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Abstract

Understanding thin sheets, ranging from the macro to the nanoscale, can allow control of mechanical properties such as
deformability. Out-of-plane buckling due to in-plane compression can be a key feature in designing new materials. While
thin-plate theory can predict critical buckling thresholds for thin frames and nanoribbons at very low temperatures, a
unifying framework to describe the e↵ects of thermal fluctuations on buckling at more elevated temperatures presents
subtle di�culties. We develop and test a theoretical approach that includes both an in-plane compression and an out-
of-plane perturbing field to describe the mechanics of thermalised ribbons above and below the buckling transition. We
show that, once the elastic constants are renormalised to take into account the ribbon’s width (in units of the thermal
length scale), we can map the physics onto a mean-field treatment of buckling, provided the length is short compared
to a ribbon persistence length. Our theoretical predictions are checked by extensive molecular dynamics simulations of
thin thermalised ribbons under axial compression.
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1. Introduction

Thin sheets, possibly with embedded kirigami cuts,
have been the object of intense recent study [1]. A careful
design allows membranes with cuts to stretch far beyond
their pristine limits [2–7], to have non-linear post-buckling
behaviours [8, 9], and even to exhibit complex motions
such as roll, pitch, yaw, and lift [10]. Many of these novel
e↵ects arise due to out-of-plane deflections, i.e., escape into
the third dimension. With such mechanical versatility and
straightforward actuation, kirigami sheets have been used
as building blocks for soft robots, flexible biosensors and
artificial muscles [11, 12]. A full theoretical framework for
this rich phenomenology must rest on a thorough under-
standing of the fundamental mechanical e↵ects. In partic-
ular, out-of-plane motion in simple kirigami systems (e.g.,
a sheet with a single slit) have been described as an Euler
buckling problem [10]. The buckling of pillars and plates
has been studied for centuries, but a unifying theory to
understand buckling in nanosystems when thermal fluctu-
ations become important, as in the case of molecularly thin
materials such as MoS2 and graphene [13], is still lacking.

In the classical description, the dimensionless Föppl-
von Kármán number vK = YW0L0/, where Y is the 2D
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Young’s modulus,  is the bending rigidity, W0 and L0

are respectively the T = 0 width and length of the rib-
bon, can be used to quantify the ease of buckling a thin
sheet out of plane at zero temperature. The picture is
more complicated for thermalised membranes [14], where
Y and  become scale dependent and, in particular, the
bending rigidity is dramatically enhanced [15–20]. This
longstanding theoretical prediction is consistent with an
important study of graphene ribbons by Blees et al. [2].
Using a cantilever setup, the e↵ective bending rigidity of
micron-size graphene at room temperature was found to
increase by a factor of roughly 4000 relative to the zero-
temperature microscopic value. Although it is possible
that some of this increase may be due to quenched random
disorder in the graphene ribbons [21], these room temper-
ature experiments nevertheless demonstrate a striking en-
hancement over the T = 0 density functional theory pre-
dictions [22]. When thermal fluctuations are important,
classical Euler buckling predictions break down. In fact,
in such an entropy-dominated high-temperature setting,
some aspects of nanoribbon behaviours have more in com-
mon with linear polymers with long persistence length [23].

In this letter, we investigate (i) to what temperature
classical Euler buckling still holds, (ii) how we can lo-
cate buckling transitions in fluctuating ribbons under com-
pression, and (iii) how these buckling transitions change
with temperature and with the ribbon dimensions. To
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this end, we develop a mean-field theory (MFT) approach
to the buckling of thermalised ribbon under longitudinal
compression and use molecular dynamics simulations to
check our predictions. The applicability of our MFT is
determined by two crucial length scales: First, the ther-
mal length `th ⇠ /

p
Y kBT , where kB is the Boltzmann

constant, T is the temperature, Y and  are the micro-
scopic 2D Young’s modulus and bending rigidity respec-
tively. And second, the one-dimensional persistence length
`p = 2W0/kBT . We are interested in the regime `th <

W0 < L0 < `p, where the temperature is high enough
that `th is smaller than the ribbon’s width W0, so ther-
mal renormalisation is significant, but not so high that `p
becomes small compared to the ribbon length L0.

Our theory predicts, and our simulations confirm, that
the buckling transition is delayed, because the renormalised
YR becomes softer and the renormalised R becomes sti↵er
as T increases. We also explore the possibility of utilising
an out-of-plane uniform perturbation (e.g., an electric or
gravitational field) to break the height-reversal symmetry.
Such fields give an alternative path to control the buckling
transition. Overall, our study provides a new framework
to study buckling in thermalised ribbons which is relevant
to nanomaterials, such as graphene or MoS2, or to biolog-
ical systems when the thermal scale is comparable to or
less than the system size. While this work was in progress,
we learned of interesting work by Morshedifard et al. [24],
who carried out simulations similar to ours, without, how-
ever the introduction of a symmetry-breaking field, and
without the post-buckling mean-field theory used here.

