties of zone-center E; and E,
phonons in bulk Crlz. Energy shifts AE are defined relative to
the bare phonon energies Eq, and are shown for both the present
approach and the spin-phonon model. x8CsP is the C3 eigenvalue
indicating the chirality of the mode (¢ % e?™=3), and L, is the
phonon angular momentum of Eq. (15).

Bare Present approach Spin phonon

Irrep Eo (meV) AE (meV) L,88P  AE (meV) x8Csp
Eq 7.0000  -0.0017  0.1259 -0.0013 €
0.0022 -0.1264 0.0016 €
12.9288  -0.0007 -0.1325 -0.0005 €
0.0007  0.1351 0.0006 €
13.4876  -0.0007  0.1740 -0.0002 €
0.0007 -0.1761 0.0003 €
208518 -0.0028  0.8325 -1.26x10° ¢
0.0028 -0.8326 1.31x10° €
E. 10.7687  —0.0052 0.2352 -0.0045 3
-0.0009 -0.2344 -0.0016 e
143295 -0.0170  0.7173 -0.0175 3
-0.0042 -0.7192 -0.0040 3
27.8225 0.0037  0.9537 -0.0035 €
0.0272  -0.9545 0.0356 3

juzi, we resolve these into eigenstates of the C_ symmetry
operator. We first ensure that hu_jC_ju_i is positive, flipping
the sign of ju,i if not, and then construct the bare chiral
modes ju i % 6jli| i Biju_iP=""2 belonging to eigenvalues
€ % exp0i2n=3P and € % expd-i2n=3p, respectively. We
designate these as “p” and “~” modes, and refer to them as
belonging to the € and € symmetry sectors, respectively. The
former (latter) are characterized by a clockwise (counter-
clockwise) rotation of the Cr atoms when viewed from above.

The numerical solutions for the perturbed phonons
automatically generate chiral C; eigenstates, and we find
that each of these solutions is almost identical to the bare
chiral mode of the same symmetry that is closest in energy.
There is only a small admixture of other bare modes
belonging to the same sector. This allows a straightforward
association of bare and perturbed modes as shown in
Table 1.

Table I demonstrates that the E, phonons with € chirality
have the largest energy corrections. This follows from their
close energy proximity to the E, magnons, which also
possess € chirality. A detailed discussion of magnons in
bulk Crl; is provided in Sec. IVA 2, and a perturbative
treatment of phonon-magnon interactions is presented in
Appendix D. The pronounced effect on the E = phonons is
further evident in Eq. (D20), where the phonons with €
chirality have the smallest energy denominators.

We briefly address the expected uncertainties in our first-
principles calculations of the K9P, GOPP. and GO%PP
matrices, as these are the matrices that contribute to the
energy shifts (see Appendix D). First, we analyze the fitting

errors for K%PP associated with our finite-difference

Re{E;"} ~Re{EP}  mm{E(} ~ —im {E}

AT AT @ T
7\ N [N /N
/ \ ’ \ ’ \ / \
oy O
/ /
/ ’ \

FIG. 2. Visualization of the real and imaginary components of
the chiral phonons E galp and Egzp. Cr atoms are depicted in blue,
while top-layer and bottom-layer I atoms are in bright and dark
magenta, respectively. The green vectors represent the real part of
the phonon displacement, and the blue vectors represent the
imaginary part. The real part of Eaglp and EZZD are nearly identical,

while the imaginary parts are in opposite directions.

methodology, which is done via linear regression of the
forces against spin-canting angles. We find that the norm of
the fitting error is roughly 1.5% of the norm of KP? itself.
A second useful metric is the norm of the residual resulting
from symmetrization of a matrix relative to the norm of the
matrix itself, which we find to be 0.4%, 2.0%, and 2.7% for
KOsPP GOPP. and GOPP, respectively. The perturbation
analysis of Egs. (D20) and (D32) indicates that the energy
shifts and splittings are quadratic in K%P" and G and
linear in G®®", This implies overall errors on the order of
3%—4% in the values reported above for these shifts and
splittings.

In Fig. 2, we visualize the real and imaginary parts of two
Eg chiral phonons around 7 meV, denoted as Eaglp for the

mode with lower energy and Eagzp for the mode with higher
energy. It is apparent that those two chiral phonons are
approximately complex conjugates of each other.

Note that the argument about energy splitting based on
point group irreps can be generalized to any magnetic
material with a point group that includes an E-type irrep (E,
Eg, or E,) consisting of two 1D irreps when complex
representations are allowed, indicating that similar phonon
energy splittings can be expected in such materials.

The phonon angular momentum is calculated using
Egs. (14) and (15), and the results are listed in Table 1.
Because of the C, symmetry, the total angular momentum
of a given chiral phonon can have only a z component. We
find values of jL,j ranging from 0.13 to 0.95 in units of B,
indicative of a substantial angular momentum for many of
the chiral phonons, especially the higher-frequency ones.
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We find that the b
jui % 0Oju,i B ijuyip= 2 from the real bare modes can be
used to evaluate the PAM to a good approximation. The
results are close to those shown in Table I, with a typical
error of 1073[ in jL,j. However, when calculating the PAM
in this way, the angular momentum vanishes exactly when
summed over any pair of chiral phonons, which have equal
and opposite L, values. In contrast, solutions using the full
matrices of Eq. (10) reveal that the cancellation is no longer
perfect, and the total angular momentum of a pair is small
but nonzero. The slight discrepancy between the two jL,j
values arises from the magnon-mediated phonon-phonon
mixing, which appears at second order in the phonon-
magnon coupling and therefore makes only a minor con-
tribution. We provide a more detailed discussion on this topic
based on a perturbation approach in Appendix D 1.

circular modes constructed as

1. Importance of G%PP and G in calculating energies

The methodology of Ref. [33] for Crl; differs from the
approach of this work [i.e., Egs. (10) and (11)] in the
following ways. First, the only Berry curvature considered
in Ref. [33] was G®®. Second, the minimal model in
Ref. [33] only considers the interaction between one
magnon and each phonon doublet separately, neglecting
the mixing between bare phonon doublets. In Appendix B,
we discuss a more comprehensive version of that model
which still neglects G%PP, G% and G%* but incorporates
all bare phonons and magnons. To show the importance of
G%P and GO (G%) in accurately determining energy
splittings, we also apply the model present in Appendix B
to calculate chiral phonon energies for the E, and E,
modes, and the results are presented in Table 1.

As shown in Table I, both methods exhibit an energy
splitting of chiral modes compared to bare phonons. The
energy splitting of low-energy E, and E, phonons is
similar to that obtained using the present approach,
suggesting that G%P" and G%* have little effect on those
modes. However, for high-energy E, and E, phonons, the
spin-phonon model results differ significantly, indicating
the importance of G%PP and G%* for these phonons.
Specifically, the absolute values of the GOP" matrix
elements for these four E; modes are f0.995;0.254; 0.972;
5.623g in units of peV. The highest-energy E; modes
exhibit substantially greater values, leading to a pro-
nounced energy splitting. Appendix D 3 details the per-
turbative analysis of G%PP with Eq. (D32) specifying the
energy corrections attributed to the G%"" term. As indi-
cated by Eq. (D32), G%P" primarily accounts for the
substantial splitting observed in the highest-energy E,
mode, with both direct computation and perturbative
treatment yielding a correction of 0.0028 meV.

Interestingly, we find that the PAM calculated using the
spin-phonon model (not shown) is in good agreement with

TABLE II.  Computed properties of zone-center A, and A,
phonons in bulk Crlz. Energy shifts AE are defined relative to the
bare phonon energies Eg. L, is the phonon angular momentum of
Eq. (15).

Irrep Eo (meV) AE (1078 meV) L,6107%EpP

Ag 9.95 -8.8 1.99
11.35 2.6 -2.37
16.50 -50.6 -1.07
26.51 98.6 1.96

Ay 8.13 -4.5 -1.16
16.60 -7.9 2.65
31.74 32.7 -0.52

the present approach with an error of the order of 10740,
suggesting that the phonon vectors are not very different
regardless of whether G%P" and G®* are included or not.

We now turn to a consideration of the A, and A, modes.
The spin-phonon model presented in Appendix B has no
effect on the A; and A, phonons, since K%PP gives the
coupling to magnons, and there are no zone-center magnons
inthese symmetry sectors. Considering the present approach,
although all (ss) and (sp) terms are absent in the A, and A,
sectors, the G%PP matrix does not vanish and causes a slight
mixing between two different A; (or A,) bare phonons.
That is, we can write ju,,i juar?pi bi émjugfbi, where
ju‘ﬁg‘;’mgi represents the bare phonons from A, (or A,) irrep.
Here, i6,, is purely imaginary and expected to be small,
attributed to the minor size of the G%P" matrix element, as
discussed in Appendix D 3.

This mixing results in a nonzero PAM and nonzero
energy shift of each phonon relative to its bare energy.
Although these phonons exhibit nonzero PAM, we refrain
from referring to them as “chiral phonons” because they
belong to the x8dC;b% 1 sector of modes that are invariant
under the C; operation. Instead, we refer to them as
0lp i6b-type perturbed phonons, or simply perturbed
phonons.

The energy shifts and PAM for A, and A, perturbed
phonons are presented in Table II, and the real and
imaginary parts of the A, perturbed phonon near

10 meV (Azlp) are visualized in Fig. 3.

2. Bare and perturbed magnons

So far, we focused solely on the phononlike solutions of
the equation of motion given by Eq. (10) in the present
approach [or Eq. (Bl) for the spin-phonon model].
Nevertheless, these equations also admit magnonlike sol-
utions, which we call “perturbed magnons.” In this section,
we investigate the impact of phonons on the magnon
spectrum, using bulk Crl; as a case study. The numerical
values for the matrices K% and G%® are provided in
Appendix C.
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FIG. 3. Visualization of the real and imaginary components of
the perturbed phonon Aglp. Cr atoms are depicted in blue, while
top-layer and bottom-layer I atoms are in bright and dark
magenta, respectively. The green vectors represent the real part
of the phonon displacement, and the blue vectors represent the
imaginary part, which are amplified 200 times.

