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Lightning Current Waveforms Inferred From
Far-Field Waveforms for the Case
of Strikes to Tall Objects

Shunsuke Koike, Yoshihiro Baba*

Abstract—Electric and magnetic fields at far distances produced
by lightning strikes to tall objects are different from those associ-
ated with lightning strikes to flat ground. Specifically, in the case
of strikes to tall objects, the waveforms are oscillatory because of
current reflections at the top and bottom of the tall object. In this
article, a procedure to reconstruct the waveform of far electric field
due to the lightning strike to flat ground from the corresponding
waveform of far electric field due to a lightning strike to a tall
object is proposed. Once the effect of tall strike object is removed
from the measured field waveform, the channel-base current for the
strike to flat ground is estimated. Further, the channel-base current
waveform is used to find the waveform of current at any altitude
along both the strike object and the lightning channel. Computa-
tions of far electric fields due to lightning strikes to tall objects
are carried out using the finite-difference time-domain method in
the two-dimensional cylindrical coordinate system. The lightning
return stroke is represented by the transmission-line (TL) model,
the modified TL model with linear current decay with height, or
the modified TL model with exponential current decay with height.

Index Terms—Finite-difference time-domain (FDTD) method.
lightning, return-stroke current waveform, return-stroke field
waveform, return-stroke model, tall object.

[. INTRODUCTION

ALL objects are often struck by lightning [1], [2], [3].

Electric and magnetic fields produced at far distances by
lightning strikes to tall objects are different from those associated
with lightning strikes to flat ground. Specifically, in the case of
strikes to tall objects, the waveforms are oscillatory because
of current reflections at the top and bottom of the tall object.
It would be of great scientific interest and practical use if the
distribution of lightning current both along the channel and along
the strike object could be estimated from measured waveforms
of far electric or magnetic field.
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In this article, a procedure to reconstruct the waveform of
far electric field due to the lightning strike to flat ground from
the corresponding waveform of far electric field due to a light-
ning strike to a tall object is proposed. Then, the waveform of
channel-base current for the strike to flat ground is estimated
using the procedure proposed by Fukuyama et al. [4]. Further,
the channel-base current waveform is used to find the waveform
of current at any altitude along either the strike object or the
lightning channel using the expressions proposed by Baba and
Rakov [5]. Computations of far electric fields due to lightning
strikes to tall objects are carried out using the finite-difference
time-domain (FDTD) method [6] in the two-dimensional (2-D)
cylindrical coordinate system. The lightning return stroke is rep-
resented by the transmission-line (TL) model [7], the modified
TL model with linear current decay with height (MTLL) [8],
or the modified TL model with exponential current decay with
height (MTLE) [9].

II. SPATIAL AND TEMPORAL DISTRIBUTIONS OF CURRENT
ALONG A TALL STRIKE OBJECT AND A LIGHTNING CHANNEL

Current / (7, f) at an arbitrary height 7’ along a tall strike object
of height h and along the lightning channel attached to the object
top at arbitrary time 7, based on their TL representation, is given
by (6a) and (6b) of [5], which are as follows (see also Fig. 1(b)
in [5]):

Fe—2 pwpi PhotPlopTsc (h,t_h;z'_g)

n=>0 +p1blc:(i_1p:10pr (h’t R hcz' - %)

(1a)
for 0 < 7' < h (tall object) and
r s l_plﬂp
I(Z,5) = —;
L (h,t— 2)
+ (14 puop) 3 plapieg e (ot — 52 — 222
xu(t—z_h) (1b)
vt

for 7 > h (lightning channel), where I is the lightning short-
circuit current that is defined as the lightning current that would
be measured at an ideally grounded object (Zg; = 0 or Zg; <<
Z,) of negligible height, py,q: is the current reflection coefficient
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Fig. 1. Configuration of a lightning strike to a tall object to be analyzed with
the FDTD method in the 2-D cylindrical coordinate system.

