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1. Introduction

Let us consider the following controlled linear ordinary differential
equation (ODE, for short)

{ X(t) = AX(t) + Bu(r), t€][0,T],

1.1
X(0) = x,

where X () is the state trajectory valued in R" with x being the initial
state, and u(-) is a control function valued in R"; A € R"™" and B € R"™"
are given constant matrices. We refer to the above as the state equation.
Clearly, for any x € R" and u(-) € %[0,T], the set of all R"-valued,
square-integrable functions, the state equation (1.1) admits a unique
solution X(-) = X(-; x,u(-)). To measure the performance of the control,
one can introduce the following quadratic cost functional:

T
JOxu() & / [<@X(@. X(0) + (Rutt,ue)]dr + (GX(D), X)), (1.2)
0

where 0,G € S", the set of all (n X n) symmetric real matrices, and
R € S™. The two terms on the right-hand side of the above are called the
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running cost and the terminal cost, respectively. Then the classical linear-
quadratic (LQ, for short) optimal control problem associated with the
above linear state equation (1.1) and quadratic cost functional (1.2) can
be formulated as follows.

Problem (DLQ). For any x € R”, find a a(-) € %[0, T] such that

J(x;u(-)) = inf

e o J (s u()). 1.3)

If a(-) € %[0, T] exists satisfying (1.3), we call it an optimal control,
the corresponding X(-) = X(-;x,i(-)) and the pair (X(-),i(-)) are called
an optimal trajectory and an optimal pair, respectively. The above prob-
lem is referred to as the deterministic linear-quadratic optimal control
problem (LQ problem, for short). The following collects the most basic
conclusions for Problem (DLQ).

Proposition 1.1. For Problem (DLQ), the following hold:
(i) Suppose that Problem (DLQ) admits an optimal pair (X (-), i(-)). Then
it is necessary that

R2>0, 1.4

E-mail addresses: sunjr@sustech.edu.cn (J. Sun), jiongmin.yong@ucf.edu (J. Yong).
1 This author is supported by NSFC grant 12271242, Guangdong Basic and Applied Basic Research Foundation 2021A1515010031, Shenzhen Fundamental
Research General Program JCYJ20220530112814032, and ZDSYS20210623092007023.

2 This author is supported in part by NSF grant DMS-2305475.

https://doi.org/10.1016/j.arcontrol.2023.100899

Received 11 April 2023; Received in revised form 22 June 2023; Accepted 22 June 2023

1367-5788/© 2023 Elsevier Ltd. All rights reserved.


https://www.elsevier.com/locate/arcontrol
http://www.elsevier.com/locate/arcontrol
mailto:sunjr@sustech.edu.cn
mailto:jiongmin.yong@ucf.edu
https://doi.org/10.1016/j.arcontrol.2023.100899
https://doi.org/10.1016/j.arcontrol.2023.100899
http://crossmark.crossref.org/dialog/?doi=10.1016/j.arcontrol.2023.100899&domain=pdf

J. Sun and J. Yong

and the cost functional J(x;u(-)) is convex in the control function u(-).
Moreover, there exists a solution to the following ODE, called the adjoint
equation:

{{m) =TT +0X0L rel0T]. s
YT)=GX(T),
such that the following stationarity condition holds:
B'Y()+ Ra(t) =0, Viel[0,T). (1.6)
(ii) Suppose that the optimality system
X(t) = AX(t) + Bi(r),
Y() = -[ATY () +0X)], wn

XO0)=x, Y(T)=GX(),
B'Y(t)+ Ra(t) =0

admits a solution (X(-),i(-), Y(-)), and that the mapping u(-) — J(x;u(-)) is
convex. Then Problem (DLQ) admits an optimal control.

(iii) Let R > 0 and suppose that the following differential Riccati
equation has a solution P(-):

{P(r) +P(OA+ ATP(t)— POBR'BTP(H)+ 0 =0, 1.8

P(T)=0G.

Then the mapping u(-) — J(x;u(-)) is uniformly convex, and Problem (DLQ)
admits a unique optimal control i(-), which has the following closed-loop
representation:

it)=—-R'B"P(X(1), 1€[0,T]. (1.9

The above will be the case if the following canonical condition holds:

G,0>0, R>0. (1.10)

The study of LQ problems for ODEs began with the seminal works
of Bellman, Glicksberg, and Gross (1958), Kalman (1960) and Letov
(1961) appeared around 1960. Standard results for LQ theory of ODEs,
including the above, can be found in Lee and Markus (1967), Anderson
and Moore (1971), Willems (1971), Wonham (1979), and so on. See
also Yong and Zhou (1999).

From the above results, we see that associated with the LQ problem,
there are several notions closely related: Existence (and uniqueness)
of optimal control, (uniform) convexity of the cost functional, solv-
ability of the optimality system (two-point boundary value problem),
well-posedness of the differential Riccati equation, possibility of the
closed-loop representation of the optimal control. It seems that they
are almost equivalent somehow. It is a desire to make these relations
clear.

The stochastic LQ problem is concerned with making optimal con-
trol in the presence of randomness that is typically encountered in
most real-life problems. Its rich mathematical theory has found nu-
merous applications, within engineering, finance and economics, man-
agement sciences, and so on. A typical example of the stochastic
LQ problem is the mean-variance model, which was formulated as
a quadratic programming problem by Markowitz in his Nobel-prize-
winning work (Markowitz, 1952) in 1952.

The study of stochastic LQ problems began with the works of Kush-
ner (1962) and Wonham (1968) in the 1960s. See also Davis (1977),
Bensoussan (1981), and so on, for classical stochastic LQ theory. In
1998, Chen, Li, and Zhou (1998) found that for stochastic LQ problems,
the weighting matrices in the cost functional could be indefinite to
some extent; in particular, (1.4) is not necessary for the existence of an
optimal control for the corresponding stochastic LQ problem. See Yong
and Zhou (1999) for some presentation of the updated theory by the
end of the last century. Since the early 2010s, the authors of this paper,
together with their collaborators, started to investigate the LQ problems
for stochastic differential equations (SDEs, for short) from a different
angle. Notions of finiteness, open-loop and closed-loop solvability were
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introduced, together with the relationship among them and to the other
relevant notions, as well as their characterizations. More precisely, the
following have been established for stochastic LQ problems in finite
time-horizons, denoted by Problem (SLQ);:

« If Problem (SLQ); is finite, then the cost functional is convex in
the control process.

« The closed-loop solvability implies the open-loop solvability, but
not vice versa, in general.

» The open-loop solvability is equivalent to the solvability of the
optimality system, which is now a forward-backward stochastic dif-
ferential equation (FBSDE, for short), plus the convexity of the cost
functional.

« The closed-loop solvability is equivalent the regular solvability of
a differential Riccati equation, which implicitly implies that the cost
functional is convex (in the control process). In this case, the problem
is also open-loop solvable, and any open-loop optimal control admits a
closed-loop representation (or called a state-feedback representation),
which must be the outcome of some closed-loop optimal strategy.

« If the cost functional is uniformly convex in the control process,
then Problem (SLQ); is uniquely closed-loop solvable and hence also
uniquely open-loop solvable.