The EOM for a bare magnon without any phonon-
magnon interaction is given by Eq. (12). The energies of
bare magnons are listed in Table IIl. The E;, magnon
corresponds to the acoustic mode, where the two Cr spins
have the same canting, while the E,, magnon corresponds to
the optical mode, where the two Cr spins have opposite
canting. Both magnons have positive energies and belong
to the p sector with x8C;P % €, indicating that the two Cr
spins are rotating clockwise [72].

The perturbed magnons have slightly modified energies
(Table III). The energy change from the bare magnon for
the E, mode is more significant compared to the E,
magnon, since the E, phonons are closer to the E,, magnon
in the energy spectrum. By far the most significant

contribution to the energy shifts is the inclusion of K%PP;
neglecting the G%"°, G%" and G%% terms changes the
energies by less than 0.4 peV. A perturbation treatment of
magnon energies is provided in Appendix D 1.

Note that the equations of motion have two additional
negative-energy magnon solutions belonging to the - sector
with x8C;b % €. These correspond to the counterclockwise

TABLE III.  Energies of the bare magnons Eq, energy shifts of
perturbed magnon modes compared to bare magnons AE, and the
corresponding C; eigenvalues x3C3b for both E; and E, modes in
bulk Crl;.

Irrep Ep (meV) AE (meV) X0C3P
Eg 0.5902 -0.0046
Ey 22.8635 -0.0224

precession of spins and are not physically observable.
Nonetheless, they still influence the system dynamics
through their interaction with physical — phonons, which
acquire some magnon dressing in which the spin vectors are
forced to precess in the unnatural counterclockwise sense.
This influence of negative-energy magnons becomes clear
from the perturbation analysis presented in Appendix D,
where the summation index p in Eq. (D16) and Eqgs. (D19)
and (D20) runs over all solutions of Eq. (D3), including those
of negative energy. However, since the energy denominators
in Eq. (D20) are larger when coupling to negative-energy
solutions, the magnon dressing is typically smaller. This
explains why the p phonons, which couple to positive-
energy magnon solutions, are more strongly perturbed than
the - ones, which do not. This can be seen in Table I, where it
is especially noticeable for the E, modes.

B. Phonons in antiferromagnetic Cr, O3

In this section, we present our results for the phonons in
bulk Cr,0;. As shown in Fig. 4, Cr,0; has an AFM
insulating ground state with antiparallel magnetic moments
aligned along the threefold-rotational z axis.

The magnetic symmetry of Cr,0; is richer than that of
Crls, in that it belongs to a type III (“black-white”) magnetic
group [70]. Since we are interested in zone-center phonons,
we frame our discussion in terms of the magnetic point
group G. The black-white character means that half the
elements of G come with the TR operator T and half come
without. The latter half form a “unitary subgroup” H, and the

I
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FIG. 4. A visualization of the crystal structure and magnetic
moments of the unit cell of bulk Cr,O3;. The Cr atoms are
depicted in blue, while the top-layer and bottom-layer O atoms
are shown in bright and dark red, respectively. The black vectors
indicate the magnetic moments, which are oriented along the
z direction.
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others are of the form gH where g is one of the antiunitary
operators in G. The “structural point group” G contains the
same list of operators as in G, except that T is removed from
all the antiunitary operators. The important point in what
follows is that while the Hessian matrices are even under all
elements of G, the Berry curvature matrices are even under
the elements of H and odd under the elements of G - H. Asa
consequence, when the Berry curvature is included, the irreps
of unitary subgroup H, not the structural group G, should be
used to label the perturbed modes of this system.

In the case of Cr,0;, the magnetic space group is R3°c,
and the structural point group is D;y. The magnetic
ordering on the Cr sublattice breaks inversion (i), dihedral
mirror (04), and rotoinversion (Sg) symmetries, reducing
the unitary point group to D3, whose irreps will be used to
label our perturbed phonons and magnons. The correspond-
ing time-reversed operators iT , 04T, and SgT are present
in the magnetic point group, but being antiunitary, they do
not induce any additional irreps.

While the experimental magnetic moment of Cr,O; is
found to be along the z direction, DFT calculations predict
an in-plane magnetic moment. This discrepancy can be
resolved by applying a 2% epitaxial strain, which results in
an easy-axis ground state [63]. To ensure consistency with
the experimental ground state, we apply a 2% epitaxial
strain in our calculations, as our approach assumes spins to
be oriented along the z direction.

As previously discussed, the irreps of point group Dj
should be used to characterize zone-center perturbed pho-
nons, which can be decomposed into 4A & 6A B 10E.
Among them, one A, and two E modes correspond to
acoustic phonons. According to the character table of D3,
the E irreps have to be 2D irreps, indicating that there is no
degeneracy breaking or energy splitting compared to bare
phonons. This is confirmed by the numerical results of
perturbed phonon energies, which are presented in Table IV.
It is worth noting that the perturbed phonon energies differ
from those of the bare phonons, which are also included in
Table IV for reference purposes.

1. Mixing of phonon irreps

As mentioned earlier, although i, o, and S are no longer
symmetries, iT , 04T, and SgT remain symmetries of the
system. On the other hand, the matrices K%P" and M%P" are
both real. Applying the symmetry operations iT , o, T, and
SeT to these matrices is equivalent to applying i, o4, and Sg,
respectively. Therefore, KP" and M%" are symmetric not
only under the D; symmetry operations, but also under i, o4,
and S, resulting in a point group symmetry of D _ .

This higher symmetry of K%P* and M%PP has an important
impact on the symmetries of zone-center bare phonons,
which are calculated using KPP and M%PP: Bare phonons at
the I' point must have D34 symmetry, and thus can be labeled
by the irreps of D34. The ' point bare phonons decompose

TABLE IV. Bare phonon irreps, energies, ARPAM of Cr atoms
in the z direction (Cr L,), ARPAM of O atoms in the x direction
(O Ly), and interirrep mixing (p) of perturbed phonons in bulk
Cr,03. The bare phonon energies Eq are included as a reference
for the energy shifts AE. E-irrep (E, and E, ) phonons are doubly
degenerate. Note that “0” denotes an entry that is precisely zero
by symmetry, while “0.000” signifies a nonzero entry that has
been rounded to zero. The energy shifts AE for A-irrep perturbed

phonons are on the order of 10™* peV, and L, for the O atom of

the A™ phonon at 33.310 meV is 9 x 10-°B.,

2g

E, AE Cr L, 0 L,
Irrep  (meV)  (ueV)  0610%EPp  810°EP  p 8107%p
Eg 30.458 -0.595 -2.0s7/ -0.227 4.319
43739 -1.738 1.302 0.171 2.219
49.602 -0.438 -0.073 0.175 1.104
65.043 -0.124 -0.125 -0.037 2.592
76.667  0.355 0.583 -1.471 10.547
Ey 38.209 -0.010 0.485 0.213 4.877
55.803 -0.095 0.231 0.314 1.086
67.431 1.161 1.537 -0.012 5.785
76.041 0.023  -0.064 0.371 10.231
A 36.326  0.000 0 0 0.225
67.779 0.000 0 0 0.219
Ay 51.723 0.000 0 0 0.335
77.221 0.000 0 0 0.203
Ay 33.310 0.000 0 0.000 0.727
56.989 0.000 0 0.517 2.270
83.594 0.000 0 -0.161 1.319
Ay 50.565 0.000 0 0.090 1.784
67.760 0.000 0 -0.604 2.212

into 5E, B 5E, B 2A, @ 2A,, @ 3A,, B 3A,,, where one
E, doublet and one A,, mode are acoustic modes. The
irreps of the bare phonons are included in Table I'V.

The presence of magnetic moments in bulk Cr,O; results
in the breaking of i, o4, and S¢g symmetries associated with
the bare phonons. Consequently, the original D34 point
group symmetry is reduced to Dj, leading to interirrep
mixing between bare phonons of different irreps. Referring
to the correlation table of the D34 point group, we find that
the E; and E, irreps combine to form the E irrep, the A,
and A, combine to form the A, irrep, and the A,, and A,,
irreps combine to form the A, irrep of D3. An important
question arises: How significant is this interirrep mixing,
and to what extent does the spatial symmetry breaking due
to the magnetic order impact the behavior of the phonons?

To address this question, we project the bare phonons
belonging to irreps of the D34 group onto the perturbed
phonons. This allows us to determine the components of
each irrep in D3y that contribute to the given perturbed

phonon. We introduce the concept of an irrep decompo-
sition component denoted as p,dirrepb, which is defined as

1 pyOirrepp

1 .X op. Sppb; )
Ya Jhua JMIOPPPjL i 029p

m Blirrep
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where n is the label for the perturbed phonon mode, and m
runs over bare phonons from a particular irrep. The last
column of Table IV reports our results for p,6E,p for n@E,
and vice versa, and similarly for the Aj-Ay, and Ay,-Ay,
components. In each case, the majority component [e.g.,
PnOEgP for nBE,] is almost unity, so we list only the
minority components. These are nonzero as expected, but
we find them to be quite small, typically between 1073 and
10™*. This implies that the phonon sector exhibits only
weak breaking of inversion symmetry, allowing us to
continue to refer to the perturbed phonons as E,-like or
E,-like.

2. Experimental implications:
Raman and infrared activity

The experimental implication of the interirrep mixing is
that the perturbed phonons will exhibit distinct Raman and
IR activities compared to bare phonons, as summarized in
Table V. Above the Néel temperature, where TRS is
preserved, the symmetry of the phonons corresponds to
that of the bare phonons, so that E, phonons are IR active
but Raman inactive. However, upon cooling the sample
below the Néel temperature, E, phonons undergo mixing
with E; phonons, resulting in the emergence of E,-like
perturbed phonons. These E-like phonons possess Raman
activity (in addition to IR activity), as they technically
belong to the E irrep of the D3 point group. However, since
the interirrep mixing is small, the Raman activity of the E,,-
like phonons is relatively weak. Nonetheless, recent Raman
measurements have confirmed the presence of these fea-
tures [73]. In a similar way, the Raman-active E,-like
phonons acquire some small IR activity. Clearly, an
approach such as ours, which treats the coupling of
phonons and spins in a realistic and symmetry-consistent
manner, is needed to describe these effects.