at the bottom of strike object, p;op is the current reflection coef-
ficient at the object top for current waves propagating upward,
n is an index representing the successive multiple reflections
occurring at the two ends of the strike object, c is the speed of
light, vy is the return-stroke wavefront speed, v is the current
propagation speed along the lightning channel, and u is the
Heaviside unit function. If the grounding impedance is Z,, the
characteristic impedance of the tall object is Z,y,, the equivalent
impedance of the lightning return-stroke channel is Z., then
the current reflection coefficients are given by ppot = (Zon —
Zgr)f(ng =1 Zgr) and Ptop — (Zob — Zen)(Zov, + Zen)-

The spatial and temporal distribution of current along a light-
ning channel terminated on flat ground (z' > 0), based on the TL
representation [5], is given as follows:

I, t) = H'ngffm (0, t—z—) )

v

where pg, is the current reflection coefficient at the lightning
channel base, which is given by pgr = (Zeh — Zgr M (Zeh + Zgy)-

Equations (1b) and (2) are expressions for a lightning channel
represented by the TL model. If lightning channel is represented
by the MTLL model, (1b) needs to be multiplied by [1—(Z’-
h)/H] and (2) needs to be multiplied by (1—z'/H), where H is the
total channel length in the MTLL model. If lightning channel is
represented by the MTLE model, (1b) needs to be multiplied by
exp [—(Z'-h)/A] and (2) needs to be multiplied by exp (—z'/A),
where A is the current decay height constant.

III. FDTD CoMPUTATIONS OF FAR FIELDS DUE TO LIGHTNING
STRIKES TO TALL OBJECTS

Fig. 1 shows the configuration of a lightning strike to a
tall object to be analyzed using the FDTD method in the 2-D
cylindrical coordinate system. In this coordinate system, there
exist only the radial and vertical components of electric field,
E, and E, respectively, and the azimuthal component of mag-
netic field, H,. Time-update equations for E,, E., and H,, are
given in Appendix. The computational domain is 210 km x
50 km, which is divided uniformly into rectangular cells of
5 m x 10 m. The time increment is set to 14.8 ns. Liao’s
second-order absorbing boundary condition [10] is applied to all
sides of the computational domain except for its left side. The
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ground is set to be perfectly conducting. The tall strike object
and the 7-km long lightning channel are located at the left-side
boundary of the 2-D computational domain. The spatial and
temporal distributions of current along the tall strike object and
the lightning channel given by (1a) and (1b), respectively, or by
(2) in the absence of strike object, are represented by a vertical
current source array [11].

The total channel length in the MTLL model is set to H =7
km, and the current decay height constant in the MTLE model
is set to A = 2 km. The current propagation speed v along the
lightning channel and the return-stroke wavefront speed vy are
both set to 150 m/us (0.5¢). The waveform of the short-circuit
current I is represented by the sum of a Heidler function [12]
and a double-exponential function, so that its peak is 11 kA and
the risetime is 1 us. The grounding impedance is set to Z;, =
10 €2 and the equivalent impedance of lightning channel is set
to Z., = 1000 Q2. Therefore, the current reflection coefficient at
the base of the lightning channel attached to flat ground is pgr =
(Zen — Zge)(Zen + Zgr) = 0.98, and the peak of the channel-base
current is (1 + pgr)/2 x Iyc = (1 +0.98)/2 x 11 kA = 10.9 kA.
The characteristic impedance of the strike object is set to Zg, =
250 €2, so that current reflection coefficients at the bottom and
top of strike object are phot = (Zob — Zgr)/(Zob + Zgr) = 0.92
and piop = (Zob — Zen)(Zop + Zer) =-0.6.

Fig. 2 shows FDTD-computed waveforms of electric field
due to lightning strikes to 200, 300, 400, and 500-m tall objects
and to flat ground at a distance of 200 km from the lightning
channel for the TL, MTLL, and MTLE models. Waveforms of
electric field associated with a lightning strike to a tall object
exhibit oscillations due to successive reflections of lightning
current at the top and bottom of the strike object. This is in
contrast with the waveforms for the case of lightning strike to
flat ground, which exhibit no oscillations. Also, peaks of electric
field associated with lightning strikes to tall objects are greater
than those associated with lightning strike to flat ground for
reasons discussed in [13] and [14].