For stochastic LQ problems in the infinite time-horizon, denoted by
Problem (SLQ),,, under the square integrability of the nonhomogeneous
terms and the linear weight processes, the following results have been
established:

« Problem (SLQ),, is well-formulated for every initial state if and
only if the homogeneous controlled system is L2-stabilizable, which is
equivalent to the existence of a positive definite solution to an algebraic
Riccati equation (ARE, for short).

» The admissible control sets are characterized explicitly, for differ-
ent initial conditions.

« Under the stabilizability condition, the following are equivalent:

* Problem (SLQ)_, is open-loop solvable;

* Problem (SLQ),, is closed-loop solvable;

* An ARE admits a stabilizing solution, and an FBSDE over [0, o)
admits an L?-stable adapted solution satisfying a certain condition.

The purpose of this paper is to give a brief survey for the above
developments. In the rest of the paper, we will first formulate the
stochastic LQ problem in both finite and infinite time-horizons in
Section 2. Then in Section 3, we investigate the finite time-horizon
problem from both open-loop and closed-loop point of views. In Sec-
tion 4, we further discuss the case of infinite time-horizon, and in
Section 5 we give some conclusion remarks.

2. Stochastic LQ problems

Let (2, F,F,P) be a complete filtered probability space on which
a one-dimensional standard Brownian motion W = {W(¢);t > 0} is
defined, whose natural filtration augmented by all the P-null sets is F.
For a random variable &, we write & € F, if £ is F,-measurable; and for
a stochastic process X, we write X € F if it is progressively measurable
with respect to the filtration F. Let H be a Euclidean space (which could
be R, R"™™ etc.). We define for 0 < s < T < o0,

C((s. T H) & {(p s )= H | o) is continuous},
L5, T:H) 2 {(,, L[5, T] aH{/T|(p(z>|2dz<oo},
L2 (@) 2 {g ra-H|ce rs» and E|&|? < oo},
L2(s, T;H) 2 {(p s TIx Q2 - H ‘ @ eF and E/gﬂ«;(z)ﬁdm«;},
22 {0 |s€l0.0), €12 @R }. |

In particular, we let [s,T] 2 L%(s, T;R™) and

210, 0) 2 {(p 2 0, 00) X 2 > R™ ‘ @ €F and IE/ |(p(t)|2dt<oo}.
0
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Now, consider the following controlled linear stochastic differential
equation (SDE, for short):

dX (1) = [AOX () + B{)u(t) + b(1)]dt
+ [CHX©@) + D@Ou@) + c()]dW (), t=s, (2.1)
X(s) =¢&.

In the above, X(-) is the state process, valued in R”, u(-) is a control
process taken from R™, and (s,¢&) € 9 is called an initial pair. For the
coefficients A(-), B(:), C(-), D(-), and the non-homogeneous terms b(-)
and o(-), we introduce the following hypothesis.

(H2.1) The coefficients A,C : [0,00) —» R™ B, D : [0,0) —
R™mM are all deterministic, Lebesgue measurable and bounded; the
nonhomogeneous terms b,6 : [0,00) X 2 — R" are F-progressively
measurable and square integrable on [0, o).

It is clear that under (H2.1), for any given initial pair (s,¢) € @
and any control u(-) € %[s,T] (0 £ s < T < ), the state equation
(2.1) admits a unique strong solution X(-) = X(-;s,&,u(-)) on [s,T].
To measure the performance of the control u(-) over [s,T], we may
introduce the following quadratic cost functional:

T
s 22 { [ ] ©0X0.X0) +250X0.u0)
+ (R@u(), u(®)) + 2{(q(t), X (#)) + 2(r(), u(?)) ] dt (2.2)
+(GX(T), X(T)) + 2(g, X(T")) }

where we assume the following:

(H2.2) The quadratic weighting matrices O : [0,00) — S", S :
[0,00) — R™" R : [0,00) — S™ are deterministic, Lebesgue measurable
and bounded; the linear weighting processes g(-) : [0,00) X 2 — R"
and r(-) : [0,00) X 2 — R™ are F-progressively measurable and square
integrable on [0, 0); G € S" and g € LZFT(.Q; R™).

It is easy to see that under (H2.1)-(H2.2), the functional J,(s, & u(-))
is well-defined. The two terms on the right-hand side of (2.2) are called
the expected running cost and the expected terminal cost, respectively.
Correspondingly, the integrand appeared in (2.2) is called the running
cost rate function. We point out that (H2.1) and (H2.2) can be slightly
relaxed. But, we prefer not to pursue that type of generality.

In the case that the nonhomogeneous terms b(-) and o(-) are iden-
tically zero, the control system is said to be homogeneous. The state
process of the homogeneous system is denoted by X°(-) = X°(-; s, &, u(+)).
Thus,

dX'(r) = [ANX (1) + B()u()]|dt
+[COHX°@) + DOu@®|dW (1), t>s, (2.3)
X'(s)=¢.

In addition, if ¢(-), r(-), g are all identically zero, we denote the corre-
sponding cost functional by J2(s, & u(-)). Hence,

T
Rs &) =E { / [ (©@0X°0. X°®) + 2ASOX°0),utt))
s 2.4)

+ (ROu@), u(t)) ] dt + (GX°(T), X*(T)) } .

Our finite time-horizon stochastic optimal control problem can be
stated as follows.
Problem (SLQ),. For any given (s,&) € 9 (s < T), with the state
equation (2.1) and the cost functional (2.2), find a control a(-) € %[s,T]
such that

Jr(s.&a() = inf Jp(s.Eu) = Vils. &), (2.5)

i
u()EX[s.T]

The problem for the homogeneous state equation (2.3) and the cost
functional (2.4) is denoted by Problem (SLQ)OT, called a homogeneous
stochastic LQ problem (in finite time-horizon).
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In the case T' = oo, we only consider the state equation
dX(t) = [AX(t) + Bu(t) + b(t)]dt
+ [CX()+ Du(t) + c()]dW (), t=0, (2.6)
X(0) =x,

namely, the coefficients A, B,C,D are constant matrices, and the
nonhomogeneous terms are random processes. The corresponding cost
functional takes the following form:

Jutsu) 2 E [ [ X0 X0)+ 2SX0.u0) + (ROU.u()
0 2.7)

+2(q(®), X)) + 2(r(®), u(»)) | d1,

with no terminal cost and the quadratic weights being constant ma-
trices, but still allowing the linear weights to be random processes.
Clearly, to pose the corresponding LQ problem rigorously, we had
better to introduce the following set:

U y(x) é{ u() € %[0, ) ( IE/OO | X (t; x, u()|?dt < oo } ) (2.8)
0

Any element in the above set is called an admissible control with respect
to x. Then, we may formulate the following LQ problem in the infinite
time-horizon [0, o).

Problem (SLQ)_ . For any given x € R”, with state equation (2.6)
and the cost functional (2.7), find a control a(-) € %,,(x) such that

JoGa) = inf  J (xu() =V (x).

u('>€l%d(>f)

When the system is stabilizable (see below for precise definition),
and the nonhomogeneous terms b(-),s(-) in the state equation (2.6) as
well as the linear weighting coefficients g(-), 7(-) in the cost functional
(2.7) are square integrable over [0, o), the set %,,(x) of admissible
controls will be rich enough and one will have satisfactory results for
Problem (SLQ),,.