TABLE V. Raman and IR activities for bare and perturbed
phonons. For perturbed phonons, the Irrep column indicates the
irrep of perturbed phonons labeled by irreps of Dsq, which is
made possible by the weak interirrep mixing. In cases where a
perturbed phonon exhibits both Raman and IR activity, the minor
activity is presented within parentheses and is subordinate to the
major activity.

bar¢ phonons rerturbed phonons

Irrep Activity Irrep Irrep Activity
Eg Raman E Eq-like Raman (IR)
Ey IR E E,-like IR (Raman)
Agg Raman A Aqg-like Raman
Ay A Aq,-like Raman
AZg AZ Azg-like IR

Ay IR A, AZU-likC IR

3. Atom-resolved phonon angular momentum
As mentioned earlier, inversion is no longer a symmetry in
Cr,03;, but inversion times time reversal (iT ) remains a
symmetry. This means thatiT maps total angular momentum

from @ to - B, resulting in B % @ for any nondegenerate
single mode or for the sum over two degenerate modes.
However, each atom can still possess a nonzero ARPAM
defined by Egs. (14) and (15) above. ARPAM is a pseudo-
vector assigned to each atom and has the same symmetry as a
local magnetic moment. The configuration of the local
magnetic moment is determined by the magnetic space
group, and this is also true for the ARPAM.

For Cr,0;, Cr and O atoms occupy Wyckoff positions
12c and 18e, respectively. The possible configurations of
ARPAM (and local magnetic moments) are listed in
Table VI [based on the Bilbao crystallography server
[74-76] (through the Mwyckpos module [77])], indicating
that Cr atoms can have only out-of-plane angular momen-
tum L, or -L,, while O atoms can have only in-plane
angular momentum in a way that respects C; symmetry.
This is further supported by the numerical results presented

in Table IV. In Fig. 5, we visualize the ARPAM for the Eag1p

perturbed phonon around 36 meV and the A‘;Z; perturbed
phonon near 57 meV, where the L, for Cr atoms and the in-
plane angular momentum for O atoms are clearly visible.

It is important to note that there exists a gauge freedom
for each E doublet, where the two degenerate modes can be
unitarily mixed with each other through a U(2) matrix.
Therefore, discussing ARPAM for each individual E mode
is meaningless, as it is gauge dependent. However, the sum
of ARPAM for the two degenerate E modes is gauge
independent. To demonstrate this, let us consider an E
doublet labeled by n % f1;2g, where L., denotes the
ARPAM for atom | along the z direction. Then, the sum of
Ly, and Ly, is

I-1;Iz b I-Z;IZ

Y% M, Tr

X 2;1x
Ugix  Ugy 0 -i Uz;ix H
2;ly

U2;|y i 0
o30p

u2;Ix Uz;ly

% 208M,%Imbuy, up, P b Imdu,,, us,P;

TABLE VI. Possible configurations of ARPAM for bulk Cr,05
according to the magnetic space group R3°c?. Cr atoms can have
only out-of-plane angular momentum L, or -L,, while O atoms
can have only in-plane angular momentum and must respect Cs
symmetry.

LATUILIT VV_ybl\UE PUDILIUIID

Cr 12c
O 18e

AINT AAIVE

00;0; L,p, 60;0; -L,p
fl; Cs; C2§6LX; 0; 0b
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FIG. 5. ARPAM for two selected modes in bulk Cr,0s: Eag:w_
like mode near 36 meV and Agzp-like mode near 57 meV. The
ARPAM for the Eg-like mode is traced over two degenerate

modes. The amplitude of ARPAM in this figure is amplified by a
factor of 1000 compared to Fig. 6.

which is the trace of a product of three matrices. While
different gauges correspond to different bases for these
matrices, they do not affect the trace, making L;,;, b L., a
gauge-invariant quantity. This is also true for the x and y
directions. The ARPAM for E-irrep perturbed phonons
shown in Table IV is traced over the two degenerate modes
in the doublet. For E modes with nonzero ARPAM, there is
no gauge choice in the degenerate subspace where the
phonon mode displacements can be expressed as purely
real eigenvectors.

4. Chiral decomposition of E modes

Despite the fact that perturbed E phonons are always
doubly degenerate, it is still worthwhile to decompose the
doublet into two single E chiral phonons that respect C;
symmetry individually and have complex eigenvalues.
There are several reasons for this. First, these chiral
phonons are excited by circular-polarized photons [45].
Second, they exhibit different energies in the presence of an
external magnetic field along the z direction. Finally, these
modes correspond to a special gauge choice in which each
individual mode has the largest L magnitude. To decom-
pose the E doublets, we diagonalize the C, matrix using the
bases formed by two degenerate E modes. The resulting
eigenvectors correspond to two E chiral phonons that
respect C, symmetry individually. Since the two E modes
together respect the C, symmetry, the C, matrix has to be a
2 x 2 unitary matrix, and is therefore diagonalizable.

We decompose the E,-like perturbed phonons around

36 meV into two chiral phonons denoted as Eag:lpb and

Eglp', and visualize their real parts, imaginary parts, and
ARPAM in Fig. 6. The real parts of the two modes are

€Y 1)- 1)-
Re{E,"” "} Im{E;"7} ARPAM{E; "}
/V\ _____ 7\\ NTTTT T N A n
// N ° // N // \\ ° // \\ 7 \\ ° // \\
//AD \\ ! \\ // ° \\ \\ // ° \\ / ° \\
¢---- S-omy e 23 - ----3
\
\ // \ °,// \\ \ // \\ o // \ ° //
\ \
\ // o \ // \\ // ‘\\ // \\ // ° \\ //
VAR v VA v Moo oo Y

FIG. 6. The real and imaginary components, as well as
ARPAM, of the chiral phonon EZ around 36 meV in
Cr,03. The Cr atoms are shown in blue, while the top-layer
and bottom-layer O atoms are depicted in bright and dark red,
respectively. The green vectors indicate the real part of the
phonon displacement, the blue vectors indicate the imaginary

part, and the brown vectors represent the ARPAM. The real parts
of Ez,.lpb are almost identical to Eaglb_, while its imaginary parts
31p-

and ARPAM are almost opposite to those of E;" .

almost identical to each other, while the imaginary parts are
almost opposite. As a consequence, the ARPAMs of the
two modes are also nearly opposite to each other. The
PAMs for the - and p modes are 0.8593[, respectively.
However, the ARPAMs of the two modes do not cancel out
perfectly, and their sum is shown in the left panel of Fig. 5.
Other E,-like and E,-like perturbed phonons can also be

decomposed in the same manner.

5. Magnons

We now turn to a discussion of the magnons. As a
reminder, bare magnons are solved as described in
Sec. IVA2, while perturbed magnons are magnonlike
solutions of the EOM of the present approach. The energies
of bare and perturbed magnons are presented in Table VII,
and the numerical values for the matrices K% and G%*
describing the bare magnons are given in Appendix C.

We find that bare and perturbed magnons have almost
identical energies, which results from the weak SOC for
both the Cr and the O atoms. Since magnons belong to the
E irrep, they must be doubly degenerate. These degenerate
magnons can be decomposed into two magnons, each with
X0C;P equal to € or €, following the same method we use
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TABLE VII.  Energies of the bare magnons (Ey) and corre-
sponding shifts of perturbed magnons (AE) in bulk Cr,03, as
well as their E, and E, components defined in Eq. (29).

Eo (meV) AE (peV) pOEgP pdE,P
2.423 -0.043 0.0386 0.9993
66.899 -0.045 0.6701 0.7423

with E phonons. Additionally, these magnons can also be
excited by circular-polarized photons.

We next analyze the symmetries of magnons by con-
sidering the E; and E,, components of each magnon mode,
in a manner analogous to Eq. (29). Unlike the bare
phonons, however, the bare magnons do not have well-
defined parity, because the magnetic order strongly violates
inversion symmetry. Therefore, we base our analysis on the
eigenvectors of the anisotropy matrix K" instead. Note
that K% being quadratic in the spin d.o.f., is real and
symmetric, so that the symmetry operator iT behaves like i
for K% Thus, it has well-defined E, and E,, eigenvectors
that we denote as jt,i. Then, the E, and E, components of a
general solution js,i are defined via

2

1=
p,dirrepb % jhtyjs iz ; a31p

v Birrep

where both jt,i and js i are normalized. These p values can
be used to quantify the extent to which the inversion
symmetry is broken for magnons, and the numerical values
are listed in Table VII. We find that the acoustic magnons,
which have lower energies, are nearly E, modes. However,
the optical magnons have comparable pdE,P and pdE P
values, indicating that the inversion symmetry is strongly
broken for these modes. This is not surprising, and is true
also for the bare magnons, since the equations of motion for
spin strongly violate TRS.

Note that we apply a 2% epitaxial strain to fix the sign of
the magnetic anisotropic energy, which is related to the
energy of acoustic magnons. Although the variation of the
magnon energies is sensitive to strain, the impact of such
variations on the phonon energy corrections is negligible.
This is clarified by the perturbative analysis in Appendix D,
particularly evident in Eq. (D20). Given that the energy
difference between the E phonons and acoustic magnons is
over 30 meV, a 1-meV variation in the magnon energy leads
to a change of only about 3% in the phonon energy
correction. Thus, changes in acoustic magnon energy, or
the magnetic anisotropic energy, do not significantly
influence the phonon energy corrections.