2. Model and methods

2.1. Coarse-grained model
We consider a rectangular sheet of size L0 ⇥W0, with

L0 > W0, which is discretised by a triangular lattice of un-
breakable bonds, in the crystalline membrane paradigm [26].
The triangular lattice used here can be considered as a
convenient dual representation to the honeycomb lattice
usually employed to model graphene. We use the notation
L0 to distinguish the T = 0 rest length from the projected
length after thermal shrinking or compression. Neighbour-
ing nodes are connected by harmonic springs and there is
an energy cost when the normals (nnn↵) of neighbouring pla-
quettes are not aligned. The total energy is given by

H =
k

2

X

hi,ji

(|rrri � rrrj |� a)2 + ̂

X

h↵,�i

(1�nnn↵ ·nnn�) (1)

where k is the harmonic spring constant, ̂ is the micro-
scopic bending rigidity and a is the preferred length be-
tween two neighbouring nodes which also sets our unit
of length. The first sum is over neighbouring nodes and
the second over neighbouring triangular plaquettes. A
schematic is shown in Fig. 1(a). Our discretised bare elas-
tic constants are related to the bare continuum ones by
 =

p
3̂/2 and Y = 2k/

p
3 [27].

nα nβ 
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Figure 1: (a) Schematic of nodes on a triangular lattice. (b) Ribbon
in its flat rest configuration at T = 0, with length L0 and width W0.
(c) Relaxed ribbon at T > 0 and zero compression. The thermal
ripples cause the ribbon to shrink from its rest length L0 down to a
thermal projected length Lrelax. (d) Ribbon at a non-zero tempera-
ture and compressed beyond the critical buckling strain ✏c. In panels
(b)–(d) each end of a ribbon is clamped to have width W0 and the
colour map shows the height of each node relative to z = 0 at the
two ends. We used OVITO software to visualise the ribbons [25].

2.2. Parameters and length scales

Since we are interested in relatively narrow ribbons,
we use L0 ⇠ 100a and W0 ⇠ 20a (2500 nodes). Following
previous work [28–30], we set k = 1440̂/a2, which gives
us a Föppl-von Kármán number of vK ⇠ 106, comparable
to micron-size 2D materials such as graphene and MoS2.

As we change the temperature, keeping k/̂ fixed, two
crucial length scales, the thermal and persistence lengths,
will vary [23, 29]:

`th =

s
⇡3642

3kBTY
, (2)

`p =
2W0

kBT
. (3)

We want here to adapt the zero-temperature theory to
temperatures high enough for thermal renormalisation to
become significant. The temperature should not, however,
be so high that `p becomes small compared to L0 (i.e., we
stay far away from the ribbon crumpling regime). In sim-
ulations we fixed L0,W0 and k/̂ while varying ̂ and T .
We simulated over a temperature range 10�7

 kBT/̂  4
or equivalently 10�2 . W0/`th . 102. In the following we
shall use W0/`th as the natural variable for the tempera-
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ture scaling of the system, and focus on the regime where
W0 > `th.

2.3. Clamped boundary conditions and molecular dynam-
ics simulations

We use the HOOMD package [31] to simulate model (1)
in the NVT ensemble with a Nosé-Hoover thermostat. In
order to study the buckling dynamics, we clamp the ribbon
by fixing the nodes on the first two rows at both ends. We
vary the distance between the clamped edges to induce the
desired strain. Importantly, we thus operate in a constant-
strain ensemble.

Because of thermal fluctuations, the ribbon shrinks
from from its T = 0 rest length L0. We define Lrelax as
the projected natural length at which all stress components
are zero and define the incremental compressive strain as
✏ = 1 � L✏/Lrelax, where L✏ is the projected length at a
given compressive strain ✏. At finite T we have therefore
the inequalities L✏>0 < Lrelax < L0, illustrated in Fig. 1.

Following [29], we use a timestep of �t = 0.0025⌧
where ⌧ is the Lennard-Jones time ⌧ =

p
ma2/kBT and

we use natural units of mass and energy m = a = 1. Our
clamped systems are simulated in the NVT ensemble for
107 steps, saving a snapshot every 104 steps. For each
choice of parameters, we simulate either 5 or (more com-
monly) 10 independent runs. We use a jackknife method
(see, e.g., [32]) to estimate statistical errors.

3. Theoretical expectations

The most dramatic signature of the buckling transi-
tion occurs in stress-strain curves. Fig. 2 shows the stress
as a function of the strain as measured from our simula-
tions when T = 0, then at a low T such that W0/`th =
0.3, and finally at a more elevated temperature such that
W0/`th = 8.5, where thermal fluctuations have a stronger
e↵ect. The computed Young’s modulus, critical stress, and
critical strain for T = 0 are within 10% of the theoretical
predictions [Y

simulation

Y theory = 0.99, �simulation
c

�theory
c

= 0.92, ✏simulation
c

✏theory
c

=

0.94]. We attribute the small deviations to our discretised
clamped boundary conditions. The stress-strain curves
can be understood via the following simple argument: we
write the energy of a possibly bent compressed ribbon of
width W0, with displacements uniform along the y direc-
tion, as

E/W0 =
1

2
Y

Z L/2

�L/2

✓
du(x)

dx

◆2

dx� �xxd

+
1

2


Z L/2

�L/2

✓
d2h(x)

dx2

◆2

,

(4)

where u(x) is the displacement field along the x axis, h(x)
the displacement perpendicular to the ribbon, and ��xxd

represents the work done by a force F = W0�xx to com-
press the ribbon an amount d along x̂ relative to its natu-
ral length L. Here, Y and  are the 2D Young’s modulus
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Figure 2: (a) Stress as a function of compressive strain scaled by their

zero-temperature critical values (�theory
c and ✏theoryc ) for a ribbon at

(a) T = 0, (b) W0/`th = 0.3 and (c) W0/`th = 0.3. The dotted
lines are linear fits in the pre-buckling (small-✏) regime and in the
post-buckling regime ✏ > ✏c. The scaled critical stress, which is
proportional to the renormalised bending rigidity R, increases with
increasing W0/`th (or temperature). In contrast, the slope (YR)
becomes smaller with increasing W0/`th. Note that the very di↵erent
horizontal scales in (b) and (c).

and bending rigidity which measure the compressional and
bending energies respectively. In the compressed, but un-
buckled, state the strain is ✏ = du(x)

dx = d/L and from
Eq. (4), the compressional energy is Ecomp = 1

2W0Y d
2
/L.