Peak values of electric field due to the corresponding lightning
strike to flat ground, computed using the TL, MTLL, and MTLE
models, are 1.65, 1.61, and 1.51 V/m, respectively. The ratio of
electric-field peaks of lightning strikes to the tall object and to
flat ground ranges from 2.20 to 2.45 for the TL model, from
2.25 to 2.49 for the MTLL model, and from 2.36 to 2.60 for the
MTLE model.

Baba and Rakov [13] have derived the following expression
for the far-field-enhancement factor k5 due to the presence of
tall strike object:

_ 0490 pey)

e )

(&)

This expression yields kian = 2.4, forv = 0.5¢, ptop = —0.6, and
pgr = 0.98, which is close to the above-given field-peak ratios
based on the FDTD computations.

Table I gives values of the first maximum E;_;a11. max and the
first minimum E, ;a11.min Of vertical electric field for 200, 300,
400, and 500-m tall objects computed with the TL model.
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Fig.2. FDTD-computed waveforms of electric field due to lightning strikes to
200, 300, 400, and 500-m tall objects and to flat ground at a distance of 200 km
from the lightning channel for (a) TL model, (b) MTLL model, and (c) MTLE
model.

TABLE I
'VALUES OF THE FIRST MAXIMUM E;_1arr max AND THE FIRST MINIMUM
E; _taiL.mmw OF VERTICAL ELECTRIC FIELD DUE TO LIGHTNING STRIKES TO
200, 300, 400, AND 500-M TALL OBJECTS AT A DISTANCE OF 200 KM FROM
THE LIGHTNING CHANNEL, COMPUTED WITH THE TL MODEL

h [m] 200 300 400 500
- g [V/m] 3.63 391 201 2.04
E. taiipis [V/m] 0.57 0.11 —0.12 ~033

Similarly, Table II gives those computed with the MTLL
model, and Table III gives those computed with the MTLE
model. The first maximum and first minimum field values will
be used in the procedure to reconstruct the waveform of far
electric field due to the lightning strike to flat ground from the
corresponding waveform of far electric field due to lightning
strikes to tall objects, which is discussed in Section IV.
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TABLEII
VALUES OF E; _tarp max AND E;_1app wmmw OF VERTICAL ELECTRIC FIELD

h [m] 200 300 400 500

E. 1 me: [V/m] 3.62 3.89 3.98 4.01

E_ gy ns [V/m] 0.50 0.01 ~027 —0.48
TABLE III

VALUES OF E;_tarrmax AND Ez_1arp umw OF VERTICAL ELECTRIC FIELD

h [m] 200 300 400 500
E, ol max [V/m] 3.57 3.82 3.90 3.92
E. it mi [V/m] 0.35 -0.22 —0.55 -0.77

IV. PROPOSED PROCEDURE FOR RECONSTRUCTION OF THE
‘WAVEFORM OF ELECTRIC FIELD DUE TO THE CORRESPONDING
LIGHTNING STRIKE TO FLAT GROUND

From (1a), the currents at the bottom of strike object (z' = 0)
at times f and 1—2h/c are given as follows:

1(0,¢) = o) pwy)

x {Isc (h,t—2) + f} [p?mpt’épfsc (haf = w)]}
n=1

4)
I (O,t— %) _ (14 prot) (1 — prop)
c 2 prot Prop
= 2 1)h
-2 [p{:mp:;prx (h,t - %)] (5)
n=1

It appears from (4) and (5) that the short-circuit current I
(h, t — hic) at height 7 = h and at time f—h/c can be expressed
using currents at the bottom of the strike object I (0, f) and I (0,
t — 2h/c) at times f and f — 2h/c. Indeed, combining (4) and (5)
to eliminate Xp "yot p "top Isc (h, t—2(n+1)h/c), we obtain