6. Summary of Cr,0;

In summary, our analysis shows that perturbed phonons
possess D3 symmetry, while bare phonons exhibit Djg4

symmetry. The E-type irreps of both D3 and D;4 are two
dimensional, implying that there is no energy splitting
despite the breaking of TRS. However, an E doublet can
still be decomposed into two chiral phonons with different
chiralities that respect C; symmetry. These chiral phonons
can be excited by circular-polarized photons with different
handedness, and their degeneracy will be lifted if an
external magnetic field is present. Each perturbed phonon
consists of components from two irreps of bare phonons,
yet the level of interirrep mixing remains minimal. This
characteristic implies that the inversion symmetry within
the phonon sector is not strongly broken. Despite this
minimal mixing, it is necessary to label perturbed phonons
according to the irreps of the unitary subgroup of the
magnetic point group. As a result, the infrared and Raman
activity properties of these perturbed phonons differ from
those of the bare phonons—a phenomenon that is con-
firmed by recent experimental observations. Magnons
belong to the E irrep, and are therefore doubly degenerate.
The magnons are mixtures of E, and E, sectors, indicating
a strong inversion symmetry breaking for magnons.

C. Perturbed phonons and magnons in 2D systems

In Secs. IVA and IV B, we investigate chiral phonons in
3D systems, considering both FM and AFM cases. In this
section, we shift our focus to 2D systems, specifically a
monolayer of FM Crl; and a monolayer of AFM VPSe;.

1. Chiral phonons in the monolayer Crl;

Bulk Crl; has van der Waals gaps between layers, which
allows it to be exfoliated to a 2D single layer while
maintaining FM order [69]. In this section, we report our
calculations of chiral phonons in monolayer Crl;, with a
focus on comparing the results with those in the bulk cases.

The crystal structure of monolayer Crl; is depicted in
Fig. 7. The magnetic group P31mPC is a type-III black-white
group, as is the case for bulk Cr,0;. The Crl; monolayer
has higher structural symmetry than that of bulk Crl_ due to
the presence of dihedral mirrors (0 ) and twofold rotations
about an in-plane axis (C°) that arc’absent in the bulk. This
higher symmetry results’in a structural D point group,
which is twice the size of the structural gfup Sg of bulk
Crl;. However, the newly added symmetries are all anti-
unitary in the presence of the FM spin ordering, so that the
unitary group is again just Sg.

Thus, we again label the perturbed phonons at I' using
irreps of Sg, under which they decompose to 4A, B 4E, @ 4A
4F , where one A modg, and two E  modes, are acoustic
modes. Similar to bulk Crl;, the E, and E,, irreps in the S
point group correspond to two 1D complex irreps rather
than a single 2D irrep. As a result, the E; and E, chiral
phonons are no longer doubly degenerate and have energy
splittings when compared to bare phonons. We refer to the
E; and E, phonons as chiral phonons because they
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FIG. 7. Side (a) and top (b) views of the crystal structure of
monolayer Crls, with a dashed line indicating the unit cell. Cr
atoms are depicted in blue, while top-layer and bottom-layer I
atoms are in bright and dark magenta, respectively. The black
vectors indicate the magnetic moments, which are oriented along
the z direction.

individually respect C; symmetry, but instead of having
identity C, eigenvalues, they have complex eigenvalues
(e or €). In Table VIII, we present the energies, angular
momenta, and C; eigenvalues of the E, and E, chiral
phonons, along with the energies of the bare phonons as a
reference. Additionally, we include the results for magnons.

TABLE VIII. Energies, z-direction total PAM (L,), and C;
eigenvalue [x0CsP] of E; and E, chiral phonons and magnons in
monolayer Crl; calculated using the present approach. The bare
phonon and magnon energies Eq are included as a reference for
the energy shift AE.

Irrep Eog (meV) AE (meV) L,0Bp x0Csb
Phonons
Eq 6.2343 -0.0028 0.1757 €
0.0033 -0.1762 €
12.6725 -0.0005 -0.2398 €
0.0007 0.2420 €
13.4436 -0.0010 0.2234 €
0.0011 -0.2250 3
30.1453 -0.0028 0.8408 €
0.0028 -0.8408 €
E, 10.0072 -0.0595 0.2535 €
-0.0014 -0.2314 €
14.2708 -0.0063 -0.7224 €
0.0450 0.7279 €
28.2112 0.0010 -0.9540 €
0.0036 0.9538 €
Magnons
Eg 0.9731 -0.0069 €
Ey 10.5988 -0.0060 £

Comparing Tables VIII and I, we observe that E; chiral
phonons in monolayer Crl; have a similar energy splitting
to those in bulk Crls, but with larger PAM because the in-
plane motion has been enhanced relative to out-of-plane
motion. In monolayer Crls, the E,, chiral phonons around
10 meV have the largest energy splitting because they are
closest in energy to the E, magnon. Overall, the mecha-

nisms for E; and E,, chiral phonons in bulk and monolayer
Crl; are similar despite differences in energy splittings and
magnon energies.

In order to discuss the phonons belonging to the A irreps,
it is essential to first determine the symmetries of the bare
phonons. Similar to our argument in bulk Cr,03, since o4T
and C(T remain as symmetries, the bare phonons must
possess D34 symmetries instead of Sg. We find that the
l-point bare phonons can be decomposed into 2A;,
2A,, @ 4E, @ 1A, B 3A,, B 4E,, wherein one A,,
mode and two E modes are acoustic. The presence of
magnetic moments breaks the o4 and C° symmetries of the
bare phonons, which leads to interirrep rznixing between the
bare phonons of different irreps in the perturbed phonons.
According to the correlation table of the D34 point group,
the A and A, irreps combine to form the A, irrep of S,
while the A, and A,,, irreps combine to form A,. However,
as in bulk Cr, O3, the interirrep mixing in monolayer Crl; is
found to be relatively weak, as demonstrated by the results
presented in Table IX. This allows us to continue to refer to
the perturbed phonons as, e.g., Aj-like based on their
predominant character. Nevertheless, it is important to

emphasize that the correct labeling of zone-center phonons
should consider the irreps of the Sg group rather than the

D34 group.

Table IX contains the energies, angular momenta, and
interirrep mixing of A, and A, perturbed phonons. Bare
phonon energies are also included as a reference for the
energy shifts. By comparing Tables II and IX, we observe
that the perturbed phonons from the A irreps in both bulk
and monolayer Crl; exhibit small energy shifts and have a
small PAM, indicating a weak effect of the G%P" matrices in
both cases.

TABLE IX. Energies, total z-direction PAM (L,), and interirrep
mixing for A-irrep perturbed phonons in monolayer Crls. “Irrep”
labels are those of the parent bare phonons, whose energies E are
included as a reference for the energy shift AE.

EWa/AN

i '-\_, Exr A XA N_Q EEE |L54A_Ath

A 9.47 -6.3 -2.07 1.47
16.12 -67.4 1.50 2.30
Asg 10.92 2.2 2.22 1.72
26.98 125.4 -2.10 3.77
Ar 16.67 -5.0 -2.49 1.37
Ay 7.02 -3.7 0.94 0.48
32.69 27.0 0.49 1.49
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Concerning the magnons, we find that the energy of the
optical magnon in monolayer Crl; is lower than in the bulk.
This is attributable to the absence of ferromagnetic interlayer
exchange in the monolayer [78]. In contrast, the energy for
the acoustic magnon is greater than that in the bulk. As the
acoustic magnon energy is related to the magnetic anisotropy
energy (MAE), this suggests a greater MAE for monolayer
Crl;. This observation agrees with findings from another
study [79], where the generalized-gradient approximation to
the exchange-correlation functional was used [80]. The
numerical values for the matrices K3 and G%* are provided
in Appendix C.

In summary, as is the case for the chiral phonons in bulk
Crl;, the E; and E,, chiral phonons in monolayer Crl; are
no longer doubly degenerate and possess significant
angular momentum. The A, and A, perturbed phonons
exhibit small energy shifts with respect to the bare phonons
and acquire nonzero angular momentum. However, unlike
the bulk case, A, and A, perturbed phonons in monolayer
Crl; exhibit interirrep mixing due to the symmetry reduc-
tion caused by the presence of magnetic order. From the
perspective of optical activity, the A,,-like perturbed
phonons are weakly Raman active, since they contain
some components from the A;, sector, whereas the A;,-
like perturbed phonons acquire some IR activity due to
components from A,,.

2. Phonons in monolayer VPSe;

In this section, we investigate the phonons of a VPSe3
monolayer, which is a 2D AFM insulator. It is predicted to
have a Néel-type AFM structure [64], with the magnetic
moment oriented along the z direction. The crystal structure
of monolayer VPSe; is depicted in Fig. 8. The magnetic
space group is P3°1m, which is again a type-1II black-white
group. The structural point group is D, but the magnetic
moments from V atoms break both inversion (i) and
twofold-rotational (C°) symmetries, reducing the unitary
point group to C v The threefold rotation (C3) and dihedral
mirror (04) remain symmetries of the magnetic group,
together with operations iT , C T, and SgT .

According to the character table for the C3, point group,
the E irrep is a true 2D irrep, i.e., not a complex-conjugate
pair of 1D irreps. Therefore, perturbed phonons belonging
to E irreps must be doubly degenerate, which is confirmed
by the numerical results in Table X. The energies of the
perturbed phonons are described by energy shifts AE with
respect to the bare phonon energies (E ).

The VPSe; monolayer maintains iT symmetry similar to
Cr,0;3. This symmetry forbids the existence of a nonzero
total PAM but permits the presence of nonzero ARPAMs.
The magnetic space group of VPSe; is P3%°1m, with V, P,
and Se atoms occupying the 2c, 2e, and 6k Wyckoff
positions, respectively. We find that V atoms possess only
nonzero L,, Se atoms can have only nonzero in-plane L,
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FIG. 8. Side (a) and top (b) views of the crystal structure of
monolayer VPSes, with a dashed line indicating the unit cell.
Bright and dark shades denote V atoms with spin-up and -down,
respectively. Purple atoms represent P atoms, while top-layer and
bottom-layer Se atoms are in bright and dark green, respectively.
The magnetic moments, oriented along the z direction, are
denoted by black vectors.

and P atoms cannot carry angular momentum. The
ARPAMs for the perturbed phonons traced over the sub-
space of degenerate doublet for phonons with E irreps are
provided in Table X. It is possible to further decompose the
doublets from E irreps into two chiral phonons, which
individually respect the C; symmetry but have different
complex eigenvalues.

