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The population of binary black hole mergers observed in gravitational waves, together with
astrophysical simulations, can help us to understand the properties of the progenitors and the binary
formation mechanisms in different astrophysical scenarios. Here we focus on dynamical formation in star
clusters. We use the third gravitational-wave transient catalog (GWTC-3) and RAPSTER, a rapid code to
simulate cluster dynamics, to show that it is possible to construct the single-event likelihood of star cluster
properties from individual observations. We find that the measured primary mass in a binary black hole
merger correlates with the measured star cluster mass, because the mass spectrum of the primary
component increases with the mass of the cluster. This trend may be caused by two physical mechanisms:
(i) the more efficient production of hierarchical mergers with primary mass above ∼40M⊙ for cluster
masses of ≳106M⊙, and (ii) the suppression of more massive first-generation binaries, which happens
because ejected binaries do not merge within the lookback time for cluster masses of ≲105M⊙. The
formalism presented here can be generalized to infer the population properties of binary progenitors in
more realistic scenarios involving multiple formation channels.
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I. INTRODUCTION

The recent catalogs of gravitational-wave (GW) transi-
ents released by the LIGO-Virgo-Kagra Collaboration
[1–6] motivated efforts to investigate the properties of
the binary black hole (BBH) population and their possible
formation channels. There are various ways to address this
problem.
One approach is to construct phenomenological models

that reproduce the main distinctive features of astrophysical
formation channels [7–9]. This is a sensible approach
because it requires minimal astrophysical modeling.
For instance, certain broad features of the population—

such as the BH spin alignment with the orbital angular
momentum [10–18] or the measurement of binary compo-
nent masses populating the pair instability supernova
(PISN) mass gap, above ∼40M⊙ [19–23]—may provide
evidence for multiple formation channels. This is because
isolated binary evolution is expected to produce mostly
binaries with aligned spins and masses below the mass gap
[24–38], while the spins of BHs produced through dynami-
cal formation in star clusters should be isotropically
oriented, and hierarchical mergers can populate the PISN
mass gap [39–44,44–53]. Other features that can be
captured by phenomenological models include the time

(or redshift) evolution of the merger rate density [54–59],
or the presence of peaks and tails in the redshift evolution
of merger rate densities due to putative Population III or
primordial BBH components, which could be observable
with next-generation GW detectors [58,60].

One drawback of phenomenological models is that they
are affected by modeling systematics: for example, the
class of parametrized functions used to reproduce the data
may be too restrictive, leading to an erroneous mapping
between the parametrized models and detailed astrophysi-
cal simulations.
A second approach is to infer the empirical distribution

using data-driven models, leaving the interpretation of the
resulting distribution to the postprocessing stage [61–64].
Even within this approach, finding a suitable statistical
metric connecting data with astrophysical simulations
could be problematic.
A third approach (and one that we follow in this paper) is

to build a direct mapping between the measured parameters
of a BBH merger event and the observables predicted by
astrophysical simulations [65–72]. While the inference is
still limited by our incomplete knowledge of astrophysical
formation scenarios, this approach allows for in-depth
studies of the astrophysical mechanisms that correspond
to certain features seen in the populations. There have been
many attempts to infer some of the key astrophysical
parameters affecting the isolated binary evolution scenario,
as well as the relative contribution (or branching ratios)*kng15@jhu.edu
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of multiple formation channels: see, e.g., [73–78] for an
incomplete list.
In this paper we avoid the complications related to

multiple formation channels, and we focus on the dynami-
cal formation scenario in dense star clusters. Each cluster in
the star cluster population has different properties, and
therefore it produces a different BBH subpopulation. Here
we develop a two-level hierarchical Bayesian framework
that can ultimately infer the properties of the star cluster
population from BBH merger observations (Sec. II). We
focus on the first step in this framework, which consists
in constructing the single-event likelihood of star cluster
properties: i.e., we aim to identify clusters with parameters
which are more likely to generate a particular BBH
observed in the third GW transient catalog (GWTC-3)
[3,79]. To this end, we use a code for rapid simulations of
cluster dynamics, RAPSTER [44], to build a statistical
mapping between the BBH parameters and the star cluster
parameters. By analyzing these simulations we observe a
positive correlation between the measured BBH primary
mass and the inferred cluster mass. As we discuss in
Sec. III, this correlation may be explained by the cluster
mass scaling of the efficiency in the production of hierar-
chical mergers and by the inspiral timescale of the ejected
binaries. In Sec. IV we discuss some technical aspects and
future prospects to interpret the observed BBH population
using astrophysical simulations. In Appendix we give
details on the cluster simulations and on the kernel density
estimation (KDE) we use to approximate the joint distri-
bution from the simulated mergers.