In this regime, we minimise over d to find Hooke’s Law
� = F/W0 = Y ✏, which accounts for the first, linear part
of the stress-strain curve. Beyond the critical strain ✏c,
however, the system prefers to trade compressional energy
for bending energy. As we shall discuss below, for tangen-
tial boundary conditions at two ribbon ends, as is the case
for our simulations, we have the usual buckling instability
when ✏ > ✏c, ✏c = 4⇡2

/(Y L
2) [33].

What is the incremental stress �� associated with an
additional strain �✏ = �d/L when ✏ > ✏c? To this end, we
assume the compressional energy vanishes. We can now
regard x as a coordinate embedded in the ribbon. Note
that the tipping angle ✓(x) of the normal away from the
z-axis is given by ✓(x) ⇡ dh

dx , so that the additional energy
associated with the buckled state can be rewritten as

�E/W0 ⇡
1

2


Z L/2

�L/2

✓
d✓(x)

dx

◆2

dx� ��d, (5)
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where ���W0d is the extra work done beyond the buckling
transition by the stress increment ��. Once buckling leads
to a ribbon with a well-developed looping arch, i.e., ✏ � ✏c

we expect that d✓(x)
dx ⇠

⇡d
L2 so that the normal turns an

angle �✓ ⇠ ⇡/2 when d ⇠ L/2. The energy associated
with Eq. (5) is then �E ⇠ W0d

2
/L

3. Upon minimising
this expression over d, we obtain

��xx = const.
d

L3
⇡ const.



L2
�✏. (6)

Thus, the slope of the stress-strain curve beyond ✏c, once
the buckling transition becomes well developed, should be
of the order /L

2, as might have been guessed from di-
mensional analysis.

We conclude that the ratio of the pre- and post-buckling
slopes is ⇠ Y L

2
/, i.e., it is of the order the Föppl-von

Kármán number ⇠ 106 in our simulations! Hence, it is not
surprising that the zero-temperature stress-strain curve
looks nearly flat in Fig. 2(a).2 There is, however, a hint
of a non-zero slope at finite temperatures in our simula-
tions whenW0/`th = 0.3, which becomes more pronounced
when W0/`th=8.5. As discussed below, we attribute this
enhanced post-buckling slope to a strong W0-dependent
upward renormalization bending rigidity  ! R, due to
thermal fluctuations. Moreover, by rescaling the stress
and the strain with their respective zero-temperature crit-
ical buckling compression and strain, we can see that the
critical strain and critical buckling compression increase
with increasing T , or equivalently increasing W0/`th, as
shown in Fig. 2(b) and (c).

The argument above cannot tell us the details of what
happens close to ✏c, where one must account for deli-
cate balance between compression and bending energies.
To understand this regime, we now construct a simple
Landau-like theory of the buckling transition, appropriate
to the constant-strain ensemble enforced by our constant
NVT simulations.

3.1. Mean-field theory

As the ribbon is compressed along the longitudinal x
direction it can both compress and deflect out of plane in
the z direction. We work in the Monge representation and
denote the vertical displacement by h(x, y). In this deriva-
tion we denote the instantaneous projected length after
a compression d (to produce a dimensionless compressive
strain ✏) by L✏. To control the buckling order parameter,
we also impose an out-of-plane electric field E coupled to
the height of a charged ribbon, generating a potential en-

ergy V? = �
R L✏/2
�L✏/2

⇢E h(~x) d2x, where ⇢ = Q/(L0W0)
is the charge density. To describe a ribbon in a gravita-
tional field we simply need to substitute ⇢ = m/(L0W0)
and E = g. We assume a large Föppl-von Kármán num-
ber Y L0W0/ (easily achieved for graphene and MoS2),

2Both the critical strain ✏c ⇠ /(Y L2) and the post-buckling
slope ⇠ /L2

0 vanish in the thermodynamic limit L0 ! 1.

in which the stretching along the ribbon will be compara-
tively small. The total free-energy cost is given by

G =
1

2

Z
d2x

h�
r

2
h
�2

+ 2µu2
ij + �u

2
kk

i
� ⇢E

Z
d2xh

� �

Z
d2x(@xux),

(7)

where uij = (@iuj+@jui)/2+(@ih)(@jh)/2 and �xx = � de-
notes a uniaxial stress at the clamped edges. Notice that,
since the centre-of-mass height is hCM = 1

W0L0

R
d2xh(~x),

we can write G = G0�EQhCM and the thermally averaged
centre-of-mass height hCM in the full fluctuating which we
are only approximating here

hhCMi =
1

Z

Z
D[h, ui] hCMe�(G0�EQhCM )/kBT

, (8)

where Z =
R
D[h, ui] e�E/kBT is the partition function.