Building on our earlier discussion, similar to monolayer
Crl; and Cr,05, the D34 symmetry is preserved by KPP and
MPBPPP in monolayer VPSe,, allowing us to use irreps of D34 to
label zone-center bare phonons. These bare phonons decom-
pose to 5E, B 5E, B 3A;, @ 4A,, @ 1A, @ 2A,,, with one
A,, and two E, modes being acoustic modes. However, due
to the presence of magnetic moments on V atoms, i and
C§ symmetries are broken, reducing the symmetry to C5, and
requiring the use of irreps from this point group to label
perturbed phonons instead of Ds4. The interirrep mixing
resulting from the symmetry reduction can be determined
from the correlation table, which shows that E, and E,
bare phonons form E perturbed phonons, A;, and A,, bare
phonons form A; perturbed phonons, and A,, and Ay,
bare phonons form A, perturbed phonons. As in the cases
of monolayer Crl; and Cr, 03, the interirrep mixing caused
by the magnetic order is small. Thus, we still refer to the
perturbed phonons as E,-like, etc., but again the correct
labeling of those perturbed phonons should involve the irrep
of C3, rather than those of Dsq.
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TABLE X. Bare phonon irreps, energies, ARPAM of V atoms
in the z direction (V L,), ARPAM of Se atoms in the y direction
(Se Ly), and interirrep mixing (p) of perturbed phonons in
monolayer VPSes. Bare phonon energies Eq are included as a
reference for energy shifts AE. The E-irrep phonons are doubly
degenerate. The energy shifts AE for A-irrep perturbed phonons
are on the order of 10 peV.

E, AE VL, Se L,
Irrep (meV) (ueV)  06107@EP  §10“EP  p 6107%P
Eg 12.790 0.052 -0.238 0.008 0.384
15102  0.230 0.337 0.707 4.161

20.127  0.049 -0.055 -0.441 1.116

27.728 -0.001 -9.280 -0.145 6.013

53.837 0.016 -0.055 -0.323 26.994

Ey 14.526 0.033 -0.453 -0.620 4.269
18.125 0.049 0.077 0.189 1.029

30.765 -0.005 11.104 0.171 6.768

53.697 -0.019 0.039 0.245 26.945

A 18.743 0.000 0 -0.224 1.154
25.490  0.000 0 0.050 1.032

62.327  0.000 0 -0.012 0.357

Ay 16.287 0.000 0 0.280 1.101
32.081  0.000 0 -0.104 0.624

37.856 0.000 0 -0.142 0.859

Ay 16.625  0.000 0 0 0.581
Ay 8.955 -0.000 0 0 0.307
30.688 0.000 0 0 0.220

The interirrep mixing p is defined in the same manner as
with Cr,0; using Eq. (29), and the results are presented in
Table X. The interirrep mixing leads to anomalous Raman
and IR activities as well. For example, the Ay,-like and E,-
like perturbed phonons, which are strongly Raman active,
now acquire small IR activities, while IR-active A,,-like
and E,-like perturbed phonons acquire small Raman
activities. The A,.-like and Ay,-like perturbed phonons
remain silent in both Raman and IR activities.

In addition, we study the energies of bare and perturbed
magnons. Both bare and perturbed magnons are doubly
degenerate as they belong to the E irrep. The bare magnon
energy is found to be 8.58 meV, while the energy shift of the
perturbed magnon is —0.81 peV, which is more significant
than in Cr,0j3. This can be attributed to the larger SOC in
VPSe;. We further analyze the symmetry of the perturbed
magnon by decomposing it into E, and E, eigenmodes of
K%, Our findings reveal that pdE,p % 0.9992, while
pOE,P % 0.0405, indicating that the magnon is almost
entirely of E, symmetry, similar to the acoustic magnon
in Cr,0;. The numerical values for the matrices K%s" and
G% are provided in Appendix C.

To summarize, we computed the perturbed phonons of
monolayer VPSe3. While bare phonons retain D3y sym-

metry, perturbed phonons possess only C;, symmetry due to
the presence of magnetic moments. As in the case of Cr,0Os,

the E-irrep in C;, is a 2D irrep, preserving degeneracy
despite the broken TRS. The total PAM of each perturbed
phonon is zero due to iT symmetry, but perturbed phonons
can possess nonzero ARPAM. Moreover, we also investigate
the energies of bare and perturbed magnons, finding that the
energy shift of magnons is greater than in Cr, O,. Although
the magnon is almost entirely of E,, symmetry, the E,-E,
mixing in the magnon sector is more pronounced than in the
phonons.

V. DISCUSSION

A. Role of spin-orbit coupling

SOC is essential to the physics described above. We
identify three matrices, namely, K9P, G and G%rP, all
of which either violate TRS or mediate the interaction
between phonons and magnons. Here we show that in
collinear systems such as those considered here, all three of
these matrices vanish in the absence of SOC. Since these
matrices control the splittings of degenerate phonon modes,
it follows that these splittings also vanish without SOC.
This is demonstrated here using formal arguments and then
confirmed via numerical calculations on bulk Crlj.

In the absence of SOC, the presence of global spin
rotational symmetry implies that thepexchange interactions
are of pure Heisenberg form H %  ;J;;S; -S;, where
the J;; depend on the atomic coordinates. Spin-phonon
coupling in noncollinear systems is often described in terms
of exchange striction, i.e., the first-order changes of J;; with
atomic displacements (see, e.g., Ref. [81]). However, such
variations of J;; do not induce any spin canting in an SOC-
free collinear system. This follows because the energy is
stationgry with respect to canting of any spin, since
6H % ;i J;%4S; - 8S; b 6S; S, and S; and 8S; are
orthogonal in a collinear spin system.

A complementary point of view comes from noting that
the spinor wave functions are separable into real spatial
wave functions with pure spin-up or spin-down character in
an SOC-free collinear magnet. This remains true as atoms
are displaced, so that there is no induced spin canting. This
observation also explains why G vanishes. For example,
consider three structural configurations, a reference 0 and
configurations with displacements 6q; and 6q;. The Berry
phase

®y % ~Im Inhoilisqint sq i s iNbaqiboi 6320

clearly vanishes, since all inner products are real.

The argument for the vanishing of G* is slightly more
subtle. This time, one of the displacements, say, 8q;, is
replaced by a spin canting 8s; of one spin. The spin system
is no longer collinear, but it is still coplanar. In this case, the
spinors can be represented using Pauli matrices o3 and o, to
span the plane in which the spins lie. Both of these Pauli
matrices are real, so the overall spatial-spinor wave
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FIG. 9. Energy splittings (AE) for the E, chiral phonon modes
(a) and E, chiral phonon modes (b) in bulk Crls, plotted as a
function of the spin-orbit coupling strength scaling factor (A). The
AE represents the energy difference between the “p” mode and
the “~” mode near that energy.

functions remain real, and the Berry phase around the loop
remains zero.

To confirm these conclusions, we repeat the calculation
of the spin splittings in bulk Crl; while varying the strength
of the SOC used in the first-principles calculations. This
adjustment requires the introduction of a multiplicative
factor in the computational code, followed by recompila-
tion. Figure 9 shows the variation of the phonon energy
splittings AE with the scaling factor A for the SOC, where
A% 1 is the physical strength. Clearly, the splittings get
smaller as A is reduced and vanish at A % 0, consistent with
our expectations.

We find that KPP, G¥P" and G%P" have linear as well as
quadratic terms in A (with the exception of the KPP
coupling to acoustic magnons). The quadratic terms are
dominant in most cases in Fig. 9, although the linear
behavior dominates for the highest-energy E, mode.

We emphasize that these conclusions hold for collinear
spin systems. While we do not study noncollinear systems
in this work, we fully expect the present approach to apply
in that case. In particular, exchange striction will induce
bilinear couplings between atomic displacements and spin
cantings as captured by our spin-phonon Hession KPP,
even in the absence of SOC. The role of SOC in the spin-
phonon coupling of noncollinear systems may be an
interesting avenue for future research.

B. Connection with experiment

Before concluding this paper, we would like to provide
some comments on experiments. In materials where chiral
phonons exhibit an energy splitting, it is possible to
measure this splitting using Raman or IR spectroscopy.
Since the splittings for E, chiral phonons are usually small,
it may be more feasible to measure splittings of E, chiral
phonons using IR spectroscopy. Additionally, circular-
polarized photons with different handedness can excite
chiral phonons with different chiralities, and observing the
peak shift on the spectrum measured using different
circular-polarized photons is possible. Another approach

is to measure the magnetic moment of the excited chiral
phonon using circular-polarized photons, which can be
applicable regardless of the presence of energy splitting.
Light-induced demagnetization has been observed in many
materials, including bulk Crl; [82], due to electronic
excitation of crystal field levels. However, by adjusting
the energy of photons to resonate with a chiral phonon but
not to excite electrons, one can selectively probe the chiral
phonons because the energy differences between crystal
field levels or semicore levels are typically larger than
phonon energies. Therefore, electronic excitations can be
avoided when probing chiral phonons selectively.

VI. CONCLUSION

Based on a Lagrangian formulation, we developed a
theoretical formalism and computational methodology to
determine adiabatic dynamics in systems with multiple
slow degrees of freedom. Our computational methodology
is based on static constrained DFT calculations of Hessians
and Berry curvatures with respect to the slow parameters in
order to extract the semiclassical dynamics. This frame-
work constitutes a general and computationally efficient
approach that does not require explicit time-dependent
ab initio calculations as in, e.g., TDDFT, or other special-
ized capabilities beyond those commonly found in, or
easily added to, widely available DFT codes. We demon-
strated the utility of this methodology by applying it to
phonons and spins (magnons) in magnetic insulators, as the
dynamics of each is generally on the same energy scale. This
represents a more systematic way of treating spin-phonon
dynamics compared to conventional approaches which rely
on building spin models and parametrizing their dependence
on atomic displacements.