II. TWO-LEVEL HIERARCHICAL
BAYESIAN FRAMEWORK

As the Universe evolves, numerous star clusters form
with redshift-dependent rates and with different physical
properties (such as total mass, radius, and metallicity) [80].
Each cluster evolves dynamically and produces an ensem-
ble of BBHs whose statistical distribution depends on the
properties of the host cluster. Therefore, the distribution of
BBH properties observed by LVK in the cluster scenario
should be modeled by considering the population of BBHs
originating from a population of star clusters. The “inverse
problem” consists of inferring the properties of the star
cluster population that can host BBHmergers observable in
GW detectors.
One may attempt to perform the full hierarchical analysis

by simulating BBHs drawing from different realizations
of cluster populations. However, it is more beneficial to
consider a two-level hierarchical model that can break
down the inference, as follows.
In the first level of hierarchy, we map the single-event

likelihood of BBH parameters to the likelihood of param-
eters of individual clusters that are likely to produce them,
using the BBH properties predicted by star cluster simu-
lations. In the second level of hierarchy, we combine these

single-event cluster likelihoods and infer the distribution of
the cluster properties.
To see how the single-event cluster likelihood enters

the hierarchical framework, we derive it using a top-down
approach. The full hierarchical likelihood based on a
Poisson process of data generation is given by [81,82]

pðΛcljdÞ∝e−N
B
detðΛclÞY

N

i¼1

Z
pðdijθBi Þ

dNB

dθB
ðθBi jΛclÞdθBi ; ð1Þ

where d ¼ fdigNi¼1 is the dataset of N BBH observations,
pðdijθBi Þ is the individual likelihood of the ith BBH
characterized by parameters θBi such as component
masses and spins, dNB=dθB is the differential number of
BBHs expected for a given cluster population characterized
by hyperparameters Λcl, and NB

det is the number of
detectable BBHs:

NB
detðΛclÞ ¼

Z
dNB

dθB
ðθBjΛclÞϵdetðθBÞdθB; ð2Þ

where 0 ≤ ϵdetðθBÞ ≤ 1 is the detection efficiency for a
BBH merger with binary parameters θB.
The differential rate can be written as

dNB

dθB
ðθBjΛclÞ ¼

Z
d2NB

dθBdλcl
ðθB; λcljΛclÞdλcl

¼
Z

pðθBjλclÞηðλclÞ dN
cl

dλcl
ðλcljΛclÞdλcl; ð3Þ

where pðθBjλclÞ is the distribution of θB originating from a
single cluster characterized by some λcl, ηðλclÞ is the
number of BBHs produced by the cluster, and Ncl is the
total number of clusters. For example, λcl could be the mass
of a single cluster, and Λcl the power law index of the
cluster mass function. Both pðθBjλclÞ and ηðλclÞ are
predicted by the simulation, while pðdijθBi Þ is obtained
from GW observations.
The integral in Eq. (1) is equivalent to the expected

number of BBHs averaged over the individual BBH like-
lihoods. It can be rewritten as

hNBiiðΛclÞ

¼
ZZ

pðdijθBi ÞpðθBi jλcli Þηðλcli Þ
dNcl

dλcl
ðλcli jΛclÞdλcli dθBi

¼
Z

pðdijλcli Þηðλcli Þ
dNcl

dλcl
ðλcli jΛclÞdλcli ; ð4Þ

where the individual cluster likelihood of the ith observa-
tion, pðdijλcli Þ, is the marginalization of pðθBi jλcli Þ over the
individual BBH likelihoods:
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pðdijλcli Þ≡
Z