Since we are interested in the buckling response due to
an external field, we also study the height susceptibility
defined as � = dhhCM i/dE . Upon using Eq. (8) we obtain

� / hh
2
CMi � hhCMi

2
. (9)

We can further simply the physics into a 1D buck-
ling problem. We approximate h(x, y) ⇡ h(x) and de-
fine charge density ⇢ = Q/L0, an e↵ective 1D bending
rigidity and Young’s modulus given by 1D = W0 and
Y1D = YW0, respectively, where  and Y denote T = 0 val-
ues of the elastic constants. Within a Monge representa-

tion, we can approximate L✏+d ' L✏+
1
2

R L✏/2
�L✏/2

�
dh
dx

�2
dx,

where the strain ✏ is given by ✏ = d/Lrelax. The total en-
ergy then consists of bending, stretching and work done
by the external compressive force F and an out-of-plane
field,

G[h, E ] =
1D

2

Z L✏/2

�L✏/2
dx

✓
d2h

dx2

◆2

+
Y1D

2L✏

"Z L✏/2

�L✏/2
dx

1

2

✓
dh

dx

◆2
#2

�
F

2

Z L✏/2

�L✏/2
dx

✓
dh

dx

◆2

� ⇢E

Z L✏/2

�L✏/2
h dx.

(10)

Note that we have eliminated, or “integrated out”, the
in-plane phonons. See Appendix C for a detailed deriva-
tion of Eq. (10), which incorporates our constant-strain
boundary conditions. Note also the non-local character of
the second, stretching term. Lifshitz and Cross [34] have
described equations of motion for micro-electromechanical
devices with a similar non-local term. The ansatz of the
first buckling mode h(x) = 1

2hM

h
1 + cos

⇣
2⇡x
L✏

⌘i
, which

allows for a height hM midway between the clamps and
satisfies the boundary conditions dh

dx

��
x=±L✏/2

= 0, then
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leads to an expansion in the buckling amplitude hM

G =
⇡
2

4L✏

✓
41D⇡

2

L2
✏

� F

◆
h
2
M+

⇡
4
Y1D

32L3
✏

h
4
M�

⇢L✏E

2
hM. (11)

Note that, although Eq. (11) resembles a Landau theory
near a critical point, the expansion parameter depends in
a non-trivial way on the system dimension L✏. Note also
that the single mode approximation only makes sense close
to the transition; many more Fourier modes would be re-
quired to describe the fully developed post-buckling loop-
ing arch that develops for large strains, as in Fig. 2(a).

3.2. Euler buckling at T = 0
For E = 0, we can minimise Eq. (11) over hM to obtain

a critical 2D compressive stress of �c = 4⇡2
/L

2
✏c , and a

corresponding critical buckling strain ✏c = �c/Y = 4⇡2
Y L2

✏c
,

where L✏c is the projected length at the critical buckling
strain.3 These are the critical load and critical strain of
classical Euler buckling with tangential boundary condi-
tions [33]. The buckling amplitude is then

hM =

(
0, ✏ < ✏c (or � < �c),

±
2L✏c
⇡

q
✏�

4⇡2

Y L2
✏c
, ✏ � ✏c (or � � �c).

(12)

To test the above approach, we compared simulations at
T = 0 with the analytical predictions. These simulations
reproduced the square-root scaling predicted by the the-
ory and yielded consistent values for the Young’s modulus,
critical stress and critical strain (see Appendix A for de-
tails and plots).

3.3. Response function near critical buckling
At the critical point the system becomes sensitive to

external perturbation. In analogy with the magnetic sus-
ceptibility of an Ising system, within the MFT we can
define a height susceptibility as the linear response to a
uniform out-of-plane external field,

� ⌘
@hM

@E

����
E=0

=

(
Q

Y ⇡2
L✏c
W0

(✏c � ✏)�1 if ✏ < ✏c
Q

2Y ⇡2
L✏c
W0

(✏� ✏c)�1 if ✏ > ✏c.
(13)

This response function diverges at the buckling transition.
Hence, the system becomes infinitely sensitive to the out-
of-plane field E as the buckling transition is approached.
Note also that � is larger for small aspect ratio W0/L✏.
Eq. (11) predicts a non-linear dependence of the buckling
amplitude hM on E when ✏ = ✏c

hM = L✏c

✓
4QE

⇡4YW0

◆1/3

. (14)

The finite-temperature generalisation of this susceptibility
is given by Eq. (9).

3For a very large Föppl-von Kármán number vK we can approx-
imate L✏ as L0

3.4. Thermalised Euler buckling

As the temperature increases and the thermal length
`th(see Eq. (2)) becomes smaller than the membrane’s di-
mensions, the elastic constants of the system are renor-
malised. For ribbons with W0 < L0 this renormalisation
is cut o↵ by the width and leads to the following renor-
malized elastic constants [23]:

R(W ) '

(
 if W0 < `th,



⇣
W0
`th

⌘⌘
if W0 > `th,

(15)

YR(W ) '

8
<

:
Y if W0 < `th

Y

⇣
W0
`th

⌘�⌘u

if W0 > `th,
(16)

where ⌘ ⇡ 0.8 � 0.85 and ⌘u ⇡ 0.3 � 0.4 from analyti-
cal computations [18, 23, 35] and molecular dynamics or
Monte Carlo simulations [20, 28, 36, 37]. We expect, there-
fore, a strongly W0 and temperature-dependent sti↵en-
ing in the bending rigidity and softening in the Young’s
modulus. Upon substituting the renormalised elastic con-
stants in to the MFT, we obtain a scaling for the criti-
cal 2D stress of �c / (W0/`th)⌘ and a critical buckling
strain ✏c / (W0/`th)⌘+⌘u . Because `th / T

�1/2 and using
⌘ ⇡ 0.8 and the scaling relation [16] 2⌘ + ⌘u = 2, we see
that �c and ✏c are predicted to increase with increasing
temperature with non-trivial power laws, ✏c ⇠ T

0.6 and
�c ⇠ T

0.4.