Similar to the finite time-horizon case, we denote the LQ prob-
lem with b(-), (), q(-), and r(-) being all identically zero by Problem
(SLQ)‘;, called a homogeneous stochastic LQ problem in the infinite
time-horizon [0, o).

3. Open-loop and closed-loop solvability — Finite time-horizon

In this section, we discuss the open-loop and closed-loop solvability
of the finite time-horizon problem. First, we introduce the following
definition.

Definition 3.1. (i) Problem (SLQ); is said to be finite at the initial pair
(5,6) e if

Vi(s,&) = inf

J(s, & u(r)) > —oo.
e T (8, & u() ©

If Problem (SLQ), is finite at (s, &) for every & € L%, (2;R"), then we
say that the problem is finite at s. We simply say that Problem (SLQ),
is finite if it is finite at every s € [0, T]. We call V,(-, -) the value function
of Problem (SLQ);.

(ii) Problem (SLQ), is said to be open-loop solvable at (s,&) € @
if there exists a i(-) € %[s,T] such that (2.5) holds. In this case,
i(-) is called an open-loop optimal control for the initial pair (s, &), and
X() = X(-;5,&, () and (X(-),a(-)) are called the corresponding open-
loop optimal state process and the open-loop optimal pair, respectively. If
Problem (SLQ), is open-loop solvable at (s, &) for every & € L%, (£2;R™),
we say that the problem is open-loop solvable at s. We simply Asay that
Problem (SLQ), is open-loop solvable if it is open-loop solvable at every
s € [0,T].

Since the state equation is affine in the state-control pair (X(-), u(-)),
and the cost functional consists of quadratic and linear terms in
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(X(),u(+)), we see that, under (H2.1) and (H2.2), the cost functional
has the following representation:

Ir(s, & u)) = (Wau(),u()) + 2w (), u()) + wo(§) = Tlu()) B.D

for some bounded self-adjoint operator ¥, : %[s,T] — %[s,T] and
some process y(£) € %[s,T1, as well as some ¢-dependent scalar y(€).
Thus, we may regard the mapping u(-) — J(s,& u(-)) as a functional
consisting of quadratic and linear terms of u(-) in the Hilbert space
2[s,T], and we want to minimize such a functional. Therefore, the
following result gives us a natural path (see Mou and Yong (2006)
or Sun and Yong (2020a) for a proof).

Proposition 3.2. Let the functional ¥(u(-)) be given by (3.1) on the Hilbert
space %|[s,T].

(@) If inf e (5. P(U(-)) > —oo, then
v,>0, 3.2)
i.e., ¥, is a positive operator, or equivalently, u(-) — W(u(-)) is convex.

(ii) Let (3.2) hold. Then ¥(u(-)) admits a minimum over %[s,T] if and
only if

v1(§) € RW>),

i.e, y,(&) belongs to the range of ¥,. In this case, i(-) € %[s,T] is a
minimum of W if and only if

Wou() + (&) =0.

Consequently, if instead of (3.2), the following holds:

¥, =61 3.3
for some & > 0, then W(u(-)) admits a unique minimizer u(-) given by

a() = ~¥5 ", (©).

The condition (3.3) is equivalent to the following uniform convexity
of the mapping u(-) — P(u(-)):

Pu(-) 2 6{u(-), u()) + 4

for some constants § > 0 and A. Directly applying the above result
to our Problem (SLQ),, we have the following characterization of the
open-loop solvability.

Theorem 3.3. Let (H2.1)-(H2.2) hold.

(@) If Problem (SLQ), is finite at some initial pair (s,&) € 9, then the
mapping u(-) = J2(s',0;u(-)) is convex over %[s',T] for every s' € [s,T]
(or equivalently, u(-) — J.(s',&u(-)) is convex for dll (s',&) € 2 with
s’ € [s,T]. If the problem is finite at s, then there exists a function
P(-) : [5,T] = S" such that

A u(l)eirczl};’ﬂ Tt & u() = E(P(DE, &), 3.4

V(t,&) € D with t > s.

(i) Let u(-) — J(s,&; u(-)) be convex. Then Problem (SLQ), is open-loop
solvable at (s, &) € D if and only if the following optimality system admits
an adapted solution (X (-),u(-), Y (-), Z(-)):

dX(t) = [AMX (@) + B@a(t) + b(1)]dt
+[COX @) + DOa(t) + o()dW (1),
dY (1) = —[A0)'Y (1) + C)' Z(1) + Q) X (1)
+ S Ta) + q(ldt + Z@dW (1),
X(s)=¢ YT)=GX(T)+g.
BO'Y(t)+ DO Z(t) + S()X (1) + RW(t) + r(t) = 0.

(3.5)

In this case, the pair (X(-),i(-)) is an open-loop optimal pair.
(iii) In the case that the mapping u(-) = J?(s, 0;u(-)) is uniformly convex
over % [s,T], ie., there exists a constant 6 > 0 such that

T
Jﬁ(s,o;uo));élE/ lu()|?dt,  Vu(-) € U5, T, (3.6)

s
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Problem (SLQ), is uniquely open-loop solvable at all s’ € [s, T]. Moreover,
(3.4) holds with

R+ D@ PWO)DY) =61, ae. t€](s, Tl (3.7)

The second equation in (3.5) is called a backward stochastic differ-
ential equation (BSDE, for short), whose adapted solution is the pair of
F-adapted processes (Y (), Z(-)). System (3.5) is a coupled FBSDE, with
the coupling through the last equality in (3.5), which is called the
stationarity condition. Basically, part (ii) of Theorem 3.3 is called the
Pontryagin’s maximum principle, a set of necessary conditions for optimal
controls. Since our problem is linear-quadratic, the necessary condition
is also sufficient under the convexity condition. Hence, (ii) becomes a
characterization of the open-loop solvability of Problem (SLQ),. Note
that (ii) does not tell when the problem is actually open-loop solvable.
Part (iii) gives a sufficient condition for that. Finally, it is easy to prove
that (3.6) holds if and only if u(-) = J;(s, & u(+)) is uniformly convex for
any ¢ € L; (£2;R™). In principle, the uniform convexity of the mapping
u(-) — Jg(sfo; u(-)) is checkable.

We now present an interesting example.

Example 3.4. Consider the controlled SDE

dX (@) =u@®)dW (1),
X()=¢,

with the cost functional

te[s,T],

T
J,v<s,¢;u<->>éE[mX(T)F— / |u(r>|2dr].

Clearly.

E|X(t)|2:E[|§|2+/ |u(r)|2dr], tels,T).

Thus,

T
Jr(s.Eu() = E[ / ) 2dt + 2|§|2].

Hence, the corresponding stochastic LQ problem has the unique open-
loop optimal control i(-) = 0. However, in the current case, R = -1 <
0. This means that for Problem (SLQ),, the condition R > 0 is not
necessary for the existence of an open-loop optimal control, unlike
deterministic LQ problems.

Having the results about the open-loop solvability of Problem
(SLQ),;, we now move to the next step. It is not hard to see that the FB-
SDE characterization (3.5) of open-loop optimal pair is not practically
feasible. The reason is as follows: Suppose that R(r)~! exists. Then the
open-loop optimal control can be obtained through the following:

a(t) = —RO' [BOTY () + DOTZ(0) + SOX®) +r(®)], t€[s,T].