Specifically, we showed that the inclusion of the Hessians
and Berry curvatures involving spin and phonon d.o.f. are
required to accurately describe the often-neglected effects of
TRS breaking on phonon modes at the zone center. Results
for four case-study materials were presented, covering both
FM and AFM ordering, as well as 2D and 3D materials. FM
Crl_ (both 3D bulk and 2D monolayer) exhibits energy
spli%tings of its E-type modes (which are doubly degenerate
under TRS) at the zone center. This results in chiral phonons
exhibiting circular atomic motion leading to a significant
phonon angular momentum. In AFM Cr O (3D bulk) and
VPSe; (2D monolayer), the E-type modes’ remain doubly
degenerate, but the inversion symmetry breaking from the
magnetic order results in modes with mixed E, and E,
character. The angular momentum of a phonon in these
materials is zero in total, but can exhibit well-defined nonzero
atom-resolved contributions. In addition, the mixing of E,
and E, modes implies that the Raman modes acquire some
small IR character and vice versa, a feature that is open to
experimental confirmation.

This work opens up various directions for future study.
The general methodology will be useful in any material
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with interesting dynamics involving multiple slow d.o.f.
Specifically in the area of spin-phonon dynamics, it allows
the search for materials with large splittings of chiral
modes, due, for example, to large SOC or approximate
degeneracies between phonon and magnon branches. It
also motivates the exploration of dynamics of materials
with more complicated magnetic structures, such as non-
collinear or so-called altermagnetic [83,84] orders. Finally,
we focused here on zone-center modes, but the method-
ology shows promise for being generalized for computing
the coupled spin-phonon dynamics across the Brillouin
zone, which is relevant for the thermal Hall effect.

Overall, we expect that the developments in this work
will allow efficient and accurate calculations of generalized
adiabatic dynamics, and thus the exploration of much
resulting novel physical phenomena in spin-phonon
coupled systems and beyond.
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APPENDIX A: DERIVATION
OF PHONON HAMILTONIAN

In this section, we review the adiabatic theory of phonons
with TRS breaking, which is based on a Hamiltonian
formalism first introduced by Mead and Truhlar (MT)
[25]. In the MT approach, the only slow variables are nuclear
coordinates. One can start from the full Hamiltonian for a
system with electrons and nuclei, which is [85]

Hiot % TNORPD T.8rb b VOr; RP;

X p’g?
TWORPY - =1
ATV
X@p2p2
TOb % - L SA1P
2m

where T0RP and T.0rb are nuclear kinetic energy and
electronic kinetic energy, respectively. V8r; Rp represents the
total electrostatic interactions between electrons, nuclei, and
electron-nuclei interactions, which includes the effects of
spin-orbit coupling. R is the nuclear coordinate, and r is
electronic. | runs over nuclei, and i runs over electrons. Z, e is
the positive charge for the nucleus I. The Schrodinger
equation for the wave function War; Rp is

YT\ORPp T.8rPb V&r; RPWAr; RP % WW3r;Rp;  3A2P
where W is the energy for the whole system.

Now, one can implement the Born-Oppenheimer
approximation [24], which treats R as a slow variable
and assumes the electronic dynamics is always much faster
than nuclear vibrations. As a consequence, the wave
function can be separated into an electronic and nuclear
part

War; RP % (8r; RPX3RP; 3A3b
where the electronic part ¢ dr; Rp, which satisfies
YT Brbb Var; RPYSK; Rb % edRPYAr;RP;  8A4P

is the normalized ground-state wave function with respect
to the nuclear coordinates R. Y &r;RP, VO&r;RP, and €dRP
depend on R parametrically. One should also notice that
$or; Rp has a U(1) gauge freedom; namely,

Qdr; RP % e%RPy)&r; RP 3ASP
is also a solution to Eq. (A4), where e/®®®® is an R-dependent
phase factor. Plugging Eq. (A3) into Eq. (A2), multiplying
Y ar; RP from the left, and integrating over r gives

2
X6P o -BAP b €dRPp ASRPX3RP % WXGRP; i
2M
2
2M,

Ay, % b BRP}3 L SRPI;

NORP % 0ho,, Y ORPjO,,p ORPI - AZ P;

dA6P

where A, is a Berry potential with respect to nuclear
displacements thus called “nuclear Berry potential.” As first
pointed out by Mead and Truhlar [25], it is not always
possible to make A, zero by tuning the R-dependent phase
@dRP in Eq. (AS5). Here the Dirac bra-ket notation is only for
the electronic degree of freedom r. Note that AGRP can be
rewritten as

72

2M,

Q% 1- jUBRPihYBRPj;

ABRP % ho,, b 3RPjQj0,, U SRPi;

OATp

011041-20



ADIABATIC DYNAMICS OF COUPLED SPINS AND PHONONS ...

PHYS. REV. X 14, 011041 (2024)

therefore, AGRP is gauge independent. AGRP is related to the
expectation value of electronic kinetic energy hT.drbi to the
order of m=M, where m and M are the electronic and nuclear
mass, respectively. As hT.drpi is included in €8Rp, we have
NORP [ €dRPp. Since we focus on broken TRS in this work, it
is worth noting that A6RP does not break TRS. Therefore, we
disregard AGRP in this work. In addition, we consider only
nuclear d.o.f. in this section. To simplify the notation, we
introduce a composite index | for la, which is used to label
nuclear d.o.f.

Now we are ready to write down the effective
Hamiltonian for phonons, which is

X§p, - BAP?
Hor 4 —— " p edRb; N
| 2M,
and the EOM is
1 1 - .
fy % OH 5P BA 0PI
oP Mi
H_ Xp_ -BA
P| Yo — — W uanmp— 6|€6RP,
6R| m Mm
X .
% R,0/A,, — 0,€0Rp; dA10p

m

where 0, denotes d=0R,. Combining Eqgs. (A10) and (A9),
one can get

MR, % P, - BA,
X
% -0,e0RP b

m

RnO0A, - 0,Ab;  BAllP

where we use the relation AGRP % 60,,APR,, in the second
line. By introducing

Glm Ya le Ya 66|Am - dmA|p, 0A12p

where the Q, is the nuclear Berry curvature, which is

gauge invariant, Eq. (Al1l) can be written in a compact
form as

X
M|R| Ya —d|€6pr G|m6RpRm: 0A13p

m

Equation (A13) is equivalent to Eq. (9) for the case that Q;
corresponds to a nuclear d.o.f. However, they are obtained
using Hamiltonian and Lagrangian formalism, respectively.
In this way, starting with a full quantum theory, a semi-
classical theory of the dynamics has been derived.

APPENDIX B: FROM PRESENT APPROACH
TO SPIN-PHONON MODEL

It is mentioned in Sec. II C that the spin-phonon model in
Ref. [33] includes only G®* and neglects all other Berry
curvature tensors, which we illustrate below. If we let GO,
G and G% be all zero, then we get the EOM for the
spin-phonon model as

MOPPPjui % —KOPPPjui — KOPSPjsi;

GOPjsi % KOPPjui b KOPjsi: OB1p
These ecquations can be solved exactly. However, to
establish a connection with the minimal spin-phonon model
proposed in Ref. [33], we can derive Eq. (6) in that
reference from Eq. (B1).

We introduce the new phonon vector jvi % M=2jui, so
that M%P no longer appears in the EOM explicitly.
Consequently, Eq. (B1) can be rewritten as

Vi % —KOPPPjyi — KOPsPjsi: aB2p
GOPjsi % KEPPjvip KOPjsi; oB3p
where K’éppb Y 1/2M6ppb—1=2depb‘szappb—kZ, K‘apsb Y
%Méppb—lzzKﬁpsb, and |{dspP Y Késpb-szappb—lzz' Note

that KPP is the dynamical matrix.

Now we focus only on bulk Crl; and include one bare
phonon doublet and the magnon from the same irrep in the
formalism. We introduce the unperturbed solution of
Egs. (B2) and (B3), which we refer to as bare phonons
and magnons, as

K PPPjvi % wvi; dB4b

K5ssPjsi %4 —iw,, GO*Pjsi; oBSp
where w, and w,, are energies for bare phonons and
magnons, respectively. The subscript in jvi and jsi
represents the left- and right-hand circular-polarized
modes. Specifically, for the E, magnon, we have jsi % 1
261; Bli; 1;RiPT, where the first two components corre-
spond to the x and y components of the reduced spin unit
vector of the first Cr atom, and the last two components
correspond to the second Cr atom. Similarly, for the E,,
magnon, we have jsi % ,d1;Bi; -1;iPT.

If we adopt the assumption made in Ref. [33], which
states that

069 1 0 ot
-1 0 0 0
G%—SE) . aB6b
0 0 1
0
0 0 -1 0
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We can velify that

-v'VIXdH;

oB7p

regardless of whether jsi belongs to the E; or E,
magnons. However, in our numerical calculations for
Crl;, we observe that the effective spin S for E; and E,
magnons is slightly different. The numerical values for
these effective spins are provided in Appendix C.

According to symmetry considerations, modes with
different chiralities should not mix under any of the
matrices in Eq. (B1). Therefore, we have

hsjK%PPjvi % v; dB8p

hsjK%PPjvyi % O; dB9%p
where y represents the spin-phonon coupling strength. It is
always possible to add a phase to either jsi or jvi in order
to make y real. Therefore, we assume y to be real,
resulting in hs jK%PPjv i % hv jKOPPjs i % y.