4. Numerical results for finite temperature

The MFT section explains how we can use the maxi-
mum height hM of a compressed ribbon as an order param-
eter for a buckling transition and estimate how the critical
strain and critical stress will shift with increasing tem-
perature. We now test this theoretical prediction against
molecular dynamics simulations. We use the notation hOi

for the average in the NV T ensemble of the observable O.
It will be convenient to replace hM by the height of the

ribbon centre of mass hCM = 1
N

P
i hi as our order param-

eter. There is, however, a subtle point to be considered. In
the absence of an external field (E = 0) our energy (10) is
invariant with respect to height-inversion symmetry. This
means that configurations with hCM = ±h have the same
probability and would seem incompatible with the result
hhCMi 6= 0 for ✏ > ✏c. As with conventional magnetic
phase transitions, this apparent paradox is resolved by re-
alising that, in the limit of large system sizes, the system
undergoes spontaneous symmetry breaking [38]. Formally,
we could consider a small symmetry-breaking field E to es-
tablish a preferred direction and take the double limit

hhCMi = lim
E!0

lim
A!1

hhCMiA, (17)

where A denotes the system size. Notice that if we reversed
the order of the limits hhCMi would always vanish. This
is the situation in any computer simulation, where flips
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Figure 3: (a) The height centre of mass hhCMi as a function of the
out-of-plane field E for di↵erent strains relative to critical strain ✏c
obtained from the stress-strain curve. The slope (susceptibility) in-
creases closer to the buckling transition. (b) The exponent 1/� as
a function of ✏. The critical strain obtained from the height sus-
ceptibility � (green vertical dashed line) does not coincide with the
✏c obtained from the stress-strain curve (blue vertical dashed line).
We see that hCM / E far below the buckling transition and that it
becomes more sensitive (smaller 1/�) as the system becomes closer
to the transition. The 1/� exponent is close to 1/3 (red horizontal
line) when ✏ is close to the value when � is at maximum.

between the up and down states are always possible after
a finite long time. The metastable dynamics for E = 0 and
the behaviour of the flipping time for a molecular dynamics
simulation will be considered in a future work [39].

The previous discussion is in complete analogy to the
magnetisation m of a magnetic system, where m plays the
role of our height variable. In Appendix B we explore the
behaviour of the susceptibility � = dhCM

dE
��
E=0

via simula-
tions and find that these fluctuations become very large as
the buckling transition is approached from below.

4.1. Buckling induced by an external field

The definition of the broken-symmetry phase becomes
di�cult for finite sizes, since the ribbon can always flip be-
tween the up and down states. We can break this degen-
eracy by applying an external field perpendicular to the
plane. From Eq. (14) we expect steep curves of hhCMiE
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Figure 4: Average of the squared centre-of-mass height hh2
CMi as a

function of compressive strain ✏ when E = 0. In the pre-buckling
region hh2

CMi is close to zero, whereas in the post-buckling region
hh2

CMi goes linearly with ✏. The inset shows the dimensionless order
parameter hh2

CMi⇡2/L2
✏c as a function of ✏ � ✏c. The collapse of all

data with a slope of one, as in Eq. (19), agrees with our mean-field
theory.

as E ! 0, near the buckling transition, or equivalently
dhCM
dE / E

�2/3.
We can test this prediction in MD simulations by chang-

ing the perturbing field for compressions at a constant tem-
perature. Specifically, we simulate ribbons with W0/`th ⇠

8.5 (kBT/̂ = 0.05) and apply an E up to 0.01. To save
computing time we only simulated E > 0. In Fig. 3(a),
we see that well below the buckling transition the aver-
age centre-of-mass height hhCMi is weakly dependent on
the field. As we approach the critical buckling strain,
dhCM
dE

��
E=0

becomes larger. Along the iso-strain ✏ = ✏c

where � is at maximum, we expect hhCMi / E
1/� where

� = 3 (see Eq. 14). We can fit our data to calculate ex-
ponent �. In Fig. 3(b) we also plot the critical strain ob-
tained from stress-strain curve and from the peak of the
height susceptibility �. Interestingly, we find a propor-
tionality between the critical strains obtained from stress-
strain curves and critical strains obtained from the peaks
of �; however, these two values do not coincide exactly
(see Appendix C for more details). We find that 1/�
is close to 1/3 as ✏ approaches ✏c, where � is maximum.
We hope to investigate this proportionality in future work.
Similar to magnetic-based memories, one could use the up
and down buckling in a double-clamped ribbon to store
information, which can be controlled by compression ✏,
temperature T , or perturbing out-of-plane field E .

4.2. The centre-of-mass height behaviour under compres-
sion

As we discussed earlier we can locate the buckling tran-
sitions from stress-strain curves using data like those in
Fig. 2. We expect these curves will have a constant slope
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close to ✏ = 0, given by the Young’s modulus, and another
slope ⇠ R/L

2
✏ beyond the buckling point. The crossing

point of the pre- and post-buckling curves gives the critical
buckling load �c and critical strain ✏c (see Appendix B
for more details).