The above shows that to determine the value i(?) of i(-) at the current
time ¢, besides the value X(¢) of the open-loop optimal process X(-),
one also needs the value (Y (¢), Z(¢)) of the adapted solution (Y (-), Z(-))
to the BSDE in (3.5), which depends on X(T), a future value of X(-).
Hence, the above result has its mathematical value, while its practical
value is very little.

To remedy the above, let ®[s,T] denote the space of R™"-
valued, Lebesgue square integrable functions on [s,T], i.e., 8[s,T] =
L2(s, T; R™"). We introduce the following definition.

Definition 3.5. Let s € [0,T) be given. Suppose that Problem (SLQ); is
open-loop solvable at (s, &) for all &€ € Lzr‘ (2; R") with a(- ; ¢) (depending
on ¢&) being the open-loop optimal control. We say that such an optimal
control a(-;&) has a closed-loop representation if there exists a pair
(O),v(+)) € B[s, T]1 X %[s,T], independent of &, such that

a(t; &) = 0WXt) +v@), tel[sT],
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where X(-) is the solution to the following closed-loop system:

dX () = {[A®t) + BOOMIX (1) + B(t)v(t) + b(t) }dt

+ {[C(t) + D(1)O@)1X (1) + D(t)v(t) + cr(t)}dW(t), te[s,T],
X(s)=¢.
We now try an ansatz:
Y() = POX(0) +n@), tels Tl (3.8)

for some differentiable deterministic S"-valued function P(-) and an
F-adapted solution (#(-), {(-)) to the BSDE

dn() =y(Odt +{(OdW @), n(T) =g,

with y(-) undetermined. We hope that Z(-) will also be written in
terms of X(-) non-anticipatingly. Consequently, one could determine
the value a(r) of ii(-) without using the future values of X(-) so that i(-)
can be, in principle, practically determined. Such an idea is called the
invariant imbedding (due to Bellman, Kalaba, and Wing 1960). This was
also used by Ma-Protter-Yong for decoupling general FBSDEs; see Ma,
Protter, and Yong (1994) and Ma and Yong (1999). We now make this
precise.

By Itd’s formula, we have (suppressing 1)

—(ATY +CTZ+ QX + STa+q)dt + ZdW = dY

. _ _ 3.9
= [PX + P(AX + Bii+ b) + y|dt + [P(CX + Dii + 0) + {|dW
Thus, by comparing the diffusion terms of the above, one has
Z =P(CX + Dii+o0)+¢. (3.10)

On the other hand, the stationarity condition in (3.5) becomes

0=B"Y+D"Z+SX+Ria+r
=B"(PX+n)+D'[P(CX + Dii+0)+{]+SX+Ri+r
=B"P+D"PC+S5)X+(R+D"PD)i+B y+D'¢+D'Po+r.
Suppose that our choice of P(-) has the property that
R(t)+ D@)" P()D(1) > 61, a.e.t€[s T, (3.11)
for some constant § > 0. Then,

i=—(R+DTPD)"! [(BTP+DTPC+S)X+BTn+DT§+DTPo+r]. (3.12)

Next, by comparing the drift terms on both sides of (3.9) and noting
(3.8) and (3.10), one has

0=ATY +C"Z+0X +STi+q+ PX+P(AX +Bia+b)+y
=(P+PA+ATP+C"PC+Q)X +(PB+C"PD+ S
+ A"+ CT¢+C " Po+ Pb+q+y.

Substituting (3.12) into the above, we obtain
0 =[ P+PA+ATP+CTPC+Q

— (PB+C"PD+STYR+D'PD) " (B'TP+DTPC+S5) ] X

+(A+BO) '+ (C+DO)¢+(C+DO) Po+O r+Pb+q+y,
where
02 _(R+D"PD)YY(B"P+D"PC +5).

Clearly, we should let P : [s,T] — S" be the solution to the following
differential Riccati equation:
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P+PA+ATP+CTPC+Q
—(PB+C"PD+ ST R+D"PD)Y'(B"P+D"PC+.S5)=0,
P(T)=G,

(3.13)

and let (5(-), ¢(-)) be the adapted solution to the following BSDE:
dn(t)=—-[(A+BO) n+(C+DO)'¢ +(C+ DO)' Po
+0Tr+Pb+q|dt+{dW, tel[s,Tl
nT) =g.

To summarize, we have the following result.

(3.14)

Proposition 3.6. Let (H2.1)-(H2.2) hold. Suppose that for a given s €
[0,T), Problem (SLQ), admits an open-loop optimal control a(-) at (s, &)
for each & € L; (2;R"). Moreover, suppose that the differential Riccati
equation (3.13) admits a solution P(-) such that (3.11) holds for some
constant § > 0, and that the BSDE (3.14) has an adapted solution (y(-), {(-)).
Then u(-) admits the closed-loop representation (3.12).

The above result suggests us to reconsider Problem (SLQ), from a
different angle. We now present that.

Recall ©[s,T] = L*(s,T;R™"). For any initial pair (s,£) € 2 and
(O(),v(-)) € B[s,T1 x s, T], called a closed-loop strategy, consider the
following SDE:

dX(@) = {[A(t) + BOOMIX () + B(v() + b(t) }dt
+{[C®) + DOOMIX (1) + DM)v(t) + o(t) }dW (1),
X(s)=¢.

This is called the closed-loop system under the closed-loop strategy
(O(-), v(+)). Clearly, under (H2.1), the above admits a unique solution
XO() = X(-35,£,0(), v(-)). We define

u() £ OC)X%() + v(),

which is called the outcome of (O(:), v(-)) associated with the initial pair
(s, &). Correspondingly, the cost functional reads

J1(5,&,0()X%°() + v(+)
T
=E { / [ (OOX% (1), X)) + 2(SOX (1), O X (1) + v(t))

+(ROIOMX®(1) + v(1)], OOX (1) + v()) + 2{q(D), X** (1))
+2(r(1), O X (1) + v(1)) ] dt + (GX®(T), X))

+2(g. X)) } .

We now introduce the following definition.

Definition 3.7. A pair (6(),0(:)) € @[s,T] X %[s,T] is called a
closed-loop optimal strategy of Problem (SLQ), on [s,T] if the following
holds:

Tp(5, & 0()XO7() + 0(-)) < Jr(5,& O XO"() + v(-)),
V(O(), v() € Bls. TIx U[s, T, V& € L], (R".

In this case, we say that Problem (SLQ); is closed-loop solvable on [s,T'].
If (B(-), &(+)) is unique, we say that the problem is uniquely closed-loop
solvable on [s,T].

Remark 3.8. The closed-loop optimal strategy (O(-), &(-)) is indepen-
dent of the initial state &.

Proposition 3.9. Let (H2.1)-(H2.2) hold and s € [0,T). Let (6(-), i(-)) €
®[s,T1 X %[s,T]. Then the following are equivalent:

(i) (6(-),(+) is a closed-loop optimal strategy of Problem (SLQ), on
[s,T].

(i) For any & € L2 (2;R") and v(-) € U[s, T],

Jr(8,EOCXO7() + 5()) < I (5, & OC)XP () + v(-)).
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(iii) For any ¢ € L2 (2;R") and u() € %[s,T],

Jr(5, & OC)XO7() + 0() < Jy(s, & u().