We can expand jvi and jsi in the bases of jvi and jsi as

jvi % xjvi; oB10p

jsi % sjsi; oB11p
wherex ands are coefficients representing the magnitudes
of the contributions from the corresponding basis
vectors. In the minimal spin-phonon model, it is assumed
that the mixing between different E,
doublets is negligible. However,
inreality, this mixing, which is mediated by magnons, play
sa crucial role in explaining why the angular momenta of
the two circular-polarized modes do not cancel out
exactly. A more detailed analysis of this mixing based on
the perturba-tion approach can be found in Appendix D 1.
By multiplying hvj to Eq. (B2) and substituting
Egs. (B4), (B10), and (BS), we obtain

0w — w?bx % -ys: dB12b
Similarly, by multiplying hsj by Eq. (B3) and substituting
Egs. (B5), (B7), and (B8), we get

Ow, - wpbs % BS lyx: O0B13p
Thus, we have successfully derived Eq. (6) in Ref. [33].

Although Eq. (Bl) is derived from an adiabatic
Lagrangian formalism, we aim to demonstrate that it can
also emerge from the undamped Landau-Lifshitz equation
[52]. In its original form, the Landau-Lifshitz equation is
presented as

B o dM%
dt
3

dii

b
hsjG%*jsi % iS;
Bl4

where H is the Hamiltonian, dH=dM is the effective
magnetic field, and y represents the gyromagnetic ratio,

which is the ratio of the magnetic moment M to its
corresponding angular momentum 8. As the dynamic

variable in our study is the unit vector of spin 8% 8ES,
we can recast Eq. (B14) in terms of §as

Bl
Sd—.% —><dH: oB15p
dt dsl

Equation (B15) can be rewritten in component form as

d dH
Sy —engysp o oB16b
dt dsy

where a, B, and y span over the Cartesian coordinates.
Given that the spin deviation from the z direction is small,
we can make a simplification on the right-hand side of this
equation by setting B % z. Consequently, the equation
transforms into S— Y e :

dsa dH oB17p
dt ds,
where now, a and y are confined to x and y Cartesian

directions. By reintroducing the matrix form and trans-
ferring the € tensor to the left-hand side, we arrive at

Bl
-Se d.% dH : oB18p
dt  dg

Referring back to Eq. (B6), it is noteworthy that -Se is
equivalent to the G%®. Since the Hamiltonian has been
expanded up to the quadratic order, the derivative dH=dB
can be expressed as

dH

% KOsPjsi b KOsPPjui;
ag jsip j

oB19p

where we choose to use the bra-ket notation for ease of
representation. This gives rise to

GOjsi 1% KPjsip KIPPjui; dB20p
which aligns with the form presented in Eq. (B1). Thus, we
have successfully shown the equivalence of the EOM for

the spin-phonon model presented in this appendix with the
undamped Landau-Lifshitz equation.
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APPENDIX C: SPIN-SPIN HESSIANS (K%sP)
AND BERRY CURVATURES (Q%sF)
FOR ALL FOUR MATERIALS

In this appendix, we present the spin-spin Hessians and
Berry curvatures for all four materials investigated in
our study.

For bulk Crls, both the spin-spin Hessian (K%*") and

Berry curvature (Q%®) matrices have the form

a b
a

My % ; 3Clp

where both a and b are 2 x 2 matrices that are restricted to
be of the form

0

baasym -1 0 ;

a% agym oC2p

and similarly for b, as a result of the threefold symmetry. In
Table XI, we provide the symmetric and antisymmetric
parts of a and b for both K% and Q% of bulk Crls. It is
noteworthy that the eigenvalues of Q%* are 1.499 and
1.566 for the E, and E,, modes, respectively. These values
represent the effective spins of the respective magnon
modes. They are close to 3=2, as expected from the
nominal spin of the Cr3P ion, but they do differ slightly,
especially for the optical E,, magnon. Instead, the deviation
is very small for the acoustic E; magnon. These deviations
are not captured by the minimal spin-phonon model
proposed in Ref. [33].

The symmetry-allowed matrix elements for monolayer
Crl; exhibit a similar structure to those of bulk Crl;, and

TABLE XI. Matrix elements K% and Q%% for materials under
study (ML, monolayer). Symmetric (“sym”) and antisymmetric
(“asym”) parts are defined in Eq. (C2). For Q%® of Cr,0s3, the
values of Ceym % —6.211 x 107° and dgym % -2.409 x 107 ap-
pear rounded to zero.

\Saaen v is ica ) €

Material Term  —Sy——Asyn Sym Asym
Crls a 18.340 0 0 -1.533

b -17.455 0 0 0.033
ML Crls a 8.956 0 0 -1.526

b -7.497 0 0 0.026
Cr,03 a 72.182 0 0 -1.454

b 17.360 0.082 0 0

c -27.193 1.275 0.000 0.024

d 27.479 0 0.000 0
ML VPSe; a 143.092 0 0 -1.351

b 142.622 0 0 0

they can also be decomposed following the same procedure
as described in Eqs. (C1) and (C2). The numerical values of
these matrix elements are provided in Table XI.

For bulk Cr,05, the nonzero matrix elements of K9 are
given by

0 a c d 1
B .t T TC
b a d c
Koss % B E; 3C3b
@c” d" a bTA
d ¢ b a'
while the nonzero matrix elements of G are
0 a b c d 1
& 1 g-bT a4 ¢ 8C4p
% (5 -cT -dT a pT §

-d" -c -b a'

Here, a, b, c, and d can also be decomposed in the same
manner as in Eq. (C2). The numerical results for these
matrix elements are provided in Table XI.

For monolayer VPSe3, the matrix elements of both K%
and Q%® have the form

a b
Myxq % ;

b a'

oCsb

where a and b are 2 x 2 matrices. The values of these
matrix elements can be found in Table XI.

From Table XI, we can find that, for the systems with at
most two spins, the asymmetric (symmetric) parts of K%

(G%®) all vanish. However, the symmetry is more com-
plicated in Cr,0;, where some of the b, c, and d
components in Egs. (C3) and (C4) have both symmetric
and asymmetric components.

APPENDIX D: PERTURBATION TREATMENT
OF PHONON-MAGNON DYNAMICS

In the main text, we directly solve the EOM of the
present approach [Eq. (10)]. However, employing pertur-
bation theory to solve the EOM can offer valuable physical
insights into the influence of Hessian matrices and Berry
curvatures on the results. In this section, we present a
perturbation treatment for K%PP G%% and G%P" individu-
ally. Furthermore, we provide numerical results from the
perturbation treatment of K%PP and compare them with the
predictions of the spin-phonon model.

We begin by reformulating Eq. (10) in matrix form as

0K b iw;G - w?MPbjq;i % O; aD1p
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where the matrices M, K, and G are defined in Eq. (11). At
variance with the main text, in this appendix we let i, j label
mixed modes, while m, n and , v label bare phonon and
bare magnon modes, respectively We utilize the bare
phonon and magnon states jul®i and jSaopI as the basis
functions for the perturbation theory, where the superscript
(0) denotes the zeroth order in the perturbation expansion.

The EOM for unperturbed phonons can be expressed in
matrix form as

oKPPP — € MOPPPPjUI®i % 0; oD2p

where for convenience we introduce the squared frequency
€, % w2, and for the magnons as

3K b iw, GOPpjs,™i % O; D3b

where w, may be positive or negative even though
solutions with negative energy are not physically observ-
able. The fact that huaopJMapp"Juaop % 0 for €, # €, and

that hs*®jG%js%j 1 0 for w, # w, allows us to adopt the
normarlzatlon COIldlthIlS

hul®jmePPju®i 1 5, aD4b

hs?™jiG*js9i % 6,,0,; 8D5p

where o, takes the values @1 for w, > 0 and w, < 0,
respectively. The solution to Eq. (D1) is a composite vector
that includes both the phonon and magnon sectors, living in
the space spanned by basis vectors juao';i @ jOi and jOi

J 560D

As discussed in the main text, phonons and magnons
belonging to the E irreducible representations can be
doubly degenerate. To address this, we need to employ
degenerate perturbation theory. However, we can simplify
the analysis by considering the p and - sectors separately.
Phonons and magnons from different sectors do not mix,
allowing us to work with these bases throughout this section.

1. Perturbation treatment of KPP

We begin by examining the perturbation of K%P" alone,
neglecting G and G%P. We replace KPP with AKSsPP,
where A serves as our perturbation parameter, and expand
Eq. (D1) up to second order in A as

K % KéODb }\Kélb;

dppP
dop K 0
K Y 0 KOssP
0 K dpsp
51p .
K % K3spP 0 ’

w % w®p AP h N ...
§% & b A b NETD .
jai % ja”™ib Aja’ib Xja?ip ..:  aD6p

We substitute these equations into Eq. (D1) and expand in
orders of A, making use of the relations
&% % 6w’ b

01p oop  G1p
E,i %2wow

’

€ % 3wP b 20w 3D7p
At zero order, this yields
6K b iw.° G - &7 MPjg i % 0; oD8p

which corresponds to the EOM for decoupled phonons and
magnons.
The equation at first order in A is

0K b iw3oeG - EopMbjgpiei

b 6K iw,’ G- €"Mpjg™™i % 0: D9

Multiplying Eq. (D9) on the left by hqaopj, noting

that hqia PioK® b iwaopG - E,IBOPMD % 0, and also that

ha’®jKoPjq’®i % 0 since KO is block off diagonal in
the phonon and magnon d.o.f., we obtain

a1p a0b.

w; ohg JIGanop Zw?hqfoijjq?ODib% 0; 4&DIop

which indicates that w?lp % 0, so that also §61p % 0. This is
similar to the perturbation theory in quantum mechanics,
where the first-order energy correction is always given by
the diagonal matrix element of the interaction Hamiltonian,

which is zero in our case.
To obtain jg?i, we multiply Eq. (D9) by hg!®j on the

left and use w?“’ Ya E?lp % 0. This gives
hg’iK% b iw.° G - €° Mja]" ib ha ™jKjq i % O:
oD11p