To provide a more quantitative test of the MFT, we

can use the relation h
2
CM =

⇣
1
L✏

R L✏/2
�L✏/2

h dx
⌘2

= 1
4h

2
M to

define a dimensionless buckling parameter at T = 0:

h
2
CM⇡

2

L2
✏c(T = 0)

= ✏� ✏c(T = 0), (18)

where ✏c(T = 0) = 4⇡2

Y L2
✏c

(T=0) . At finite temperature, we

expect the same relation to hold, with the corresponding
✏c given by the renormalised constants:

hh
2
CMi⇡

2

L2
✏c

= ✏� ✏c. (19)

Note that, at finite T , L✏c and Lrelax are temperature de-
pendent. Fig. 4 shows hh2

CMi as a function of ✏ for di↵er-
ent W0/`th. The linear dependence is clear. To test the
MFT prediction, we subtract ✏c, found previously from
the stress-strain curve analyses, from ✏. Remarkably, we
indeed find a data collapse with a slope of one for ✏ > ✏c, in
accordance with MFT and Eq. (19). At high temperatures,
however, the transitions grow less sharp, presumably due
to finite-size e↵ects.

4.3. The renormalised elastic constants

Next we examine how the elastic constants and critical
buckling change with temperature. We plot R, YR, and
✏c, obtained from MD simulations, as a function of W0/`th

in Fig. 5. At very low temperatures, when W0/`th ⌧ 1
and L0/`p ⌧ 1, these three parameters approach their
zero-temperature values. In this regime thermal fluctua-
tions are weak, and thus our system behaves like a classical
ribbon. In the W0/`th > 1 regime, on the other hand, we
see sti↵ening in R and softening in YR. We test Eqs. (15)
and (16) by fitting our data for W0/`th > 1 and L0/`p < 1
to the following expressions:

YR

Y
= AY x

�⌘u ,
R


= Ax

⌘
,

✏c

✏T=0
c

= A✏x
⌘+⌘u , (20)

where x = W0/`th.
We first set the exponents to their expected values

⌘ = 0.8 and ⌘u = 0.4 and fit only the Ai to check for
consistency. The fits are excellent for the three quantities,
with �

2 goodness-of-fit estimators per degree of freedom
of �2

Y /d.o.f. = 4.04/6, �2
/d.o.f. = 3.01/6 and �

2
✏/d.o.f. =

5.69/6.
We have also tried to compute the exponents indepen-

dently with fits to Eq. (20) without restricting their val-
ues. This is a di�cult computation [28], since the range of
W0/`th that can be accessed in thermalised simulations is
limited. We have, however, obtained reasonable estimates
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Figure 5: (a) Young’s modulus YR, bending rigidity R and (b)
critical strain ✏c as a function of W0/`th. The expected theoretical
scaling of Eq. (20) is an excellent fit in the regime W0 > `th, L0 < `p
with ⌘ = 0.8 and ⌘u = 0.4.

of ⌘u = 0.41(10) and ⌘ = 0.67(18). The Young’s modulus
YR softens as the ribbon length L0 becomes comparable
to the persistence length `p. Very recent work by Mor-
shedifard et al. also found an increase in buckling load of
square sheets with increasing temperature [24]. It has also
been shown in Ref. [40] that the critical buckling strain
of MoS2 sheets (described by a Stillinger-Weber poten-
tial) increases with increasing temperature. To summarise,
in the semi-flexible regime where L0 < `p and `th < W

we find that the mechanics of thin ribbons becomes tem-
perature dependent with YR / T

�⌘u/2, R / T
⌘/2, and

✏c / T
(⌘u+⌘)/2.

5. Conclusions

In this letter we demonstrate that the buckling of ther-
malized ribbons, when studied via molecular dynamics
simulations, can be described by a mean-field theory with
renormalized elastic constants when the ribbon length is
shorter than the persistence length. We provide three in-
dependent ways of locating the buckling transition. In
the first approach we use the stress-strain curve to locate
buckling and indeed find that the buckling is delayed with
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increasing temperature. The second approach is via height
fluctuations (Appendix B), in analogy with the study of
susceptibility in magnetic systems. Such an increase in
height fluctuations close to the buckling transition was re-
cently observed in the study of buckling of 1D colloidal
systems [41]. Lastly, we find that the height becomes
highly sensitive to an out-of-plane symmetry-breaking field
E close to the transition.

While the buckling transitions of thermalised nanorib-
bons and phase transitions in magnetic systems seem to
share similar behaviours, the critical buckling strain is
system-size dependent (✏c / 1/L2), whereas the critical
temperature of a magnetic system is typically indepen-
dent of system size. Our simulations suggest regions in
which the mean-field theory approximately holds. These
regions are determined by the ratio between the system
sizes (L0,W0) and the relevant thermal lengths (`th, `p).
In the low temperature regime (L0 < `p and `th > W0),
the classical (zero temperature) plate theory holds. In
the intermediate (semi-flexible) regime where L0 < `p

and `th < W0 we find that the mechanics of thin rib-
bons with fixed width W0 can be described with a mean-
field theory with temperature dependent elastic constants
YR / T

�⌘u/2, R / T
⌘/2.