From the above result, we see that for a closed-loop optimal strategy
(6("), 0(-)) of Problem (SLQ), on [s,T], the following two conclusions
hold:

0(-) is an open-loop optimal control of the stochastic LQ problem
with the state equation

dX(t) = [A°)X (@) + BO() + b(r)|dt
+ [CPMX (1) + D) + o] dW (),
X()=¢

and the cost functional

(3.15)

~ T ~ ~
JP(s,&0() 2 E { / [ (Q°MX (@), X)) +2(ST (DX (1), v(1))

+ (R(O(E), (1)) + 2(g° 1), X (1)) + 2(r(1), v(1)) ] dt (3.16)
+(GX(T), X(T)) +2(g, X(T)) }
at (s, &) for any £ € L;X (2;R"), where
A%(t) 2 A@) + B()O(1), C°(t) 2 C(t) + DH)O(),
Q°%(t) 2 0(t) + BT S() + S TO() + O(1)T RMHO®), (3.17)

SP(1) 2 S()+ ROOW), ¢°@) 2 q(t) + B (1).

The outcome i(-) £ O()X9°(-) + i(-) is an open-loop optimal
control of Problem (SLQ), at (s, &).

Consequently, we have the following corollary.

Corollary 3.10. Let (H2.1)-(H2.2) hold. If Problem (SLQ), is closed-
loop solvable on [s,T], then it is open-loop solvable at (s,&) for any & €
L% (2;R™).

The converse of the above is not true in general. Here is an example.

Example 3.11. Consider the following one-dimensional controlled

SDE:
dX () = wy ()t + uy()dW (1), 1 € [s,T],
X(s)=¢,

with the cost functional
T
Jr(s, & uy (), up () & E[/ luy ()] 2dt + | X (D).

Here, (u,(-),u(-))T is the control process, valued in R2. Then the cor-
responding LQ problem is open-loop solvable. As a matter of fact, for
any ¢ € L%, (2;R) and any 0 < 6 < T — s, if we define

B0 = -5l @, B0 =0, 1€[T]
then X(T) =0 and

Jr(s, &5 ﬁ‘ls(-), () =0= Jr (s, &5 up (), up ().

inf
U ()up ())EXs,T]

Thus, such a control is an open-loop optimal control. We claim that the
problem is not closed-loop solvable. Otherwise, let (O(-), i(-)) with

5 6,() _ 0,()
6()=(2"7), ay=("
© (@2(')> o0 <U2(')>
be a closed-loop optimal strategy on [s, T']. Then, the closed-loop system
reads (denoting X(-) = X%1%2(-))
dX (1) = [6,(X 1)+ 5,(n)]dt + [6,()X (1) + 0, dW (1),
X(s)=¢,
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such that the outcome

B E2O,OXO+0,(), @y(t) 2 O,)X () + Dy(t)

is an open-loop optimal control. Hence, we must have

0,1 X(t)+0,(t)=0, X(T)=0.

Then

dX(@®) = [6,0X () +0,(0]dt, X(s)=¢& X(T)=0.

Consequently,

_ T _
0=X(T) = el 0®drg 4 / eld 0Ty (2)d s,

s

which should be true for all £ € L;T (£2;R), by the definition of closed-
loop optimal strategy. But, this is impossible. Hence, the problem is not
closed-loop solvable on [s,T].

Our next goal is to characterize the closed-loop optimal strategy. Let
(6(+), 5(+)) be a closed-loop optimal strategy. By Proposition 3.9 (ii), we
know that &(-) is an open-loop optimal control of the LQ problem with
coefficients and weights modified by (3.17) (which is uniform in the
initial state &). Hence, by Theorem 3.3 (ii), one has (with X(-) = X©°(-))
dX(0) = [A°OX ) + BODB() + b(t)| dt

+[CPX @) + DOB®) + o] dW (1),
dY () =—[A°0TY () + COTZ() + QP X (1) + S° ()T 5(t) + ¢°(1)] dt
)
+ ZdW (1),
X(@)=¢ YT)=GX(T)+e,
BOTY®) + DO Z() + SCOX (1) + ROD(E) + (1) = 0.

To emphasize the dependence on the initial state ¢, let us denote by
(X4(-), Y4(+), Z%()) the adapted solution to the above, where (8(-), i(-))
stays the same. By setting

XOEXO)=X0), YORYO-Y'(), ZO)E2Z(O)-20)

we see that the following holds:

dX (@) = A°X()dt + COMX@OdW (1),

dY () =-[A°OTY () + CO(0)" Z(t) + Q° ()X (®)]dt + Z(HdW (1),
X()=¢ Y(T)=GX(T),

BO)'Y®)+ D) Z(1t) + S°1)X (1) = 0.

By letting ¢ run over R”, we see that the following equation for
matrix-valued processes is well-posed:

dX@) = A°OX(t)dt + COOXMdW (1),

dY(t) = —[A°OTY (@) + CO()" Z(r) + QO (X)) dt + Z(H)dW (1),
1% =1 v =6xm),

BMTY(0) + DO TZ(1) + SP()X(1) = 0.

It is clear that X(¢) is invertible for each ¢ € [s, 7] and X(-)~! satisfies
the following SDE:

{d X0 = X7 [A%@) — COm?]dt — Xt~ COd W (),
X =1.
Define for ¢t € [s,T1],
PORYOX@®)™', I 2zZnXe™.
Then by Itd’s formula (suppressing 1),
dp :{ ~[(49)TY + (€O Z + 0OX] X!
- YX'[4° - (COP] - ZX~'C® } ar
+ (ZX“ —yx-! c@)dW

= —{(OTP+(C)T T+ 0%+ P[A° - (€] + I C® }ar
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+(r-pco)aw.
By setting A = I' — PC®, the above becomes
dP = =[PA® + (A%)T P +(CO)T PC® + AC® +(CO) A + Q°|di + AdW.
The above, together with
P(T) =G,

is a BSDE with deterministic coefficients and terminal state. Therefore,
one must have A(-) = 0. Hence, P(-) is the solution to the following
ODE:

P+ PA® +(A%)TP +(C®TPC®+0° =0,
P(T)=G.

On other hand, the stationarity condition is equivalent to
0=B"P+D'I+S°=B"P+D'[A+ P(C+ DG+ S+ RO
=B"P+D"PC+S+(R+D'"PD)6.

Let #(M) and M denote the range and the generalized inverse of a
matrix M, respectively. The above then implies that

%(B"P+DTPC+S)C %R+ D'PD),
and that
6 =—(R+D"PD)'(B"P+D"PC+S5)+[I-(R+D"PD)'(R+D"PD)|II,
for some I1(-) € [s, T]. Consequently,
PA® + (A% TP +(C®TPC® + 0°
= P(A+ BO)+ (A+ BO)' P+ (C + DO)T P(C + DO)
+0+S5'0+0"S+6"RO
=PA+A"P+CTPC+Q+(PB+C"PD+5S1HO
+O0"(B"P+D"PC+5S5)+O0"(R+D"PD)6
=PA+ATP+C"PC+0Q
—(PB+C"PD+ST)R+D"PD) (BTP+ D" PC + ).
This gives a derivation of the following differential Riccati equation
(which generalizes (3.13)):
P(t) + PA@®) + AT P1) + C)T P(C() + O(r)
— [P0)B@) + C(O)" P@)D() + SO TIRE) + DO PO)D@)] 3.18)
x [BOTP(t) + D@)' P()C() + S(1)] = 0, '
P(T)=G.