pðdijθBi ÞpðθBi jλcli ÞdθBi : ð5Þ

This result may also be obtained by applying Bayes’
theorem and marginalizing over θBi on the joint distribution
pðdi; θBi jλcli Þ “directly” in the bottom-up approach.
This procedure is practically advantageous as we only

need to approximate pðθBjλclÞ and ηðλclÞ once with the
finite samples produced by the simulations. On the con-
trary, the emulation of the entire BBH population dNB=dθB

originating from all possible cluster populations is limited
to the choices of the prior functions used in the training set,
and thus hinders the use of the more flexible nonparametric
models for the cluster population that we are interested in.
In the following, we will study solely the single-event
cluster likelihood in Eq. (5) for selected events in GWTC-3.

III. INDIVIDUAL LIKELIHOOD OF
CLUSTER PROPERTIES

The best-measured BBH parameters in current GW
observations, and therefore the parameters that are most
informative in the inference of formation channels, are the
(source-frame) masses of the primary, m1, and secondary,
m2; the effective spin projected along the orbital angular
momentum, χeff ; and the redshift, z.
The RAPSTER code has a total of 19 input parameters.

While it is hopeless to constrain all of these parameters, as a
proof of principle we explore two of the most important
intrinsic properties of individual clusters: the total mass
of the cluster, Mcl, and the half-mass radius at the time
of cluster formation, rh. In other words, we set θB ¼
ðm1; m2; χeff ; zÞ and λcl ¼ ðMcl; rhÞ in the formalism of
Sec. II. We reweigh the LVK posterior samples and obtain
the likelihood samples of θB.
We limit the cluster parameter space to the ranges

Mcl ∈ ½104; 107�M⊙ and rh ∈ ½0.5; 3� pc, respectively, based
on current observations of young star clusters [80]. The
simulation samples for constructing the KDE are generated
by the following settings. The initial cluster massesMcl are
drawn from a power-law distribution with a spectral index
−2 in the range ½103.7; 107.3�M⊙. To avoid hard cutoffs in
the range ½104; 107�M⊙ where we construct our KDE, we
taper the distribution using a Tukey window function with
shape parameter 0.18. The initial half-mass radius rh is
drawn from a linear distribution in the range [0.3, 3] pc.
This choice is to balance the number of mergers per cluster
in the simulation set, which scales with the inverse of the
cluster radius. In the inference, we obtain the likelihood of
Mcl and rh by reweighing the chosen priors. We note that
the above initial conditions are reweighed out eventually
and that they do not affect the evaluation of the likelihood,
as shown in Eq. (5).
The other cluster parameters and the initial cluster

conditions are fixed as follows. We use SEVN to compute

the initial mass function of BHs so that the PISN cut-off is
at ∼40M⊙, with the exact value depending on the metal-
licity [83]. The dimensionless natal spin of first-generation
BHs is sampled from a uniform distribution in the range
[0, 0.2], as in Ref. [84]. The masses and spins of BBH
merger remnants are computed using the PRECESSION

code [85]. The initial central stellar density is calculated
as 3Mcl=ð4πðrh=1.3Þ3Þ, assuming a Plummer profile [86].
This choice of mass-radius relation is motivated by obser-
vations of star clusters in the local Universe [80]. A detailed
cross-validation of the cluster population resulting from
this assumption with other surveys would be interesting,
but is beyond the scope of this paper.
Moreover, we assume a young massive cluster pop-

ulation with the redshift of cluster formation and
mean metallicity sampled from the Madau-Fragos distri-
bution [87]. We also apply a log-normal spread with a
variance of 0.3 in the metallicity distribution at each
redshift. The rest of the input parameters are set to their
default RAPSTER values, as listed in Table I of Ref. [44].
With one node (48 processors) at the Maryland Advanced
Research Computing Center at Johns Hopkins, we can
simulate ∼106 star clusters within 2 days.
To approximate the conditional probability distribution

pðθBjλclÞ, we employ Gaussian KDE on a set of ∼7 × 105

simulated BBH mergers generated by the synthesis code
RAPSTER. Given pðθBjλclÞ, we can evaluate Eq. (5) for each
BBH observation in GWTC-3 released by the LVK
Collaboration. Since the integral is generally intractable,
we sample the likelihood in Eq. (5) by Monte Carlo
methods. Technical details on the KDE and on the
integration are given in Appendix.
In Fig. 1 we show the joint likelihoods of ðMcl; rhÞ for