- (h’t - E) S

x [I (0,£) — pootropl (O,t— %)] :
(6)

If currents I (0, f) and I (0, t — 2h/c) at the bottom of strike
object on the right-hand side of (6) were replaced by vertical
electric fields due to a lightning strike to a tall object, E,_tan
(0, 1) and E,_:an (0, t — 2h/c), respectively, as done in (7),
the waivetail of the resultant E, waveform (from about 15 to
45 ps) would agree well with that of the electric field due to the
corresponding lightning strike to flat ground. This is illustrated
in Fig. 3 for h = 500 m, where the flat-ground waveform is
plotted with broken line and the waveform computed using the
following equation is plotted with gray line:

2
(1 + prot) (1 — prop)
2h
X Ez_la]] (t) . PbotplopEz_taH (t - ?):l .
(7

E. flat tail (1) =
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Fig. 3. 'Waveforms of electric field at 200 km due to a lightning strike to a

500-m tall object computed using (7) (gray line) and (8) (solid black line), and
the waveform of electric field due to a lightning strike to flat ground (broken
line).

While the tails of the gray-line and broken-line waveforms are
similar, their peaks differ significantly. We can adjust the peak
(crest) value using the following equation, but the agreement in
the tail will be poor (see solid black line in Fig. 3):

= ki z_tall (£) — PootPropEz_tan (t - Q—h)]
tall £
®)
where the far-field enhancement factor k;,y, which is the ratio
of the initial peaks of vertical electric field for the strike-object
and flat-ground cases, is given by (3).

We can make the wavetail of electric field given by (8) (solid
black line in Fig. 3) closer to that given by (7) (gray line in
Fig. 3),byadding o "E,_fat.crest (f) repeatedly for each 2h/c time
increment to compensate for the difference, E,_gat tail (frall. max
5 2}]/6) W Ez_ﬂat.crest (rt.a]l.max ) ZMC) (See two vertica]ly
stacked black circles in Fig. 3). The resultant total electric field
estimated for the corresponding lightning strike to flat ground is
given as follows:

Ez_ﬁat.crest (t)

e (4 = S 2 [ B 6= 2
flat.total — T 2 1)k
e “— Kan | —PootPropEz san (t i %)
)]
where
- Ez_m_mil(tmu_max-l-%J—Ez_m.cres:{tuu.mu‘i‘%)
= Ez_ﬂl.crest(tmﬂ.max)
4 E; tan (tan.max + 22)
(14 Prot) (1—Prop)
B (1+4Pbot) (1—prop) - it I, e Closti i)
- Ez_m.ma'x: L

2
, | Bz (tianmax + 22)

— ProtProp Bz _tall (trall. max)

L. i m (Ez_tatl. min — PbotPropEz_tall.max)
T E: wimax
T __ (Ez tall.min — Pbo(PtDpEz tall. max)

~ [ty -1 (B2 —

(10)
where n is zero or a positive integer [at n = 0 (9) reduces to
(8)], ftan.max is the time at which the electric field due to a
lightning strike to a tall object attains its first peak (see Fig. 3).
E. iall.max 18 the first maximum value of the electric field, and

1165
2.0
= LS5
=
=10
o
=
m
§ 05 ——200m
-';:: 300m
~ 0.0 400 m
— 500 m
05 TL, 2“0 km —— Strike to flat ground (directly computed)
660 670 680 690 700 710
Time [ps]
(a)
20 — 200 m
300 m
= 1.5 400 m
§ —500m
’;: 1.0 e Strikce to flat ground (directly computed)
zZ L
&
_—S 0.5
k]
- 0.0
MTLL, 200 km
-0.5
660 670 680 690 700 710
Time [ps]
(b)
20 —_—200m
—300m
— 1.5 400m
s ——500m
: w— Strike to flat ground (directly computed)
E 1.0
)
B 0.5
5
= 0.0
MTLE, 200 km
-0.5
660 670 680 690 700 710
Time [us]
(c)
Fig. 4. Waveforms of electric field due to lightning strike to flat ground at a

distance of 200 km from the lightning channel represented by (a) the TL model,
(b) the MTLL model, and (c) the MTLE model, reconstructed from waveforms
of electric field due to lightning strikes to 200, 300, 400, and 500-m tall objects.
The waveform directly computed for the strike to flat ground is also shown.