We introduce the following definition.

Definition 3.12. A function P(-) € C([s,T];S") is called a regular
solution of the differential Riccati equation (3.18) on [s,T7] if (3.18) is
satisfied and the following hold:

R+ D" PA)D(#) >0, ae.te[s,Tl,
R(B®)P() + D@)'P(C() + S(1) € R (R + D) P(1)D()), ae. t €[s,T],

[R()+ D(-)"P)DOI [BO)TP() + D) P(H)C() + S()] € @s,T].
(3.19)

Now, we are ready to state the following result.

Theorem 3.13. Let (H2.1)-(H2.2) hold. Then Problem (SLQ), is closed-
loop solvable on [s,T] if and only if the following two conditions are
satisfied:

(i) The differential Riccati equation (3.18) admits a regular solution
P() € C([s,T];S™).
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(ii) The adapted solution (n(-),¢(-)) to the BSDE

dn(t) = - {[A(t) + BOOM] n(t) + [C1) + DOOM]TL (1)
+ [C(t)+DO)ODO] P(1)o(t)+6O(t) Tr(1)+ P(t)b(t)+¢(1) }dz
+{@dW (D),

nT)=g

(3.20)

satisfies

k() £ B() 'n(t) + DO (@) + D) P(Ho() + r(t)
€ Z(R® + D" P()D()),
V() 2 —[R() + DO)T P(DO k() € U[s,T),

where in (3.20),
() 2 —[R(®) + D))" PODWMI[B(®) P(1) + DT POC(H) + S(1)].

In this case, the closed-loop optimal strategy (O(-), 5(-)) admits the following
representation:

6(t) = 0 + {I - [R(t) + DO POD®OI'[R®) + DOT PO)DM} (1),
(1) = v(t) + {I - [R(®) + D(t)T P()D)]T[R(1) + D(t)" P(t)D(t)] } = (1),

with any (I1(-), z(-)) € @[s,T1X %[s,T]. Furthermore, the vale function is
given by

T
Vi(s,8) =E[(P(S)E, &) + 2n(s), £) + / (¢P@ot). o)) + 2010, b))
+ 2L, 0(0)) = ([RO) + DO PODD] K (1), x(r)))dz] .

In the above, the BSDE for (5(-), {(-)) is the same as (3.14) and it can
be derived by defining

n(0) 2 Y ) - POX®),
¢ 2 Z@0 - PO{ICE) + DOOMIX (1) + DO)i(t) + o(t) },

and applying Itd’s formula to 5(-). This basically gives the necessity of
the above result. The sufficiency can be proved by applying It6’ formula
to (P()X(-), X(-)) and completing the squares. We also note that the
first condition in (3.19) guarantees the convexity of the functional

u(-) = Jr(s, & ul)).

Note that Theorem 3.13 only gives an equivalence relation between
the closed-loop solvability of Problem (SLQ), and the regular solvabil-
ity of the differential Riccati equation (3.18). There is no guarantee so
far that the stochastic LQ problem is closed-loop solvable. We now fill
this gap.

Theorem 3.14. Let (H2.1)-(H2.2) hold. Then the following are equiva-
lent:

(i) The functional u(-) ~ J;’(s,O;u(~)) is uniformly convex, i.e., (3.6)
holds for some 5 > 0.

(ii) The differential Riccati equation (3.18) admits a regular solution
P(") on [s,T] such that (3.7) holds for some constant § > 0.

(iii) There exists an S"-valued function P(-) on [s,T] such that (3.4)
and (3.7) hold for some constant 5 > 0.

We come to the uniform convexity condition of functional u(-) —
J2(s,0;u(-)) again. Therefore, the following result is a nice conclusion
of this section.
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Proposition 3.15. Let the following standard condition hold:

G>0, RO=6I, OO -SO'RO'S®H >0, aetels,T] (3.21)

for some 6 > 0. Then u(-) = J2(s,0; u(-)) is uniformly convex.

Hence, from the results presented earlier, we see that in the case
of (3.21), the stochastic LQ problem is closed-loop (and open-loop)
solvable.

Remark 3.16. In this section, we start with the open-loop solvability
of Problem (SLQ);. After getting the characterization of that in terms
of the solvability of an FBSDE, we find that the representation of open-
loop optimal control is not practically feasible. Then we try to seek a
closed-loop representation, which is non-anticipating. This amounts to
decoupling the optimality system (an FBSDE). Such an idea serves as
a bridge leading us to the closed-loop solvability of Problem (SLQ);.
Next, we obtain the characterization of the closed-loop solvability in
terms of the regular solvability of the differential Riccati equation. It
turns out that if the problem is closed-loop solvable, then the problem
is also open-loop solvable with each open-loop optimal control being
the outcome of some closed-loop optimal strategy. Finally, we discuss
the uniform convexity of the cost functional, which is sufficient for both
the open-loop and closed-loop solvability of the stochastic LQ problem.

4. Infinite time-horizon cases

In this section, we would like to look at the situation where the
time-horizon is infinite. For such a case, we only consider the following
controlled SDE:

dX(t) = [AX(t) + Bu(t) + b(t))dt
+[CX(@) + Du(t) + o()]dW (1), t>0, (4.1)
X(0) = x.

Let L%(O,oo;R") be the space of R"-valued, F-progressively measur-
able, and square integrable processes on [0, o). For the coefficients
and the nonhomogeneous terms in (4.1), we introduce the following
hypothesis.

(H4.1) A,C e R™", B,D € R™", and b(-),5(-) € L3(0, 00; R").

It is clear that under (H4.1), for any initial state x € R” and any
control u(-) € %[0, o), the state equation (4.1) admits a unique solution
X(-) = X(-; x,u(-)), which is locally square integrable but might not be
square integrable over the entire [0, o). To measure the performance
of the control, we introduce the following cost functional:

o) 2 E [ [ 10X 0. X(0) + 25 X0.u00) + (Rutt. )

+2(q(0), X)) + 20r(1), u(t)) ] d.

For the above cost functional, we assume the following:

(H4.2) O € S", S € R™" R € S", ¢q(-) € L%(O, oo; R"), and
r(-) € %[0, ).

It is not hard to see that (H4.1)—-(H4.2) are not enough for the cost
functional (4.2) to be well-defined, because the given integrand might
not be integrable over [0, o). Therefore, for any x € R”", we recall

Upg(x) 2 {u(~) € %[0, ) ( IE/ X (15 x, u()|dt < oo}.
0

We want to find conditions under which the set %,,(x) is sufficiently
large. In order to present a satisfactory theory, we first consider the
following uncontrolled homogeneous SDE (i.e., set u(-) = 0 and b(-) =
o(-)=0in (4.1)):

dX(t)=AX@)dt +CX@)dW (1), t=0.

We denote the above by [A, C]. The following definition is useful.