two events: GW190521 [88], and GW151226 [89]. These
events were chosen because they have very different
primary masses: GW190521 has m1 ∼ 100M⊙, suggestive
of a hierarchical merger origin [90], while GW151226
has m1 ∼ 14M⊙, a more typical value for events in the
GWTC-3 catalog [9].
We find that the likelihood for rh is almost uninformative

even for GW190521. This is because, in the RAPSTER

simulations [44], the compactness of the cluster mostly
affects the number of BBHs produced in the cluster, i.e. η,
rather than the shape of the BBH mass distribution. As η is
not involved in the single-event cluster likelihood, we do
not extract any new information about rh from the single-
event analysis. However, we note that the current version of
RAPSTER does not include stellar mergers, which would
allow for the possibility to form initial BHs within the PISN
mass gap. This mechanism may skew the distribution ofm1

to higher values for very compact clusters [52].
The key feature of Fig. 1 is that the likelihood of Mcl in

the two systems is very different: GW190521 favors Mcl≳
106M⊙, and GW151226 favors Mcl ≲ 106M⊙. This may
hint at a positive correlation between the primary BH mass
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m1 and the probable cluster mass Mcl that produces the
corresponding BBH merger event.
To test this hypothesis, we have analyzed all BBH events

in GWTC-3. The results of this analysis are shown in
Fig. 2, where we show the inferred value of Mcl as a
function of m1 for the GWTC-3 catalog. Most events are in
gray, but a selected subset (listed in the legend) is high-
lighted in color. The highlighted subset is chosen to cover
three different ranges of m1: values in the PISN mass gap
(GW190521 and GW191109, with m1 ≳ 40M⊙), events

with 40≳m1 ≳ 20M⊙ (GW150914 and GW190412), and
low-primary mass events with m1 ≲ 20M⊙ (GW151226
and GW190930). As anticipated, we observe that the
inferred values of Mcl (within the 90% credible interval)
tend to increase as a function of the measured values ofm1.
We have also checked that the correlation ofMcl with other
binary parameters (such as χeff and q) is not as significant
as the correlation with m1.
To understand this correlation, in Fig. 3 we compare

the primary mass distributions pðm1Þ generated by clusters
having masses Mcl in different ranges (highlighted by
histograms in different colors). These mass distribution
histograms have two major features.
First of all, the relative fraction of BBHs above the PISN

mass gap is larger when Mcl ≥ 105M⊙ (i.e., for the orange
and green histograms). Hierarchical mergers within the
mass gap occur more frequently in more massive clusters,
because these clusters have larger escape velocities and
thus they are more likely to retain the merger remnants
despite their gravitational recoils. This is compatible
with the correlation between Mcl and primary BHs having
m1 ≳ 40M⊙ observed in Fig. 2.
Second, the mass distribution of first-generation mergers

below the PISN mass gap (those with m1 ≲ 40M⊙) is
skewed toward lower values for Mcl ≤ 105M⊙ (blue
histogram): for these light clusters, the peak in m1

decreases from ∼35M⊙ to ∼15M⊙. This trend may be
qualitatively explained by a combination of the ejection
mechanism discussed above, and the finite merging time
window. In a star cluster, first-generation mergers are
typically formed by a combination of mass segregation
and exchange interactions. The majority of first-generation
mergers are nearly equal-mass systems, whose critical
semimajor axis for getting ejected out of the cluster after

FIG. 2. The 90% credible intervals of the likelihood of m1

(horizontal bars) and Mcl (vertical bars) for all BBH events in
GWTC-3, with markers indicating the median values of m1

and Mcl. Six events (GW190521, GW191109, GW190412,
GW150914, GW151226, and GW190930) are highlighted in
color to better illustrate the correlation between m1 and Mcl.

FIG. 1. The joint likelihoods of ðMcl; rhÞ for GW190521 (blue)
and GW151226 (orange). The marginalized Mcl likelihood
for GW190521 (GW151226) favors values above (below)
Mcl ∼ 106M⊙, while the rh likelihoods are mostly flat.