Because of the softening in YR and sti↵ening in R,
the buckling threshold increases with temperature, ✏c /

T
(⌘u+⌘)/2. Normally ⌘ and ⌘u are extracted from the

Fourier modes of height fluctuations and in-plane phonons.
Here, we demonstrate that we can use an Euler buck-
ling to measure these exponents directly. Current nano-
fabrication techniques can create nanoribbons as thin as
⇠ 2 nm via transmission electron microscopy [42] and their
temperature can be controlled from as low as a few Kelvin
up to room temperature [43]. For graphene the thermal
length at 300 K is around 3 nm, while for 1 K `th ⇡ 50 nm.
It should therefore be possible to fabricate ribbons with
width to thermal length ratio from roughly 0.01 to 100. A
similar setup including an out-of-plane symmetry-breaking
field has been achieved experimentally [44]. The simu-
lations and theory presented here provide predictions for
buckling of thermalised nanoribbons that can be tested ex-
perimentally. The tunability of buckling via compression,
temperature, and perturbing field could be the useful for
development of mechanics-based non-volatile memories.
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Appendix A. Numerical check of the T = 0 the-
ory

To check that our coarse-grained model is consistent
with the zero-temperature theory we simulated systems
with L0 = 100a,W0 = 20a, ̂ = 2.5, k/̂ = 1440/a2 at
T = 0. The energy is minimised using the FIRE algorithm.
Recall that the connection between continuum elastic con-
stants and those for a triangular lattice is  =

p
3ˆ̂
2 and

Y = 2kp
3
. We plot the height amplitude hM and stress �

as a function of the compressive strain (✏ = 1� L✏/L0) in
Fig. A.6. Our simulations produce a square-root scaling of
the buckling amplitude, in agreement with the mean field
theory. The computed Young’s modulus, critical stress,
and critical strain are within 10% of the theoretical pre-

dictions [Y
simulation

Y theory = 0.99, �simulation
c

�theory
c

= 0.92, ✏simulation
c

✏theory
c

=

0.94]. We attribute the small deviations to our discretised
clamped boundary conditions.

Appendix B. Stress-strain curve

We fit data points close to ✏ = 0 to obtain YR and
fit data points beyond the buckling point to obtain the
linear asymptotic behaviour. We use the intersection of
these two lines to estimate the critical buckling load �c

and critical buckling strain ✏c. By plotting the scaled
stress �/�

theory
c as a function of ✏, we can see that scaled

critical buckling load �c/�
theory
c increases with increasing

W0/`th (increasing T ), whereas the slope (YR) decreases
with increasing W0/`th, in accordance with the theoretical
expectation (see Fig. B.7).

Appendix B.1. The temperature-dependent critical strain
from height susceptibility

Since we are interested in the buckling response due to
external field we study the height susceptibility defined as
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Figure A.6: The maximum height hM (a) and the longitudinal stress
� (b) at T = 0 as a function of the compressive strain ✏ = 1�L✏/L0.
The inset in (a) shows the linear relationship between h2

M and ✏ for
✏ > ✏c.

� = dhhCM i/dE . We can directly obtain � using height
fluctuations with Eq. (9).

As discussed in the main text, the height of center of
mass hCM beyond buckling obtained from simulations of
finite systems might flip after a long finite time. Thus
hCM of independent runs average to zero. In simulations
of classical Ising spins it is common to take the absolute
value of the order parameter [45], a strategy that can be
adopted to our problem:

�[|hCM|] / hh
2
CMi � h|hCM|i

2
. (B.1)

Note that this quantity di↵ers from the true susceptibil-
ity (see eq 9). In MD simulations we can apply a small
symmetry-breaking field to bias the system to buckle in
one direction. Specifically, we simulated a system with
W0/`th ⇠ 8.5 and compare these two quantities. The
function �[|hCM|] has a similar qualitative behavior and
similar peak location to �[hCM], as shown in fig. B.8. To
save computing time we use �[|hCM|] of eq. (B.1) to lo-
cate the peaks. The susceptibilities (�[|hCM|]) for several
temperatures as a function of the compressive strain ✏ are
plotted in fig. B.9. Here and in following plots we indicate
the temperature through the ratio of the system’s width to
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Figure B.7: Average stress � as a function of compressive strain ✏
for a ribbon with at a temperature large enough so that W0/`th =
8.5. The dashed lines are linear fits in the pre-buckling (small-✏)
regime and in the post-buckling regime ✏ > ✏c. The inset shows

the scaled stress �/�theory
c for di↵erent systems. The scaled critical

buckling, which is proportional to the renormalised bending rigidity
R, increases with increasing W0/`th (or temperature). In contrast,
the slope (YR) becomes smaller with increasing W0/`th.

its thermal length, which is the appropriate scaling vari-
able. We can clearly see that the buckling transition per-
sists for finite T , while the position of the peaks increases
with increasing W0/`th. This trend is consistent with our
theoretical prediction that ✏c should increase as the renor-
malisation of the Young’s modulus and bending rigidity
becomes more and more important. We find a propor-
tionality between the critical strains obtained from stress-
strain curves and critical strains obtained from the peaks
of �; however, these critical strain obtained from two dif-
ferent approaches do not coincide exactly (see Fig. B.10).