Annual Reviews in Control 56 (2023) 100899

Definition 4.1. System [A, C] is said to be L?-stable if for any initial
state x € R”, the solution X (-) = X(-; x) satisfies

(o)
E/ | X (0)|%dt < oo.
0

The following result gives a nice characterization of the L2-stability
of [A,C].

Proposition 4.2. System [A,C] is L?-stable if and only if there exists a
P € S, the set of positive define matrices in S", such that the following
Lyapunov inequality holds:

PA+ATP+CTPC <.
In this case, for any A € S", the following Lyapunov equation
PA+ATP+C"PC+A=0

admits a unique solution P € S", which is given by
P=E / o) AD(1)dt,
0

where ®(-) is the solution to the matrix SDE
do(t) = AD(t)dt + CO(t)dW (1), t=0,
o0)=1.

Furthermore, for the nonhomogeneous SDE

(4.3)

dX(@) =[AX®) + f(O)]dt + [CX (1) + gO]dW (1), =0,
X(©0) =x,

and the following BSDE in the infinite time-horizon:
dY() = =[ATY(®) + CT Z@®) + h(t)|dt + ZW)dW (1), 1 € [0, ), 4.9

we have the following natural result.

Proposition 4.3. Let [A,C] be L*-stable. Then, for any f(-),g(-),h(-) €
L%(O,oo;R”), the SDE (4.3) has a unique solution X(-) € L%(O,oo;lR"),
satisfying

e [T opa<x{wtan [T[irof s sopf ),
0 0

and the BSDE (4.4) has a unique L?*-stable adapted solution (Y(-), Z(-))
satisfying
E[ sup |Y(t)|2+/ |Z(t)|2dt] < KE/ |h(t)|dt,

0 0

0<t<co

where K is a positive constant independent of x, f(-), g(-), and h(-).
We now consider the following controlled homogeneous SDE:
dX(t) = [AX(t) + Bu(®)]dt + [CX(t) + Du(t)]dW(t), t=0,

which is denoted by [A, C; B, D] for simplicity.

Definition 4.4. System [A,C; B, D] is said to be stabilizable if there
exists a matrix © € R™" such that the uncontrolled homogeneous SDE
[A + BO,C + DO] is L2-stable. In this case, © is called a stabilizer of
[A, C; B, D]. We denote by @, the set of all stabilizers of [A, C; B, D].

Note that we should distinguish &, from @[s,T]: the latter is the
space of deterministic matrix-valued functions that are square inte-
grable on [s,T], whereas, the former is the class of constant matrices
that stabilize the system [A, C; B, D]. Any element in @, X %[0, c0) is
called a closed-loop strategy of Problem (SLQ)_. We now introduce the
following crucial hypothesis.

(H4.3) System [A, C; B, D] is stabilizable, i.e., ®; # @.

We have the following proposition.

Proposition 4.5. Let (H4.1)-(H4.2) hold. Then the following are equiv-
alent:
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(1) %,y(x) # @ for all x € R".
(i) @, # @.
(iii) The following ARE admits a solution P € §}:

PA+ATP+CTPC+I-(PB+C"PDYI+D"PD)"'(BTP+D"PC)=0.
In the above case,

—-(I+D"PD)"'(BTP+D"PC) € ®,,

and for any © € @,,

U gy (x) = {@va“(-) +00) | v() e %[0, oo)}, Vx € R", (4.5)

where X ©(-) is the solution to the following closed-loop system:

dX(t) = [(A+ BO)X(t) + Bu(t) + b(t)]dt
+[(C + DO)X (1) + Du(t) + s()dW (),
X(0) = x.

When %,,(x) = @, the corresponding LQ problem is meaningless.
The above result tells the necessity of the condition (H4.3). Also, we
see that as long as @, # @, by picking up any © € @,, one has (4.5). In
this case,

@X?'() +v(-) € %[0, ),

which leads to %, (x) C %[0, ). However, %,,(x) # %10, o) in general.
This can be easily seen from the following simple fact: If [A4, C] is not
L%-stable, then 0 ¢ %,,(x) for some x € R".

Under (H4.1)-(H4.3), J_(x;u(-)) is defined over a very large non-
empty set %,,(x) of admissible controls, and J (x;©0X®"(-) + v(-))
is finite for all (©,v(-)) € @, x %[0, ). Thus, Problem (SLQ), is
well-formulated (see Section 2). Next, mimicking Problem (SLQ),, we
introduce the following definition.

Definition 4.6. (i) Problem (SLQ),, is said to be finite at x € R" if

Vo(x)2 inf

J (s u(-)) > —o0.
U(YEU 4q(x)

If the problem is finite at every x € R”, we simply say that Problem
(SLQ),, is finite. The function V_(-) is called the value function of
Problem (SLQ),.

(ii) Problem (SLQ),, is said to be open-loop solvable at x € R" if there
exists a i(-) € %,4(x) such that

Vo (%) = J (x5 ().

In this case, i(-) is called an open-loop optimal control for the initial
state x, and the corresponding X(-) = X(-;x,a(-)) and (X(-),i(-)) are
called an open-loop optimal process and an open-loop optimal pair for x,
respectively. If the problem is open-loop solvable at every x € R", we
simply say that Problem (SLQ)_, is open-loop solvable. Correspondingly,
the cost functional and the value function for the (homogeneous)
Problem (SLQ)° are denoted by J? (x;u(-)) and V(-), respectively.

(iii) Problem (SLQ),_, is said to be closed-loop solvable if there exists
a (6, 0(-)) € @, x %[0, o) such that

J (x; @Xf“"(-)+13(~)) < J (x @Xf‘”(v)+u(-)), V(x,0,0(-)) € R"XO,x %0, o).

In this case, (0, 5(-)) is called a closed-loop optimal strategy of Problem
(SLQ),,.

From (4.5), we see that for any ©,,0, € 6,,

{ele’l"’(-) +0() ) v(-) € %[0, °°)}

= {@zXf’Z"’(~) +0(+) | v(-) € %]0, oo)}, Vx € R".
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Thus, if ®; # @, we need only to pick up one (convenient) © € @;.
Now, let us state the main results of this section.

Theorem 4.7. Let (H4.1)-(H4.3) hold.

(i) Suppose that Problem (SLQ),, is finite. Then for some (or for alD
O € @,, the mapping v(-) — Ji(O; 9X§’“‘(~)+v(-)) is convex (or equivalently,
v(-) = J (x; ©XO7() + v(-)) is convex for every initial state x). Moreover,
there exists a P € S" such that

Vox)% inf Vx € R".

JO (x;u()) = (Px, x),
o o s u) = )

(ii) Let v(-) = J2(0; @X(?’”C) + v(-)) be convex for some © € @,. Then
an admissible control
() £ 0X(-) + ()
where i(-) € %[0, ) and X(-) £ X99(-), is open-loop optimal for the initial
state x if and only if the following BSDE
dY () = =[ATY(H) + CTZ(t) + QX () + STa(t) + q(0)|dt + Z(t)dW (1)
admits an L?-stable adapted solution (Y (-), Z(-)) such that
B'Y(\)+ D' Z()+ SX(-)+ Ra(-) + r(-) = 0.

To state the next result, we need first introduce the following
definition.