FIG. 3. Histograms of the primary mass distributions gen-
erated by clusters with masses in the range Mcl ∈ ½104; 105�M⊙
(blue), ½105; 106�M⊙ (orange), and ½106; 107�M⊙ (green), using
a prior pðMclÞ∝Mcl

−2. The peak location of them1 distribution,
which represents the most probable first-generation mergers,
shifts from m1 ∼ 15M⊙ to m1 ∼ 35M⊙ as Mcl increases from
104M⊙ to 106M⊙.
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a binary-single interaction scales with aej ∝ m1=Mcl: see
e.g. Eq. (8) in Ref. [44], or Eq. (8) in Ref. [91]. Therefore,
in less massive clusters the more massive BBHs are ejected
at an earlier stage of their inspiral evolution. Since the GW
inspiral timescale τ ∝ a4ej=m

3
1 [92], the typical inspiral time

for ejected mergers has the scaling τ ∝ m1=M4
cl. As the

binaries can only merge within the (finite) cosmic time
since their formation, the critical m1 below which BBHs
can merge scales withm1 ∝ M4

cl. This leads to the observed
shift in the primary mass distribution as Mcl decreases.
Note that this is only a qualitative explanation, and the
quantitative correlation between Mcl and m1 for first-
generation BHs is very likely model-dependent. The
ejection efficiency and the resulting merging timescale
are sensitive to nonlinear effects in cluster dynamics, to the
formation redshift and to the cluster metallicity. All of these
effects may modify the shape of the primary mass dis-
tribution at different merger redshifts.

IV. DISCUSSION

In this paper we propose a two-level hierarchical
framework to analyze the BBH population observed in
GWs under the assumption that the merger events are
produced dynamically in star clusters. The two-level
hierarchy is based on the idea that each cluster in the
cluster population has different physical properties, and
therefore produces a different BBH population. The impli-
cation is that we can not only characterize the BBH
population produced by an assumed cluster population,
but (vice versa) we can also infer the population properties
of the clusters, given a physical model of cluster dynamics.
To carry out this hierarchical inference, we first need to

perform single-event inference—that is, we need to identify
the cluster properties that are most likely to produce any
observed BBH merger event. Estimating the single-event
likelihood of cluster properties requires a knowledge of
how the distribution of BBH parameters (such as binary
masses, spins, and redshift) depends on the individual
cluster properties, such as the cluster mass and radius. In
this paper, we carried out a proof-of-principle demonstra-
tion that this hierarchical inference is possible using, for
illustrative purposes, astrophysical models built with the
RAPSTER code. With RAPSTER we can simulate the for-
mation of BBHs in star clusters, and then approximate the
joint distribution of BBH parameters and cluster parameters
from the simulated BBH samples by KDE methods.
We find that the inferred cluster mass is correlated with

the measured BBH primary mass, as shown in Fig. 2. The
correlation is a result of the variation of the primary mass
distribution as a function of cluster mass observed in Fig. 3:
more massive clusters enhance the production of hierar-
chical mergers above the PISN mass gap, and less massive
clusters eject more massive first-generation binaries at
semimajor axes that are too large to efficiently produce

mergers. As emphasized in the main text, this is a mostly
qualitative explanation: the extent of the shift of the primary
mass distribution in first-generation BBHs is sensitive to
the details of cluster dynamics and to the initial conditions
of cluster formation (including redshift and metallicity).
For cluster radii rh ∈ ½0.5; 3� pc, the radius only affects

the overall number of BBHs produced in each cluster
(because stellar mergers are not been included in the
model), and it has a negligible effect on the primary mass
distribution. In a more realistic scenario, the radius should
play an important role in the inference of cluster population
properties, because the number of BBHs produced per
cluster η entering the next hierarchy depends on rh, and
affects the expected BBH merger rate. Our results are again
model-dependent, and therefore it would be useful to
validate this trend by comparing against other existing
codes, especially for low-mass clusters withMcl ≲ 105M⊙,
whose evolution is more sensitive to the details of every
dynamical process [39,43,44,47,93]. Another source of
uncertainty is the initial binary fraction, which we assumed
to be 10% in the simulations. While differences in the initial
binary star population have an impact on the exchange
channel in RAPSTER, the effect of this population on the
black hole mass-cluster mass correlation is probably more
dependent on the physics of binary star evolution. The
study of this effect would require complementing RAPSTER