Appendix C. Variational approach

Here we describe how eliminating in-plane displace-
ment fields leads to a non-local stretching term in the
Gibbs energy. For a clamped 1D ribbon we write the e↵ec-
tive 1D Young’s modulus as Y1D = YW0 and the bending
rigidity as 1D = W0. The amount of work is �Fd and
the compression distance d can be approximated as fol-
lows,

L✏ + d '

Z L✏/2

�L✏/2

s

1 +

✓
dh

dx

◆2

dx (C.1)

d '
1

2

Z L✏/2

�L✏/2

✓
dh

dx

◆2

dx. (C.2)
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We assume variations only in the x-direction. The Gibbs
free energy is given by

G[ux, h] =
1D

2

Z L✏/2

�L✏/2
dx

✓
d2h

dx2

◆2

+
Y1D

2

Z L✏/2

�L✏/2
dx

"
du

dx
+

1

2

✓
dh

dx

◆2
#2

�
F

2

Z L✏/2

�L✏/2
dx

✓
dh

dx

◆2

,

(C.3)

where F = W0�xx. We will now focus on the middle
stretching term Gs controlled by Y1D. As is typically done
in the 2D case, we focus on the vector-potential-like contri-

bution, A(x) = 1
2

�
dh
dx

�2
, and we write the fields in Fourier
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Figure B.9: The susceptibility of the absolute centre-of-mass height
�[|hCM|] as a function of the compressive strain ✏. The position of
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with the theoretical expectation of a delayed buckling transition with
increasing T , due to thermal sti↵ening. The simulated systems cover
the temperature range of 0.005  kBT/̂  0.4.

space as,

du

dx
= U0 +

X

q 6=0

iqũ(q)eiqx (C.4)

A = A0 +
X

q 6=0

Ã(q)eiqx, (C.5)

where we have separated out the q = 0 modes. The
stretching energy Gs is given by

Gs =
Y1D

2

Z L✏/2

�L✏/2
dx

2

4U0 +A0 +
X

q 6=0

⇣
iqũ(q) + Ã(q)

⌘
eiqx

3

5

⇥

2

4U0 +A0 +
X

q 6=0

⇣
iq0ũ(q0) + Ã(q0)

⌘
eiq

0x

3

5

=
Y1D

2
L✏(U0 +A0)

2

+
Y1D

2

X

q 6=0

X

q0 6=0

Z L✏/2

�L✏/2
ei(q+q0)x

⇣
iqũ(q) + Ã(q)

⌘

⇥

⇣
iq0ũ(q0) + Ã(q0)

⌘
dx

=
Y1D

2
L✏(U0 +A0)

2 +
Y1DL✏

2

X

q 6=0

|iqũ(q) + Ã(q)|2.

(C.6)

The stretching energy Gs is clearly minimised when ũ(q) =
�iÃ(q)/q. Upon imposing constant strain and the bound-
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.

ary conditions we find,

U0 =
1

L✏

Z L✏/2

�L✏/2
dx

du

dx
=

1

L✏
[u(L✏/2)� u(�L✏/2)] = 0,

(C.7)

and similarly,

A0 =
1

L✏

Z L✏/2

�L✏/2
dx A =

1

L✏

Z L✏/2

�L✏/2

1

2

✓
dh

dx

◆2

dx. (C.8)

Upon substituting Eq. (C.6) in the form Gs = Y1D
2 L✏A

2
0

into Eq C.3, we obtain the free energy of Eq (10) of the
main text, provided we include a contribution from the
symmetry-breaking field.

We now discuss an out-of-plane field that couples to
the height. For instance, if we put uniform charges on
the ribbon and place it within a uniform electric field, the

potential energy is V? = �
R L✏/2
�L✏/2

⇢E h dx. After collecting
terms, including an out-of-plane external electric field E ,
we obtain the Gibbs energy

G[h, E ] =
1D

2

Z L✏/2

�L✏/2
dx

✓
d2h

dx2

◆2

+
Y1D

2L✏

"Z L✏/2

�L✏/2
dx

1

2

✓
dh

dx

◆2
#2

�
F

2

Z L✏/2

�L✏/2
dx

✓
dh

dx

◆2

� ⇢E

Z L✏/2

�L✏/2
h dx.

(C.9)

Close to the buckling transition we focus on the first buck-

ling mode h = hM
1
2

h
1 + cos

⇣
2⇡x
L✏

⌘i
, where hM is the

height amplitude, as an ansatz that insures tangential bound-

ary conditions dh(x)
dx

���
x±=L✏/2

= 0. We then obtain Eq. (11)

of the main text,

G =
⇡
2

4L✏

✓
41D⇡

2

L2
✏

� F

◆
h
2
M +

⇡
4
Y1D

32L3
✏

h
4
M �

⇢L✏E

2
hM.

(C.10)
It is helpful to write the above equation in terms of new
parameters a, b, ✏c

G = a(✏� ✏c)h
2
M + bh

4
M �

⇢L✏E

2
hM, (C.11)

where a = Y1D⇡2

4L✏
, b = ⇡4Y1D

32L3
✏
, ✏c = 4⇡21D

Y1DL2
✏
. Upon min-

imising the Gibbs free energy by setting dG
dhM

���
E=0

= 0, we

find

hM =

(
0, if ✏ < ✏c

±
p

a
2b (✏� ✏c) =

2L✏c
⇡

q
✏�

4⇡2

Y L2
✏c
, if ✏ > ✏c

(C.12)

Appendix C.1. Susceptibility

To obtain the susceptibility at zero external field we
first solve dG

dhM
= 0, which leads to

0 =2ahM (✏c � ✏) + 4bh3
M �

⇢L✏E

2
(C.13)

E =
2

⇢L✏
[4bh3

M + 2a(✏c � ✏)hM]. (C.14)

We can now calculate the susceptibility and use ⇢ = Q/L0

and Y1D = YW0 to obtain

@hM

@E

����
E=0

=

(
Q

Y ⇡2
L✏c
W0

(✏c � ✏)�1 if ✏ < ✏c
Q

2Y ⇡2
L✏c
W0

(✏� ✏c)�1 if ✏ > ✏c
(C.15)

For a ribbon in a gravitational field simply replace E = g

and Q = m, where m is the total mass.
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