E. tall.min 18 the first minimum value of the electric field duetoa
lightning strike to a tall object (see Fig. 2 and Tables I-11I), which
appears around a time of 2A/c after the first-peak time. Note that,
based on (8), the maximum value of the electric field due to
the corresponding lightning strike to flat ground, E,_gat.max =
Ez_ﬂat,.crest (rtail.max); is l'eplaced by Ez_ta]l.max/ktall-

Fig. 4 shows waveforms of electric field, due to the corre-
sponding lightning strikes to flat ground at a distance of 200
km, reconstructed using (9) and (10) from the FDTD-computed
waveforms of electric field due to lightning strikes to 200-, 300-,
400-, and 500-m tall objects. Also shown in Fig. 4 is the FDTD-
computed waveform of electric field due to the same lightning
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Fig. 5. Waveforms of lightning current at the channel-base due to lightning
strike to flat ground reconstructed for (a) the TL model, (b) the MTLL model,
and (c) the MTLE model, using the procedure given in [4], from the inferred
electric field waveforms for the lightning strike to flat ground shown in Fig. 4.
The original channel-base current waveform (used as input in computing fields
due to strikes to flat ground) is also shown: I(0, 1) = (14+per)isc (0, £)/2. The
inferred channel-base current waveforms were converted to I, according to
(2), Isc(0, f) = 2I(0, £)/(1+ pgr ). and used in computing the strike-object current
waveforms predicted by the TL, MTLL, and MTLE models and shown in Figs. 6
and 7.

strike but terminated on to flat ground. It appears from Fig. 4 that
(9) allows one to reasonably well reconstruct the electric field
waveform due to the corresponding lightning strike flat ground
from those due to lightning strikes to tall objects. Quantities
needed are the height of tall but terminated on object, current
reflection coefficients at the top and bottom of the tall object (or
the equivalent impedance of lightning channel, the characteristic
impedance of tall object, and the grounding impedance), and the
speed of current wave propagating along the channel.
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20
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3 .
5 — —_————
0
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Fig.6. Waveforms of lightning current at the top of the strike object of height
(a) h =200 m, (b) A = 300 m, (c) h = 400 m, and (d) & = 500 m, reconstructed
from waveforms of electric field at a distance of 200 km, using the procedure

proposed in this paper. Also shown are the “original™ current waveforms, directly
computed using (1a).
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Fig. 7. Same as Fig. 6, but at the bottom of the strike object of height

(a) h =200 m, (b) h = 300 m, (c) h =400 m, and (d) i = 500 m.

V. RECONSTRUCTION OF CHANNEL-BASE CURRENT
‘WAVEFORM FROM ELECTRIC-FIELD WAVEFORM FOR
LIGHTNING STRIKE TO FLAT GROUND

Expressions for reconstructing the channel-base current
waveform from vertical electric-field waveform on perfectly
conducting ground have been derived for the MTLL and
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MTLE return-stroke models in [4]. Fig. 5 shows waveforms of
channel-base current, which are reconstructed from the electric
field waveforms for the lightning strike to flat ground in the
preceding section and shown in Fig. 4.

The waveform of current at any altitude along the strike object
(if any) and the lightning channel can be calculated using (1a),
(1b), and (2) if the waveform of short-circuit current I is
specified. Fig. 6 shows waveforms of lightning current at the
top of the object, due to a lightning strike to a 200-, 300-,
400-, or 500-m tall object, computed using (la) and inferred
channel-base current waveforms 7 (0, f) shown in Fig. 5 [which
are converted to I according to (2): Isc(0, ) = 21(0, H)/(1+pgr)].
Fig. 7 is similar to Fig. 6, but for the current at the bottom of
the strike object. It appears from Figs. 6 and 7 that the proposed
procedure allows one to reconstruct the current waveform at any
height along the strike object.