with input from a binary star evolution code to simulate
common envelope and stable mass transfer for the original
binary stars. This is an interesting problem, but it is beyond
the scope of our work.
While the KDE method we employed suffices to capture

the broad features discussed above, it may not be robust
enough to proceed to the next hierarchy and infer the
properties of the cluster population. Performing the full
hierarchical analysis may require more advanced tech-
niques, such as deep generative modeling, to better
approximate the multidimensional probability density
functions involved in Eq. (5). For example, one may learn
pðθBjλclÞ and ηðλclÞ separately by simulating the BBH
populations given a set of cluster properties fλclg, or work
with the joint distribution pðθB; λcljΛ̃clÞ at a chosen cluster
population characterized directly by Λ̃cl, and obtain
pðθBjλclÞηðλclÞ ∝ pðθB; λcljΛ̃clÞ=pðλcljΛ̃clÞ by reweighing
the chosen prior of the cluster population.
Finally, we note that the two-level hierarchy may be

generalized to include contributions from multiple forma-
tion channels. This may be achieved by using the relevant
parametrization to set up Eq. (4) for each channel and build
a mixture model in Eq. (1). For example, one may obtain
the likelihood of progenitor redshift and metallicity based
on binary evolution simulations for galactic field binaries
(either by backpropagation or though other numerical
techniques, as in Refs. [67,68]); combine with the similar
likelihood of cluster binaries; and trace the evolution of star
formation rate, cluster formation rate, and stellar metallicity
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all at once. The full hierarchical inference will be presented
in future work.
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APPENDIX: CONSTRUCTION OF KDE AND
IMPORTANCE SAMPLING

RAPSTER enables rapid simulations of BBHs generated
from a population of clusters. Therefore, it is more
convenient to (i) choose a cluster population (parametrized
by Λ̃cl) that produces enough simulated BBHs in the
range of the BBH parameter space θB (our simulated
samples), (ii) perform kernel density estimation (KDE)
to approximate the joint distribution p̃ðθB; λcljΛ̃clÞ from
the simulated mergers, and (iii) obtain pðθBjλclÞ ¼
p̃ðθB; λcljΛ̃clÞ=p̃ðλcljΛ̃clÞ from Bayes’ theorem.
Here, p̃ðλcljΛ̃clÞ contains a factor of the differential

merger rate, ηðλclÞ, on top of the chosen prior of the cluster
population put into the simulations, since each input cluster
may produce a different number of mergers. To ensure that
pðθBjλclÞ is properly normalized to unity for each λcl, we
require a second KDE for p̃ðλcljΛ̃clÞ ∝ ηðλclÞpðλcljΛ̃clÞ,
which can also be constructed from the simulated samples,
because the count of λcl is proportional to the differential
merger rate. We employ gaussian_kde from scipy,
written in the jax infrastructure, to speed up the KDE.
We use ∼7 × 105 simulation points, with a bandwidth of
∼0.25 set by Silverman’s rule.
One may attempt to first approximate the integral of

Eq. (5) by an importance sum over the θB samples of
individual BBH likelihoods, and then draw the λcl sample
from the approximated λcl likelihood by Monte Carlo
methods. Since the parameter space of λcl has a relatively
low dimension, we simplify the sampling procedures
further by importance sampling of the joint distribution
pðdi; θBi jλcli Þ≡ pðdijθBi ÞpðθBi jλcli Þ. In practice, we append
an additional set of λcli samples, fλcli;jgKj¼1, drawn from a

uniform distribution Uðλcli Þ ∝ 1 to the set of BBH like-
lihood samples, fθBi;jgKj¼1. The aggregated set fθBi;j; λcli;jgKj¼1

follows the joint distribution pðdijθBi ÞUðλcli Þ. The desired
set of λcli samples that are representative of the marginalized
likelihood pðdijλcli Þ is equivalent to the set of fλcli;jgKj¼1

weighed by fwcl
i;j ∝ pðθBi;jjλcli;jÞgKj¼1.
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