Definition 4.8. A matrix P € S” is called a stabilizing solution to the
ARE

PA+ATP+CTPC+0Q
—(PB+C"PD+STYR+D"PD)'(B"P+D"PC+5)=0,

RBTP+D'PC+ST)C AR+ D'PD),

R+D"PD>0,

(4.6)

if P satisfies the above and there exists a IT € R™" such that

—(R+D"PD)"(B"P+D"PC+S)+[I—-(R+D' PD)'(R+ D" PD)IIT € 6.

Theorem 4.9. Let (H4.1)-(H4.3) hold. Then the following statements are
equivalent:
(i) Problem (SLQ),, is open-loop solvable.
(ii) Problem (SLQ),, is closed-loop solvable.
(iii) The ARE (4.6) admits a stabilizing solution P € S", and the BSDE
dn(t) = — {[A —B(R+D"PD)!(B"P+ D" PC + 5)] 51
+[C=D(R+D"PD)(BTP+ DTPC +5)]"¢()
+[C—D(R+D"PD)(B"P+ D' PC + 5)|" Po(r)
—(B"P+D"PC+S)T(R+ DTPD)'r(t) + Pb(t) + q(r) }dz
+ S(dW (1)
admits an L?-stable adapted solution (n(-), {(-)) such that
0(t)2 BTy(t) + DT¢(t) + DT Po(t) + r(1) € B(R+ D' PD),

as. t € [0,0), as.

Whenever (i), (ii), or (iii) is satisfied, all the closed-loop optimal strate-
gies (O, 0(-)) are given by
6=—(R+D'PDB"P+D"PC+3S)
+[I-(R+D'"PD)(R+D"PD),
it)=—(R+D"PD)'0@t)+[I - (R+ D"PD)'(R+ D" PD)|z(t),
where IT € R™" is chosen so that © € @, and z(-) € %[0, o) is arbitrary.

Further, every open-loop optimal control u(-) for a given initial state x is
given by

() = OX% (1) + o(r), 120,
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for some closed-loop optimal strategy (0, i(-)). Moreover, the value function
is given by

Vo) = (Px.3) 4 20000.5) + E [ [(Pot0.00) +2000).50)

+2(¢(),6()) — ((R+ DT PD)'6(2), G(t))]dt.

Similar to the finite time-horizon problems, the above only gives the
equivalence among the three statements but does not tell when Problem
(SLQ),, is open-loop and/or closed-loop solvable. Now, we introduce
the following condition.

(H4.4) For some O € @,, the mapping v(:) = J?(0; @Xf’”(~) + v(+))
is uniformly convex, i.e.,

J20;0X5() + v() = 5E/ lo)dt, V() € [0, ).
0
It is natural to have the following result.

Proposition 4.10. Let (H4.1)-(H4.4) hold. Then Problem (SLQ), is
open-loop solvable.

5. Conclusions

In this paper, we have surveyed some works mainly done by the
authors of the current paper for stochastic LQ optimal controls in the
past decay, see Sun, Li and Yong (2016), Sun and Yong (2018), as well
as Sun and Yong (2020a). There are a lots of more relevant results
obtained, in addition to the above. To save some space and the time
of the readers, we prefer to present only the most basic results and we
now mention some results with the similar main ideas.

For two-person (nonzero-sum) stochastic LQ differential games in
finite time-horizon, we have established the following results (see Sun
and Yong 2019, and also Sun and Yong 2020b):

« The existence of an open-loop Nash equilibrium is equivalent to
the solvability of a constrained system of FBSDEs, together with the
convexity of the cost functionals.

«» The existence of a closed-loop Nash equilibrium is equivalent to
the regular solvability of a system of coupled symmetric differential
Riccati equations.

» The existence of a closed-loop Nash equilibrium does not imply
the existence of an open-loop Nash equilibrium, and vice-versa.

« The closed-loop representation of an open-loop Nash equilibrium
does not have to be the outcome of an closed-loop Nash strategy.

For the two-person zero-sum stochastic LQ differential games, the
above results remains true with Nash equilibrium replaced by saddle
point, except the last item, which should be stated as follows:

o Suppose that the problem admits both open-loop and closed-
loop saddle points. If the open-loop saddle point admits a closed-loop
representation, then this representation must be the outcome of a
closed-loop saddle point; see Sun and Yong (2014).

o If the performance functional satisfies a uniform convexity-
concavity condition, then the associated differential Riccati equation
has a unique strongly regular solution, in terms of which a closed-loop
representation can be obtained for the open-loop saddle point; see Sun
(2021).

For differential games in infinite time-horizon, we have pretty much
similar results as those in finite time-horizon, with the following fea-
tures (see Sun, Yong and Zhang 2016):

« Unlike the optimal control problem in the infinite time-horizon, we
do not claim that the existence of closed-loop Nash equilibria (saddle
points) implies that of the open-loop Nash equilibria (saddle points), or
the other way around, or equivalent. The exact statement is open.

» Even for zero-sum differential games (in infinite time-horizon),
there are several strange features which were shown by some examples:
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(i) The algebraic Riccati equation might only have non-stabilizing solu-
tions so that the saddle point does not exist; (ii) The game might have
uncountably many saddle points; (iii) There might be some stabilizing
solutions to the algebraic Riccati equation, which are not relevant to
the saddle points.

One may further consider the case that both the state equation
and the cost functional involve the expectation of the state and/or the
control. Such kind of problems are referred to as LQ problems with
mean-field, or mean-field LQ problems. One may pose optimal control
problems and/or differential games, both in finite and infinite times-
horizons. Then, open-loop and closed-loop optimal controls, saddle
points, Nash equilibria can be introduced. By our main ideas above,
some systematic theory can be (and actually have been) established
(see Huang, Li, & Yong, 2015; Li, Shi, & Yong, 2021; Li, Sun, & Yong,
2016; Sun, 2017; Sun & Yong, 2020b; Tang, 2003, 2015; Wei, Yong, &
Yu, 2019; Yong, 2013).

One might note that all in the above, the coefficients in the state
equation and the quadratic weights in the cost functional are de-
terministic functions. If we let them to be random, the problems
will become much harder, because the associated differential Riccati
equation becomes a BSDE with quadratic growth:

dP(t)=-|[PA+A"P+CTPC+AC+CTA+Q
—(PB+C"PD+AD+ SR+ D"PD)!
X(BTP+DTPC+DTA+S)|dt+AdW (1),
P(T) =G.

5G.1D

It was shown in Sun, Xiong, and Yong (2021) that if the cost functional
is uniformly convex in the control process, then the above stochastic
Riccati equation is uniquely solvable and the open-loop optimal control
admits a closed-loop representation. However, unlike the deterministic
coefficient case, it is not clear whether the solvability of (5.1) implies
the uniform convexity of the cost functional or not. There are also some
other relevant results published (see Lii, Wang, and Zhang 2017, Tang
2015, and also Li, Wu, and Yu 2018). But it is far from complete.

One might also note that the stochastic LQ problems studied in the
paper are finite-dimensional. For the infinite-dimensional case, we refer
the reader to the nice works (Hafizoglu, Lasiecka, Levajkovi¢, Mena, &
Tuffaha, 2017; Lii, 2019; Lii & Wang, 2023; Lii & Zhang, 2021), as well
as the references cited therein, for some recent developments.
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