VI. SUMMARY

In this article, we have proposed a procedure to reconstruct
the waveform of far electric field due to the lightning strike
to flat ground from the corresponding waveform of far electric
field due to a lightning strike to a tall object. Then, we have
estimated the waveform of channel-base current for the strike to
flat ground using the procedure proposed by Fukuyama et al. [4].
Further, we have demonstrated how the waveform of current at
any height along the strike object and the lightning channel can
be inferred using the expressions proposed by Baba and Rakov
[13]. Computations of far electric fields due to lightning strikes
to tall objects were carried out using the FDTD method. The
lightning return stroke was represented by the widely used TL,
MTLL, and MTLE models.

APPENDIX: TIME-UPDATE EQUATIONS OF ELECTRIC AND
MAGNETIC FIELDS FOR THE FDTD METHOD IN THE 2-D
CYLINDRICAL COORDINATE SYSTEM

In analyzing electromagnetic field pulses, which are radiated
from a vertical lightning channel and propagate over an az-
imuthally symmetric ground, it is advantageous to use the 2-D
cylindrical coordinate system since it requires less computation
time and memory than the 3-D Cartesian coordinate system.
In the 2-D cylindrical coordinate system, there exist only the
radial and vertical components of electric field, E, and E,,
respectively, and the azimuthal component of magnetic field,
H,. The FDTD method in this coordinate system requires the
2-D working space to be divided into square or rectangular cells.
Time-update equations for E,- and E, are derived from Ampere’s
law, and that for H,, is derived from Faraday’s law.

Update equations for E;- at a location (i+1/2, j) and E, at a
location (i, j+1/2) (see Fig. 8) are given as follows [15]:

i RS Ll
s N =i s mn— > 1
E;‘(z+§,j)—H_—g(m)Z—.Er (3+§?J)
W g T
A 1 | He (i+37+3)
T etz At Az 1 ; i

2 +1/2.7) TR 7
? +Hy ? (i+5,7—3)

(11)
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EJE,;‘*IIZ]* -------- @
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Fig. 8. Placement of radial E, and vertical E, components of electric field
and azimuthal component of magnetic field H,; in a cell in the 2-D cylindrical
coordinate system.
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Ez (’.L,j =t ﬁ) 1 oisi,,_;-il?zia: Ez (!'?J + i)
+32G51172 .
: Al gl
ity a1 |TireHe ((+37+3)
+ﬁ_1+a TiT1/2AL T, AT 1 ; ¥
2:(1.7+1/2) -3 /- .
> —ri12Hy 2 (i— 3.5+ 3)

(12)

where r; is the radial distance from the z-axis to the location of
E,(i, j+1/2), ri_1 /2 is the distance from the z-axis to the location
of Hy, (i—1/2, j+1/2), ri11/2 is the distance from the z-axis to
the location of H, (i+1/2, j+1/2), Ar is the cell side length in
the radial direction, and Az is the cell side length in the vertical
direction.

The update equation for H ;H/ 2 at a location (i+172, j+1/2)
(see Fig. 8) is given as follows [14]:

1 1
™ i+ di+4) = H3 i+ i+ )
—mErmas B i+ 5.0 +1) — EF (i+3,5)]
toargrn as 1B ((+ L3+ 3) —Er (5,5 + 3)]-
13)

By updating ET', ET , and H;Hm at every point in the
working space, transient electric and magnetic fields throughout
the working space are obtained.

A current source I’ 2 o point (0, j+1/2) along the z-axis
in the 2-D cylindrical coordinate system is represented by spec-
ifying the circulating magnetic field closest to the source, with
the corresponding update equation being as follows [15]:

n=L-fd . A 1 n—1 ;.4
He = (§=J+§) “wE" ’(°=J+§)- e
2
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