We observe that if i and j both label phonons or both label
magnons, K% has no effect. Therefore, qulbi for phonons
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. 01b.
has a pure magnon character, and jq,," i for magnons has a
pure phonon character.

a. Perturbation of phonons

We focus on the perturbation for phonons first, and we
replace jq;i and jq;i in Eq. (D11) with ju,i and jsi,
respectively. Then, Eq. (D11) becomes

hsi iK% b iwg’ G - €7 Mjuq’ ib hsiK®jui™i % 0:

oDI12p

To obtain ju?,lpi, we expand it in terms of the basis js?,opi as

o1b. X d1p. _0o0bp.

jun i coTds Ty it oD13p

\

Substituting Eq. (D13) into Eq. (D12), we have

b b

X
a1p d0p. . 00p . 00bp. d0b. . 00p.
¢’ vhs i jKOsS b iwn G% jsviip hsi jKOPPjuni % O:

v

0D14b
Using the relation 3K p iw’”G%pjs’®i % 0, we find

d1p 80b o0p.. . _00b. 00 - . 80 .
c”w nhs L jiIGHPis i b hs, DJKGSP"Jun J
Vv

d1p  d0P

% Comwpro, b hs’ DjKaSppjugobi % 0;  oDI5P

where w?,?f denotes wiop - wiop. Using Eq. (D15), we can

. 6p . 81,
determine c,,, and express ju, i as

h sfm)j Gsppjuaobi
. 31p; n obp.,
jur i oy —waoq(_ XS Sy I oD16b
i u n

This is the first major result of this appendix. It is worth
noting that the first-order perturbation of the phonons
has only spin character, so that the phonon character
remains unchanged. This cannot explain why the angular
momen-tum summed over a pair of E, or E, chiral
phonons is not zero, as can be seen in Tables [ and VIII of
the main text. To explain this effect, we need to consider
the second-order perturbation.

Since we have seen that the first-order correction w§™ to

the phonon energy vanishes, we need to calculate the

. 32p . .
second-order correction w,  in order to determine the

energy splitting of the chiral phonons. By expanding
Eq. (D1) to the second order in A, we obtain

3K iqubG - £€%Mpjg™ip KOPjg’*"i
I I I

b 6iw’G - £°Mpjg®”i % O: D17p

Multiplying Eq. (D17) by hqiaopj from the left, we obtain
ha’®ike®ig’ i b hg™jiw!*G - a?szjq?""i % 0:  &DI8p

For phonons, we replace jq;i with ju,i and substitute
Eq. (D16) into Eq. (D18), yielding

s X ihS@ODiKaSppil ?10 '-IZ 0 p
& % o, wﬁon_ w?,on:p ; D19
W
or equivalently,
X 2. 00 .0 5spps, O0P..o
5 jh KOsPPjy ™" ij
w zp% o] 3 . : 0D20p

n o 80 ~ 0P 50p
n 2w npéwu - wnbp

This is a second major result. The summation over p in
Egs. (D16) and (D20) runs over all solutions of Eq. (D3),
including those of negative energy. Thus, the unphysical
negative-energy states can still contribute to the perturba-
tion of the phonons. It is worth noting that Eq. (D20)
explains why phonons from the p sector exhibit larger
energy splitting. Since positive-energy magnons also
belong to the p sector, the interactions between magnons
and phonons are stronger in the p sector due to the smaller
energy denominator.

Furthermore, we can obtain jui®i by left-multiplying

Eq. (D17) with hg® j. This yields

hqjaoijao"b iwéopG - ﬁ?opqu‘?zpib hq?m’jkﬁlqu?“i

aD21p

b hqjaobjiw?ZDG— Easzquopi % 0

If i labels a phonon and j labels a magnon, both the second
and third terms in Eq. (D21) are zero, implying that the first
term is also zero. It follows that jqiazpi can possess only
phonon character. Replacing jq;i and jq;i by ju,i and jug,i
and substituting Eq. (D16) into Eq. (D21) yields

XX hyiPikomPisi®inst® KOPPU i g
o :

a2p
ju, i " ju
o&%” - €7 powi” - WP

m ’
m#n

oD22p

which represents the effect of the magnon-mediated phonon-
phonon interaction at second order. It provides an explan-
ation for the noncanceling angular momentum observed in
chiral phonon pairs, as shown in Tables I and VIIL

b. Perturbation of magnons

We now turn to the corresponding perturbation treatment
of the magnons. First, we replace jq;i and jq;i in Eq. (D11)
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with js,i and ju,i, respectively. Then, we multiply
Eq. (D11) by ju®®i from the left, resulting in

hua ik b iw, G - €° Mijsy! ib hupikePjsi"i % 0:
oD23p

Next, we expand js "i in terms of the basis of Juaop i as

61D i % délrt;LUGOD 3D24p

Substituting this expansion into Eq. (D23), we obtain

X
délb uaonijgppp _ anpl\/ljum lb huaov Kapspjsﬁfbi

m

% —d%r€un b hu P iKoP?is2i % 0: 8D25b

From Eq. (D25), we can determine the coefficients dalp

Therefore, the first-order perturbation of the magnons is
given by

60 . Spsb; d0p.
Xhu thK P$Pjs W |.uaop

. _31p. 4 .
is, i % W L oD26b
n i

To get the second-order energy perturbation for mag-
nons, we replace jq;i with js i and substitute Eq. (D26) into
Eq. (D18). This leads to

d P

h 0P . Kapsps
ik ij2 D27

o
i 50p
n &, - g

)
we Y

The second-order perturbation of the magnon states can
be obtained in a way similar to what was done for the
phonons. We replace jq;i and jq;i with js,i and js,i and
substitute Eq. (D26) into Eq. (D21). This substitution yields

o X X hsaop Kasppjuaonalhu DJKapsijiopi o
jsu i % o Is, 1t

VEL N

v

dwl® - wi®paed” - &b

oD28p

We are now prepared to present the numerical results
obtained using the perturbation approach. The neglect of
G and G%" corresponds to the spin-phonon model
presented in Appendix B, which can be solved exactly.
Consequently, we can utilize the exact solution as a bench-
mark to evaluate the accuracy of the perturbation approach,
and we choose bulk Crl; as the benchmark system. In
Table XII, we provide several quantities calculated using
perturbed energies and states. These include the second-
order-perturbed phonon energies, the first-order-perturbed

TABLE XII. Comparison of perturbation approach and exact
solution in the spin-phonon model. The perturbation approach
provides second-order perturbations to phonon and magnon
energies ES% % Bwd? and first-order perturbations to phonon
states c?,::). The exact solutions for phonon and magnon energy
shifts AE % B & and the spin component of phononlike sol-
utions c,, are included as benchmarks. The bare phonon and

. poop 30p .
magnon energies E " % Bw ~ are provided as reference values
for energy perturbations or shifts.

ES S AE Con Cun
Irrep (meV) (ueV) (neV) d103p  81073p
Phonons

Eg 7.000 -1.323 -1.324 1.562 1.563

1.566 1.565 1.850 1.849

12.929  -0.545 -0.545 1.021 1.021

0.597 0.597 1.118 1.118

13.488  -0.244  -0.244 0.684 0.683

0.266 0.266 0.746 0.747

29.852  -0.001 -0.001 0.050 0.050

0.001 0.001 0.052 0.052

Ey 10.769  -4.431 -4.453 2.809 2.823

-1.593 -1.597 1.010 1.012

14329 -17.563 -17.546 7.680 7.668

-4.030 -4.031 1.762 1.763

27.823  -3.506 -3.506 1.962 1.962

35.836 35.623  20.053 19.947

Magnons

Eg 0.590 -4.544 -4.543
Ey 22.864 -22.971 -22.757

phonon states represented by the coefficients c>> defined in
Eq. (D13), and the second-order-perturbed magnon energies.
The corresponding exact results are also included in
Table XII for benchmarking purposes, and we find that
the perturbation treatment reproduces the exact solutions to
very good accuracy. We perform calculations of the angular
momentum L, using the second-order-perturbed phonon
states, and the values obtained agree with the numbers
presented in Table I up to the fourth decimal place. As a
result, we do not include the specific numerical results for L,

explicitly in the table.

2. Perturbation treatment of GoPP

The treatment of G®P in the perturbation framework
follows a similar procedure to that of KPP In this case, we

neglectkP? and G, Since GO is block off diagonal, the
first-order perturbation of the energy is also zero. By
substituting K9P? with iw,G%P in Eq. (D16), we can obtain

jul™i due to GO, Similarly, perturbations w? and ju®®i

due to G%PP can be obtained by replacing KPP with iw,GoPP

in Egs. (D20) and (D22), respectively. Perturbations of
magnons can be obtained in the same manner.
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3. Perturbation treatment of GoPPP
In this section, we explore the perturbation treatment of
G%PP_ this time neglecting KPP and G%PP. Taking the
perturbation to be AG%"", Eq. (D1) simplifies to

KPP b jw, GOPPP — € MOPPPbju i % 0:  3D29p
We expand each term as
w, % 0% p A p R p .
€% £ b A" b N D
juni % ju®ip Ajul®ip A2ju®ip ..; D30

where KPP and M%P" are of zeroth order in A, and G%P” is
of first order in A.
Expanding Eq. (D29) to the first order in A, we obtain

aKorrP — €20 MOPPPpj 0P
b GiwlPGoer — €21 MorrPpju®i 14 0: D31

Multiplying Eq. (D31) by hugobj from the left, we find the

first-order perturbation to the phonon energy as

& % W hy TG ;

1
wglp % EhugOPJiGépijugopi: 0D32b

Multiplying Eq. (D31) by hu®®j from the left, we obtain the
first-order perturbation to ju,i as

. 30b. ~g5, . 30b,
Xlwnhu "JG p PHU n |i aopi'
00 J

. 91b.
ju i
a0p b

m#n En - E,m

oD33pP

Since the first-order perturbations to energies and pho-
non states are nonzero in this case, we do not go beyond
first order here, although generalizing to higher orders is
straightforward.
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